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Zhu and McMechan (2011) show how to invert phase
variation with angle (PVA) information in near- and post-
critical reflections for elastic parameters. This requires a
PVA modeling method which can handle realistic
geologic structures and produces synthetic (predicted)
PVAs as close as possible to the field (observed) PVAs.

First, three methods of measuring the phase of a local
wavelet are proposed and tested. Then three kinds of
methods for PVA modeling are discussed, including
reflected spherical wave (RSW) by integration,
reflectivity, and finite differences (FD). Finally an RTM-
based example illustrates better preservation of PVA than
AVA in back-propagation.

ABSTRACT

Conventional AVO/AVA inversion uses Zoeppritz
equations and its various approximations (e.g., Shuey,
1985). Zoeppritz equations are the result of boundary
continuity conditions for plane waves, and are known to
be inapplicable near the critical-angle incidence (O’Brien,
1962). Wide-angle data are becoming more commonly
recorded with long-offset marine cables. Spherical-wave
formulations have been investigated to study near- and
post-critical reflections, especially the amplitude
behavior. For example, numerical integrations of the
Sommerfeld integral (Haase, 2002; Ursenbach et al.,
2007; Červený, 1962) and the reflectivity method (van
der Baan and Smit, 2006; Alhussain et al., 2008) have
been used to model the AVO of reflections through the
critical angle.

The term “spherical-wave reflection coefficient”
(SRC) is coined by Červený and Hron (1961). The
feasibility of inverting velocity and density from SRC is
studied by Krail and Brysk (1983) and MacDonald et al.
(1987), but is limited to small angles, and a single-
frequency approximation, respectively.

All the above referenced papers deal with amplitude
behavior. There has been little (if any) published work
studying the PVA and inverting it for elastic parameters
(VP, VS, and Rho). So, here we go.

INTRODUCTION

PHASE MEASUREMENT

1910 – 1980 Integral solutions (Sommerfeld, Reflectivity, Cagniard-de-Hoop, etc)
1980 – 2010 Differential solutions (FD, FE, pseudo-spectral, etc.)

RSW-SRC
A spherical wavefield is decomposed into a superposition of plane waves (Weyl,

1919). Likewise, a reflected spherical wavefield can be expressed as an integration of
reflected plane waves. The potential of a harmonic RSW of PP type used by Červený
(1959) is

(2)
The potential is calculated separately for reflected wave and head wave and super-

imposed to produce the RSW. In Červený and Hron (1961), mono-chromatic spherical-
wave reflection coefficients are defined as

(3)
The key of conversion from RSW to SRC is the transmission-scaling term Re−ikR.

Reflectivity
The reflectivity method models wave propagation in the frequency-wavenumber

domain. The one-layer version [of equation (6) in Fuchs and Müller (1971)] is
(4)

The reflectivity method is known for accurate calculation of full-wave surface response
from a point source in layered media. In this paper, we use the propagation matrix
formulation of Kennett (1980) to calculate accurate near- and post-critical reflections,
from which PVA is extracted.

It can be proven that integrals (2) and (4) are theoretically equivalent (Aki and
Richards, 1980, p. 202). Both the RSW and reflectivity methods are based on an integral
originating from Fourier analysis of the spherical wavefields. Most of these methods
assume vertically inhomogeneous structures (1D), so can not be used for laterally
inhomogeneous media (Červený, 1979).

Finite difference (FD)
In contrast to the integral solutions, differential solutions such as finite differences

(FDs) are widely used to calculate synthetic seismograms for complex structures. FDs
with a point source automatically compute spherical waves and include full-wave effects
(Kelly et al., 1976).

We use 8-th order staggered-grid FD with an explosive point source to calculate
near- and post-critical reflections from a flat layer, to compare with the results from the
RSW and reflectivity methods.

PVA MODELING

Top: 0o-phase Ricker wavelet compared with its 
envelope. Positive correlation coefficient. Bottom: 
90o-phase Ricker wavelet compared with its 
envelope.  Zero correlation coefficient

Test of the three phase-measurement methods based 
on modeled Ricker wavelets. Phases are wrapped.

Test of the three phase-measurement methods based on synthetic seismograms from the 
reflectivity method. Phases have been unwrapped.

First, local wavelets of reflected spherical waves need to be picked as a function of time
using a time window, and aligned to a reference time (the zero-offset two-way traveltime, for
example). The time window should be wide enough to include the whole wavelet (i.e., longer
than the period of the lowest frequency).

After the local wavelets have been picked, a Fourier transform is applied to calculate the
amplitude and phase spectra. The phase of a local wavelet can be extracted as the Fourier
phase at the dominant frequency, where the Fourier amplitude is maximum. The phase
spectrum is wrapped, so phase unwrapping is usually applied before interpretation
(Spagnolini, 1993).

Another way of measuring phase is using a Hilbert transform to calculate the
instantaneous amplitude and phase. The phase of the wavelet is extracted as the instantaneous
phase at the same time as the maximum instantaneous amplitude.

The third method is based on the observation that the zero-phase wavelet has a maximum
correlation coefficient with the envelope (Fomel and van der Baan, 2010). Our procedure is

1. Locate the wavelet, x(t).
2. Rotate the phase of the wavelet by shift angle δ, to get a new wavelet xrot (t).
3. Calculate the envelope of xrot (t), using a Hilbert transform.
4. Calculate the zero-lag correlation coefficient of xrot (t) and its envelope.
5. Go to step 2, calculate for another shift angle.
6. Do a grid search over δ from 0o to 360o, to find δm at which the correlation coefficient is maximum.
7. The phase of x(t) equals (360o - δm).

The phase rotation in step 2 uses the well-known equation,

(1)
where H[x(t)] is the Hilbert transform of x(t). Since the source wavelet may be of

arbitrary phase, the absolute phase of the reflected wave is of little practical meaning, and
only the relative variation (i.e., phase shift) is salient. Therefore, the phase of the reflected
wave at each angle/offset is calibrated by subtracting that of the normal incidence reflection,
thus producing the PVA.
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PVA MODELING PVA & AVA

We consider and test three methods to measure the
phase of a local wavelet; the Fourier method, the Hilbert
method, and the correlation method. The correlation
method is most accurate and also most expensive. Three
methods of PVA modeling are summarized and compared;
reflected spherical wave (RSW) integration, reflectivity,
and high-order finite difference (FD). Full-wave methods
(reflectivity and FD) are preferred over the RSW. For
laterally inhomogeneous structures, the differential
solution (FD) is preferred over the integral solutions
(RSW and reflectivity).

RTM is capable of reconstructing accurate PVA
information.

In reverse time extrapolation, amplitudes suffer from
transmission losses, while phases do not. PVA is better
reconstructed than AVA in back-propagation. This avoids
the transmission loss problem in amplitude recovery
because there is no phase variation during transmission
through small velocity contrasts. This is very significant
for inverting for a target since the distortion from the
overburden is minimized.

In seismic exploration, near- and post-critical
reflections are traditionally treated as noise, and
eliminated by muting to avoid the complexity. Now we
treat them as data, to do PVA inversion for VP, VS, and
density.

The integral methods (RSW and Reflectivity) assume
flat reflectors. Differential solutions such as finite
differences with a point source, which automatically
compute spherical waves and include full-wave effects,
have to be applied for complicated structures.

Elastic PVA inversion algorithm will be useful in
structures with relatively large velocity contrasts, such
salt bodies, volcanic intrusions, carbonates, and the sea
bottom.

Zhu, X. and McMechan, G. A., 2011, Phase variation 
with angle inversion using plane and spherical waves: 
SEG 81st Meeting, Exp. Abstract, 30, 2565-2570. 

CONCLUSIONS

VP

nz=1001, nx=2401, dz=dx=2.5 m
nt=10000, dt=0.25 ms, lt=2.5 s
isz=201, isx=601, irz=201, irx=1:2401
irefz=601, dref=1000 m
8th order staggered-grid FD
Explosive point source, 45 Hz Ricker wavelet
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Common-source gathers recorded at the surface. These are input to RTM

VP VP

P6: Receiver wavefield 1
P wave at the reflector 
from RTM in constant model

Right & Bottom
P2: Source wavefield
PP reflection at the reflector
Reference data

P6: Receiver wavefield 2
P wave at the reflector 
from RTM in layered model

Right & Bottom
P2: Source wavefield
PP reflection at the reflector
Reference data

Monochromatic SRCs. 
(a) is amplitude and 
(b) is phase. 
f is the frequency, and 
d is the reflector depth

Comparison of modeling results 
of PVA (a) and AVA (b) from 
RSW-SRC and Reflectivity.

Comparison of three PVA 
modeling methods, including 
RSW-SRC, reflectivity, and FD

VP VS Rho
Gray 2.0 0.88 2.00
Black 2.1 0.93 2.10
White 1.9 0.83 2.05

Models for reverse time 
extrapolation. 
Left: constant
Right: layered

Receiver and source wavefields
extracted at reflection points (the 
red points in the figures above).

Left: PVA; Right: AVA
PVA is better recovered than AVA

a)
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