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Abstract. We consider a non zero sum stochastic differential game with a

maximum n players, where the players control a diffusion in order to minimise

a certain cost functional. During the game it is possible that present players
may die or new players may appear. The death, respectively the birth time of a

player is exponentially distributed with intensities that depend on the diffusion

and the controls of the players who are alive. We show how the game is related
to a system of partial differential equations with a special coupling in the zero

order terms. We provide an existence result for solutions in appropriate spaces

that allow to construct Nash optimal feedback controls. The paper is related
to a previous result in a similar setting for two players leading to a parabolic

system of Bellman equations [4]. Here, we study the elliptic case (infinite
horizon) and present the generalisation to more than two players.

1. Introduction. We consider a discounted non zero sum stochastic differential
game with infinite horizon and a variable number of players. During the game new
players can appear and present players can get eliminated. We assume that the
maximal number of players is fixed at n ∈ N. The events of birth and death of a
player are modelled by an n-dimensional counting process with intensities that are
controlled by the players who are alive and depend on a controlled diffusion. The
costs of any player develop as long as he is alive and is set zero as soon as he is
dead. If no player is alive the game ends. Furthermore we assume that each player
can observe the diffusion and is informed about the controls of the other player and
about the set of players alive.

In this paper we investigate the game following the classical approach. We will
work as in Bensoussan and Frehse [1] under quadratic growth conditions on the
payoff. These conditions lead to the study of systems of PDE with quadratic growth
in the gradient. Moreover we have a special coupling of the zero order terms due to
the possible death and birth of a player. We note that in the n player case we have
more states in between the state where only one player is alive and the state where
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all players are alive. So there are not only 3 sub games (P1 alive, P2 alive, P1 and
P2 alive) as in Bensoussan, Frehse and Grün [4], but 2n−1 with a strong coupling in
the zero order term. This makes the structure much more involved. Under similar
conditions as considered for the two player case in we show here L∞ estimates,
which are weaker but sufficient and generalize to the n player case. Moreover we
consider the case n = 2 under weaker boundedness assumptions for the costs.

The study of differential games has its starting point in the pioneering work of
Isaacs (see [14] and references given therein). Stochastic differential games have
first been investigated by Friedman [10]. Later Bensoussan and Friedman [5] stud-
ied the related case where the players have the possibility to stop the game before a
terminal time. For the classical investigation of differential games the existence of a
sufficiently regular solution to an associated system of partial differential equations
(PDE) respectively variational differential equations is used. With the help of the
solution it is then possible to construct Nash optimal feedback strategies and thus
determine the result of the game. The approach by Hamadène, Lepeltier and Peng
[11] uses solutions to BSDE in the same manner allowing non Markovian cost func-
tionals. For both approaches the non degeneracy of the diffusion matrix is crucial.
Another approach is recently given by Buckdahn, Cardaliaguet and Rainer [7] who
characterise a Nash optimal payoff without the assumption of non degeneracy of the
diffusion matrix. This method however does not imply the construction of optimal
strategies.

Our model can serve as a framework where market participants by too much
exploiting the market can attract concurrents, that they have to share the market
with. That means that the underlying diffusion and the costs will then be influenced
by additional participants, which might lead to a fairly different behaviour of the
market. On the other hand we can consider a situation where there is a shared
market. The crucial question is then: when is it worth to accept some temporary
losses in order to put a concurrent out of business and to exploit the market alone.
Our model also naturally relates to switching games, respectively stopping games
as in [5] and the recent work of Hamadène and Zhang [12], which constitute an
extreme case of our approach. Indeed we will pose conditions on the model which
will make immediate elimination, respectively apparition too costly in order to be
optimal.

2. Heuristic description of the game n=2. For the readers convenience we
give here a short heuristic description of the game. All quantities used here will be
defined in a concise manner in the next section. In order to simplify the notation
we consider here only the case where the maximal number of players is n = 2.

For all s ∈ [0,∞) let I(s) denote the set of players at time s. This is a random
set with maximum number of 2, i.e. with the possible values

I(s) ∈ {∅, {1}, {2}, {1, 2}}.

Let O ⊂ Rd be an open, bounded domain with smooth boundary. The dynamics
are given by a diffusion (Xx

s )s≥0 in O. They are controlled only by the players
alive, hence the dynamics change whenever a player appears or disappears. More
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precisely we consider for x ∈ O

Xx
s =x+

∫ s

0

(
β{1,2}(X

x
r , v1(r), v2(r))1I(r)={1,2} + β{1}(X

x
r , v1(r))1I(r)={1}

+ β{2}(X
t,x
r , v2(r))1I(r)={2}

)
dr +Bs, (1)

where Bs is a Brownian motion on some standard probability space (Ω,F ,P) and
vi denotes the controls of the player i with values in some control space V .

The set of players alive I(s) evolves according to birth respectively death pro-
cesses with the following evolution rules for ε > 0 small:

(i) If I(s) = {1}, then

I(s+ ε) =


{1} with probability 1− (λ1,{1}(x, v1(s)) + µ2,{1}(x, v1(s))) ε

{1, 2} with probability µ2,{1}(x, v1(s)) ε

∅ with probability λ1,{1}(x, v1(s)) ε.

(ii) If I(s) = {2}, then

I(s+ ε) =


{2} with probability 1− (λ2,{2}(x, v2(s)) + µ1,{2}(x, v2(s))) ε

{1, 2} with probability µ1,{2}(x, v2(s)) ε

∅ with probability λ2,{2}(x, v2(s)) ε.

(iii) If I(s) = {1, 2}, then

I(s+ ε) =


{1, 2} w.p. 1− (λ1,{1,2}(x, v1(s), v2(s)) + λ2,{1,2}(x, v1(s), v2(s))) ε

{1} w.p. λ2,{1,2}(x, v1(s), v2(s)) ε

{2} w.p. λ1,{1,2}(x, v1(s), v2(s)) ε.

(iv) If I(s) = ∅, then I(s+ ε) = ∅.
Note that above evolution rules imply that only the death of one player can occur,
when the two players are present.

The objective for each individual player Pi is to minimize the expected payoff

E
[ ∫ τ i

0

(
fi,{1,2}(X

t,x
s , v1(s), v2(s))1I(s)={1,2} + fi,{i}(X

t,x
s , vi(s))1I(s)={i}

)
ds

]
, (2)

where τ i is the death time of Pi himself, i.e. τ i = inf{s ≥ 0 : i 6∈ I(s)} and fi,{1,2}
fi,{i} are running costs which depend on the diffusion and are controlled by the
players alive. The payoffs of dead players are set to zero.

In order to study Nash equilibria we considered in [4] the related system of four
PDEs. The first two correspond to the evolution of the Nash optimal payoff in the
game situation, i.e. when both players are alive. While the last two describe the
payoff in the state where only one player is alive.

3. General notation and standing assumption. In case of n Players we use
the notation vi for the control of player i ∈ {1, . . . , n}. We assume that the controls
take their values in V = Rm1 × Rm2

+ for m1,m2 ∈ N fixed with m2 > 0. We set
m = m1 + m2. We split the controls in order to have a separate (positive) control
parameter for the possible birth and death rates. See Remark 3.1 below.

Let I be the set of ordered subsets of {1, . . . , n}. For any I ∈ I we set Ic =
{1, . . . , n} \ I. Furthermore let |I| denote the number of elements in I ∈ I.

Note that for n = 2 we have I = {{1}, {2}, {1, 2}}.
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Let O ⊂ Rd be an open, bounded domain with smooth boundary. For I ∈ I,
i ∈ I we denote:

• fi,I : O×V |I| → R the running cost of Player i if the players (Pj)j∈I are alive

• λi,I : O × V |I| → R the death rate of Player i if the players (Pj)j∈I are alive

• µi,I : O × V |I| → R the birth rate of Player i if the players (Pj)j∈I are alive

• βI : O × V |I| → R the drift coefficient if the players (Pj)j∈I are alive.

We set for i ∈ {1, . . . , n}, x ∈ O, v ∈ V |I|

νi,I(x, (vj)j∈I) = λi,I(x, (vj)j∈I)1i∈I + µi,I(x, (vj)j∈I)1i 6∈I (3)

and define νI as the vector (νi,I)i∈I .

Assumption (A)

(i) For all I ∈ I, i ∈ I the functions fi,I , λi,I , µi,I , βI are Carathéodory functions

with Lipschitz continuous derivatives with respect to the arguments in V |I|.
(ii) Growth condition on the cost: There exists δ > 0 and K,Kδ, such that for all

I ∈ I i ∈ I, x ∈ O, v ∈ V |I|

fi,I(x, v) ≤ K|vi|2 +K|v|2−δ +Kδ

Note that (ii) states, that the non market interaction is of lower order. The
principle part however has quadratic growth.

(iii) Convexity: For all I ∈ I, i ∈ I the functions fi,I : O × V |I| → R are convex
with respect to the i-th control.

(iv) Coercivity: For all I ∈ I, i ∈ I there exist c0, δ > 0 and K,Kδ, such that for
all x ∈ O, v ∈ V |I|

∂

∂vi
fi,I(x, v) · vi ≥ c0|vi|2 −K|v|2−δ −Kδ.

(v) Linearity in the dynamics: For all I ∈ I the functions βI are of the form

βI(x, v) =
∑
i∈I

Ai,I(x)vi + aI(x),

where Ai,I are d×m matrices with coefficients in L∞(O) and aI ∈ L∞(O,Rd).
(vi) Linearity in the death/birth rates: For all I ∈ I, i ∈ I the functions λi,I , µi,I

are of the form

λi,I(x, v) =
∑
i∈I

Λi,I(x)v′′i + li,I(x) (4)

µi,I(x, v) =
∑
i∈I

Mi,I(x)v′′i +mi,I(x), (5)

where for any vi ∈ V we used the notation

vi =

(
vi
′

vi
′′

)
with v′i ∈ Rm1 , v′′i ∈ Rm2

+ .

We assume that Λi,I ,Mi,I are vectors of length m2 with non-negative coeffi-
cients in L∞(O) and li,I ,mi,I ∈ L∞(O) are non-negative functions.

Remark 1. We impose the linearity in order to have sufficient conditions for the ex-
istence of a Nash point for the Lagrangians. More general conditions (sub-quadratic
growth) can be imposed as long as the non-negativity of the birth and death rates
and the existence of a Nash point for the Lagrangians is guaranteed. (See Defini-
tion 5.1 below). The assumption (A)(iv) with the non-negativity of the controls
(v′′ ∈ Rm2

+ ) represents one typical case.
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4. Stochastic setup and description of the game. Let (Ω1,F1,P1) denote
the Wiener space: i.e. Ω1 = C0(R+,Rd) the space of continuous functions from R+

to Rd with value zero at 0, endowed with the topology generated by the uniform
convergence on compacts. F1 is the Borel σ algebra over Ω1 completed by the
Wiener measure P1. Under P1 the coordinate process Bs(ω

1) = ω1
s , s ∈ R+,

ω1 ∈ Ω1 is a d dimensional Brownian motion. We denote by (F1
s )s∈R+

the natural
filtration generated by B augmented by all P1 null sets.

Furthermore let (Ω2,F2,P2) denote the n dimensional Poisson space

Ω2 =

{
ω2 = (ω2

i )i∈1,...,n, ω
2
i (s) =

∑
ji

1s<tji , j
1, . . . , jI ∈ N, tji ∈ R+

}
and F2 the σ-algebra σ(NA : NA(ω2) = ω2(A), A ∈ B(A)) completed by the proba-
bility measure P2, where P2 is such that the coordinate processes N i

s(ω
2) = (ω2

i )(s)
are independent Poisson processes with intensity 1. We denote by (F2

s )s∈R+ the
natural filtration generated by N augmented by all P2 null sets.

We will work on the space (Ω,F ,P), where Ω = (Ω1 × Ω2), endowed with the
product sigma algebra F1⊗F2 completed by P := P1⊗P2. Furthermore we define
(Fs)s∈R+

by Fs = F1
s ⊗F2

s augmented by all P-null sets.
We define

Xx
s = x+Bs. (6)

We set τx = inf{s ≥ t : Xx
s 6∈ O} and stop the process Xx at τx without changing

the notation.
We will describe the birth respectively death process of the players with the help

of the canonical process N . For I0 ∈ I we define the map φI0 : Nn → I by setting

φI0(N1, . . . , Nn) := {i : (1i∈I0 +Ni) mod 2 = 1}

and we define the set valued process

II0s = φI0(N1
s , . . . , N

n
s ). (7)

We use II0s to describe the set of Players alive at time s. Clearly II00 = I0 P-a.s.

Definition 4.1. The set of all admissible control processes V is the set of all V
valued (Fs)s∈R+ predictable processes which attain their values in a bounded set.
(Not necessarily a common one!)

Definition 4.2. An admissible control process v ∈ V is called feedback control if
it is of the form vs = v(s, II0s−, X

x
s ) for a measurable function v : R+ × I ×O → V .

In order to define the controlled dynamic of the game and hence the cost func-
tionals we are considering the system under a Girsanov transformation. To that

end we define for admissible controls v1, . . . , vn the density process Lv
1,...,vn =

L1;v1,...,vnL2;v1,...,vn given by

L1;v1,...,vn

t = exp

(∫ t

0

(∑
I∈I

1
I
I0
s =I

βI(X
x
s , (v

j
s)j∈I)

)
dBs

− 1

2

∫ t

0

(∑
I∈I

1
I
I0
s =I

∣∣βI(Xx
s , (v

j
s)j∈I)

∣∣2) ds

)
(8)
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and

L2;v1,...,vn

t =

n∏
i=1

(
exp

(∫ t

0

∑
I∈I

(
1− νi,I(Xx

s , (v
j
s)j∈I)1II0s−=I

)
ds

)

×
∏

k≥1:T ik≤t

(∑
I∈I

νi,I(X
x
T ik
, (vj

T ik
)j∈I)1II0

Ti
k
−

=I

))
, (9)

where Tk is a sequence of R+ valued random variables inductively defined by

T i0(ω) = 0, T ik+1(ω) := inf{s > T ik : N i
s(ω) 6= N i

T ik(ω)(ω)} (10)

with the convention that T ik+1(ω) = ∞ if the set above is empty. (Note that by

definition N and II0 have the same jump times.) Also we use the convention that
the last product in (9) equals 1 for T i1 > s. We note that assumptions (A) and the

fact that the controls are admissible ensure that Lv
1,...,vn is a P martingale.

We define the equivalent measure Pv1,...,vn by a Girsanov transformation of P
with the density process Lv

1,...,vn . It is well known see e.g. [13] that under Pv1,...,vn

dXx
s =

(∑
I∈I

1
I
I0
s =I

βI(X
x
s , (v

j)j∈I)

)
ds+ dBv

1,...,vn

s , (11)

where Bv
1,...,vn

t = Bt −
∫ t

0

(∑
I∈I 1

I
I0
s =I

βI(X
x
s , (v

j)j∈I)
)
ds is a Pv1,...,vn Brown-

ian motion.
Furthermore the n-dimensional standard Poisson process N = (N i)i=1,...,n has

under Pv1,...,vn the same law as a n-dimensional counting process with the controlled
stochastic intensity (∑

I∈I
νi,I(X

x
s , (v

j)j∈I)1II0s−=I

)
i∈{1,...,n}

(12)

(see also [6]).

Remark 2. Let v1, . . . , vn ∈ V. By definition the probability that player i ∈ I0
dies before time t is

Pv1,...,vn
[
inf{s : i 6∈ II0s } ≤ t

]
= 1− Pv1,...,vn

[
inf{s : i 6∈ II0s } > t

]
= 1− Pv1,...,vn

[
N i
t = 0

]
= 1− Ev1,...,vn

[
exp

(
−
∫ t

0

∑
I∈I

1
I=I

I0
s
λi,I(X

x
r , (vj)j∈I)dr

)]
. (13)

The probability that player i′ 6∈ I0 appears before time t is

1−Pv1,...,vn
[
inf{s : i′ ∈ II0s } > t

]
= 1− Ev1,...,vn

[
exp

(
−
∫ t

0

∑
I∈I

1
I=I

I0
s
µi′,I(X

x
r , (vj)j∈I)dr

)]
. (14)

We recover the death respectively birth probabilities for t = ε small as in section 2
by Taylor expansion.
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For i = 1, . . . , n, x ∈ Rd, I0 ∈ I and admissible controls v1, . . . , vn we define the
payoff

Ji(x, I0; v1, . . . vn)=Ev1,...,vn

[∫ τ i

0

e−αs

(∑
I∈I

1
I
I0
s =I

fi,I(X
x
s , (v

j
s)j∈I)

)
ds

]
, (15)

where the expectation Ev1,...,vn is taken under the measure Pv1,...,vn and τ i is the
death time of Player i himself (before Xx leaves the bounded domain O), i.e.

τ i = inf{s ≥ 0 : i 6∈ II0s } ∧ τx. (16)

Note for i 6∈ I0 Ji(x, I0; v1, . . . , vn) = 0.

Definition 4.3. The admissible feedback controls (v̂1, . . . , v̂n) are a Nash equilib-
rium if and only if for all i = 1, . . . , n

Ji(x, I0; v̂1, . . . , v̂n) ≤ Ji(x, I0; v̂1, . . . , vi, . . . , v̂n) (17)

for all controls vi of player i. We call the functions

ui,I0(x) = Ji(x, I0; v̂1, . . . , v̂n) (18)

an equilibrium payoff or value of the game.

Remark 3. We note that it is crucial to have feedback rules in the definition. If
Player i is not alive in the beginning, i.e. i 6∈ I0, his payoff Ji(x, I0; v1, . . . , vn) is
zero no matter what he and the others will play. So if he enters the game later he
can play very far from the Nash equilibrium of that sub-game because anyway his
payoff is zero and he can not be punished. However the fact that the controls are
feedback rules that are optimal for any state “forces” him to stay in the equilibrium.

5. Lagrangians and Hamiltonians. Let n ∈ N be the maximal number of play-
ers and I the set of ordered subsets of {1, . . . , n}. We define for all I ∈ I the
Lagrangians for each sub-game played by players i ∈ I: for 1 < |I| < n

Li,I(x,Dxui,I , ui,I , (ui,I\{j})j∈I,j 6=i, (ui,I∪{j})j 6∈I ; (vi)i∈I)

=Dxui,IβI(x, (vi)i∈I) + fi,I(x, (vi)i∈I)

−

(∑
l∈I

λl,I(x, (vi)i∈I) +
∑
m∈Ic

µm,I(x, (vi)i∈I)

)
ui,I

+
∑

l∈I,l 6=i

λl,I(x, (vi)i∈I) ui,I\{l} +
∑
m∈Ic

µm,I(x, (vi)i∈I) ui,I∪{m}. (19)

The zero order terms µm,I(ui,I∪{m} − ui,I), respectively λl,I(ui,I\{l} − ui,I) stem
from the fact that new players appear, respectively present ones disappear.

In the case where the maximal number of players is present, i.e. I = {1, . . . , n},
we have

Li,I(x,Dxui,I , ui,I , (ui,I\{j})j∈I,j 6=i; (vi)i∈I)

=Dxui,IβI(x, (vi)i∈I) + fi,I(x, (vi)i∈I)

−

(∑
l∈I

λl,I(x, (vi)i∈I

)
ui,I +

∑
l∈I,l 6=i

λl,I(x, (vi)i∈I) ui,I\{l}, (20)
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since no additional players can join. On the other hand we have in the case where
only one player is present, i.e. I = {i}, i = 1, . . . , n

Li,I(x,Dxui,I , ui,I , (ui,I∪{j})j 6∈I ; vi)

=Dxui,IβI(x, vi) + fi,I(x, vi)−

(
λi,I(x, vi) +

∑
m∈Ic

µm,I(x, vi)

)
ui,I

+
∑
m∈Ic

µm,I(x, vi) ui,I∪{m}, (21)

since the game ends with zero payoff if the last player dies.

Remark 4. If n = 2 we only have the last two cases, i.e. for i, j = 1, 2, i 6= j

Li,{1,2}(x,Dxui,{1,2}, ui,{1,2}, ui,{i}; v1, v2)

=Dxui,{1,2}β{1,2}(x, v1, v2) + fi,{1,2}(x, v1, v2)

− λi,{1,2}(x, v1, v2) ui,{1,2} + λj,{1,2}(x, v1, v2) (ui,{i} − ui,{1,2}) (22)

and

Li,{i}(x,Dxui,{i}, ui,{i}, ui,{1,2}; vi)

=Dxui,{i}β{i}(x, vi) + fi,{i}(x, vi)

− λi,{i}(x, vi)ui,{i} + µj,{i}(x, vi)(ui,{1,2} − ui,{i}). (23)

We note that the discount like structure for n ≥ 3 contains more terms and is
hence much more involved than the case n = 2. Compared to the standard games
where the players have common dynamics the dynamics change as the number of
player changes.

Definition 5.1. For all I ∈ I, i ∈ I let

v̂i(I, ·) : O × (Rd)|I| × R|I| × (R(|I|−1))|I| × (R(n−|I|))|I| → V (24)

be measurable functions. We say that (v̂i(I, ·))I∈I,i∈I is a Nash point for the La-

grangians (Li,I)I∈I,i∈I if for all I ∈ I, 1 < |I| < n, i ∈ I, x ∈ O, p ∈ (Rd)|I|,
r ∈ R|I|, s ∈ (R(|I|−1))|I|, s̄ ∈ (R(n−|I|))|I|

Li,I(x, pi, ri, si, s̄i; (v̂j)j∈I)

≤ Li,I(x, pi, ri, si, s̄i; (v̂j)j∈I,j<i, v, (v̂
j)j∈I,j>i) ∀v ∈ V, (25)

for I = {1, . . . , n}, i ∈ I, x ∈ O, p ∈ (Rd)|I|, r ∈ R|I|, s ∈ (R(|I|−1))|I|

Li,I(x, pi, ri, si; (v̂j)j∈I) ≤ Li,I(x, pi, ri, si; (v̂j)j∈I,j<i, v, (v̂
j)j∈I,j>i) ∀v ∈ V (26)

and for I = {i}, x ∈ O, p ∈ Rd, r ∈ R, s̄ ∈ R(n−1)

Li,I(x, pi, ri, s̄i; v̂
i) ≤ Li,I(x, pi, ri, s̄i; v) ∀v ∈ V. (27)

Under assumption (A) one can show:

Lemma 5.2. There exist measurable functions (v̂i(I, ·))I∈I,i∈I that fulfill the Nash
condition. Furthermore for all I ∈ I, i ∈ I

|v̂i(I, ·)| ≤ K(|r|, |s|, |s̄|)(|pi|+ |p|1−δ + 1) (28)

for all x ∈ O, p ∈ (Rd)|I|, r ∈ R|I|, s ∈ (R(|I|−1))|I|, s̄ ∈ (R(n−|I|))|I|; K(|r|, |s|, |s̄|)
denoting a constant depending on (r, s, s̄) which remains bounded as long as r, s
and s̄ remain in a bounded set.
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The proof is a straightforward generalisation of the corresponding result in the
two player case [4]. We repeat it here for the reader’s convenience.

Proof. We only prove the statement for the intermediate case (25). The result for
the other two cases can then be shown in a similar way. Due to convexity the Nash
conditions are equivalent to a system of variational inequalities:

0 ≥〈 ∂
∂vi

Li,I(x, pi, ri, si, s̄i; (vj)j∈I)|(v̂j)j∈I , v̂i − vi〉

=
〈
(Ai,I(x))T pi +

∂

∂vi
fi,I(x, (v̂

j)j∈I)

−

(∑
l∈I

∂

∂vi
λl,I(x, (v̂i)i∈I) +

∑
m∈Ic

∂

∂vi
µm,I(x, (v̂i)i∈I)

)
ri

+
∑

l∈I,l 6=i

∂

∂vi
λl,I(x, (v̂i)i∈I) si,l

+
∑
m∈Ic

∂

∂vi
µm,I(x, (v̂i)i∈I) s̄i,m, v̂i − vi

〉
(29)

for all v ∈ V . This is solvable due to the coercivity condition (note λl,I , µm,I are
linear in the controls) see [15]. Setting vi = 0 we have using the coercivity

c0|v̂i|2 ≤ K|v̂|2−δ +Kδ − 〈(Ai,I(x))T pi, v̂i〉+K(|r|+ |s|+ |s̄|), (30)

hence using Hölder, i.e. for all a, b ∈ Rd ε > 0 |ab| ≤ ε|a|2 + 1
4ε |b|

2, this gives

(c0 − ε)|v̂i|2 ≤ K|v̂|2−δ +Kδ +
1

4ε
|(Ai,I)T |∞|pi|2 +K(|r|+ |s|+ |s̄|). (31)

So choosing 0 < ε < c0 we get for i = 1, 2 an estimate for |v̂i|2 in terms of |v̂|2−δ +

|pi|2+1 multiplied by a large enough constant K̃(|r|, |s|, |s̄|) depending on |r|, |s|, |s̄|.
To establish (28) remains to estimate |v̂|2−δ which is done by using the inequality
above.

We define for all I ∈ I the Hamiltonians:

• for 1 < |I| < n, k ∈ I
Hk,I(x, (Dxui,I)i∈I , (ui,I)i∈I , (ui,I\{j})i,j∈I,j 6=i, (ui,I∪{j})i∈I,j 6∈I)

=Lk,I(x,Dxuk,I , uk,I , (uk,I\{j})j∈I,j 6=k, (uk,I∪{j})j 6∈I ; (v̂i(I, x))i∈I), (32)

where we used the notation

v̂k(I, x) = v̂k(I, x, (Dxui,I)i∈I , (ui,I)i∈I , (ui,I\{j})i,j∈I,j 6=i, (ui,I∪{j})i∈I,j 6∈I).

• for I = {1, . . . , n}, k ∈ I
Hk,I(x, (Dxui,I)i∈I , (ui,I)i∈I , (ui,I\{j})i,j∈I,j 6=i)

=Lk,I(x,Dxuk,I , uk,I , (uk,I\{j})j∈I,j 6=k; (v̂i(I, x))i∈I) (33)

with

v̂k(I, x) = v̂k(I, x, (Dxui,I)i∈I , (ui,I)i∈I , (ui,I\{j})i,j∈I,j 6=i).

• for I = {k}
Hk,{k}(x,Dxuk,{k}, uk,{k}, (uk,{k}∪{j})j 6=k)

=Lk,I(x,Dxuk,{k}, uk,{k}, (uk,{k}∪{j})j 6=k; v̂k({k}, x)) (34)
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with

v̂k({k}, x) = v̂k({k}, x,Dxuk,{k}, uk,{k}, (uk,{k}∪{j})j=1,...,n,j 6=k).

Furthermore we set v̂k(I, x) = 0 whenever k 6∈ I.
The previous Lemma implies under the growth and boundedness assumptions

in (A) and the sub-optimality of the zero controls the following structure for the
Hamiltonians:

Lemma 5.3. For all I ∈ I, k ∈ I we can write the Hamiltonians Hk,I in the
following form

Hk,I(x,DxuI , uI , (uI\{j})j∈I , (uI∪{j})j 6∈I)

=Gk,I(x,DxuI , uI , (uI\{j})j∈I , (uI∪{j})j 6∈I) ·Dxuk,I

+H0
k,I(x,DxuI , uI , (uI\{j})j∈I , (uI∪{j})j 6∈I), (35)

where Gk,I and H0
k,I satisfy

|Gk,I(x,DxuI , uI , (uI\{j})j∈I , (uI∪{j})j 6∈I)|
≤K(‖uI‖L∞ , (‖uI\{j}‖L∞)j∈I , (‖uI∪{j}‖L∞)j 6∈I))|DxuI |

|H0
k,I(x,DxuI , uI , (uI\{j})j∈I , (uI∪{j})j 6∈I)|
≤K(‖uI‖L∞ , (‖uI\{j}‖L∞)j∈I , (‖uI∪{j}‖L∞)j 6∈I)

(1 + |Dxuk,I |2 + |DxuI |2−ε). (36)

6. Main result. From the Lagrangians and their Nash points we defined the
Hamiltonians. Those are now used to define the Bellman system (37). The so-
lutions of the Bellman equations will allow to determine the values of the game
following definition 4.3. The verification of the Nash property (17) relies on sto-
chastic arguments and is given in theorem 6.2 below.

We consider the system of PDEs: for all I ∈ I

αuI −
1

2
∆uI =HI(x,DxuI , uI , (uI\{j})j∈I , (uI∪{j})j 6∈I)

uI =0, on ∂O (37)

using the notation uI = (uk,I)k∈I and with the convention to leave out the empty
arguments (uI\{j})j∈I for I = {k} and (uI∪{j})j 6∈I for I = {1, . . . , n}.

In case of two players n=2 we have the following structure of (37): for I = {1, 2}

αu{1,2} −
1

2
∆u{1,2} = H{1,2}(x,Dxu{1,2}, u{1,2}, u1,{1}, u2,{2})

with u{1,2} = (u1,{1,2}, u2,{1,2}) and (H{1,2}(·) = H1,{1,2}(·), H2,{1,2}(·)).
Furthermore for I = {1}, {2}

αu1,{1} −
1

2
∆u1,{1} =H1,{1}(x,Dxu1,{1}, u1,{1}, u1,{1,2})

αu2,{2} −
1

2
∆u2,{2} =H2,{2}(x,Dxu2,{2}, u2,{2}, u2,{1,2}).

The following is the main theorem of this paper.

Theorem 6.1. The system (37) has a solution (ui,I)I∈I,i∈I with ui,I ∈W 2,p(O)∩
L∞(O) for all I ∈ I, i ∈ I.
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The proof for the existence of a solution (ui,I)I∈I,i∈I is done by an appropriate
approximation of the system of equations (37). To that end we set

Fδ,I = 1 + δ

(
1 + |uI |2 +

∑
j∈I
|uI\{j}|2 +

∑
j 6∈I

|uI∪{j}|2
)(

1 + |DxuI |2
)

(38)

and consider for all I ∈ I

αuI −
1

2
∆uI =F−1

δ,I HI(x,DxuI , uI , (uI\{j})j∈I , (uI∪{j})j 6∈I)

uI =0, on ∂O. (39)

Since the right hand side of (39) is uniformly bounded the system (39) has for any

δ > 0 a solution (uδI)I∈I with uδi,I ∈ W
1,2
0 (O). We imply this regularity whenever

we refer to a solution to (39), respectively (37). For a proof one can use the theory
of monotone operators of Vǐsik [20], Leray and Lions [18]. For further reference we
refer to the book of Morrey [19] chapter 5.12 and references given therein. Using
the standard elliptic theory for scalar equations one has the stronger regularity
uδi,I ∈ W 2,p(O) for all δ > 0, I ∈ I, i ∈ I, since the right hand side of (39) is
bounded.

The crucial point is to have uniform estimates in δ in order to go to the limit in
the equation (39). We will provide those in the following sections. We note that
while higher estimates can be achieved by combining known methods the crucial
first step of establishing L∞ estimates is more involved and requires additional
conditions.

Using Theorem 6.1. we have

Theorem 6.2. The feedback controls v̂k : I × O → V (24) form a Nash equi-
librium in the sense of Definition 4.3. moreover the payoff in this equilibrium is
characterized by

Jk(x, I0; v̂1, . . . , v̂n) = uk,I0(x). (40)

Proof. First we note that by the regularity of uk,I , (28) and the boundedness of O
the feedback controls v̂k(I, x) are admissible. Furthermore we note that by the Itô
Krylov formula (see e.g [13] and [16]) we have for any bounded w : I × Rd → R
such that for all I ∈ I w(I, ·) ∈W 2,p(O)

w(I0, x)− e−ατw(II0τ , X
x
τ ) =

∫ τ

0

e−αs(αw(II0s−, X
x
s )− 1

2
∆xw(II0s−, X

x
s ))ds

−
∫ τ

0

e−αsDxw(II0s−, X
x
s )dBs

−
∑

m≥1,Tm≤τ

e−αTm(w(II0Tm , X
x
s )− w(II0Tm−, X

x
s )) (41)

for stopping times τ ≤ τx. (τx was defined as the exit time of Xx of O.) Here Tm
is a sequence of R+ valued random variables inductively defined by

T0(ω) = 0, Tm+1(ω) := inf{s > Tm : II0s (ω) 6= II0Tm(ω)}.

Since by Theorem 6.1 uk,I ∈ W 2,p(O) ∩ L∞(O) we can apply (41) to w(I, x) :=∑
J∈I 1J=Iuk,J(x) and τ = τk (death time of player k). Taking expectation with
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respect to Pv̂1,...,v̂n yields

uk,I0(x) =Ev̂1,...v̂n
[ ∫ τk

0

e−αs
∑
I∈I

1
I
I0
s−=I

(
αuk,I(X

x
s )− 1

2
∆xuk,I(X

x
s )

− βI(Xx
s , (v̂

j)j∈I) Dxuk,I(X
x
s )

−
∑
i∈I

λi,I(X
x
s , (v̂

j)j∈I) (uk,I\{i}(X
x
s )− uk,I(Xx

s ))

−
∑
i 6∈I

µi,I(X
x
s , (v̂

j)j∈I)(uk,I∪{i}(X
x
s )− uk,I(Xx

s ))

)
ds

]
. (42)

Note that uk,I = 0 whenever k 6∈ I. So by definition of the feedback controls and
the fact that (uk,I)I∈I,k∈I is a solution to the system of PDEs (37) we have

uk,I0(x) =Ev̂1,...,v̂n

[∫ τk

0

e−αs

(∑
I∈I

1
I
I0
s−=I

fk,I(X
x
s , (v̂

j
s)j∈I)

)
ds

]
=Jk(x, I0; v̂1, . . . , v̂n). (43)

It remains to show that (v̂i)i=1,...,n form a Nash equilibrium. Because of the
definition of a Nash point for the Lagrangian (24) we have (using again (41) for
w(I, x) :=

∑
J∈I 1J=Iuk,J(x) and the fact that uk,I is a solution) for any admissible

control vks

uk,I0(x) =

∫ τk

0

e−αs

(∑
I∈I

1
I
I0
s−=I

Hk,I(X
x
s , ·)

)
ds

−
∫ τk

0

e−αs

(∑
I∈I

1
I
I0
s−=I

Dxuk,I(X
x
s )

)
dBs

−
∑

m≥1,Tm≤τk
e−αTm

(∑
I∈I

(1
I
I0
Tm

=I
uk,I(X

x
s )− 1

I
I0
Tm−=I

uk,I(X
x
s ))

)

≤
∫ τk

0

(∑
I∈I

1
I
I0
s−=I

Lk,I
(
Xx
s , ·; (v̂i(I,Xx

s ))i∈I,i6=k, v
k
s

))
ds

−
∫ τk

0

e−αs

(∑
I∈I

1
I
I0
s−=I

Dxuk,I(X
x
s )

)
dBs

−
∑

m≥1,Tm≤τk
e−αTm

(∑
I∈I

(1
I
I0
Tm

=I
uk,I(X

x
s )−1

I
I0
Tm−=I

uk,I(X
x
s ))

)
. (44)

Taking expectation with respect to Pv̂1,...,vk,...,v̂n yields

uk,I0(x) ≤Ev̂1,...,vk,...,v̂n

[∫ τk

0

e−αs

(∑
I∈I

1
I
I0
s−=I

fi,I(X
x
s , (v̂

i
s)i∈I,i6=k, v

k
s

)
ds

]
=Jk(x, I0; v̂1, . . . , vk, . . . , v̂n). (45)
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7. L∞ estimates. The following assumption is crucial for our main result:

Comparability Assumption
We assume there is a 0 < Θ < 1 such that for all x ∈ O, I ∈ I, i ∈ I

(
∑

j∈I,j 6=i

λj,I(x, ·) +
∑
j∈Ic

µj,I(x, ·))(α+
∑
j∈I

λj,I(x, ·) +
∑
j∈Ic

µj,I(x, ·))−1 ≤ Θ. (46)

We remind that the the coefficients λj,I , µj,I depend on the controls (vi)i∈I only
via the components v′′i ∈ Rm2

+ .

Remark 5. For n=2 we have the Comparability Assumption of [4]: there exists a
0 < Θ < 1, such that for all x ∈ O v1, v2 ∈ V i, j = 1, 2 j 6= i

λj,{1,2}(x, v1, v2) ≤ Θ

(1−Θ)
(λi,{1,2}(x, v1, v2) + α) (47)

and for all x ∈ Rd, v ∈ V i, j = 1, 2 j 6= i

µj,{i}(x, v) ≤ Θ

(1−Θ)
(λi,{i}(x, v) + α). (48)

In the general case we get the equivalent condition∑
j∈I

λj,I(x, ·) +
∑
j∈Ic

µj,I(x, ·) ≤
Θ

1−Θ
(α+ λi,I(x, ·)). (49)

Remark 6. (46) is always satisfied with Θ = 1 due to the non-negativity assump-
tions. The difficulty concerning Θ < 1 arises if components of the controls pass to
infinity.

In the (“typical”) case that the control restriction for the birth-death control-
ling components consists in requiring v′′i ≥ 0. The comparability is fulfilled if
λi,I(., (vi)i∈I) (which are affine linear functions in v′′i ) is a linear combination of all
(!) the components of v′′i with positive coefficients, plus the inhomogeneity (As-
sumption (A) (vi)). Evidently there are other conditions under which we have a
comparability. Indeed (46) holds we have estimates for the coefficients of each v′′i
in
∑
j∈I λj,I(., (vi)i∈I) +

∑
j∈Ic µj,I(., (vi)i∈I) by the coefficients of each v′′i in λi,I .

The following Lemmas are essential. We prove them under a smoothness as-
sumption which is fulfilled by the solutions of (39) (for δ > 0 fixed), in case the
coefficients are Hölder continuous in x. In case that the dependence of the data
with respect to x is only measurable, we may use an approximation by convolution
with common mollifiers. Thereby the coefficients keep the conditions of the previous
assumptions, notably the comparability condition above, as well as the additional
conditions below.

7.1. L∞ estimates: general case. For the L∞ estimates we need also the follow-
ing assumption.

Boundedness Assumption for zero control
Assume for all I ∈ I i ∈ I there exists a γi,I <∞ such that

fi,I(x, (vk)k∈I,k<i, 0, (vk)k∈I,k>i) ≤ γi,I
for all x ∈ O, (vk)k∈I,k 6=i.

Lemma 7.1. Let (x∗) be an inner positive maximum point of max{(ui,I)I∈I,i∈I}.
Let i∗, I∗ be argmaxI∈I,i∈I{ui,I(x∗)}. Then

ui∗,I∗(x
∗) ≤ K. (50)
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Proof. In the interior maximum x∗ we have

αui∗,I∗(x
∗) ≤γi∗,I∗−

∑
j∈I∗

λj,I∗(x
∗, ·)+

∑
j∈(I∗)c

µj,I∗(x
∗, ·)

ui∗,I∗(x
∗)

+

 ∑
j∈I∗,j 6=i∗

λj,I∗(x
∗, ·) ui∗,I∗\{j}(x∗)


+

 ∑
j∈(I∗)c

µj,I∗(x
∗, ·) ui∗,I∗∪{j}(x∗)

 (51)

(using the convention that sums over empty sets are zero). Since x∗ was chosen
such that ui∗,I∗(x

∗) ≥ ui,I(x∗) for all I ∈ I, i ∈ Iα+
∑
j∈I∗

λj,I∗(x
∗, ·) +

∑
j∈(I∗)c

µj,I∗(x
∗, ·)

ui∗,I∗(x
∗)

≤γi∗,I∗ +

 ∑
j∈I∗,j 6=i∗

λj,I∗(x
∗, ·) +

∑
j∈(I∗)c

µj,I∗(x
∗, ·)

ui∗,I∗(x
∗) (52)

thus by the comparability assumption∑
j∈I∗,j 6=i∗ λj,I∗(x

∗, ·) +
∑
j∈(I∗)c µj,I∗(x

∗, ·)
α+

∑
j∈I∗ λj,I∗(x

∗, ·) +
∑
j∈(I∗)c µj,I∗(x

∗, ·)
≤ Θ < 1 (53)

we have

ui∗,I∗(x
∗) ≤ (1−Θ)−1

α+
∑
j∈I∗

λj,I∗(x
∗, ·) +

∑
j∈(I∗)c

µj,I∗(x
∗, ·)

−1

γi∗,I∗ . (54)

The proof simplifies the one in [4]. In a similar way one shows the boundedness
from above under the following assumption:

Semi-boundedness Assumption

Assume for all I ∈ I, i ∈ I there exist constants F ∗,Ii , such that for all x ∈ O,

v ∈ V |I|
fi,I(x, v) ≥ −F ∗,Ii .

Lemma 7.2. Let (x∗) be an inner negative minimum point of min{(ui,I)I∈I,i∈I}.
Let i∗, I∗ be argminI∈I,i∈I{ui,I(x∗)}. Then

ui∗,I∗(x
∗) ≥ −K. (55)

7.2. Improved L∞ criterion via sum-coerciveness. We note that the semi-
boundedness condition excludes cost functions like fi,I(x, v) = 1

2 |vi|
2 + vivj + c.

Our condition below is more adapted for applications, since for example, this al-
lows to put sub-quadratic growing powers of non market control interactions in fi,I
in all control variables. Furthermore it also allows additional bilinear non market
interactions. Since the proof is involved, although not difficult, we present the idea
only in the case n = 2.
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Sum Assumption
Assume for I = {1}, {2}, {1, 2} the following sum condition: there exists a 0 < FI <
∞, such that ∑

i∈I
fi,I(x, v) ≥ −FI

for all x ∈ O, v ∈ V |I|.

Lemma 7.3. For I = {1}, {2}, {1, 2} let x∗I be an inner negative minimum point
of the function

∑
i∈I ui,I(x). Then∑

i∈I
ui,I(x

∗
I) ≥ −K. (56)

Proof. Let x∗I be an inner negative minimum point of the function
∑
i∈I ui,I(x).

We set for any l ∈ I λ∗I = λl,I(x
∗
I , ·) and m ∈ Ic µ∗m,I = µm,I(x

∗
I , ·). We have at the

inner negative minimum point x∗{1,2} of u1,{1,2} + u2,{1,2}(
α+ λ∗1,{1,2} + λ∗2,{1,2}

)(
u1,{1,2}(x

∗
{1,2}) + u2,{1,2}(x

∗
{1,2})

)
≥− F{1,2} + λ∗1,{1,2}u2,{2}(x

∗
{1,2}) + λ2,{1,2}u1,{1}(x

∗
{1,2}). (57)

Thus for any x ∈ Rd

u1,{1,2}(x) + u2,{1,2}(x) ≥
(
α+ λ∗1,{1,2} + λ∗2,{1,2}

)−1

(
−F{1,2} + λ∗1,{1,2}u2,{2}(x

∗
{1,2}) + λ∗2,{1,2}u1,{1}(x

∗
{1,2})

)
(58)

which yields with the upper bound K for u1,{1,2}, respectively u2,{1,2}

ui,{1,2}(x) ≥−K +
(
α+ λ∗1,{1,2} + λ∗2,{1,2}

)−1

(
−F{1,2} + λ∗1,{1,2}u2,{2}(x

∗
{1,2}) + λ∗2,{1,2}u1,{1}(x

∗
{1,2})

)
(59)

for i = 1, 2.
Furthermore at the inner negative minimum point x∗{1} of u1,{1} we have

u1,{1}(x
∗
{1}) ≥

(
α+ λ∗1,{1} + µ∗2,{1}

)−1

(−F{1} + µ∗2,{1} u1,{1,2}(x
∗
{1})). (60)

Now we can use the estimate of u1,{1,2} (59) to get

u1,{1}(x
∗
{1}) ≥−

F{1}

α+ λ∗1,{1} + µ∗2,{1}

+
µ∗2,{1}

α+ λ∗1,{1} + µ∗2,{1}

(
−K +

(
α+ λ∗1,{1,2} + λ∗2,{1,2}

)−1

(
−F{1,2} + λ∗1,{1,2}u2,{2}(x

∗
{1,2}) + λ∗2,{1,2}u1,{1}(x

∗
{1,2})

)
. (61)
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Remember x∗{1,2} is the inner minimum of u1,{1,2} + u2,{1,2}. We rewrite:

u1,{1}(x
∗
{1}) +

F{1}

α+ λ∗1,{1} + µ∗2,{1}
+

µ∗2,{1}K

α+ λ∗1,{1} + µ∗2,{1}

≥−
µ∗2,{1}

α+ λ∗1,{1} + µ∗2,{1}

F{1,2}

α+ λ∗1,{1,2} + λ∗2,{1,2}

+

(
µ∗2,{1}

α+ λ∗1,{1} + µ∗2,{1}

)(
λ∗1,{1,2}

α+ λ∗1,{1,2} + λ∗2,{1,2}

)
u2,{2}(x

∗
{1,2})

+

(
µ∗2,{1}

α+ λ∗1,{1} + µ∗2,{1}

)(
λ∗2,{1,2}

α+ λ∗1,{1,2} + λ∗2,{1,2}

)
u1,{1}(x

∗
{1,2}). (62)

Since x∗{1} is an inner minimum point of u1,{1} we have u1,{1}(x
∗
{1,2}) ≥ u1,{1}(x

∗
{1})

and similarly u2,{2}(x
∗
{1,2}) ≥ u2,{2}(x

∗
{2}). This gives with the comparability

(1−Θ2) u1,{1}(x
∗
{1}) ≥ −

F{1}

α+ λ∗1,{1} + µ∗2,{1}
−

µ∗2,{1}K

α+ λ∗1,{1} + µ∗2,{1}

−
µ∗2,{1}

α+ λ∗1,{1} + µ∗2,{1}

F{1,2}

α+ λ∗1,{1,2} + λ∗2,{1,2}

+

(
µ∗2,{1}

α+ λ∗1,{1} + µ∗2,{1}

)(
λ∗1,{1,2}

α+ λ∗1,{1,2} + λ∗2,{1,2}

)
u2,{2}(x

∗
{2}). (63)

Similarly for the inner negative minimum point x∗{2} of u2,{2} we get

u2,{2}(x
∗
{2}) ≥

(
α+ λ∗2,{2} + µ∗1,{2}

)−1

(−F{2} + µ∗1,{2} u2,{1,2}(x
∗
{2})). (64)

By the very same arguments as above we get en estimate from below for u2,{2}(x
∗
{2})

(1−Θ2)u2,{2}(x
∗
{2}) ≥ −

F{2}

α+ λ∗2,{2} + µ∗1,{2}
−

µ∗1,{2}K

α+ λ∗2,{2} + µ∗1,{2}

−
µ∗1,{2}

α+ λ∗2,{2} + µ∗1,{2}

F{1,2}

α+ λ∗1,{1,2} + λ∗2,{1,2}

+

(
µ∗1,{2}

α+ λ∗2,{2} + µ∗1,{2}

)(
λ∗2,{1,2}

α+ λ∗2,{1,2} + λ∗1,{1,2}

)
u1,{1}(x

∗
{1}). (65)

Plugging (63) in (65) yields under comparability assumptions an estimate from
below of u1,{1} and u2,{2}. These we can use in the estimate for u1,{1,2} and u2,{1,2}
(59) in order to conclude.

8. Proof of theorem 6.1. With Lemma 7.1 and 7.2, respectively 7.3 we have L∞

a priori estimates for the solution to (37), respectively (39).

Proposition 1. Let (ui,I)I∈I,i∈I be a solution to (37). Then

‖ui,I‖L∞(O) ≤ K (66)

for all I ∈ I, i ∈ I where K is a constant independent of δ.

In order to establish uniform estimates for Dxui,I the L∞ estimates are crucial.
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Lemma 8.1. Let (uI)I∈I be a solution of (39) in L∞ then

‖uI‖W 1,2(O) ≤ K(‖uI‖L∞ , (‖uI\{j}‖L∞)j∈I , (‖uI∪{j}‖L∞)j 6∈I). (67)

Here the structure of the Hamiltonians given in Lemma 5.3 (35) allows to apply
known results. The estimate for I = {k} is rather simple since it reduces to a scalar
case which was treated in [17]. The main idea consists in using the test function

eγuk,{k} − e−γuk,{k} (68)

for γ > 0 sufficiently large. Then the elliptic part yields

γ

∫
O
|Dxuk,{k}|2(eγuk,{k} + e−γuk,{k})dx (69)

which dominates the quadratic terms in Dxuk,{k} in the Hamiltonian.
The estimates for general I ∈ I is much more involved, however our structure

allows to use the known results of [1] for n = 2, and [3], resp. [9] for general n .
The proof relies on the method of “iterated exponentials”, i.e. using

(eγuk,I − e−γuk,I ) exp

(
ν

γ

∑
i∈I

(
eγui,I − e−γui,I

))
(70)

as test function. For a related case we refer to [2]. We note that the sub-quadratic
term |∇uI |2−ε can be treated easily using Young’s inequality.

The crucial step for our proof of existence of a solution to the system (39) are
Hölder estimates. We recall that for α > 0, the Hölder space Cα(O) denotes the
set of functions f , such that

[f ]Cα(Ō) = sup
x 6=x′∈Ō

|f(x)− f(x′)|
|x− x′|α

<∞. (71)

In order to show the Hölder continuity of the solution (uI)I∈I one can show for
all x0 ∈ O such that B2ρ(x0) ∈ O∫

Bρ(x0)

|DxuI |2|x− x0|2−n ≤ K
∫
B2ρ(x0)\Bρ(x0)

|DxuI |2|x− x0|2−n + Cρβ (72)

in a similar way as the W 1,2 estimates using the above iterated exponential test
functions in a localised setting. Then one applies the hole filling technique of Wid-
man [21] to get:

Lemma 8.2. Let (uI)I∈I be a solution of (39) in L∞, then (uI)I∈I satisfies the
following Morrey condition: for all x ∈ O∫
O∩Bρ(x)

|DxuI |2≤K(‖uI‖L∞ , (‖uI\{j}‖L∞)j∈I , (‖uI∪{j}‖L∞)j 6∈I))ρ
d−2+2α. (73)

To establish Hölder estimates one can use the Poincaré inequality and the char-
acterisation of Campanato [8].

The W 2,p estimates for ui,I

‖ui,I‖W 2,p(O) ≤ K(‖uI‖L∞ , (‖uI\{j}‖L∞)j∈I , (‖uI∪{j}‖L∞)j 6∈I) (74)

can then be shown using standard theory.
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