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with comparison to growth data
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We use the Szekeres inhomogeneous cosmological models to study the growth of large-scale structure

in the universe including nonzero spatial curvature and a cosmological constant. In particular, we use the

Goode and Wainwright formulation of the solution, as in this form the models can be considered to

represent exact nonlinear perturbations of an averaged background. We identify a density contrast in both

classes I and II of the models, for which we derive growth evolution equations. By including �, the time

evolution of the density contrast as well as kinematic quantities of interest can be tracked through the

matter- and �-dominated cosmic eras up to the present and into the future. In class I, we consider a

localized cosmic structure representing an overdensity neighboring a central void, surrounded by an

almost Friedmann-Lemaı̂tre-Robertson-Walker background, while for class II, the exact perturbations

exist globally. In various models of class I and class II, the growth rate is found to be stronger in the

matter-dominated era than that of the standard lambda-cold dark matter (�CDM) cosmology, and it is

suppressed at later times due to the presence of the cosmological constant. We find that there are Szekeres

models able to provide a growth history similar to that of �CDM while requiring less matter content and

nonzero spatial curvature, which speaks to the importance of including the effects of large-scale

inhomogeneities in analyzing the growth of large-scale structure. Using data for the growth factor f

from redshift space distortions and the Lyman-� forest, we obtain best fit parameters for class II models

and compare their ability to match observations with �CDM. We find that there is negligible difference

between best fit Szekeres models with no priors and those for �CDM, both including and excluding

Lyman-� data. We also find that the standard growth index � parametrization cannot be applied in a

simple way to the growth in Szekeres models, so a direct comparison of the function f to the data is

performed. We conclude that the Szekeres models can provide an exact framework for the analysis of

large-scale growth data that includes inhomogeneities and allows for different interpretations of

observations.

DOI: 10.1103/PhysRevD.86.123508 PACS numbers: 98.80.Es, 98.80.�k, 95.30.Sf

I. INTRODUCTION

Studying inhomogeneous cosmological models is
becoming increasingly important as the available cosmo-
logical data expand and improve. These exact solutions
to Einstein’s field equations provide frameworks to analyze
the data with a wider range of possible interpretations.
They can also be used to represent nonlinearities,
which cannot be described using a Friedmann-Lemaı̂tre-
Robertson-Walker (FLRW) model plus linear perturba-
tions. The real universe is lumpy and exhibits a striking
variety of small- and large-scale inhomogeneous struc-
tures, such as large voids, clusters, and superclusters of
galaxies. Some of these superstructures can be as large as 5
or 10% of the Hubble scale, including the well-known
Pisces-Cetus Supercluster Complex and the Sloan Digital
Sky Survey Great Wall.

Exact solutions to Einstein’s equations representing
inhomogeneous cosmological models have been the

subject of a number of theoretical studies [1,2]; however,
their comparison to observational data is only a recently
emerging field. For example, although spherically symmet-
ric, the Lemaı̂tre-Tolman-Bondi (LTB) solutions have
achieved some proof-of-principle successes in their appli-
cation to cosmology, where certain models have been
shown to be able to fit type Ia supernova and baryon
acoustic oscillations data, as well as the cosmic microwave
background power spectrum [3–15].
We use in this work the Szekeres inhomogeneous

cosmological models. These exact solutions have no
Killing vectors (i.e., no symmetries) and are well suited
to represent the lumpy universe we observe. They have a
broad potential in cosmology to provide a more realistic
description of the universe [16,17]. The solution was first
derived by Szekeres [18,19] from a general metric with
irrotational dust as the source of the spacetime. Several
authors have studied the models analytically and numeri-
cally; a partial list includes [16,20–36]. The Szekeres
models have been extended to include pressure in
Ref. [37] but with some known limitations on the state
variables, and they were also extended by Ref. [38] to
include a cosmological constant.
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The expansion and growth histories must both be con-
sistent with observational data in any cosmological model
that purports to describe the universe. Cosmological dis-
tances are necessary to understand the expansion history,
and distances versus redshift have been previously studied
for Szekeres models [32,34,39]. The growth rate of large-
scale structure in the matter-dominated era for flat and
curved cases of class I and class II Szekeres models have
been studied in our earlier paper [20]. In that work, a
formulation of the models due to Goode and Wainwright
(GW) was used [22,23], which is well suited to studying
structure growth in the universe. In the GW representation,
Szekeres models can be interpreted as exact nonlinear
perturbations of some smooth associated FLRW back-
ground. Recently, the authors of Ref. [35] extended the
work of GW for class II flat models with a cosmological
constant and examined nonlinear inhomogeneities in a
�CDM background. Specializing to the spatially flat
case, they showed that the inclusion of a cosmological
constant allows models in some cases to avoid shell-
crossing singularities. The evolution of structure in
Szekeres models has also been studied via invariant density
contrast indicators [26,29,30], but we take a different
approach here.

The present paper generalizes our previous work [20] to
include a cosmological constant in exploring the growth
history of Szekeres models. Thus, the analysis now applies
fully to the time since recombination up to the present and
into the future, both dominated by the cosmological con-
stant. Since we use an exact framework instead of first-
order linear perturbations, as is done with FLRW models,
our work is not limited to the linear regime or only first-
order terms in the density contrast. We derive differential
equations for the density contrast in both classes (convert-
ing to the growth rate variable G in class II), as well as
expressions for the shear, expansion, and tidal gravitational
field in terms of the density contrast and practical measur-
able cosmological parameters. In this form, the equations
provide a more straightforward connection between theory
and observation than do the metric functions on their own.
We treat the class I formalism in much the same way as in
Ref. [20] by introducing a quasilocal average density
[36,40–42] in order to define a density contrast. To com-
pare Szekeres growth to observations, we use data for the
growth factor f from redshift space distortions and the
Lyman-� forest to obtain best fit parameters for class II
models and compare them to those of the concordance
�CDM cosmology. We also explore the applicability of
the usual growth index � to parametrize the growth factor
in Szekeres.

The outline of the paper is as follows. We first present in
Sec. II the GW formulation of the Szekeres solution. We
then derive the exact growth equations for class I and class
II models including a cosmological constant in Sec. III.
Results and discussion from integrating the equations are

given in Secs. IV and V we examine the early- and late-
time behaviors of scalar quantities that appear in the
Raychaudhuri equation and can be identified as the cause
of the strengthened Szekeres growth. We derive the equa-
tion for the growth factor in class II models in Sec. VI and
compare it to cosmological data along with the standard
�CDM cosmology. We conclude in Sec. VII. Units are
chosen so that 8�G ¼ c ¼ 1 throughout the paper.

II. THE SZEKERES COSMOLOGICAL MODELS

We begin with an introduction of the Szekeres exact
solution to Einstein’s field equations in the form due to
Goode and Wainwright (GW) [22,23] and with a cosmo-
logical constant [35]. The GW form is a reformulation of
the original solution discovered by Szekeres [18,19].
A third formulation, discussed briefly in Appendix B, is
also common in the literature and has a form similar to that
of the LTB metric. It has been used in, for example,
Refs. [27,29,30,32–34,39,43]. The GW formulation is
well suited for studying structure growth, since, as was
remarked in Ref. [23], one can consider the models as
nonlinear exact perturbations of some averaged back-
ground. This background can be associated with a corre-
sponding unperturbed FLRW model. The evolution
equations in the Szekeres models can then be compared
to linear perturbations of this associated FLRWmodel. It is
worth noting that this association between the Szekeres
background and an FLRW model is not the same as the
case where a given inhomogeneous model becomes an
FLRW model when some of the metric parameters (or
certain coordinates) are taken to some large limit. One
has to make further explicit definitions of some of the
metric functions in order to implement such limits if
needed. The full GW formulation (without a cosmological
constant) can be found in the original papers [22,23], and
we therefore present only a brief introduction in order to be
self-contained and to set the notation. The GW form of the
Szekeres metric is

ds2 ¼ �dt2 þ S2½e2�ðd~x2 þ d~y2Þ þH2W2dr2�; (1)

where it is assumed that the functions S, H, and W are all
positive. The coordinates of the metric are comoving and
synchronous, so the cosmic dust fluid has four-velocity
components u� ¼ ��

0 .

We note that the coordinates ~x and ~y are not the
‘‘Cartesian’’ coordinates x and y. We have added a tilde
on the GW coordinates for the Szekeres models in order to
make this distinction clear to the reader. The GW coordi-
nates ~x and ~y are the result of stereographic projections, and
their transformation relations to known coordinate systems
are given in Appendix B, see also Ref. [43]. Next, for clarity
we labeled the thirdGWspacelike coordinate as r instead of
the z that was used in previous papers [20,22,23].
From the outset, we will refer to the scaling function of

the spatial part of the metric as a instead of S to facilitate
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comparisons with �CDM. The metric function H depends
on all four coordinates and can be written as the difference
of two functions, only one of which carries the time
dependence,

Hðt; r; ~x; ~yÞ ¼ Aðr; ~x; ~yÞ � Fðt; rÞ: (2)

The function F satisfies the second-order linear differential
equation

€Fþ 2
_a

a
_F� 3M

a3
F ¼ 0; (3)

where _� @=@t and MðrÞ is an arbitrary but sufficiently
smooth function. This equation can be derived from either
the field equations or from the Raychaudhuri equation for
irrotational dust [23,44]. There are two linearly indepen-
dent solutions to Eq. (3) denoted fþ and f� (the so-called
growing and decaying modes, respectively), and so F can
be written generally as

F ¼ �þfþ þ ��f�; (4)

where �� are functions of r.
The models divide naturally into two classes according

to the metric function dependencies, and the exact forms
of the functions A, �, f�, ��, etc. for each class are given
in Appendix A. In class I, which is the more general of
the two, a ¼ aðt; rÞ, f� ¼ f�ðt; rÞ, M ¼ MðrÞ, and W ¼
WðrÞ. In class II, these functions lose their r dependence so
that a ¼ aðtÞ, f� ¼ f�ðtÞ, M ¼ const, and W ¼ 1.

The scale function obeys a generalized Friedmann
equation

_a2

a2
¼ 2M

a3
þ�

3
� k

a2
; (5)

where k ¼ 0, �1. Equations (3) and (5) govern the time
evolution of the models and apply generally to both classes.
By Eq. (5), we see that the class I aðt; rÞ satisfies the usual
Friedmann equation of FLRW for every value of r so that
the surfaces of constant r evolve independently in time.

The matter density in both classes is given by

� ¼ 6MA

a3H
¼ 6M

a3

�
1þ F

H

�
: (6)

In class I, we can identify an exact density contrast �̂ ¼
F=H, which measures deviations from a background den-

sity. However, the interpretation of this �̂ is different from
that of the usual FLRW � ¼ ð�� ��Þ= ��, where �� is the

average density of the space. �̂ at some event ðt0; r0; ~x0; ~y0Þ
compares the density there to the average density inside the
surface defined by t0 and r0, instead of to some overall
background or limiting value of � where the solution
becomes FLRW. Therefore, in order to facilitate the com-
parison between the growth in Szekeres class I and the
perturbed FLRW, we use a Szekeres model as specified in
Appendix C, representing a large-scale cosmic structure
surrounded by an FLRWmodel. On the other hand, in class

II, a andM have no r dependence, so it is natural to define a
background density by ��ðtÞ ¼ 6M=a3ðtÞ. By keeping � ¼
F=H (no hat to distinguish it from class I), the density
contrast then describes deviations from some smooth
underlying background like it does in FLRW. But while
� is written in the same way as in FLRW, a spatial profile is
still needed in the Szekeres class II in order to facilitate the
comparison to the FLRW plus perturbations scheme. This
can be done for class II using the metric functions ��ðrÞ.
Indeed, one recalls that both classes of Szekeres solution
become FLRW when the functions ��ðrÞ are zero. This is
in fact the necessary and sufficient condition [23]. It is in
this case, that F and � become identically zero, and the
density assumes a similar form, � ¼ 6M=a3, to that of
FLRW. Since class I has been claimed to be more relevant
than class II for astrophysical applications [43], we chose
to implement the profile modeling in class I only and use
the function MðrÞ, while for class II, we integrate the
growth over time for a fixed value of r with no further
modeling of the functions ��ðrÞ. Finally, we note that the
density is constrained to have the same sign asM, and so to
have a physically reasonable solution we restrict our inves-
tigation in this work to models with positive M.

III. COSMOLOGICAL EVOLUTION OF
LARGE-SCALE GROWTH USING

THE SZEKERES MODELS

In class II, the density contrast offers a straightforward
comparison between exact Szekeres models and the line-
arly perturbed FLRW equation in �. However, we first

address large-scale structure growth in class I via �̂, as it
is the more general of the two classes and requires more
care. The treatment here is similar to our previous work
[20] and employs, for class I, the quasilocal variables
introduced and used in Refs. [36,40–42]. The main differ-
ence between this and our previous work is that whereas
before we considered only the matter-dominated era, we
now derive growth equations that include a cosmological
constant, and so our analyses apply from the time of last
scattering up to the �-dominated present and future evolu-
tions. Finally, we recall that the Szekeres class I flat models
have no growing modes [22,23], so we left them out.

A. Growth equations in curved Szekeres class I models
with a cosmological constant

In order to treat the two Szekeres classes similarly, we
make some definitions for class I so that the matter density
may be split into a background and a density contrast, as
mentioned at the end of Sec. II. We introduce the quasilo-
cal average density [36,40–42]

�qðt; rÞ ¼
R
~y

R
~x

R
r F�ðt; r; ~x; ~yÞ ffiffiffiffiffiffiffi�h

p
dr d~x d~yR

~y

R
~x

R
r F

ffiffiffiffiffiffiffi�h
p

dr d~x d~y

¼ h�iqD½r�ðtÞ (7)
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over the domain D½r�, which is bounded by an r ¼ const
surface and is a subset of the three-dimensional hyper-
surfaces of constant t. The function F is a weighting
factor, and the projection tensor (h�� ¼ g�� þ u�u�) has

determinant h of its three-dimensional part. The density

contrast �̂ can then be defined as usual but with �qðt; rÞ
serving as the background average,

�̂ðt; r; ~x; ~yÞ � �ðt; r; ~x; ~yÞ � �qðt; rÞ
�qðt; rÞ : (8)

As discussed in Refs. [36,40–42], �q is a coordinate in-

variant quantity that can be shown to be given by

�qðt; rÞ ¼ 6MðrÞ
a3ðt; rÞ : (9)

By Eq. (8), we then have

�ðt; r; ~x; ~yÞ ¼ �qðt; rÞ½1þ �̂ðt; r; ~x; ~yÞ�; (10)

which, upon comparing to Eq. (6), allows us to make the
identification

�̂ðt; r; ~x; ~yÞ ¼ Fðt; rÞ
Hðt; r; ~x; ~yÞ : (11)

Since �q is a coordinate invariant quantity, so too must �̂

be. As was done in Ref. [20], the time differential equation

for F [Eq. (3)] can be recast in terms of �̂ to arrive at the
class I evolution equation for the density contrast,

€̂
�þ 2

_aðt; rÞ
aðt; rÞ

_̂
�� 3MðrÞ

a3ðt; rÞ �̂� 2

1þ �̂

_̂
�
2 � 3

3MðrÞ
a3ðt; rÞ �̂

2 ¼ 0:

(12)

The form of the above equation is suggestive of linear
density perturbations in FLRW. To clarify the connection,
we use Eq. (5) to define generalized density parameters
analogous to those of �CDM. Such a generalization is
similar to what has been done in previous works for the
LTB inhomogeneous models in order to compare them to
observations (e.g., see Refs. [5,13–15] and references
therein). Equation (5), with its explicit coordinate depen-
dencies, in class I is

_a2ðt; rÞ
a2ðt; rÞ � H2ðt; rÞ ¼ 2MðrÞ

a3ðt; rÞ þ
�

3
� k

a2ðt; rÞ ; (13)

where we have defined H by analogy with the Hubble
parameter in �CDM. We point out that H is not the
same as the metric function H. Continuing by analogy,
the t- and r-dependent Szekeres cosmological density
parameters can then be defined as

�mðt; rÞ � 2MðrÞ
a3ðt; rÞH2ðt; rÞ ;

��ðt; rÞ � �

3H2ðt; rÞ ;
(14)

and

�kðt; rÞ � �k

a2ðt; rÞH2ðt; rÞ
so that Eq. (13) can be written as the sum of the three equal
to 1, as is usual in �CDM.
By Eq. (9), we can now write Eq. (12) as

€̂
�þ 2Hðt; rÞ _̂�� 4�G�qðt; rÞ�̂� 2

1þ �̂

_̂
�
2

� 4�G�qðt; rÞ�̂2 ¼ 0;

where we have temporarily restored the factor 8�G for
clarity. Equation (15), in its first three terms, bears a formal
similarity to the linearly perturbed FLRW equation in

the density contrast. However, the Szekeres �̂ measures
deviations of � from �q, the quasilocal average density, as

opposed to a global average as in FLRW. The H and �q

terms are also dependent on r, and Eq. (15) contains two
nonlinear terms that the FLRW counterpart does not.

Moreover, �̂ here is an exact quantity arising directly
from an inhomogeneous metric and as such is not con-
strained to be smaller than 1.

In class I, the evolution equation for �̂ in terms of time
derivatives is most useful, but we can continue the formal-
ism in a general way that will be more useful for class II,
where a derivatives and density parameters are convenient.
Since each surface of constant t and r evolves indepen-
dently, we can consider fixing the value of r at some r0 and
letting aðt; r0Þ serve as the time parameter for that surface.
Then in terms of a derivatives, Eq. (12) becomes

�̂00 þ
�
€a

_a2
þ 2

a

�
�̂0 � 3M

a3 _a2
�̂� 2

1þ �̂
�̂02 � 3

3M

a3 _a2
�̂2 ¼ 0;

(16)

where 0 � @=@a at r0.
An explicit expression a (parametric or otherwise) is

unnecessary, since we can eliminate _a and €a in favor of�m

and��, using Eq. (13) and its time derivative. Multiplying
Eq. (13) by a2 and differentiating with respect to t gives

€a ¼ �M

a2
þ�

3
a: (17)

With this and the definitions (14), we obtain

€a

_a2
þ 2

a
¼ 4þ 2�� ��m

2a
(18)

and

3M

a3 _a2
¼ 3

2

�m

a2
: (19)

Substituting these into Eq. (16), we find
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�̂00 þ
�
4þ 2�� ��m

2a

�
�̂0 � 3

2

�m

a2
�̂� 2

1þ �̂
�̂02

� 3

2

�m

a2
�̂2 ¼ 0: (20)

Finally, if we assume the cosmological parameters take
on their standard meaning at every r, we can express them
in terms of their values evaluated today (denoted by a
superscript naught) and aðt; rÞ,

�mðt; rÞ ¼ �0
mðrÞ

�0
mðrÞþ�0

�ðrÞða=a0Þ3 þ�0
kðrÞða=a0Þ

(21)

and

��ðt; rÞ ¼
�0

�ðrÞða=a0Þ3
�0

mðrÞþ�0
�ðrÞða=a0Þ3 þ�0

kðrÞða=a0Þ
; (22)

where �0
kðrÞ ¼ 1��0

mðrÞ ��0
�ðrÞ and a0 ¼ aðt0; rÞ is

the scale factor today. These relationships can then be
evaluated at r0 and substituted into Eq. (20).

In class I, there is an alternative method of calculating �̂
when a model is completely specified—that is, when all the
arbitrary functions of r are known (see Appendix A).
Instead of numerically solving the second-order differen-

tial equation in (12), one can compute �̂ via the explicit
functional form

�̂ ¼
�
k2

M;r
3M

� a;r
a

��
�;r þ a;r

a

��1
; (23)

where a comma denotes partial differentiation.

B. Growth equations in flat and curved Szekeres class II
models with a cosmological constant

As discussed in Sec. II above, the class II density con-
trast � ¼ F=H ¼ ð�� ��Þ= �� has a similar form as in
FLRW, where ��ðtÞ ¼ 6M=a3ðtÞ is the overall background
average density. We also understand �ðtÞ as the associated
FLRW model’s density that underlies the exact Szekeres
perturbations. This is possible since a and M no longer
depend on r. Equation (20) applies equally well to class II

but with �̂ replaced by �, a ¼ aðtÞ, and �i ¼ �iðtÞ for
i ¼ fm;�; kg. Now the density parameters in terms of their
values today are

�mðtÞ ¼ �0
m

�0
m þ�0

�a
3 þ�0

ka
(24)

and

��ðtÞ ¼
�0

�a
3

�0
m þ�0

�a
3 þ�0

ka
; (25)

where �0
k¼1��0

m��0
� and we have set a0¼aðt0Þ¼1.

In class II we can therefore directly compare observations
with the cosmological density parameters between
Szekeres and �CDM.

As in our previous work [20], we find it useful to
rewrite the evolution equation for � in terms of the growth
rate variable G ¼ ð�=�0Þ=a. Noting the relations �0 ¼
Gþ aG0 and �00 ¼ 2G0 þ aG00 (for the choice �0 ¼ 1),
Eq. (20) for class II then becomes

G00 þ
�
4þ�� ��m

2

�
G0

a
þ ð2þ�� � 2�mÞ G

a2

� 2

a

ðGþ aG0Þ2
1þ aG

� 3

2
�m

G2

a
¼ 0; (26)

and one can easily check that this equation reduces to the
forms obtained in Ref. [20] for the special cases
(i) �� ¼ 0 and (ii) �m ¼ 1, �� ¼ �k ¼ 0.

IV. INTEGRATION OF GROWTH HISTORY
FOR SZEKERES MODELS WITH
A COSMOLOGICAL CONSTANT

The Szekeres growth equations derived in Sec. III are

integrated numerically for �̂ (class I) and G (class II) using
a standard fourth-order Runge-Kutta routine with adaptive
step size [45]. In class I we discuss results for a simple but
inhomogeneous and nonsymmetric model representing
a central void with neighboring supercluster, which is
similar to Model 1 employed by Ref. [29]. Our model is
designed to match to a nearly homogeneous FLRW back-
ground model described with standard �CDM parameters
(�0

m ¼ 0:27, �0
� ¼ 0:73, and H0 ¼ 72 km s�1 Mpc�1) at

a radius of 50 Mpc and greater. We provide the algorithm
for building such a model, specify the necessary arbitrary
functions, and describe the resulting density structure in
Appendix C.
For class II, we compare the growth rate in Szekeres

models with various combinations of cosmological pa-
rameters to the �CDM model with linear perturbations.
The discussions for class II can be applied as well to class I
if we restrict ourselves to a constant r-coordinate surface,
where the density parameters take on the values specified
for the class II model. However, as seen by Eq. (A7) of
Appendix A, there are no growing modes for the spatially
flat class I case, because k ¼ 0 forces �þ to vanish. Since
we are interested in structure growth, we therefore do not
consider flat models to apply to class I.

A. Growth history for flat Szekeres class II models

We find that for flat class II Szekeres and�CDMmodels
with comparable values �0

m and �0
�, the Szekeres models

exhibit significantly stronger growth than their linearly
perturbed �CDM counterparts. This difference is as
expected, since the Szekeres growth equation contains
exact nonlinear contributions due to inhomogeneities as
well as shear and a gravitational tidal field that the standard
concordance model does not.
The left panel of Fig. 1 shows the growth behavior over a

range of �0
m in flat models. For comparison, the linearly
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perturbed �CDM growth for �0
m ¼ �0

b þ�0
dm ¼ 0:27

and �0
� ¼ 0:73 is plotted as well. The Szekeres case

with �0
m ¼ 1:0 and �0

� ¼ 0 (i.e., with an Einstein-de

Sitter associated background) experiences the strongest
growth with no sign of suppression within our cosmic
history. For smaller values of �0

m, however, we begin to
see suppression, which is consistent with the fact that the
cosmological constant makes the expansion of the universe
accelerate and gives large-scale structure less opportunity
to grow. In each case, the cosmological constant contribu-
tion ultimately wins out, turning the curve over, but only
for �m � 0:1 and smaller do we see the effect clearly in
our cosmic history.

It is interesting that if we take into consideration the
bounds 0:039 � �0

b � 0:049 from big bang nucleosynthe-

sis (BBN) [46], we can interpret the small matter contri-
bution in Szekeres as being due solely to baryons (i.e., not
dark matter). With the BBN limits in mind, we find that a
flat Szekeres model with �0

m ¼ �0
b � 0:04 produces a

growth curve that roughly mimics that of linearly perturbed
�CDM today. The Szekeres growth rate is larger early on
than �CDM but still undergoes suppression to make �=a
of the two comparable at present. This is significant
because considering the effect of nonlinear inhomogene-
ities seems to strengthen the growth of structure in a way
that requires little or perhaps no dark matter. We discuss
this point further in Sec. VI, where we compare the
Szekeres growth to current observational data and obtain
best fits for the parameters �0

m, �
0
�, and �0

k.

In the right panel of Fig. 1, we see indeed that flat
Szekeres models with values of �0

m ¼ �0
b near 0.04 have

growth rates comparable to �CDM today, with the spread

arising from shifting the balance between �0
m and �0

�. In

each curve here, the growth rate emerges at early times
almost identically with the others up to a � 0:15, but the
curves representing larger �0

m values experience suppres-
sion later. As expected [47], when � dominates at late
times, the growth rate becomes essentially linear with
constant (negative) slope among the three cases presented.

B. Growth history for curved Szekeres models

While the global spatial curvature of the universe has
been well constrained to be negligibly small using the
�CDM model [46], this is not the case when using inho-
mogeneous cosmological models [48]. As we will see in
Sec. VI, the zero curvature result using FLRW may be
biased due to assumptions that do not hold in the more
general Szekeres models. We compare there class II mod-
els to growth data and find a significant curvature compo-
nent, which is absent in the �CDM model.

1. Class I

The evolution of the density contrast for our class I
model (described in Appendix C) is shown in Fig. 2.
Though the model matches (at some given r) to a nearly
homogenous �CDM background with zero curvature
(�0

m ¼ 0:27, �0
� ¼ 0:73), the Szekeres region itself has

a nonzero curvature (k ¼ �1). The left panel shows �̂ as a
function of r in a direction passing through the overdensity
adjacent to the central void. There is a prominent maxi-
mum today at r � 11 Mpc, and this peak diminishes
toward the past as well as moves toward r ¼ 0. The density
contrast profile in this direction achieves the largest values
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FIG. 1 (color online). LEFT: Growth rate of large-scale structure in flat Szekeres class II models with a cosmological constant. A
matter-only universe experiences the strongest growth, and curves are seen to experience significant suppression by � within our
cosmic history for�0

m values of approximately 0.1 and smaller. The curve with�0
m ¼ �0

b ¼ 0:04 and�0
� ¼ 0:96 (green, solid) could

provide a consistent growth history and is a good flat model candidate for comparison with �CDM (black, dashed), which is plotted
with the standard values of�0

m ¼ 0:27 and�0
� ¼ 0:73. RIGHT: A sample of flat class II models guided by the results of the left panel

that could mimic �CDM (dashed) with respect to the growth of large-scale structure today. The Szekeres curves emerge at early times
almost identically but begin to separate at a scale factor of about 0.15. The �0

b ¼ 0:05 model is able to grow the most structure before

suppression by the cosmological constant takes over. Despite differing times for the onset of suppression, the three curves experience
approximately the same rate of suppression at later times, indicating the effect of a dominant cosmological constant.
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compared with other directions, which is consistent with
the expectation that the density deviates most from the
background through regions of larger structure. However,
we must keep in mind that the background density at a
given r is a quasi-local average density �q defined as the

average within the volume bounded by the 2-surface of

constant r and t. The maximum of �̂ therefore need not
coincide with the maximum of � for some value of t (see

Fig. 6). The right panel plots �̂ along a direction orthogonal
to the overdensity. The density contrast here is a mono-
tonically decreasing function of r for all times shown, and
the density deviation from the background is seen to lessen
toward the past. It is clear that less structure lies along this
direction compared to that of the left panel. That our model
matches to an almost FLRW background (as described at
the beginning of Sec. IV) at 50 Mpc is apparent in both

plots, since �̂ approaches zero there. We find here that the
growth in a Szekeres class I model is up to several times
stronger than that of the linearly perturbed �CDM model
(� � 1), a result consistent with previous works [20,30].

2. Class II

The inclusion of curvature into the growth for class II
provides another degree of freedom that allows for a vari-
ety of different growth histories. To see clearly the effect of
all three components (matter, curvature, and�) on �=a, we
fix one component at a time and vary the other two. For
example, in Fig. 3 we first set �0

m ¼ 0:1 and vary �0
� and

�0
k. For the same matter content, closed models (�0

k < 0)
experience stronger overall growth than open (�0

k > 0)
models, with the flat case falling in between. At early
times, curvature seems to be the determining factor in the
growth rate, since it is the curvewith�0

k ¼ �0:02 (and also

the largest value of�0
�) that rises quickest early on. But as

expected, later the cosmological constant effects its char-
acteristic suppression so that the evolution of each curve is
approximately the same after it reaches its maximum.
Next, the effects of fixing�0

� at 0.9 and varying�0
m and

�0
k are shown in the right panel of Fig. 3. This plot spans

the same curvature range as the one to the left, yet here G
exhibits more pronounced variation. In this case, closed
models correspond to having more matter, while open
models to having less. The trend in the curves therefore
matches the expectation that more matter in a closed
universe will have a stronger growth rate of structure
than in the opposite case. Again, � suppresses the growth
uniformly after the curves turn over, but now the maxima
occur at very different times. We also note that the pres-
ence of nonzero�0

k causes the curves to diverge from each

other quite early—even earlier than a � 0:1. Flat models
for the parameters in Fig. 1, by contrast, evolve almost
identically up to scale factors of about 0.15.
As we will see in Sec. VI, we can find parameters such

that the Szekeres growth history exactly matches that of
�CDM. The parameters that accomplish this are �0

m ¼
0:11, �0

� ¼ 0:71, and �0
k ¼ 0:18. In Fig. 1, its G curve

would be indistinguishable from �CDM (black, dashed).
In this case, if we follow the predictions of BBN, the need
for dark matter cannot be fully eliminated, but the amount
needed to achieve the same growth as�CDM is reduced by
a factor of about 3. Also, here the dark energy density (or
cosmological constant) contribution is nearly the same as
for �CDM. The Szekeres �0

k is significantly higher than

that of �CDM (which is consistent with zero). The �’s in
the Szekeres models do represent fractions of the total
energy content of the universe for different constituents,
as defined in the Friedmann equations, which are formally
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FIG. 2 (color online). LEFT: Evolution of the density contrast of the class I model along a direction through the overdense region
that neighbors the central void. The color gradient represents �̂ at different times, where the present time is darkest and curves get
lighter toward the past. RIGHT: Evolution of the density contrast along a direction orthogonal to the overdensity. While in the left
panel �̂ peaks as a function of r, in the right panel it is a monotonically decreasing function of r that never exceeds 1. In both panels, �̂
vanishes beyond 50 Mpc, which we expect due to our model matching to an almost FLRW background at that radius. The curves
are evenly spaced in time, and the density contrast in both directions is seen to decrease toward the past, indicating a smoothing out
of the region.
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identical in both the Szekeres and �CDM models.
However, the energy densities do not have strictly the
same connections to physical quantities in both cases.
For example, the Hubble parameter in FLRW is propor-
tional to the expansion scalar �, but in Szekeres there is
also a dependence on the metric function H (see Sec. V).

Based on the results of integrating the growth equations,
we find that class II Szekeres models do have the ability to
mimic the growth rate of large-scale structure in �CDM
today for appropriately chosen values of the cosmological
parameters. In particular, the parameters�0

m ¼ �0
b � 0:04

and �0
� � 0:95 (so that the universe has a small negative

curvature of order 10�2) do a fair job qualitatively, and
interpreting the matter content as being solely due to
baryons supports the idea that Szekeres models can provide
a consistent growth history with little or no dark matter.
Alternatively, the parameters�0

m ¼ 0:11,�0
� ¼ 0:71, and

�0
k ¼ 0:18 exactly reproduce the �CDM growth history

but seem to require some dark matter and large �0
k. We

present a quantitative argument for smaller�0
m in Szekeres

than �CDM based on fits to the data for the growth factor
in Sec. VI.

Finally, we also observe that the same trends in the
growth rate hold in general for FLRW models as they do
for their Szekeres counterparts. In other words, closed
universes with larger matter contributions experience
stronger growth overall than open universes with less
matter. Flat universes lie in between. The effect of a
cosmological constant in �CDM is also to suppress the
growth rate equally at late times when it becomes domi-
nant, regardless of the growth rate at earlier times, a well-
known and expected result, e.g., Ref. [47].

V. COSMOLOGICAL EVOLUTION OF SHEAR
AND TIDAL FIELD SCALARS IN SZEKERES
MODELS INCLUDING CURVATURE AND

COSMOLOGICAL CONSTANT

We now consider the time evolution of physical scalar
quantities in the Szekeres models that influence the gravi-
tational clustering and structure growth. Our discussion
here is brief, since much of the work was carried out in
our earlier paper [20], and the inclusion of � in the
expressions for the shear scalar and other quantities is
straightforward. In class I, due to the r dependence of a,

it is natural to express these quantities in terms of �̂, while
in class II we convert to G as in our previous work.

A. Shear and expansion

The first quantity of interest is the squared shear scalar
defined by

	2 � 	�
�	

�
�; (27)

where the mixed tensor components are given by [49]

2	~x
~x ¼ 2	~y

~y ¼ �	r
r ¼ � 2

3

_H

H
: (28)

We can write then for class I,

	2 ¼ 2

3

_̂
�
2

ð1þ �̂Þ2 ; (29)

and for class II, after some algebra,

	2 ¼ 2

3
H2

0

�
�0

m

a
þ�0

�a
2 þ�0

k

��
Gþ aG0

1þ aG

�
2
; (30)
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FIG. 3 (color online). LEFT: class II Szekeres growth histories for �0
m ¼ 0:1 and varying �0

� and �0
k. Closed models (�0

k < 0)
experience stronger growth than open models (�0

k > 0) overall. The flat case lies in between the two, and all models have stronger

growth compared to standard �CDM (not shown; see Fig. 1). All the Szekeres curves undergo the same characteristic suppression by
� after attaining their maximum growth rates (which happens later the smaller �0

k is) so that the slopes becomes approximately the

same across the different curves. RIGHT: Szekeres growth histories for�0
� ¼ 0:9 and varying�0

m and�0
k. Closed models, which have

larger matter density, again experience stronger growth than open models with the flat case lying in between. The spread in the curves
is slightly more pronounced here than for fixed �0

m over the same range of �0
k values, indicating the effect that small changes in the

matter content can have. All models have stronger growth at all times than �CDM (not shown; see Fig. 1) and ultimately get
suppressed by � before a reaches 1.
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where H0 is the Hubble parameter today and a0 ¼ 1. As
we noted in previous work [20], nonzero shear augments
the gravitational attraction, resulting in stronger collapse
than would be produced by the energy density alone.

We next give the expression for the expansion scalar �
in order to examine early- and late-time divergences of
j	j=�. The expansion scalar is defined as

� � u�;� ¼ 3
_a

a
þ _H

H
; (31)

which we find for class I is simply

� ¼ 3
_a

a
�

_̂�

1þ �̂
(32)

and for class II can be written

� ¼ H0

�
3

a
þGþ aG0

1þ aG

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�0

m

a
þ�0

�a
2 þ�0

k

s
: (33)

We plot j	j=� for the class I model described in
Appendix C along a direction passing through the over-
density (left) and one orthogonal to it (right) in Fig. 4. The
left plot has its maximum curve today with a peak at r �
20 Mpc, and the curves there decrease with peaks shifting
toward smaller r as we move toward the past. In the right
plot, where we are looking through less structure, the peak
in j	j=� today also occurs at about 20 Mpc, but toward the
past now the curves first rise before ultimately decreasing.
In both cases, the ratio of shear to expansion vanishes at
r � 50 Mpc, which is expected due to the matching: all
FLRW models have zero shear, and the one we match to
has nonzero (positive) expansion. Also, since the curves

are evenly spaced in time, we see that j	j=� was changing
faster in the past than it is today for both directions, and
nowhere does it diverge for the times and ranges plotted.
The left panel of Fig. 5 shows j	j=� for various class II

models without a cosmological constant. These and the
following class II figures have been extended beyond a ¼
1 to see the trends in the curves more clearly. The ratio of
shear to expansion goes to zero as a approaches zero,
indicating an isotropic initial singularity, and it potentially
grows without bound in the future depending on the values
of the matter and curvature density parameters. We can
also see this by taking limits of the expression for j	j=�.
The matter-only case grows most rapidly and shows no
signs of turning over down to �0

m values of approximately
0.4. Below this value, where the models are strongly nega-
tively curved, the shear and expansion evolve in proportion
to each other, and the ratio does not diverge. The right
panel shows j	j=� for class II models with a cosmological
constant and�0

m fixed at 0.1. Again, all curves shown go to
zero for small a but now also tend to zero as a becomes
large, attaining a maximum between scale factor values
0:4< a< 0:8. Curves for models with �0

� > 0:9 (posi-

tively curved) reach higher maxima and at a later a value
than those where �0

� < 0:9 (negatively curved), and the

flat case falls in between.
We note that the explicit �0

� dependence cancels out in

the expression for j	j=� in class II, which makes it
identical to that previously found for Szekeres models
without a cosmological constant. However, �0

� is bound

up in the equation for G, so nonzero �0
� still affects the

growth history and therefore j	j=� as well. This same
observation applies to the density � and the tidal gravita-
tional field scalar E that we examine next.
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FIG. 4 (color online). LEFT: Evolution of j	=j� in the class I model along a direction through the overdense region that neighbors
the central void. The color gradient represents j	=j� at different times, where the present time is darkest and curves get lighter toward
the past. The maximum is achieved today at r � 20 Mpc, and the shear-to-expansion ratio diminishes continuously toward the past
with the peak moving toward r ¼ 0. RIGHT: Evolution of j	=j� in the class I model along a direction orthogonal to the overdensity.
The curves in this case first increase as we move backward in time before ultimately decreasing as in the left plot. The curves are
evenly spaced in time, and so j	=j� is changing at a slower rate today than it was in the past. We expect the shear to tend toward zero
in the past as the model smooths out, and looking through the structure in both directions reveals that this is the case.
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B. Density and tidal gravitational field

As seen in Sec. III, the equation for the density in class I
is given by

� ¼ 6M

a3
ð1þ �̂Þ; (34)

which can be written in terms of G for class II as

� ¼ 3�0
m

a3
H2

0ð1þ aGÞ; (35)

where we have used the definition of �m.
In Fig. 6 we plot the density, normalized by the almost

FLRW background density �b, of our void plus superclus-
ter class I model as a function of r, again looking through
(left panel) and orthogonal to (right panel) the overdensity.
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FIG. 6 (color online). LEFT: Evolution of the density (normalized by the almost FLRW background density �b) of the class I model
along a direction through the overdense region that neighbors the central void. The color gradient represents �=�b at different times
where the present time is darkest and curves get lighter toward the past. This is the region with maximum density in the model, but it
smooths out (i.e., becomes more homogeneous) significantly in the past, as expected. RIGHT: Evolution of the normalized density
along a direction orthogonal to the supercluster. The maximum overdensity attained here is about half that of the left panel, while the
underdense regions in both have approximately the same profiles at corresponding times. The model also smooths out in this direction
toward the past. In both panels, the curves are evenly spaced in time, from which we can infer that though the rate of growth of the
overdense region is undiminished up to the present, the rate of growth in the regions with less structure seems to decrease with time.
The central void’s volume continues to grow in both directions over time in order to compensate the growth of the overdensity.
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FIG. 5 (color online). LEFT: Shear scalar over the expansion for class II Szekeres models with no cosmological constant. We see
j	j=� going to zero at early times and potentially diverging as a becomes large depending on the amount of matter and curvature. The
flat matter-only case diverges most strongly, and the curves grow without bound down to �0

m � 0:4, below which we see the curves
turn over and remain finite in the future. RIGHT: Shear scalar over the expansion for class II models with a cosmological constant and
fixed �0

m ¼ 0:1. j	j=� in all these cases goes to zero for small a as in the models of the left panel. The curves reach a maximum
between 0:4< a< 0:8 and then tend to zero again as a becomes large with no divergences. In models where �0

� > 0:9 (positively

curved), the ratio j	j=� attains a higher maximum at later a than those where �0
� < 0:9 (negatively curved), and the flat case falls in

between.
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As expected, the region with the supercluster has the high-
est density today, and in both panels the deviation from the
background becomes smaller toward the past. If viewed in
terms of an associated density contrast, where we consider
density differences with respect to the limiting FLRW value,
then we see the quantity �=�b � 1 go to zero as we move
backward in time. That is, the overdensity and the void both
get smaller and smooth out, leaving just a void with ever-
shrinking volume. It is interesting that the rate of growth of
the overdense region is undiminished up to the present, while
the rate of growth of the regions with less structure seem to
decrease with increasing time. However, the central void’s
volume continues to grow in both directions over time in
order to compensate for the growth of the overdensity.

The left panel of Fig. 7 shows �=H2
0 for class II models

without a cosmological constant. As can be understood
from Eq. (35), all models there diverge as a approaches the
initial singularity, but late-time divergences within our
cosmic history depend on the values of the matter and
curvature parameters. Thematter-only case diverges at a �
0:5, and models with less matter (larger �0

k) also have

densities that diverge at later a with smaller �0
m resulting

in a later onset of divergence. The right panel shows the
evolution of density in Szekeres models that include a
cosmological constant and have�0

m set to 0.1. The models
here also all diverge at the initial singularity, but they remain
finite up to today and tend to zero in the future, decreasing
monotonically. Models with �0

� > 0:9 (positively curved)

have density curves lying above thosewith�0
� < 0:9 (nega-

tively curved), and the flat case falls in between.
We now turn to the tidal gravitational field, and for that

we consider the electric part of the Weyl conformal curva-
ture tensor. Its components are defined as

E�� ¼ C����u
�u�; (36)

where the Weyl tensor in four dimensions has components

C���� ¼ R���� þ 1

2
ðg��R�� þ g��R��

� g��R�� � g��R��Þ þ R

6
ðg��g�� � g��g��Þ:

(37)

The magnetic part of the Weyl tensor H�� is zero in the

Szekeres solution, and the models therefore fall into the
category of ‘‘silent’’ cosmological models. The shear and
the electric part of the Weyl tensor are related via the
propagation equation for the shear

_	�
� þ	�


	


� þ 2

3
�	�

� � 1

3
ð��

� þ u�u�Þ	2 ¼�E�
�;

(38)

which reveals how E��, interpreted as the tidal gravita-

tional field [17,50], causes shearing in the fluid flow.
We are interested in how the tidal field scalar, the

magnitude of which is given by

E2 ¼ E�
�E

�
�; (39)

and whose mixed components are [51]

2E~x
~x ¼ 2E~y

~y ¼ �Er
r ¼ 2

3

� €H

H
þ 2

_a

a

_H

H

�
; (40)

compares to the energy density at early and late cosmic
times. The class I expression has the simple form

E2 ¼ 6

�
M

a3
�̂

�
2
; (41)

0.0 0.5 1.0 1.5 2.0 2.5
0

20

40

60

80

a

H
02

m
0 0.1, 0 0, k

0 0.9
m

0 0.3, 0 0, k
0 0.7

m
0 0.5, 0 0, k

0 0.5
m

0 0.8, 0 0, k
0 0.2

m
0 1.0, 0 0, k

0 0

0.0 0.5 1.0 1.5 2.0 2.5

0.1

1

10

100

1000

a

H
02

m
0 0.1, 0 0.6, k

0 0.3
m

0 0.1, 0 0.7, k
0 0.2

m
0 0.1, 0 0.8, k

0 0.1
m

0 0.1, 0 0.9, k
0 0

m
0 0.1, 0 1.0, k

0 0.1

FIG. 7 (color online). LEFT: Evolution of density in class II Szekeres models with no cosmological constant. As expected, all
models here diverge as a approaches the initial singularity, but late time divergences within our cosmic history happen at times that
depend on the combination of matter and curvature parameters. For example, the �0

m ¼ 1 case diverges at a � 1, followed by the
model with�0

m ¼ 0:8, and models with less matter experience density divergences in the future at later a values. RIGHT: Evolution of
density in Szekeres models with a cosmological constant and fixed �0

m ¼ 0:1. Again, all models diverge at the initial singularity, but
they remain finite up to today and tend to zero as a becomes large. Positively curved models (�0

� > 0:9) have density curves lying

above the negatively curved models (�0
� < 0:9) with the flat case in between. The addition of a cosmological constant avoids the late-

time divergences in the density.
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and in class II, in terms of cosmological parameters eval-
uated today, a small calculation gives

E2 ¼ 3

2

�
�0

m

a2
H2

0G

�
2
: (42)

Again, in the expressions for � and E2, the dependence
on the cosmological constant comes via a and �0

�, which

is contained withinG. Figure 8 shows the ratio jEj=� along
the two directions considered previously for our class I
model described in Appendix C. The left panel is a radial

profile through the supercluster, and the right panel is
plotted for an orthogonal direction. In both cases the tidal
field-to-density ratio increases continuously up to the
present, but in the direction of the overdensity, the curves
evolve toward wide peak around r � 11 Mpc. In the other
direction, the curves are monotonic decreasing functions
of r. The matching to the almost FLRW background at
r ¼ 50 is again clear in both panels, which we expect
since the Weyl tensor is zero in FLRW models. Also, since
the curves are spaced evenly in time, we see that jEj
was changing more rapidly compared to � in the past
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FIG. 8 (color online). LEFT: Evolution of jEj=� for the class I model along a direction that passes through the supercluster
neighboring the central void. The color gradient represents jEj=� at different times where the present time is darkest and curves get
lighter toward the past. It evolves from a localized peak around r � 1 Mpc in the past to a larger and significantly broader maximum
around r � 11 Mpc today. RIGHT: Evolution of jEj=� along a direction orthogonal to the supercluster. Here, the tidal field-to-density
ratio is a monotonically decreasing function of r that diminishes continuously toward the past. In both plots, jEj=� approaches zero at
r ¼ 50 Mpc, which we expect due to matching to the almost FLRW background there and that the Weyl tensor is zero in FLRW
models. In addition, as adjacent curves are spaced equally in time, the tidal field was changing more quickly with respect to the density
in the past than it is today.
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FIG. 9 (color online). LEFT: The ratio of the tidal gravitational field scalar to the density in class II Szekeres models with no
cosmological constant. The curves all grow monotonically from zero at the initial singularity and remain finite within our cosmic
history. The larger the matter content, the larger the ratio of jEj to �, and the less suppression the curve experiences at later times.
RIGHT: The ratio of the tidal gravitational field scalar to the density in class II models with a cosmological constant and fixed
�0

m ¼ 0:1. As in the case without ��, all the curves grow monotonically from zero, but here they all also evolve almost identically
after a � 1. As a becomes larger, jEj and � for a given set of parameters ultimately grow at the same rate so that their ratio approaches
a constant. The larger �0

� curves have larger jEj=� than those with smaller �0
� for the same matter content. Again, the addition of a

cosmological constant removes the late time divergences seen to the left.

AUSTIN PEEL, MUSTAPHA ISHAK, AND M.A. TROXEL PHYSICAL REVIEW D 86, 123508 (2012)

123508-12



than it is at present. These observations are reminiscent

of the behavior of �̂ itself, which is not surprising,

because jEj=� can be written in terms of only �̂ as

jEj=� ¼ �̂=½ ffiffiffi
6

p ð1þ �̂Þ�.
We plot jEj=� in Fig. 9 and compare early and late time

divergences in class II models with � to those without. On
the left are models without a cosmological constant, and
we see that all curves grow monotonically from zero at
a ¼ 0 and remain finite within our cosmic history. As with
j	j=� and �=H2

0, the matter-only case is on top, and larger

matter content corresponds to a larger ratio of jEj to �. On
the right we plot Szekeres models with a cosmological
constant and fixed �0

m ¼ 0:1. As in the case without ��,
all the curves grow monotonically from zero, but here they
all evolve almost identically after a � 1, indicating that jEj
and � grow proportionally at larger a. Again, similar to
j	j=� and �=H2

0, larger �0
� curves overall have larger

jEj=� than those with smaller �0
� for the same matter

content, with the flat (�0
� ¼ 0:9) case falling in between.

The important point is that for all the models plotted here,
the addition of a cosmological constant removes any late-
time divergences that were present without it.

Furthermore, since the cosmological constant will con-
tinue to dominate as time increases, one expects a future
evolution free from singularities for the models of interest.
The Szekeres solutions can have shell-crossing singular-
ities when the metric function H vanishes. This is clear
from Eq. (6) for the matter density. We have verified that
for the models of interest explored above with �0

m & 0:1,
the growth rate and the density do not become singular in
the future. G approaches zero as a becomes large, and
since the scale factor grows without bound in these models,
the density goes to zero along with G.

VI. CLASS II COMPARISON TO
CURRENT GROWTH DATA

In the preceding sections, we have demonstrated that the
Szekeres class II models are capable of reproducing the
required features of the growth history of large-scale struc-
ture using a nonzero cosmological constant� to mimic the
�CDM concordance model. This includes both a late-time
suppression of growth due to � and significantly stronger
growth at early times than is possible with linearly per-
turbed �CDM using only a baryonic matter component
�0

b ¼ 0:04 consistent with constraints from Big Bang

nucleosynthesis (BBN). While we were able to explore
an initial parameter space for the Szekeres models by
qualitative comparison to �CDM, we will now compare
the models directly to currently available growth data.

The following discussion only applies to class II models.
We do not attempt to compare class I models to available
growth data, as this requires a full consideration of the
cosmological parameters as well as the available data as
functions of r. There is not enough growth data points at
the present time in order to attempt such r-modelization,

and we leave this for future work while specializing the
current comparison to class II.
We will use measurements of the growth factor

f ¼ d ln�=d lna; (43)

which has been constrained over a wide range of redshifts.
The values of f that we compare to are listed in Table I and
come from measurements of both redshift space distortions
and the Lyman-� forest. The growth factor is derived from
either the redshift distortion parameter � ¼ f=b (where b
is the deterministic galaxy bias) or from the amplitudes of
power spectra from Lyman-� forest data. Certain assump-
tions based on �CDM are necessary to obtain this growth
data for f and thus may impact a direct comparison of the
data to the growth resulting from modeling the evolution of
structure in a Szekeres universe. However, we explore
here the formalism of such a comparison and provide
some first insight into the Szekeres models’ ability to fit
real growth data.

A. Growth factor and growth index in the
Szekeres models

In �CDM, the growth factor is written from the growth
equation as

f0 þ
�
2þ

_H

H2

�
fþ f2 � 3

2
�m ¼ 0; (44)

TABLE I. Summary of observational data used to constrain the
cosmological parameters in the Szekeres class II and �CDM
models through the growth factor. Data is taken from the
compilation of Refs. [52,53], with original references for each
value listed in the right column. The first nine values are derived
from measurements of redshift space distortions, while the last
seven are from Lyman-� measurements. Where necessary, we
have given the mean redshift of the f measurements when
originally reported for a range of redshifts.

z fobs References

0.15 0:49� 0:10 [54,55]

0.20 0:60� 0:10 [53]

0.35 0:70� 0:18 [56]

0.40 0:70� 0:07 [53]

0.55 0:75� 0:18 [57]

0.60 0:73� 0:07 [53]

0.80 0:70� 0:08 [53]

0.77 0:91� 0:36 [54]

1.40 0:90� 0:24 [58]

2.42 0:74� 0:24 [59]

2.60 0:99� 1:16 [60]

2.80 1:13� 1:07 [60]

3.00 1:66� 1:35 [60]

3.00 1:46� 0:29 [61]

3.20 1:43� 1:34 [60]

3.40 1:30� 1:50 [60]
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where H here is the �CDM Hubble parameter; see for
example Refs. [52,62–68].

In a similar way to previous work done for �CDM, we
can derive the growth factor for the Szekeres models. From
the definition of f in Eq. (43), we substitute

�0 ¼ f
�

a
(45)

and

�00 ¼ ðf2 � fþ f0Þ �
a2

(46)

into Eq. (20). Simplifying the resulting expression gives

f0 þ
�
1þ�� � 1

2
�m

�
fþ

�
1� 2

1þ X�1

�
f2

� 3

2
ð1þ XÞ�m ¼ 0; (47)

where

X ¼ � ¼ �ða ¼ 0Þ exp
�Z

f d lna

�
: (48)

Unlike for �CDM, the higher order terms in � of
Eq. (20) in the Szekeres models force us to keep the
integral form for X. One could attempt to integrate this
numerically as has been done in the past. Alternatively, as
in our case, we can simply observe that f is related to the
growth rate G in Eq. (26) as

f ¼ 1þ a
G0

G
; (49)

where G0 andG, and thus f, are all functions of a,�0
m, and

�0
�, and we require �0

k ¼ 1��0
m ��0

�. Thus the func-

tion f can be calculated fromG andG0, which have already
been integrated through the Runge-Kutta method used in
the first sections of this work. In the next subsection, we
compare the function f in the Szekeres models directly to
measured values of f.

Also important in studies of the growth of structure is the
growth index �. The growth factor f was shown to be well
approximated by [69–72]

f ¼ ��
m: (50)

More recently, the growth index has been demonstrated to
be a useful parametrization of f, capable of distinguishing
between �CDM and other alternative dark energy and
modified gravity models, having different characteristic
values in each [52,62–68]. It can be written in �CDM
with a dark energy equation of state parametrized by w
as an expansion to lowest order in 1��m and �k [64]

� ¼ 3ðw� 1Þð1��mÞ � ð3wþ 1Þ�k

ð6w� 5Þð1��mÞ � 2ð3wþ 1Þ�k

: (51)

For early times (�m ¼ 1) and zero curvature, we find � ¼
6=11. This result is nearly independent of the choice of

�m, ��, and �k, with the value of � changing only at the
percent level. However, it has been shown that the original
ansatz lnf ¼ � ln�m must be altered in some cases, such
as for a curved space. It is thus not immediately clear that
we can apply directly a relationship like f ¼ ��

m for some
� in a general Szekeres space, and the derivation of an
analytic form for such a � is not trivial if possible at all. We
will explore whether a � can characterize the Szekeres
models in the following section.

B. Fitting and results

We use the measured values of f given in Table I to
constrain the best fit cosmological parameters �0

m, �
0
�,

and �0
k using a �2 minimization. We define the �2 for N

data points as

�2 ¼ 1

N

XN
i¼1

f2ðaiÞ � f2obsðaiÞ
	2ðaiÞ

; (52)

where 	ðaiÞ is the absolute error in the measurement at ai.
We construct the �2 in this way so as to be able to directly
compare results that use a different number of data points.
The �2 is then one when the average difference in f from
observations is equal to the average error.
We first calculate the �2 with no priors on the values

of the cosmological parameters for both the Szekeres
models and �CDM, and then impose for the Szekeres
models the requirement that 0:039��0

b�0:049 from

BBN [46], assuming that there is no dark matter compo-
nent ((�0

dm ¼ 0). For comparison, we also calculate the

�2 for the concordance �CDM cosmology with values
�0

m ¼ 0:27 and �0
� ¼ 0:73. Finally, we determine the

parameters for the Szekeres models which best fit the
growth in the standard �CDM cosmology. We summarize
these results in Table II and compare the resulting fðaÞ to
fobsðaiÞ in Fig. 10.
We find that there is negligible difference in fitting

power (�2) between our best fit Szekeres parameters with
no priors and those for �CDM, both including and exclud-
ing Lyman-� data. In general, we find that the Szekeres
models fit the measured f with comparable �0

� to that of

the �CDM model, but with a lower matter content and a
larger spatial curvature. In order to explore the Szekeres
fitting result further, we include the priors from BBN that
0:039 � �0

b � 0:049 and set �0
dm ¼ 0. We find in this

case that the Szekeres models perform much worse in
fitting the measurements, with almost a factor of three
increase in �2 when excluding the Lyman-� data. This
indicates that while the Szekeres requires smaller values
for the dark matter density, it still needs some in order to
have a good fit to the growth data. As a simple check, we
find that the concordance �CDM parameters are still a
good fit to the growth data but with non-negligible
increases in �2 when compared to the best fit parameter
choices. For further comparison to the �CDM model,
we find the Szekeres models most closely mimic the
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growth of the standard �CDM model with parameters
ð�0

m;�
0
�;�

0
kÞ ¼ ð0:11; 0:71; 0:18Þ and �2 ¼ 2:4	 10�5.

The information in Table II is represented visually in
Fig. 10, where the various f fits are generally very con-
sistent and fit well to the data, except for the Szekeres fit
with the priors listed above, which clearly fits the data very
poorly both by visual inspection and�2 value.We also note
that in the right panel, where we exclude Lyman-� data,
the best fit Szekeres f with no priors is able to fit all data
points, while the standard �CDM falls just outside the
error bar on the data point at a ¼ 0:56 (z ¼ 0:8).

Our finding of a nonzero curvature using the Szekeres
models is consistent with other studies of inhomogeneous
models and averaging studies, which have shown
that using a more general, inhomogeneous cosmology
strongly impacts the determination of cosmological pa-
rameters. For example, by introducing inhomogeneities
to explore changes in the distance to the cosmic microwave

background, [48] found that parameter determinations
were strongly affected, with a positive curvature and�0

� �
0:8–0:9 preferred. This is similar to our determination of
the parameters for the Szekeres models in the case where
we require only baryonic matter to contribute to the matter
density and find a small positive curvature and large �0

�.

Similarly, [73] explored the effects of averaging inhomo-
geneities on the measurement of cosmological parameters
and found that without prior assumptions on �, a substan-
tial negative curvature was favoured. This is also consistent
with our best fit determination of the Szekeres models,
which contains a significant negative curvature, as well as
lower matter density than required in �CDM. Further,
Ref. [74] found that the averaging will in general affect
the Friedmann equation by introducing a curvaturelike
term. Thus the measurement of an FLRW model with
negligible curvature, which is considered to be associated
with the averaged background of a general Szekeres
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FIG. 10 (color online). Plots of the best fit growth factor f to observations for Szekeres and�CDMmodels. Best fit parameter values
are determined by �2 minimization with and without priors. The main result plotted here is that the Szekeres model with no priors fits
the growth data with �2 almost indistinguishable from those of the �CDM. The best fit Szekeres model requires less matter density
and more spatial curvature. For further exploration, priors on the Szekeres model are applied and consist in constraining the total
matter density to be that of only baryons, with values as limited by the BBN (i.e., 0:039 � �0

b � 0:049). Also, the priors when

imposed on �CDM consist in fixing the density parameters to those of the concordance model with �0
m ¼ 0:27 and �0

� ¼ 0:73. The

plots are shown with growth factor data both including (left panel) and excluding (right panel) available Lyman-� data for the
parameter sets described in Table II.

TABLE II. Best fit parameters for Szekeres and �CDM models. We use the �2 minimization
described in Eq. (52) in order to choose the best cosmological parameters that fit f to the
observed growth factor as given in Table I. We present results both including and omitting
available Lyman-� data. We also present results with priors placed on the Szekeres model, such
that 0:039 � �0

b � 0:049 from BBN (with �0
dm ¼ 0). For comparison, we include the �2 for

each best fit along with the �2 for standard�CDM parameters. Values are rounded to the nearest
percent. The Szekeres model with no priors fits the growth data with approximately the same �2

as that of the �CDM model.

Without priors With priors

L�? �0
m �0

� �0
k (�2) �0

m �0
� �0

k (�2)

Szekeres No 0.12 0.59 0.29 (0.22) 0.05 0.98 �0:03 (0.62)

Yes 0.11 0.69 0.20 (0.39) 0.05 0.98 �0:03 (0.63)

�CDM No 0.29 0.56 0.15 (0.21) 0.27 0.73 0.00 (0.32)

Yes 0.26 0.69 0.05 (0.39) 0.27 0.73 0.00 (0.43)
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model, may indicate that a nonzero curvature in the true
Szekeres model is appropriate.

In addition to fitting the growth factor, we also attempt to
fit a growth index. To check whether we can apply the
ansatz lnf ¼ � ln�m to the Szekeres models, we perform a
numerical �2 minimization to find the best fit � for the
resulting parameters in Table II. As a check that this fitting
method performs well, we first apply it to the �CDM
parameter sets, finding as expected that � � 0:55. We
find, however, that there does not exist a unique � for the
Szekeres models, but instead that � varies with different
�m, and we find very poor �

2 values for these fits. Further,
there exists only a small subset of parameter choices for
which we can fit a � at all, indicating that the usual ansatz
used for FLRW models fail for the Szekeres models. This
is demonstrated in Fig. 11, which shows a plot of the
relative error ðf���

mÞ=f of the three unique parameter
fits in Table II for both Szekeres and�CDMmodels. While
the relative error in the f ¼ ��

m relationship for �CDM
overlaps for the three parameter sets and is nearly zero
even at late times, there is significant error in the three
Szekeres parameter sets, particularly at late times showing
that the usual ansatz cannot be used here and direct com-
parison to the growth factor data is required.

We conclude then that the Szekeres models are able to
exactly mimic a standard �CDM growth history charac-
terized by f, and to fit observed values of the growth factor
with comparable accuracy to the �CDM model. The
Szekeres models require comparable �0

� to �CDM, but

significantly less dark matter, which is offset by a large
negative curvature. Our parameter determinations are
roughly consistent with previous studies of inhomogene-
ous models and averaging. We also find that the growth

index parameterization fails for the Szekeres models,
where a single-value � is unable to fit f. However, any
conclusions based on comparisons of the Szekeres models
to observations, and in particular the determination of
cosmological parameters, should be made with caution.
The measured values of f are based on assumptions of
�CDM, which do not hold in a more general Szekeres
model. The cosmological parameters described in the
preceding sections are defined in the same way as their
�CDM counterparts and should represent the same
fractional energy contents in the universe. However, the
energy densities do not have strictly the same connections
to physical quantities in both cases. For example, the
Hubble parameter in FLRW is proportional to the expan-
sion scalar�, but in Szekeres there is also a dependence on
the metric function H (see Sec. V). Thus, a more careful
consideration is required when comparing the Szekeres
parameters directly to �CDM.

VII. CONCLUSION

The standard approach to studying large-scale cosmo-
logical structure evolution is to apply linear perturbations
to a smooth FLRWmetric. However, in order to go beyond
the linear perturbation framework, it is worth exploring
alternative exact frameworks. Such exact frameworks can
include linear and nonlinear effects from for example
large-scale superstructures in the lumpy universe that we
observe. In this work, we have studied the growth of large-
scale structure in the Szekeres inhomogeneous cosmologi-
cal models in the presence of a cosmological constant and
allowing for nonzero spatial curvature. Using the Goode
and Wainwright formulation of the solution, we have iden-

tified a density contrast for both classes (�̂ in class I and �
in class II) in terms of the metric functions F andH. The F
function obeys a second-order time differential equation
like the density contrast in FLRW, and this allows us to

write evolution equations for �̂ and � that have linear terms
formally identical to the linearly perturbed FLRW equa-
tion. However, our equations also contain nonlinear terms.
Most importantly, unlike linear perturbations, the equa-

tions here are derived in an exact framework, meaning �̂
and � are not constrained to be smaller than 1.
To study structure growth in class I, we have constructed

(today) a simple nonsymmetric and inhomogeneous region
that physically represents a central void and neighboring
supercluster surrounded by an asymptotically smooth
background. The model matches to an almost FLRW
model with standard �CDM parameters at r ¼ 50 Mpc.

By numerically solving the growth equation for �̂, we have
evolved the structure backward in time to see the region
smooth out, i.e., become more homogeneous, with both the
overdensity and the void shrinking continuously. The class
I dependence on the coordinate r of the metric functions
allows us to model such a single structure, while for class II
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FIG. 11 (color online). The relative error ðf���
mÞ=f of the

three unique parameter fits in Table II for both Szekeres and
�CDM models. The relative errors of the three �CDM parame-
ter sets overlap and are nearly zero even at late times, while there
is significant error in the three Szekeres parameter sets, particu-
larly at late times.
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such an implantation is possible via the metric functions
�� since M is constant and a ¼ aðtÞ.

The class II models, as we have set them up, are
described by their input cosmological parameters today
and describe exact deviations from an underlying FLRW
model (obtained by letting � ¼ 0). For class I models,
these input cosmological parameters today can be under-
stood to apply at some relevant r, and we restrict ourselves
to the independently evolving spatial section defined by
that constant r. For both classes, we find a growth up to
several times stronger than that of the �CDM model. For
example, we find that for flat class II models with �0

m and
�0

� values comparable to those of �CDM, Szekeres

models experience significantly stronger growth than their
linearly perturbed FLRW counterparts. The flat model with
�0

m ¼ 0:04 provides a qualitatively consistent growth his-
tory that, if the matter content is interpreted to be solely
due to baryons, appears not to require dark matter in order
to achieve a similar growth rate to �CDM today. This
value of �0

m agrees with the value of �0
b as predicted by

big bang nucleosynthesis. Flat and curved class II models
with nonzero�0

� experience suppression of the growth rate

after the onset of � dominance, as expected.
We have also derived expressions for kinematic quanti-

ties in both classes, including the shear scalar, expansion
scalar, and electric part of theWeyl tensor, which represents
the tidal gravitational field. We explored the behaviors of
j	j=�, �, and jEj=� for the class I model along directions
through the supercluster and orthogonal to it, as well as for
class II models with various combinations of cosmological
parameters. These quantities do not experience singularities
in the class I model, and in class II, the inclusion of � is
found to remove divergences that were present without it.

To investigate the ability of Szekeres models to match
observations, we derived the evolution equation for the
growth factor f in class II and also expressed it directly
in terms of G and its derivative, the latter being more
convenient for our purposes. We used a �2 minimization
to obtain best fit parameters from redshift space distortions
and Lyman-� forest data for Szekeres and �CDM models
both with and without priors. For Szekeres, the parameters
ð�0

m;�
0
�;�

0
kÞ ¼ ð0:12; 0:59; 0:29Þ, obtained without priors

and excluding Lyman-�, achieve the smallest �2. Further,
the growth factor for these Szekeres parameters is able to fit
all the data,while the corresponding�CDM curvemisses the
error bound on one point. With no priors imposed, we find
that the Szekeres models achieve the same �2 as the�CDM
model but require different combinations of the cosmological
parameters. We have also determined that the parameteriza-
tion off by the growth index� does not apply to the Szekeres
models in a simple way. For example, the usual ��

m ansatz
does not work, and it is necessary to directly fit f.

With these results, we find that the Szekeres inhomoge-
neous cosmological models can provide a framework to
analyze the growth of large-scale structure using exact

equations not limited to the linear regime or first-order
terms in the density contrast. Szekeres models subjected
to current growth data can provide competitive fits com-
pared to the concordance �CDM perturbative scheme, but
they require different values for the matter density and
spatial curvature. Our results in this work will be useful
in developing a complete framework based on inhomoge-
neous cosmological models in which current and future
observations can be analyzed and interpreted.
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APPENDIX A: EVOLUTION OF SZEKERES
MODELS IN THE GW REPRESENTATION

We describe the time and space dependencies of
Szekeres models in the Goode and Wainwright (GW)
representation [23]. The GW metric has the form

ds2 ¼ �dt2 þ a2½e2�ðd~x2 þ d~y2Þ þH2W2dr2�: (A1)

A. Time dependence

The solutions to the equations governing the time
evolution of Szekeres models have the same form for
both classes. When � is nonzero, the general solution of
the Friedmann equation [Eq. (5)] involves elliptic func-
tions and can be found in, for example, Ref. [38]. We give
here the original forms with � ¼ 0 from the Goode and
Wainwright paper, which are written in parametric from
with parameter �:

a ¼ M
dh

d�
; with t� T ¼ Mh; (A2)

where

hð�Þ ¼

8>><
>>:
�� sin�; k ¼ þ1

sinh�� �; k ¼ �1

�3=6; k ¼ 0:

(A3)

� varies over 0<�< 2� for k ¼ þ1 and 0<�<1 for
k ¼ 0, �1. By Eqs. (A2) and (A3), we see that the scaling
function a has the same time dependence as that of an
FLRW dust model. As was pointed out in Sec. II, a condi-
tion to have a physically meaningful solution is thatM> 0
[23], and when k ¼ 0, �1 we take _a > 0, which corre-
sponds to an expanding universe.
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The two independent solutions to the second-order dif-
ferential equation in F [Eq. (3)], are

fþ ¼

8>>><
>>>:
ð6M=aÞ½1� ð�=2Þ cotð�=2Þ� � 1; k ¼ þ1

ð6M=aÞ½1� ð�=2Þ cothð�=2Þ� þ 1; k ¼ �1

�2=10; k ¼ 0

(A4)

and

f� ¼

8>>><
>>>:
ð6M=aÞ cotð�=2Þ; k ¼ þ1

ð6M=aÞ cothð�=2Þ; k ¼ �1

24=�3; k ¼ 0:

(A5)

B. Space dependence

Unlike the time dependence, the space dependence is
different for each class.

class I: a ¼ aðt; rÞ; a;r � 0; f� ¼ f�ðt; rÞ;
T ¼ TðrÞ; M ¼ MðrÞ;

with

e� ¼ fðrÞ½aðrÞð~x2 þ ~y2Þ þ 2bðrÞ~xþ 2cðrÞ~yþ dðrÞ��1;

(A6)

=4 ¼ aðrÞdðrÞ � b2ðrÞ � c2ðrÞ;  ¼ 0;�1;

A ¼ f�;r �k�þ; W2 ¼ ð� kf2Þ�1;

�þ ¼ �kfM;r =ð3MÞ; �� ¼ fT;r =ð6MÞ;
(A7)

and where a comma denotes differentiation with respect to
the variable that follows. The functions fðrÞ, aðrÞ, bðrÞ,
cðrÞ, dðrÞ, and TðrÞ are smooth but otherwise arbitrary. The
function aðrÞ is distinct from the generalized scale factor
aðt; rÞ.

class II: a ¼ aðtÞ; f� ¼ f�ðtÞ;
T ¼ const; M ¼ const;

with

e� ¼ ½1þ k=4ð~x2 þ ~y2Þ��1; k ¼ 0;�1; W ¼ 1;

(A8)

A ¼
8<
: e�

n
aðrÞ

h
1� k

4 ð~x2 þ ~y2Þ
i
þ bðrÞ~xþ cðrÞ~y

o
� k�þ; k ¼ �1

aðrÞ þ bðrÞ~xþ cðrÞ~y� �þð~x2 þ ~y2Þ=2; k ¼ 0:
(A9)

The functions aðrÞ, bðrÞ, cðrÞ, and ��ðrÞ are smooth but
otherwise arbitrary. The function aðrÞ is distinct from the
scale factor aðtÞ.

APPENDIX B: RELATIONSHIPS BETWEEN
THE GWAND LT-LIKE CLASS I
METRIC REPRESENTATIONS

The Szekeres metric can be written alternatively in the
LT-like representation [75]

ds2 ¼ �dt2 þ ð�;r ��E;r =EÞ2
� kðrÞ dr2 þ�2

E2
ðdp2 þ dq2Þ;

(B1)

where � ¼ �ðt; rÞ represents an areal radius and is
defined by

ð�;t Þ2 ¼ �kðrÞ þ 2 ~MðrÞ
�

þ�

3
�2; (B2)

where ~MðrÞ corresponds to the active gravitational mass
within a sphere of coordinate radius r, and

Eðr; p; qÞ ¼ 1

2

�ðp� PðrÞÞ2
SðrÞ þ ðq�QðrÞÞ2

SðrÞ þ SðrÞ
�
:

(B3)

The constant  ¼ 0, �1 describes the geometry of the
ðp; qÞ 2-surfaces.

If we consider a curvature of the form kðrÞ ¼ K ~f2ðrÞ
(K ¼ jkðrÞj=kðrÞ ¼ 0, �1) as described by Ref. [43],

then we can identify ~fðrÞ ¼ ffiffiffiffiffiffiffiffiffiffiffijkðrÞjp
as the GW metric

function fðrÞ. This holds except when kðrÞ ¼ 0 (K ¼ 0),
in which case fðrÞ � 0 is arbitrary. We can then build a
complete correspondence between the metric functions in
the following two representations:

aðrÞ ¼ 1

2SðrÞ bðrÞ ¼ �PðrÞ
2SðrÞ cðrÞ ¼ �QðrÞ

2SðrÞ
dðrÞ ¼ P2ðrÞ þQ2ðrÞ þ S2ðrÞ

2SðrÞ fðrÞ ¼ ~fðrÞ

k ¼ K  ¼  aðt; rÞ ¼ �ðt; rÞ
fðrÞ

MðrÞ ¼ ~MðrÞ
f3ðrÞ WðrÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

� kðrÞp
HðrÞ ¼ fðrÞ

�
�;r ðt; rÞ
�ðt; rÞ � E;r ðr; p; qÞ

Eðr; p; qÞ
�
: (B4)

The above relations have some consequences for the
geometrical interpretation of the GW coordinates, follow-
ing insights provided by the LT-like representation. We can
immediately identify that the ð~x; ~yÞ and ðp; qÞ 2-surfaces
obey the same geometry in both metric representations, as
indicated by , and that the GW spatial curvature (k) in
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some region matches that of the LT-like spatial curvature
(K ¼ kðrÞ=jkðrÞj). If we write the GW e� in a suggestive
way as e� ¼ fðrÞ=Eðr; ~x; ~yÞ, where [76]

Eðr; ~x; ~yÞ ¼ 1

2

�ð~xþb=aÞ2
1=2a

þð~yþ c=aÞ2
1=2a

þ 

�
1

2a

��
; (B5)

we can identify the GW ~x and ~y as projected
coordinates following the same geometry as the LT-like
p and q (see Ref. [43], §19.5.3), where the GW functions
ðb=a; c=a; 1=2aÞ take the place of the LT-like functions
ðP;Q; SÞ. We can then translate the GWmetric coordinates
ðt; r; ~x; ~yÞ to both spherical ðt; r; �; �Þ and Cartesian-like
ðt; X; Y; ZÞ coordinates. Within each surface of constant t
and r, these transformations are

ða~xþ b; a~yþ cÞ ¼ 1

2
cot

�
�

2

�
ðcos�; sin�Þ; ð ¼ þ1Þ

ða~xþ b; a~yþ cÞ ¼ ðcos�; sin�Þ
�

; ð ¼ 0Þ

ða~xþ b; a~yþ cÞ ¼ 1

2
coth

�
�

2

�
ðcos�; sin�Þ; ð ¼ �1Þ

(B6)

and

X ¼ r sin� cos�; Y ¼ r sin� sin�; Z ¼ r cos�:

(B7)

One can see that with a simple substitution following
Eqs. (B4) and (B6) reduces directly to the transformations
for the LT-like metric coordinates, given, for example, in
Ref. [43].

Finally, it is clear that aðt; rÞ and MðrÞ play the same
physical roles (albeit appropriately rescaled) as their
well-studied counterparts �ðt; rÞ and ~MðrÞ in the LT-like
representation.

APPENDIX C: MODELING EXACT
INHOMOGENEOUS STRUCTURES IN THE

CLASS I GW REPRESENTATION

For studying the growth of structure in the class I GW
representation of the Szekeres metric, we construct the
metric functions by considering a simple inhomogeneous
and nonsymmetric structure similar to that of Model 1 in
Ref. [29]. It physically represents a central void (under-
density) with a neighboring supercluster (overdensity).
Constructing specific models to represent cosmic struc-
tures seems to be more intuitive in the LT-like representa-
tion due to a simpler comparison to LTB models and some
previous work using this LT-like representation has been
done [30,33,39]. Therefore, we perform initial calculations
for the model in this representation and then convert the
metric functions to the GW representation using the rela-
tionships described in Appendix B.

Our model is matched to an almost FLRW back-
ground model described by �0

m ¼ 0:27, �0
� ¼ 0:73, and

H0 ¼ 72 km s�1 Mpc�1 at a radius of 50 Mpc. This back-
ground FLRW model has a homogeneous background
density given by �b ¼ �m�cr. The model is fully defined
through the following series of simple steps:
(i) We begin by constructing the function ~MðrÞ ¼

f3ðrÞMðrÞ ¼ �b

6 r3ð1� exp½�3ð r	Þ3�Þ as shown in

Fig. 12, where 	 ¼ 30Mpc, such that at a radius
of 50 Mpc we match to the almost FLRW back-
ground density. For comparison, ~MbðrÞ ¼ �br

3=6
of the FLRW background density is also shown.

(ii) The metric functions P, Q, and S are chosen. In our
case, we choose the functions to match those used in
Model 1 of [29]:

PðrÞ ¼ 10;

QðrÞ ¼ �113 lnð1þ rÞ;
SðrÞ ¼ 140:

(C1)

0 10 20 30 40
0.0

0.1

0.2

0.3

0.4

0.5

r Mpc

M
r

Background FLRW Model
Szekeres Model

FIG. 12 (color online). The function ~MðrÞ ¼ f3ðrÞMðrÞ com-
pared to the background FLRW ~MbðrÞ ¼ �br

3=6. ~MðrÞ grows
less quickly than ~MbðrÞ at r < 15 Mpc due to the central void,
but is then compensated by an overdensity and matches to ~MbðrÞ
at r � 50 Mpc.

50

0

50

X Mpc50

0

50

Y Mpc 0.0

0.5

1.0

1.5

2.0

b

FIG. 13 (color online). The density distribution (�) given by
Eq. (6) of the model described in Appendix C is shown in units
of the background density (�b). The density is plotted in
Cartesian-like coordinates for the Z ¼ 0 plane [77], converted
from the metric coordinates through Eqs. (B6) and (B7). The
model consists of a central void (underdensity) with a neighbor-
ing supercluster (overdensity).
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These define the function Eðr; p; qÞ given in
Eq. (B3), which governs the ðp; qÞ dependence of
the resulting density distribution of the structure,
and  ¼ þ1 for this model.

(iii) The r coordinate is defined such that �ðt0; rÞ ¼ r,
where t0 is the age of the universe today.

(iv) We integrate Eq. (B2) in order to find kðrÞ,
Z r

0

d�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�kðrÞ þ 2 ~MðrÞ

� þ �
3 �

2
q ¼ t0; (C2)

where we have chosen the bang time to be every-
where zero (i.e., tBðrÞ ¼ 0).

(v) The function �ðt; rÞ is now fully determined by
Eq. (B2).

(vi) Now that ~MðrÞ, kðrÞ, and �ðt; rÞ are known for the
model, we can freely transform to the GW metric
representation following the relations given in our
Appendix B.

The density distribution of the model is given by Eq. (6),

where �̂ðt; r; ~x; ~yÞ is evaluated as discussed in Sec. IIIA. The
resulting density distribution in theZ ¼ 0 plane [77] is shown
in terms of the background density in Fig. 13. Though the
model is designed to match a �CDM background with zero
curvature, the Szekeres region itself has a nonzero curvature.
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