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SUMMARY 

In another paper (Zhu and McMechan, 2011, hereinafter paper I), we show that least squares phase 
variation with angle (PVA) is capable of being reliably inverted for elastic parameters. A 
requirement for convergence to the correct solutions is consistency of the forward modeling 
methods for the synthetic observed data, and the predicted data. This indicates we have to look for 
a modeling method which can handle realistic geologic structures and produce synthetic 
(predicted) PVA as close as possible to the field (observed) PVA. This paper is a first step toward 
this goal. Three methods of measuring phase of a local wavelet are proposed and tested. Three 
kinds of methods for PVA modeling are discussed, including reflected spherical wave (RSW), 
reflectivity, and high-order finite difference (FD). Full-wave methods (reflectivity and FD) are 
preferred over the RSW. For laterally inhomogeneous structures, the differential solution (FD) is 
preferred over the integral solutions (RSW and reflecivity).  

INTRODUCTION 

In paper I, we show how to invert the PVA information in near- and post-critical reflections for 
elastic parameters. One of the main conclusions reached is the forward modeling methods for 
observed PVA and predicted PVA have to be consistent in order to get the iterative least squares 
inversion converge to the correct solutions. This motivates us to look for a modeling method that 
can handle realistic geologic structures and produce synthetic PVA that is as accurate as possible.  

Another important conclusion from paper I is plane-wave reflection coefficients (PRCs) are 
inapplicable and a spherical-wave formulation has to be applied for PVA inversion. The failure of 
plane-wave theory near the critical angle has been noticed since the 1960s (O’Brien, 1962). A few 
spherical-wave formulations have been investigated to study the near- and post-critical reflections, 
especially the amplitude behavior. This belongs to one of the classic problems in wave propagation, 
Lamb’s problem, or the reflection and refraction of spherical waves. There is no need here to repeat 
the well-known Sommerfeld integral and related theories and methods, which can be found in text 
books like Brekhovskikh (1960) and Aki and Richards (1980).  

Lamb’s problem has been investigated extensively in earthquake seismology for studying crust-
mantle structures, the large scale character of which makes refraction and wide-angle reflection 
very common. At the exploration scale, where most data are usually reflections at small angles, for 
which plane-wave theory is justified, Lamb’s problem has been studied relatively less. However, as 
stated in paper I, with the introduction of very long offset and the realization of potentials of wide-
angle reflection, several authors have recently investigated reflected spherical waves near the 



Page | 2  
 

critical angle (van der Baan and Smit, 2006; Alhussain et al., 2008; Haase, 2004; Downton and 
Ursenbach, 2006; Ursenbach et al., 2007; Ayzenberg et al., 2009).  

In comparing to the plane-wave response by the ray tracing method, van der Baan and Smit (2006) 
use a partial implementation of the reflectivity method to compute spherical-wave responses 
(primary reflections and head waves), which should be accurate waveforms. The AVO simulated 
using the reflectivity algorithm with a point source agrees very well with the laboratory 
measurements (Alhussain et al., 2008). The reflectivity method is a highly accurate full-wave 
modeling method, which can simulate nearly all kinds of waves but is limited to 1D models.  

Haase (2002, 2004) develops a scheme for the calculation of band-limited spherical-wave reflection 
coefficients (SRCs) from monochromatic SRCs by convolution with a band-limited source wavelet, 
to model the AVO of RSWs. Ursenbach et al. (2007) propose a more efficient algorithm for AVO 
modeling of RSW by performing the integration over frequency analytically, assuming a Rayleigh 
wavelet. Actually, the concept of (harmonic) spherical-wave reflection coefficients was first 
introduced by Červený  and Hron (1961) and investigated extensively in the 1960s, focusing on 
dynamic (particularly amplitude) properties of reflected and head waves around the critical point 
(Červený, 1962, 1965, 1967). The feasibility of inverting velocity and density from SRC is studied by 
Krail and Brysk (1983) and Macdonald et al. (1987), but was limited to small angles, and a single-
frequency approximation, respectively.  

It is worth mention that Ayzenberg et al. (2007, 2009) introduce effective reflection coefficients 
(ERCs) at each reflection point as the ratio of the reflected and incident wavefields. The ERCs are 
expected to work for curved reflectors, nonplanar wavefronts, and finite frequencies. However, 
their synthetic seismograms do not show the expected phase change for post-critical reflection (see 
Ayzenberg, 2007), thus this modeling method is not included in our discussion of PVA modeling.  

In the following parts, two categories of methods are presented. The first category is for measuring 
the phase of a local wavelet, which includes the Fourier method, the Hilbert method, and 
correlation with the envelope. The second category is for modeling of PVA, which includes RSW, 
reflectivity, and FD. From the analysis of the numerical results, full-wave modeling methods 
(reflectivity and FD) are preferred over the RSW method.  

PHASE-MEASUREMENT METHODS 

First, local wavelets of reflected spherical waves need to be picked as a function of time using a time 
window, and aligned to a reference time (the zero-offset two-way traveltime, for example). The 
time window should be wide enough to include the whole wavelet, i.e., longer than the lowest 
frequency. 

After the local wavelets have been picked, a Fourier transform is applied to calculate the amplitude 
and phase spectra. The phase of a local wavelet can be extracted as the Fourier phase at the 
dominant frequency, where the Fourier amplitude is maximum. The phase spectrum is wrapped, so 
phase unwrapping is usually applied before interpretation (Spagnolini, 1993).  
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Another way of measuring phase is using a Hilbert transform to calculate the instantaneous 
amplitude and phase. The phase of the wavelet is extracted as the instantaneous phase at the same 
time point as the maximum instantaneous amplitude. The third method is based on the observation 
that the zero-phase wavelet has a maximum correlation coefficient with the envelope (Fomel and 
van der Baan, 2010). Our procedure is   

1. Locate the wavelet, χ(t). 

2. Rotate the phase of the wavelet by shift angle δ, get χrot (t). 

3. Calculate the envelope of χrot (t), using Hilbert transform. 

4. Calculate the zero-lag correlation coefficient of χrot (t) and  
 its envelope. 

5. Go to step 2, calculate for another shift angle. 

6. Do a grid search over δ from 0° to 360°, to find δm at which 

 the correlation coefficient is maximum. 

7. The phase of χ(t) equals (360° - δm). 

The phase rotation in step 2 uses the well-known equation, 

 𝜒rot (t) = 𝜒(t) cos𝛿 + Η [𝜒(𝑡)] sin𝛿 (1) 

where Η [χ(t)] is the Hilbert transform of χ(t). Since the source wavelet may be of arbitrary phase, 
the absolute phase of the reflected wave is of little practical meaning, and only the relative variation 
(i.e., phase shift) is salient. Therefore, the phase of the reflected wave at each angle/offset is 
calibrated by subtracting that of the normal incidence reflection, thus produce the PVA.  

PVA MODELING METHODS 

Reflected spherical wave (RSW) 

A spherical wavefield is decomposed into superposition of plane waves by the Fourier integral. 
Likewise, a reflected spherical wavefield can be expressed as an integration of reflected plane 
waves. This facilitates the study of RSW because the behavior of plane waves on the boundary has 
been well understood from the Zoeppritz equations. The potential of a harmonic RSW of PP type 
used by Červený (1959) is  

 Φ = 𝑖𝜔 
2𝛼

 ∫ 𝑘
𝑣

∞
−∞  Η0 (kr)RPP(ξ )eiv(ɀ+ ɀ0)𝛿𝜉  (2) 

where 𝜉 = sin𝜃 with 𝜃 the incidence angle, 𝜔 is angular frequency, i the imaginary unit, 𝛼 the P 
velocity, k and 𝜈 are horizontal and vertical wavenumber, respectively, RPP is the plane-wave PP 
reflection coefficient, Η0 is the Hankel function of the first kind and order zero, r is the radial 
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distance from source to receiver, and ɀ and ɀ0 are the vertical distances from the reflector to the 
receiver and to the source, respectively. 

A main difference between reflected plane wave (RPW) and RSW is that head wave is predicted by 
RSW but not by RPW. Thus the interference of head wave and reflected wave is very important for 
near- and post-critical reflections. The potential in equation 2 is calculated separately for reflected 
wave and head wave and superimposed to produce the RSW of broad meaning (Cˇ erveny´, 1959). 
The displacement components of corresponding waves are derived in Cˇ erveny´ (1960). In Cˇ 
erveny´ and Hron (1961), monochromatic spherical-wave reflection coefficients are defined as   

 A = Re―ikR .𝜙0 (3) 

before the critical angle, and 

 A = Re―ikR . {𝜙0 + 𝜙𝛨} (4) 

beyond the critical angle, where R is the ray-path distance, 𝜙 0 is the potential of reflected wave, and  
𝜙𝛨the potential of head wave.     

Haase (2002, 2004) develops a scheme for the calculation of band-limited SRCs from 
monochromatic SRCs at frequencies within the desired band-width, in terms of displacement. 
Inverse Fourier transform is used to find the time domain response, and Hilbert transform is used 
to calculate the amplitude and phase of the RSWs.  

We put Červený’s and Haase’s formations into the RSW category, because they are both trying to 
model SRC from RSW, either in terms of potential or displacement. The key from RSW to SRC is the 
transmission-scaling term 𝑅𝑒−𝑖𝑘𝑅 in equation 3, which is equivalent to the normalization by 
maximum displacement for unit reflectivity used in Haase (2004).  

Červený and Hron (1961) calculated monochromatic SRCs for acoustic case. In this paper, we 
generalize to band-limited SRCs for elastic media. The elastic potential 𝜙0 and 𝜙𝛨are calculated 
according to Červený (1959). The scheme of calculating band-limited SRCs from monochromatic 
SRCs is similar with that in Haase (2004).  

Reflectivity 

The reflectivity method models wave propagation in the frequency-wavenumber domain. The one-
layer version of equation 6 in Fuchs and Müller (1971) is written as  

 𝜙(𝑟, ɀ,𝜔)=F(𝜔) ∫ 𝑘
𝑖𝜈

∞
0  J0(𝑘𝑟)𝑅𝑃𝑃(𝑘)𝑒𝑖𝜈(ɀ+ɀ0)dk (5) 

where F is the Fourier transform of the source wavelet, J0 the Bessel function of the first kind and 
order zero, others are the same meaning as in equation 2. Equation 5 can be rewritten in several 
ways, with integration variable changed to horizontal slowness or incidence angle.  

The reflectivity method is known for accurate calculation of full-wave surface response from point 
source and layered media. As stated in the introduction section, it has been used as the benchmark 
in the study of RSWs. In this paper, we use the propagation matrix formulation of Kennett (1980) to 
calculate accurate near- and post-critical reflections, from which PVA is extracted.  
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It can be proven that integrals 2 and 5 are theoretically equivalent (Aki and Richards, 1980, p. 202). 
Both the RSW and reflectivity methods are based on an integral originating from Fourier analysis of 
the spherical wavefields. Thus we include them into a more general category, the integral solutions. 
Most of these methods assume vertically inhomogeneous (1D) structures, and so can be hardly 
used for laterally inhomogeneous media (Červený,  1979).  

Finite difference (FD) 

In contrast to the integral solutions, differential solutions such as finite difference (FD) are widely 
used to calculate synthetic seismograms for complex structures. FD with a point source 
automatically computes spherical waves and includes full-wave effects (Kelly et al., 1976).  

In this paper, we use 8-th order staggered-grid FD with an explosive point source to calculate near- 
and post-critical reflections from a flat layer, which are compared with the results from the RSW 
and reflectivity methods.  

NUMERICAL EXAMPLES 

Two categories of methods have been presented. Numerical examples and discussion are now given 
for each method. 

Figure 1a shows several Ricker wavelets with dominant frequency of 25 Hz, whose phases are 
rotated from 0° to 360° with a 30° interval. Notice the 0°-phase Ricker is symmetric; the 90°-phase 
Ricker is anti-symmetric; the 180°-phase Ricker is reversal of 0°-phase Ricker; the 360°-phase 
Ricker goes back to 0°-phase Ricker (i.e., its phase is 360° or 2π period); other phases gradually 
transition between them. Figure 1b shows the measured phases of 360 Ricker wavelets from 0° to 
360°-phase, using the three phase-measurement methods (Fourier, Hilbert, and correlation). 
Considering the 360°- period property of phase, all three methods give virtually the same correct 
results in this example. This proves the effectiveness of the three phase-measurement methods.  

Figure 2a shows a synthetic common-source gather calculated using the reflectivity method 
(Kennett, 1980). The explosive point source is a Ricker wavelet with dominant frequency of 25 Hz. 
The model is a flat layer over a half space, with (VP, VS, density) of (2.0, 0.88, 2.0) and (4.0, 1.54, 2.3), 
respectively; the unit for velocity is km/s, and density, g/cm3. The source is in the layer, 1 km away 
from the layer bottom/reflector. The survey geometry is an off-end spread, with 75 traces of equal 
interval of 0.04 km recorded at the same depth as the source. Figure 2a displays the vertical 
displacement, and we see the PP reflection and PS conversion.  

Figure 2b shows the measured relative phase shift from the seismogram in Figure 2a. The high-
frequency oscillation in the Fourier and Hilbert results is because they are picking the phase at only 
one point (the dominant-frequency point for Fourier method and the maximum-instantaneous-
amplitude point for Hilbert method) which can be unstable. In contrast, the correlation method 
uses correlation of the local wavelet with its envelope and takes into account the whole wave-
shape, thus gives more accurate result. This high accuracy comes with higher computational cost. 
The cost of these three methods, from low to high, is Fourier, Hilbert, and correlation. The 
correlation method is about 360 times more expensive than the Hilbert method because of the 
search over the shift angle. In the following examples, all the phases are measured using the 
correlation method.  
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Figure 3 shows the modeled reflection coefficients as a function of incidence angle. Figure 3a is the 
PVA and Figure 3b is the AVA. The model is the same as that in Figure 2a, except that the reflector 
depth is 0.5 km here. The inapplicability of PRCs is obvious. Here we are concerned with comparing 
the SRCs by RSW result and that of the reflectivity method. In Figure 3b, we see the maximum 
amplitude points predicted by SRCs and the reflectivity methods are the same. This is consistent 
with Červený (1962, 1967). The discrepancy at postcritical angles may be explained by the different 
approximations involved in the numerical implementation.  

In terms of PVA (Figure 3a), the result by reflectivity is very different from that by the RSW method. 
The PVA curve predicted by the reflectivity method has a discontinuity around incidence angle of 
43°, where the head wave separates from the reflected wave and is the end of interference zone. 
However, Haase (2004)’s scheme of calculating band-limited RSWs does not explicitly predict the 
head waves in the synthetic seismogram. The differences in handling head waves affect the 
synthetic seismograms, from which the PVA is extracted/measured. Since field data are full-wave 
responses, we think the full-wave method (reflectivity) is more applicable in real world.  

Figure 4 compares the PVA modeled by RSW, reflectivity and FD. The model is the same as that 
used in Figure 3. Transmission effects in the reflectivity and FD methods are compensated by 
normalization using the image/virtual source technique. The synthetic seismogram used to extract 
PVA is the vertical displacement component for reflectivity and the vertical velocity component for 
FD because we use the 8-th order staggered-grid finite difference solution of the stress-velocity 
wave equation. The PVA modeled by FD is very close to that of the reflectivity method, except at 
incidence angles past 62_ where the FD result is contaminated by a boundary reflection. The small 
deviation between FD and reflectivity around incidence angles 35° and 50° may be explained by the 
difference in model parameterization (layers for reflectivity and grids for FD). The excellent 
agreement of PVA from FD and reflectivity confirms that full-wave methods are preferred over the 
RSW. An important advantage of FD is the applicability to laterally inhomogeneous structures.  

CONCLUSIONS 

We have proposed and tested three methods to measure the phase of a local wavelet, including 
Fourier method, Hilbert method, and correlation method. The correlation method is most accurate 
and also expensive. Three kinds of methods of PVA modeling are summarized and compared, 
including reflected spherical wave (RSW), reflectivity, and high-order finite difference (FD). Full-
wave methods (reflectivity and FD) are preferred over the RSW. For laterally inhomogeneous 
structures, the differential solution (FD) is preferred over the integral solutions (RSW and 
reflectivity).  
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FIGURES 

Figure 1 

Test of the three phase-measurement methods based on modeled Ricker wavelets. Phases in (b) are 
wrapped. 

a) 

 

b) 
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Figure 2:  

Test of the three phase-measurement methods based on synthetic seismograms from the 
reflectivity method. Phases in (b) have been unwrapped. 

a) 

 

b) 
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Figure 3: 

Comparison of modeling results of PVA (a) and AVA (b) from RSW/SRC and Reflectivity. 

a) 

 

b) 
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Figure 4:  

Comparison of three PVA modeling methods, including RSW/SRC, reflectivity, and FD. 
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