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We study the magnetic response of two-dimensional buckled honeycomb-lattice materials. The buckling

breaks the sublattice symmetry, enhances the spin–orbit coupling, and allows the tuning of a topological

quantum phase transition. As a result, there are two doubly degenerate spin–valley coupled massive

Dirac bands, which exhibit an unconventional Hall plateau sequence under strong magnetic fields. We

show how to externally control the splitting of anomalous zeroth Landau levels, the prominent Landau

level crossing effects, and the polarizations of spin, valley, and sublattice degrees of freedom. In

particular, we reveal that in a p–n junction, spin-resolved fractionally quantized conductance appears in

a two-terminal measurement with a spin-polarized current propagating along the interface. In the zero-

or low-field regime where the Landau quantization is not applicable, we provide a semiclassical

description for the anomalous Hall transport. We comment briefly on the effects of electron–electron

interactions and Zeeman couplings to electron spins and to atomic orbitals. Our predictions can be

examined in the magneto-transport and/or magneto-optic experiments.
I. Introduction

Two-dimensional (2D) atom-thin materials have been attracting
signicant attention in the past decades. Starting with the
successful isolation of graphene sheets,1,2 several other 2D
materials have been successfully synthesized or isolated, such
as hexagonal boron nitride,3 monolayer transition metal
dichalcogenides,4 silicene,5–8 black phosphorus9–11 etc., and
more such materials are theoretically predicted and await to be
demonstrated experimentally. With reduced dimensionality,
these atom-thin materials exhibit distinct physical properties
from three-dimensional materials and conventional 2D
quantum well systems, and have triggered extensive studies
aiming to utilize them for various applications.

Among these 2D materials, a class of materials have
honeycomb-lattice geometries as their stable structures. For
example, graphene, silicene,12 the predicted germanene,12 X-
hydride/halide (X ¼ N–Bi) monolayers,13,14 and stanene15 all
have such a kind of structure. As a result, they shared several
common interesting properties in their electronic band struc-
ture. First, the low energy spectrum usually has two inequiva-
lent valleys located at the hexagonal Brillouin zone corners
known as K and K0 points. (Note that the last three materials
have an extra valley at G point, which we will comment in the
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Discussion section). This valley degree of freedom has been
proposed as a novel means to encode information, and how to
control and manipulate it have led to the concept of valley-
tronics.16 Second, the honeycomb structure has two triangular
sublattices, usually labeled as A and B, which leads to a pseu-
dospin structure of the electron wave function. When the sub-
lattice (chiral) symmetry is broken, a band gap can be opened at
K and K0 points. This symmetry breaking could arise simply
because two sites are occupied by different atoms, or as we are
more interested in, because the lattice has buckling such that A
and B sites have a relative shi along the direction perpendic-
ular to the 2D plane.

In the presence of buckling, the inversion symmetry can be
broken by a perpendicular electric eld and the induced gap
size can be tuned by controlling the eld strength. In addition,
the crystal symmetry allows the presence of an intrinsic spin–
orbit coupling (SOC).17 This SOC is the key ingredient in the
Kane–Mele quantum spin Hall (QSH) insulator originally
proposed in graphene.17,18 Of course, the SOC strength is
negligibly small in graphene.19,20 Later, it was found that the
SOC could be enhanced by the buckling due to the direct
hybridization between p and s orbitals, as being predicted for
the case of silicene and germanene.21,22 Recently, several QSH
insulators with large SOC gaps are proposed. In particular,
theoretical analysis have revealed that for X-hydride/halide (X ¼
N–Bi) monolayers,13 huge intrinsic SOC up to 1 eV could arise
because the low energy bands have px and py instead of pz
orbital character (like graphene and silicene).13,14,23 These
distinct features lead to rich transport properties of these
materials. Especially, the switch between the QSH and trivial
This journal is © The Royal Society of Chemistry 2015
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insulating phases, tunable through an electric eld,24 may be
utilized for designing energy efficient spintronic devices.

In this paper, we will study the transport properties of
buckled honeycomb-lattice materials in response to an applied
magnetic (orbital) eld, in a consistent and comprehensive
manner. Previously, the Landau level (LL) structures of this
class of materials have been studied.25–29 In this paper, we
contribute to this topic in four different aspects: (i) the quantum
Hall transport in a PN junction geometry, (ii) the anomalous
Hall transport in the absence of LLs, (iii) the valley splitting due
to the lattice effect and the Zeeman coupling to electron spins
and atomic orbitals, and (iv) the estimation of interaction
effects in the quantum Hall regime. As discussed above, the
intrinsic buckling breaks the sublattice symmetry, enhances the
spin–orbit coupling, and allows the tuning of inversion asym-
metry. The resulting low energy spectrum thus splits into two
sets of doubly degenerate spin–valley coupled massive Dirac
fermions with different masses. Importantly, the electric eld is
able to tune the mass difference and the quantum phase tran-
sition between the QSH and trivial insulating phases. Under
strong magnetic elds, the interplay between the SOC and the
inversion asymmetry leads to an unconventional Hall plateau
sequence. Due to the mass difference, the LL spectrum shows
prominent crossing effects. Because the pseudospin chirality
switches between the two valleys, the energies of the zeroth LLs
are valley-dependent. We will explicitly show that it is possible
to control the valley polarization of carriers by tuning doping
level as well as external electrical and magnetic elds. This
valley polarization is a pure lattice effect, and we will also esti-
mate how this effect is corrected by the Coulomb interactions
and the Zeeman couplings to electron spins and atomic
orbitals. Moreover, the quantumHall transport in a PN junction
geometry is a characteristic feature of any multi-band 2D
material. As ideal candidates for bipolar nanoelectronics,
buckled honeycomb lattices exhibit intriguing fractionally
quantized conductance in a two-terminal measurement, with a
spin-polarized current propagating along the interface.
Remarkably, we nd that this effect can be tuned by an electric
eld, which is inaccessible in graphene30–34 and inMoS2.35 In the
low-eld or strong-disorder regime, the Landau quantization is
not applicable and LLs become absent. For a buckled honey-
comb lattice, however, the energy band gap, the spin–orbit
coupling, and the tunable inversion asymmetry can still lead to
appealing anomalous Hall effects. We will use a standard
semiclassical treatment to examine the anomalous Hall trans-
port in the absence of LLs.

Our paper is organized as follows. In Section II, we introduce
the low energy effective model describing this class of buckled
honeycomb-lattice materials, with emphases on the roles of the
sublattice symmetry and the intrinsic buckling. In Section III.A,
we derive the LL structures for the QSH and the trivial insu-
lating phases, followed by discussions on the SU (4) symmetry
breaking of the anomalous zeroth LLs. We then analyze the LL
crossing effects and the unconventional Hall plateau sequences
for both phases in Section III.B. We note that the LL structures
have been studied before, but we reproduce them here to make
our following studies more grounded and to make our analysis
This journal is © The Royal Society of Chemistry 2015
consistent and comprehensive. In Section III.C, we further
study the two-terminal conductances in unipolar and bipolar
regimes and nd some extra integer and fractionally quantized
plateaus. In Section III.D, we reveal the possible electric-eld
control of the spin, valley, and sublattice polarizations. We
also provide a semiclassical theory in Section III.E for the
anomalous Hall transport in the low-eld regime where the
Landau quantization is not applicable. Finally, in Section IV we
discuss the complexity added by the states at the G point, some
speculations on the role of electron–electron interactions, and
an estimation of the Zeeman couplings to electron spins and
atomic orbitals.

II. Model

Materials with 2D honeycomb lattice structures such as gra-
phene, silicene, germanene, and X-hydride/halide (X ¼ N–Bi)
monolayers have their low energy bands around two valleys at K
and K0 points of the hexagonal Brillouin zone. Without spin–
orbit coupling, the energy gap of the two linearly dispersed
bands closes at the Dirac points, i.e., K and K0 points. Near each
Dirac point the low energy Hamiltonian can be written as

H0 ¼ ħv(szkxsx + kysy), (1)

where v is a material-specic Fermi velocity, sz ¼ �1 labels the
two valleys K and K0, s's are Pauli matrices representing the AB
sublattice degrees of freedom. It should be noted that for
different materials, the low energy physics could be associated
with different types of orbitals. For example, for graphene, sil-
icene, and germanene, it is of pz orbital type,2,21 whereas for
X-hydride/halide (X ¼ N–Bi), it is of px and py orbital types.13,14,23

The gapless nature of eqn (1) is protected by the following
sublattice (or chiral) symmetry

{H0, sz} ¼ 0 (2)

and the topological winding number �1 of the constant energy
contour of the positive or negative energy band at each valley.
Thus, the Dirac fermions described by eqn (1) acquire an energy
gap in the presence of sublattice symmetry breaking that
violates eqn (2) or when the two valleys couple and annihilate
with each other. At least three possible sources of sublattice
symmetry breaking can arise in these Dirac materials. First,
strong electron–electron interactions may lead to an antiferro-
magnetic order yielding a quasiparticle gap at the Dirac point.
However, this mechanism is not likely for any material we
discuss here as v is not sufficiently small.36

An energy difference between the two sublattices breaks
inversion and sublattice symmetries producing a trivial band
gap at the Dirac point, which can be modeled by

Hg ¼ lsz. (3)

Traditionally, this staggered sublattice potential l can hardly be
induced in graphene. Recently, l can be even larger than 1 eV
when the two sublattices are formed by different atoms in
hexagonal boron nitride and by different d orbitals in MoS2.35,37
RSC Adv., 2015, 5, 83350–83360 | 83351
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Fig. 1 (a) Top view and (b) side view of the unit cell of a 2D buckled
honeycomb lattice structure. The atomic sites of the two sublattices A
and B are marked in different colors. The two sublattice planes have a
relative shift along the perpendicular direction.

Fig. 2 The energy dispersion for each spin–valley. Spin up (down) is
marked with red (blue) color. The gap is 2(l + lso) for the upper bands
and 2|l � lso| for the lower bands. Assume both l and lso are positive,
the band gap is inverted when lso > l. We have chosen the parameter
values n ¼ 0.5 � 106 m s�1, l ¼ 0.1 eV, and lso ¼ 0.05 eV.
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Of particular interest here, buckling of the two sublattices in
opposite out-of-plane directions allows an easy way to control l
via an external electric eld perpendicular to the 2D plane (see
Fig. 1), although the buckling respects the inversion symmetry
and does not lead to a nonzero l. It has been found that such
buckling of the honeycomb lattice is intrinsic for many mono-
layer materials including silicene, germanene, and X-hydride/
halide (X ¼ N–Bi).

Another essential ingredient in the low energy physics of
these materials is the following intrinsic SOC that is allowed by
the lattice symmetry,

Hso ¼ lsoszszsz. (4)

Here sz denotes the z-component of electron spin and lso is the
coupling strength. Evidently, this term breaks the spin SU (2)
rotational symmetry and violates the sublattice symmetry (2),
opening a band gap in Hamiltonian (1). Interestingly, this term
drives the system into a QSH insulator state protected by the
time-reversal symmetry and/or the mirror symmetry.38 The
pristine graphene is comprised of light carbon atoms forming a
planar structure and lso is negligibly small (�10�3 meV).19,20 For
silicene and germanene, buckling helps enhance the intrinsic
SOC because of the hybridization between p and s orbitals.
Calculations based on a density functional theory have pre-
dicted that the SOC induced gap can reach �1.5 meV for sili-
cene and �23.9 meV for germanene.21 Recently, a new class of
bulked honeycomb-lattice materials X-hydride/halide (X ¼ N–
Bi) monolayers has been predicted.13 The low energy bands of
these materials are of px and py orbital characters leading to an
on-site SOC.13,14,23 This fact, together with the buckling and the
heavy X atoms, substantially enhances the SOC gap to as large
as 1 eV (e.g., for BiH monolayer).

In the following, we shall focus on the generic model

H ¼ H0 + Hg + Hso, (5)

describing a class of 2D materials with buckled honeycomb
lattices at least including silicene, germanene, and X-hydride/
halide (X ¼ N–Bi) monolayers. Other types of SOC terms, such
as the Rashba-type SOC resulting from structural inversion
symmetry breaking, may also exist, but their strengths are
typically much smaller than the terms above hence are neglec-
ted in our treatment.22,24
83352 | RSC Adv., 2015, 5, 83350–83360
In this model, sz ¼ �1 is a good quantum number, because
the buckling in the considered materials is small and the
mirror-plane symmetry breaking is weak. The model can thus
be written as

H ¼ ħv(szkxsx + kysy) + Dszszsz, (6)

with a combined gap parameter

Dszsz h l + lsoszsz, (7)

which depends on the product of valley and spin indices szsz ¼
�1. Thus the Hamiltonian (6) reduces to two sets of massive
Dirac fermions with avor dependent mass terms Dszsz¼�1. In
this paper, we will assume that both l and lso are positive, and
that the strength of l is controlled by an external electric eld
whereas that of lso is intrinsic. When l ¼ 0, at each valley the
band is two-fold spin degenerate. As l increases from zero, the
spin degeneracy is lied, as shown in Fig. 2. For l < lso, the SOC
gap dominates in the combined gap and the system is in a QSH
insulator state. In the opposite case, when l > lso the system
becomes topologically trivial. Evidently, the topological
quantum phase transition occurs at the critical point l ¼ lso

where the gap D� vanishes whereas D+ is enhanced.
Each avor of szsz (1 or�1) at different valleys corresponds to

opposite spins, i.e., a spin–valley locking. Moreover, the
chirality (relaxed due to the energy gap) for the same avor also
differs between the two valleys. This can be easily observed by
tracking how the pseudospin's in-plane component rotates
around a constant energy surface at each valley. These proper-
ties opposite at the two valleys will be of importance for the
interesting physics discussed below.
III. Results
A. Landau level structure

In the presence of a uniform perpendicular magnetic eld B, the
two-dimensional kinetic momentum ħk in eqn (6) is replaced by
p ¼ ħk + eA/c, based on the standard Peierls substitution. In the
This journal is © The Royal Society of Chemistry 2015
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Landau gauge the vector potential A takes the form of A ¼ (0,
Bx). Then we can dene the bosonic ladder operators as

b† ¼ ð‘B=
ffiffiffi
2

p
h-Þpþ and b ¼ ð‘B=

ffiffiffi
2

p
h-Þp�, where p� ¼ px � ipy and

the magnetic length ‘B ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h-=ðeBÞp ¼ 25:6=

ffiffiffiffiffiffiffiffiffi
B½T�p

nm. This
model and all the following results are approximately valid
when ħv/‘B is smaller than the bandwidth of the effective Dirac
model. The ladder operators satisfy the relations [b, b†] ¼ 1,
bjni ¼ ffiffiffi

n
p jn� 1i, and b|0i ¼ 0, where |ni is the nth LL eigen-

state of a conventional 2D electron gas. Written in terms of the
ladder operators and in the basis of |ni, Hamiltonian (6) can be
easily diagonalized and the resulting spectrum reads

En;� ¼ �szDszszdn;0 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Dszsz

2 þ nħ2uc
2

q
ð1� dn;0Þ; (8)

where uc ¼
ffiffiffi
2

p
v=‘B is the cyclotron frequency, d is the Kro-

necker delta function, and n is a non-negative integer denoting
the LL orbitals. This spin–valley resolved LL structure is sche-
matically shown in Fig. 3. In the absence of the mass terms, e.g.,
in the case of graphene, the LLs are fourfold degenerate at each
energy. For the case Dszsz s 0 the SU (4) symmetry of the zeroth
(or n ¼ 0) LLs are completely broken at the single-particle level,
whereas all other LLs are broken into two groups with szsz ¼ �1
and are doubly degenerate at each energy.
Fig. 3 The first few LLs of each spin–valley resolved band for (a) the
QSH insulator phase (lso > l > 0) and for (b) the trivial insulator phase
(l > lso > 0). The red (blue) color represents the spin up (down), and the
n ¼ 0 LLs are marked with thicker lines with an asymmetric feature.
Note that the positions of the n¼ 0 LLs for the two lower bands (szsz ¼
�1) differ between the two phases. We have used the same parameter
values as in Fig. 2.

This journal is © The Royal Society of Chemistry 2015
In particular, the n ¼ 0 LL energies �lsz � lsosz are inde-
pendent of the magnetic eld strength B. Evidently, the SU (4)
symmetry in the zero-mass case is broken between the two
valleys as well as between the two spins. On one hand, when lso

> l > 0, the two n ¼ 0 LLs of spin up are at the valence band top
whereas the two of spin down are at the conduction band
bottom, independent of their valley indices. In this scenario, the
n ¼ 0 state has a quantized spin Hall conductivity that survives
at B ¼ 0, reecting the QSH state nature in the presence of an
approximate mirror-plane symmetry.38 On the other hand, when
l > lso > 0, the two n ¼ 0 LLs of valley K are at the valence band
top whereas the two of valley K0 are at the conduction band
bottom, independent of their spins. This scenario is consistent
with the fact that the half lled n ¼ 0 state is adiabatically
connected to the trivial insulating state at B ¼ 0, in which both
the charge and spin Hall conductivities are zero. The transition
between the two scenarios occurs when l ¼ lso, companied by a
gap closure at two of the four spin–valleys with szsz ¼ �1. The
wavefunctions of n ¼ 0 LLs at valley K and K0 are (0, |0i)T and
(|0i, 0)T, respectively. Thus, for the n ¼ 0 LLs the valley and
sublattice degrees of freedom coincide. This feature allows to
tune the n¼ 0 LL energies via the buckling of the two sublattices
and the perpendicular electric eld, namely, lso and l. Note that
we have neglected the roles of electron–electron interactions
and Zeeman couplings to the electron spins and the atomic
orbitals, and we will comment on these effects in Section VIII.

We mention by passing that the asymmetric LL structure is a
generic feature of massive Dirac fermions and is related to the
opposite chirality of the two valleys and to the spin–valley
dependent mass terms.35 One intuitive picture, as noted above,
is to make a connection between the charge, spin, and valley
Hall conductivities of the n ¼ 0 quantum Hall state and the
classication of the B ¼ 0 states.39 A more intuitive picture can
be provided by the semiclassical theory of electron dynamics at
low elds.40 Due to the pseudospin–orbit coupling, a wave
packet near a valley center has a self-rotation, which produces
an intrinsic orbital magnetic moment39,41

mðkÞ ¼ � sz
v2meDszsz�

Dszsz
2 þ ħ2v2k2

�mBẑ; (9)

where me is the electron mass and mB ¼ eħ/2me is the Bohr
magneton. Note that the orbital moment is the same for the
conduction and valence bands. In eqn (9) the factor sz results
from the opposite chirality of the two valleys whereas the factor
Dszsz reects the role of the spin–valley dependent mass terms.
The orbital moment couples with the perpendicular magnetic
eld B, shis the LLs in an asymmetric way that is determined
by the factor szDszsz, and leads to the spin–valley resolved LL
structure sketched in Fig. 3.
B. Landau level crossing effect

In the buckled honeycomb lattice, we can denote the group of
LLs corresponding to avor szsz ¼ 1(�1) as group I(II). At high
elds, for large LL orbitals, and with small band gaps, nB [

D�
2/(2eħv2), the LL energies goes linearly with

ffiffiffi
B

p
as for the case

of massless Dirac fermions. On the opposite limit, at low elds,
RSC Adv., 2015, 5, 83350–83360 | 83353
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Fig. 4 Schematic plot of the LL crossing pattern of the first few LLs for
(a) the QSH insulator phase and for (b) the trivial insulator phase. The
n ¼ 0 LLs are spin-filtered while other levels are spin-degenerate. The
red (blue) color represents spin up (down). In each gapped region, (n[,
nY, n) labels the filling factors of spin-up, spin-down, and total LLs.
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for small LL orbitals, and with large band gaps, nB � D�
2/

(2eħv2), the LL energies goes linearly with B as for the case in
conventional quantum wells. In the latter case, we can expand
eqn (8) and write LL energies of group I as

EnI ;�x� Dþ

 
1þ eħv2nIB

Dþ
2

!
; (10)

where nI ¼ 0, 1, 2/ labels the LLs of group I. By replacing D+ by
D� and nI by nII above, we obtain the corresponding expression
for group II.

In general, when there is more than one channel of 2D
conduction electrons, their differences in velocity and in mass
give rise to the LL crossing effect. Such effects occur in the
conventional quantum wells as a result of the Zeeman splitting
between the spin up and spin down carriers,42 on the (111)
surface of SnTe due to the presence of the symmetry-unrelated �G

and �M Dirac surface states,43 in ABA trilayer graphene because
of the chiral decomposition of the monolayer-like and bilayer-
like subbands,44–47 and in monolayer MoS2 owing to the pecu-
liar SOC of d-electrons in the valence bands.35

For the case of buckled honeycomb lattice, the LL crossing
effect must occur, since the two groups of LLs have different
masses. By equating the LL energies of the two groups in eqn
(8), we nd that the crossing point for two LLs with index nI and
nII occurs at

Bc ¼ 2llso

eħv2ðnII � nIÞ : (11)

This result applies to both the conduction and the valence
bands, since they are symmetric with respect to the zero energy,
as shown in Fig. 4. Note that in those cases for nII, nI > 0 the
crossing points are all fourfold degenerate, whereas in those
cases for nI ¼ 0 and nII > 0 the crossing points are all threefold
degenerate. This is because both nI ¼ 0 LLs are non degenerate
whereas all n s 0 LLs are doubly degenerate. The scenarios for
both the QSH phase and the trivial phase are sketched in Fig. 4.
Notably, the two scenarios only qualitatively differ in the n ¼
0 cases. In Fig. 4, we label each gapped state by its spin up, spin
down, and total lling factors. Take the (1, 0, 1) state for
example, the two spin up n ¼ 0 LLs (red) are lled and thus n[
must be 1; only one of the two spin down n ¼ 0 LLs (blue) is
lled and thus nY must be 0, leading to a total lling factor n ¼
1 + 0 ¼ 1. Consider the (0, �1, �1) state, it is simply a time-
reversal and particle-hole partner of the (1, 0, 1) state. We note
that even the simple LL structures, shown in Fig. 4, are richer
than those in monolayer transition metal dichalcogenides,35

where the fourfold degeneracy of the n¼ 0 LLs is not fully lied.
When the electron–electron interactions are not substantial,

as assumed in this paper, the LL crossing effect further leads to
the enhancement of longitudinal magnetoresistance in trans-
port. When the interactions become substantial in the presence
of strong magnetic elds and weak disorders, small gaps may
open at the crossing points and the magnetoresistance peaks
split. More interestingly, the LL crossing effect disappears at l¼
0, which can be tuned by an external electric eld. Thus, the
83354 | RSC Adv., 2015, 5, 83350–83360
magnetoresistance in buckled honeycomb lattice can also be
controlled by the electric eld.

Even in the absence of interactions, the Hall plateaus follow
an unconventional sequence: n ¼ /, �2M � 4, �2M � 2, �2M,
�2M + 1,/, �3, �1, 0, 1, 3,/, 2M � 1, 2M, 2M + 2, 2M + 4,/
here the nI¼ 0 LL lies between the LLs with nII¼M� 1 and nII¼
M, with M given by

M ¼
�
2llso

eħv2B

�
þ 1; (12)

where P/R is the oor function. The step of two in the sequence
is a consequence of the szsz ¼ �1 classication and the double
degeneracy in each group of LLs with n s 0, a hallmark of the
intrinsic SOC. A step-one jump reects the lling or emptying of
a spin-ltered and valley-resolved n¼ 0 LL. This is a direct result
of broken SU (4) spin–valley symmetry among the anomalous n
¼ 0 LLs, given by the masses D� of the Dirac fermions.

C. Fractionally quantized conductances in PN junctions

The unique band structure of buckled honeycomb-lattice
materials allows recongurable electric-eld control of carrier
This journal is © The Royal Society of Chemistry 2015
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Fig. 5 Map of the conductance in units of e2/h across the p–p, n–n,
and p–n junctions, as a function of n1 and n2 (|n1|,|n2| # 2). (a) is for the
QSH phase and (b) is for the trivial phase. In each entry (Ga, Gb), Ga is
the conductance with spin mixing whereas Gb is the conductance
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type and density, making them ideal candidates for bipolar
nanoelectronics. A p–p, n–n, or p–n junction can be realized by
using electrostatic gating to independently control the local
carrier types and densities in two adjacent regions.30,31 In such a
device made of a buckled honeycomb-lattice material, transport
measurements in the quantum Hall regime can reveal new
plateaus with integer and fractionally quantized two-terminal
conductances across the junction. This effect arises from the
redistribution of quantum Hall currents among edge channels
propagating along and across the junction, due to the presence
of residue disorder.32–35

In the presence of magnetic disorders or strong mirror
symmetry breaking, sz is not conserved. Because of the redis-
tribution of the chiral quantum Hall edge currents at the
junction, the net conductance in units of e2/h across the junc-
tion is quantized as32–35

Gpp,nn ¼ min{|n1|, |n2|}, (13)

Gpn ¼ jn1jjn2j
jn1j þ jn2j ; (14)

in the unipolar and bipolar regimes, respectively. Here n1 and n2

are the lling factors of the two sides of the junction. This limit
is similar to the case of graphene where all possible lling
factors are even. Consider the special case with n1 ¼ 0 and n2 ¼
2n, it follows that G ¼ 0. We note that in this case the
conductance is insensitive to whether the B ¼ 0 phase is topo-
logical or trivial.

When the residue disorder is nonmagnetic and the mirror
symmetry is approximately preserved, sz can be considered as a
good quantum number and the n ¼ 0 LLs are spin ltered. We
note that this limit is more appealing and directly relevant to
honeycomb lattices with low buckling. It follows that the full
equilibrium must be achieved within each sz subspace inde-
pendently. Consequently, the net conductance across the
junction is

G ¼
X

sz¼[;Y

�
minfjn1sz j; jn2sz jgQðn1szn2szÞ

þ jn1sz jjn2sz j
jn1sz j þ jn2sz j

Qð � n1szn2szÞ
�
; (15)

where Q is the Heaviside step function, the rst and the second
terms are the spin-resolved conductances in the unipolar and
the bipolar regimes, respectively. The total lling factors are
implied by n1 ¼ n1[ + n1Y and n2 ¼ n2[ + n2Y. As we will see
shortly, in the QSH phase the two spin species are not neces-
sarily in the same bipolar or unipolar regime, whereas in the
trivial phase both spin species are always in the same regime.
Such inconsistency is quite counterintuitive, reecting the
topological quantum phase transition at l ¼ lso for the B ¼
0 case.

Only when n[ s nY on at least one side of the junction, the
conductance in eqn (15) is essentially different with the simple
case (with magnetic disorders) in which only the total lling
factors n1 and n2 matter. In the absence of an electric eld, i.e., l
¼ 0, consider a junction with n1 ¼ 0 and n2 ¼ 4n � 2 for some
This journal is © The Royal Society of Chemistry 2015
integer n, This indicates that n1[ ¼ �n1Y ¼ 1 and n2[ ¼ n2Y ¼ 2n
� 1. From eqn (15) we nd that G ¼ (4n � 1)/(2n) for n > 0 and
that G ¼ (3 � 4n)/(2 � 2n) for n # 0.

We then consider the scenario of lso > l > 0, in the presence
of a small perpendicular electric eld. The conductance is
unchanged for the above case with n1 ¼ 0 and n2 ¼ 4n � 2. Now
imagine while xing n1 ¼ 0 we tune the gate in region two such
that n2 ¼ 2m � 1 for some integer m. The latter lling indicates
that n2[ ¼ n2Y + 1 ¼ m. Thus, G ¼ (2m � 1)/m for m > 0 and G ¼
(1 � 2m)/(1 � m) for m # 0.

When the electric eld is sufficiently large to invert the band
gap such that l > lso > 0, in this scenario, n1 ¼ 0 would indicate
that n1[ ¼ n1Y ¼ 0. Thus, G ¼ 0 as long as one region of the
junction is half lled, in sharp contrast to the QSH phase.

Although we have focused on the case with n1¼ 0 to illustrate
the essence of the physics, we exhaustively show the full map of
conductance in Fig. 5 for |n1|, |n2| # 2. The two numbers in a
parenthesis are the net conductances with and without spin
mixing respectively. Fig. 5(a) is for the QSH phase whereas
Fig. 5(b) is for the trivial phase. One observes that the difference
between the two phases is exhibited for the cases with either n1
¼ 0 or n2 ¼ 0, as we discussed before. One may also consider the
cases in which the two sides of the junction are in different
phases. The analysis is straightforward and our results eqn (13)–
(15) still apply. These above mentioned interesting features are
indeed richer than those in graphene30–34 and monolayer tran-
sition metal dichalcogenides.35 Thus, the conductance across
the junction, distinct in the two phases, can serve as a useful
diagnosis for the phase of buckled honeycomb-lattice material
under an electric eld.

In addition to the unconventional transport properties, STM
probes at the interface can also detect a special ngerprint of
without spin mixing.

RSC Adv., 2015, 5, 83350–83360 | 83355

http://dx.doi.org/10.1039/c5ra13699g


RSC Advances Paper

View Article Online
the spin-ltered n ¼ 0 LLs. This is the case as long as the Fermi
energies of the two regions lie in different energy windows that
are divided by the n ¼ 0 LLs (see Fig. 3). In particular, spin-
ltered edge states, whose number is given by |n1sz � n2sz|, will
propagate along the interface. The interface current can be
controlled in the following senses. (i) Switching the magnetic
eld direction ips the spin polarization of the current. (ii)
Interchanging n1 and n2 switches the current direction while
tuning n1 and n2 adjusts the current amplitude. (iii) Tuning one
Fermi energy to a different energy window while xing the other
one may change the carrier type, besides the effects in (i) and
(ii). (iv) Most importantly, as we have analyzed above, the elec-
tric eld can tune the integer or fractionally quantized
conductance in an unprecedented way, and even diagnose the
topological nature of the phase of the material.
Table 1 Spin and valley polarizations (Ps, Pn) as functions of the filling
factor n for both the QSH phase (lso > l > 0) and the trivial phase (l > lso
> 0)

Filling factor n �3 �2 �1 0 1 2 3

QSH (Ps, Pn) (1, 1) (0, 0) (1, 1) (2, 0) (1, 1) (0, 0) (1, 1)
Trivial (Ps, Pn) (1, 1) (0, 0) (1, 1) (0, 2) (1, 1) (0, 0) (1, 1)
D. Electric-eld control of spin, valley, and sublattice
polarizations

In order to use the valley degrees of freedom for information
processing, it is necessary to have efficient ways to generate and
control the valley polarization of carriers. This is similar to the
case of spintronics, where the task of generating spin polari-
zations has been a topic of active research in the past decades.
While spin can be easily coupled to Zeeman elds and
controlled through spin–orbit couplings, the manipulation of
valley degrees of freedom is much more challenging. Recently,
based on an argument of orbital magnetic moment, it has been
demonstrated that valley polarization could be generated by a
circularly polarized light in monolayer transition metal dichal-
cogenides.48–50 There are also proposals to generate valley
polarization by designed valley lters.16,51–53 Furthermore, it has
been proposed that a magnetic orbital eld can be used to
control the valley polarization in monolayer transition metal
dichalcogenides.40 A similar effect is also present and even
constitute two advantages of the buckled honeycomb-lattice
materials. First, the band gap and the topological nature of
the phase can be tuned by an external electric eld, providing
more freedom in controlling the valley degrees of freedom.
Secondly, for both electron-doped and hole-doped cases,
because the splitting between szsz ¼ 1 and �1 bands lead to the
spin–valley locking, the valley polarization amounts to a spin
polarization, allowing to manipulate valley degrees of freedom
by means of spintronics. Here we focus on the electric-eld
control of the spin, valley, and sublattice polarizations in the
strong magnetic eld regime.

We start from the case in which the electric eld is zero, l ¼
0. From the LL structure eqn (8), at a xed chemical potential,
there is no valley polarization, but there exists nite spin
polarization of the charge carriers. This is easily understood by
noticing that the four n ¼ 0 LLs are valley degenerate but spin
split. For example, the n ¼ 0 LLs at the conduction (valence)
band bottom (top) for the two valleys are both of spin down (up).
All higher LLs are spin and valley degenerate. As a result, the
valley and spin polarizations are respectively given by

Pv h n+ � n� ¼ 0, (16)
83356 | RSC Adv., 2015, 5, 83350–83360
Ps h n[ � nY ¼ 2dn,0, (17)

where n� and n[,Y are the partial lling factors for valley K and K0

and spin up and down, respectively. Note that Pn and Ps are
simply the quantized valley and spin Hall conductivities in units
of e2/h. For the present case with l¼ 0, it is the valley degeneracy
that dictates Pn to be zero and n to take the form of 4(n + 1/2),
with n being an arbitrary integer. The spin polarization is
maximized at v¼ 0, i.e., when the two n¼ 0 LLs of spin [ (Y) are
occupied (empty), independent of the strength of magnetic
eld. The spin polarization disappears when the n ¼ 0 LLs
become completely occupied or empty.

When a small electric eld is applied such that lso > l > 0, the
LLs split into two groups with szsz ¼ �1. As shown in Fig. 3(a),
all the LLs are doubly degenerate except the four non-
degenerate n ¼ 0 LLs; in ascending order of energy, these four
LLs are indexed by spin up and valley K, spin up and valley K0,
spin down and valley K, and spin down and valley K0. When one
or three n ¼ 0 LLs are lled, the lling factor n is odd, and both
the spin and the valley polarizations are one. When two of them
are lled, n becomes zero and the spin polarization is maxi-
mized whereas the valley polarization vanishes. When all of
them are lled or empty, n is even and both polarizations are
zero. Therefore,

Pv ¼ dn,2n�1, (18)

Ps ¼ dn,2n�1 + 2dn,0 (19)

where n is an arbitrary integer.
Further increasing the electric eld such that l > lso > 0, the

two middle n ¼ 0 LLs switch their energy orders, as seen in
Fig. 3(b). This follows from the topological quantum phase
transition between the QSH and quantum valley Hall phases at
B¼ 0. (The latter phase is also referred as a trivial phase in other
sections.) As an interesting result, spin and valley switch their
roles. Therefore, we can anticipate that

Ps ¼ dn,2n�1, (20)

Pv ¼ dn,2n�1 + 2dn,0 (21)

where n is an arbitrary integer again.
The above results of spin and valley polarizations for states

with lling factors |n| # 3 are listed in Table 1. One notes that
the coupled valley and spin polarizations are non-vanishing at
odd lling factors. Here, the difference between the QSH phase
and the trivial phase is reected in the n ¼ 0 case: for QSH
This journal is © The Royal Society of Chemistry 2015
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phase, it is spin polarized but valley non-polarized, whereas the
situation is reversed for the trivial phase.

The simultaneous polarization of carriers in both valley and
spin permits versatile methods for their detection and manip-
ulation. Moreover, the polarization reversal occurs at the tran-
sition between the topological phase and the trivial phase also
offers a way to experimentally differentiate them.

To close this section, we note by passing that for n ¼ 0 LLs
the valley pseudospin coincides with the sublattice pseudospin,
as the n ¼ 0 LLs of a particular valley completely localize on a
particular sublattice. Thus, the discussed valley polarization,
induced by the peculiar n¼ 0 LLs, is equivalent to the sublattice
polarization.
E. Anomalous Hall transport

The transverse motion of carriers can be induced even in the
absence of external magnetic eld, by the Berry curvature of the
electronic band structure. The Berry curvature acts like a
magnetic eld in the reciprocal space, which leads to a trans-
verse velocity term in the semiclassical equation of motion for
electron wave packets.54,55 In the presence of sublattice (chiral)
symmetry, the Berry curvature is required56 to vanish for a
gapped system, otherwise the system must be gapless. The
massive Dirac fermions in a buckled honeycomb lattice acquire
a nite Berry curvature, since the sublattice symmetry is
explicitly broken by the SOC and by the electric eld. For our
model (5), the Berry curvature is given by

UðkÞ ¼ �asz
ħ2v2Dszsz

2
�
Dszsz

2 þ ħ2v2k2
�3=2ẑ: (22)

where a¼� denotes the conduction and valence bands. Similar
to the orbital magnetic moment, in eqn (22) the factor sz results
from the opposite chirality of the two valleys whereas the factor
Dszsz reects the role of the spin–valley dependent mass terms
that break the sublattice symmetry. The integral of Berry
curvature over all the lled states gives the intrinsic contribu-
tion to the Hall conductivity:57,58

sH ¼ e2

h

X
n

ð
d2k

ð2pÞ2fnðkÞUnðkÞ; (23)

where fn(k) is the Fermi distribution at state |n, ki and n is a
band index.

First, in the absence of external electric elds, l¼ 0 and D+¼
�D� ¼ lso. When the Fermi level is in the band gap, the system
is a QSH insulator, with

s
[
H ¼ � s

Y
H ¼ e2

h
; sH

s ¼ e2

h
; (24)

where s[(Y)H is the Hall conductivity for spin up (down), and
sH

s ¼ (s[H � sYH)/2 is the spin Hall conductivity. This quantized
spin Hall conductivity is related to the spin helical edge states
for a nite system. Here we emphasize that the sz conservation
follows from the assumption that the mirror symmetry is only
weakly broken. Furthermore, different from the longitudinal
transport, the anomalous Hall transport involves contribution
from all the occupied states, as implied in eqn (23), and thus
This journal is © The Royal Society of Chemistry 2015
must go beyond the low energy model. However, the Hall
conductivity must be quantized in unit of e2/h when the Fermi
level lies in a gap. Hence the results in eqn (24) should be
understood as valid up to an integer multiple of e2/h, and this
integer must be even for a Z2 QSH insulator. Nevertheless, the
determination of this integer would require the knowledge of
the full band structure. These two points also apply to the
following discussions.

We are more interested in the case with nite doping, in
which the Hall conductivity is not quantized. We shall mainly
discuss the n-doped case. The results for p-doped case can be
easily obtained by a similar procedure. In the metallic case, the
Hall conductivity has additional contributions from scattering
of carriers around the Fermi energy.59,60 There is an important
side jump contribution61 that is proportional to the Berry
curvature at the Fermi energy. Here we shall take a simple
Gaussian white-noise scattering model62 and disregard the
intervalley scattering which requires a large momentum trans-
fer. For each avor the Hall conductivity including both
intrinsic and extrinsic contributions is given by

sH
sz ;sz ¼ � sz

e2

2h

"
1� lso

m
� lso

�
m2 � lso

2
�

m3

#
; (25)

where m (m > lso) is the chemical potential. This result only take
into account the contribution from conduction band carriers.
From this, we easily obtain the spin and valley Hall
conductivities

sH
s ¼ e2

h

"
lso

m
þ lso

�
m2 � lso

2
�

m3

#
; sH

v ¼ 0: (26)

Note that the valley Hall conductivity dened as sH
v h (sH

sz¼+1

� sH
sz¼�1)/2 vanishes because for each valley the contributions

from the two spins cancel each other.
When a perpendicular electric eld is applied, the bands for

the two avors szsz ¼ �1 split. Consider the weakly doped case
such that only the szsz ¼ �1 conduction bands are partially
occupied, i.e., |D�| < m < D+. For 0 < l < lso, similar to eqn (25),
we nd that

sH
sz ¼ � sz

e2

2h

�
1� jD�j

m
� jD�j

�
m2 � D�

2
�

m3

�
; (27)

which leads to the spin and valley Hall conductivities

sH
s ¼ e2

2h

�jD�j
m

þ jD�j
�
m2 � D�

2
�

m3

�
; sH

v ¼ �sH
s: (28)

Note that there also exists a nite valley Hall conductivity in
this case, owing to the spin–valley locking szsz ¼ �1.

When the gap is inverted by further increasing the electric
eld, i.e. l > lso, the Berry curvatures for the two spin–valleys
with szsz ¼ �1 switch signs aer the gap closes and reopens. As
a result, both the spin Hall conductivity and the valley Hall
conductivity in eqn (28) change signs. Therefore, the sign
change in the spin or valley Hall conductivity can be used to
detect the topological quantum phase transition, induced by
the electric eld.
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The above results are derived in the presence of time-reversal
symmetry and the charge Hall conductivity must be zero. The
charge Hall conductivity becomes nonzero when the time-
reversal symmetry is explicitly broken by an applied magnetic
eld. In the high-eld regime, the Hall conductivity becomes
quantized due to the formation of LLs and follows an uncon-
ventional sequence, as we discussed in Section III and IV. Here,
instead, we are concerned with the low-eld regime, in which
LLs are absent but a semiclassical description is applicable. In
this picture, the effect of magnetic eld is twofold. First, it
exerts a Lorentz force on the carriers leading to an ordinary Hall
effect. Secondly, it couples with the orbital magnetic moment
(9) and shis the band energy as �mB.39,41 Because the moment
has opposite signs between the two valleys, the relative energy
shi between the two valleys gives rise to an anomalous
contribution to the charge Hall effect. The ordinary Hall
conductivity is well known as sordH x rordH /r2, where rordH ¼
�B/(en) is the ordinary Hall resistivity and r is the longitudinal
resistivity. In the following, we focus on the weakly doped case
|D�| < m < D+, where only the szsz ¼ �1 conduction bands are
partially occupied. (The inclusion of szsz ¼ +1 bands when m >
D+ is straightforward and in fact decreases the anomalous
effect.)

When 0 < l < lso, the coupling dE ¼ �mB shis the szsz ¼ �1
conduction band at valley K (K0) down (up), according to eqn (9).
The relative shi between the band bottoms at two valleys is

dm ¼ 2mBx
eħv2

jD�jB: (29)

From eqn (27), we observe that the contributions to the
charge Hall conductivity from the two valleys have opposite
signs. The energy shi dm breaks the perfect cancellation
between them and leads to a net charge Hall contribution from
the more populated valley

dsH
cx

e2

h

jD�j
m2

	
1� 3D�

2

2m2



dm; (30)

where we have assumed that dm � m for the low-eld case. We
note that when l > lso, both the Berry curvature (22) and the
orbital magnetic moment (9) change signs, hence the anoma-
lous contribution still has the form as in eqn (30). Furthermore,
this anomalous charge Hall conductivity is proportional to the
magnetic eld strength. Thus, the corresponding Hall current
djH is a nonlinear response to the external electric eld. We also
note that this contribution could have a sign change at
m ¼ ffiffiffiffiffiffiffiffi

3=2
p jD�j; which can be traced back to the different

chemical potential dependence between the intrinsic and the
side jump terms. The ratio between the anomalous and the
ordinary contributions is

dsH
c

sord
H

¼ �
	
1� D�

2

m2


	
1� 3D�

2

2m2


	
e2

h
r


2

: (31)

Evidently, this ratio depends on the resistivity in unit of h/e2 and
the anomalous part is more important for dirty samples with a
large longitudinal resistivity.
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IV. Discussions and conclusions

We have considered how the orbital magnetic moment, a pure
lattice effect related to the Berry curvature, emerges in the Bloch
bands and couples to the orbital magnetic elds. However, we
have neglected the roles of electron spins and atomic orbitals
which naturally couple to the Zeeman elds. As we will see, this
treatment is indeed reasonable in those buckled honeycomb-
lattice materials we have mentioned above. Both spin and
atomic orbital (p-orbitals here) related magnetic moments are
about mB � eħ/(2me), whereas based on eqn (9) the orbital
magnetic moment at k ¼ 0 is

m*
B ¼ eħv2

2D
; (32)

where v is the Fermi velocity, D the Dirac mass is half the gap
size. Evidently, the Zeeman splitting is subdominant when
m*
B [ mB, which requires

mev
2/D [ 1. (33)

For me ¼ 0.51 � 106 eV c�2 and a typical value n � 0.5 �
106 m s�1, the condition reduces to D� 1.4 eV. In general, D�
0.5 eV holds for silicene, germanene, andmost X-hydride/halide
(X¼N–Bi) monolayers. Therefore, we conclude that the Zeeman
splitting is subdominant in these materials. We note by passing
that for monolayer transition metal dichalcogenides, due to the
large band gaps, the d-orbital Zeeman effects dominate the spin
Zeeman effects and the lattice effect,40 as observed in recent
experiments64–67 in the absence of LLs.43

The above discussion is for the small magnetic eld case. In
relative larger elds, the Zeeman splitting should be much
smaller than the LL gaps, although it further break the twofold
degeneracy of the obtained LL structure. However, we do
emphasize that the Coulomb exchange interaction, with an
energy scale

e2

e‘B
¼ 28

e

ffiffiffiffiffiffiffiffiffi
B½T�

p
meV (34)

should completely li the spin degeneracies of LLs in the case of
very strong magnetic elds and very weak disorders. This many-
body interaction induced Zeeman effect is way larger than the
single-particle Zeeman effects due to spins and atomic orbitals
and may even turn over the energy order of the n ¼ 0 LLs given
in the spectrum (8). Nevertheless, we focus on the single-
particle phenomena in this paper and leave the details of
quantum Hall ferromagnetism to future works.

We have mentioned that the staggered sublattice potential
l can be tuned by the external electric eld. Another physical
way to tune the model parameters is to control the buckling
strength. As indicated in ref. 22, a change of buckling
strength would strongly affect the SOC strength lso (and
would also slightly modify other model parameters such as l
and v), Hence, the buckling strength, controlled by the
substrate and by the applied strain in experiment, provides an
extra knob to tune the topological phase transitions and the
LL spectrum.
This journal is © The Royal Society of Chemistry 2015
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Although in transitional metal dichalcogenides the low-
energy states also exhibit copies of spin–valley coupled Dirac
bands,37 there are clear distinctions. For those materials, the
energy gap is dominated by the large inversion symmetry
breaking term (l[ lso), and it is in fact difficult to achieve the
competition between the two gap terms,35 namely, the topo-
logical phase transitions. Therefore, the interesting effects
facilitated by the buckling of honeycomb-lattice materials are
generally absent in monolayer transitional metal
dichalcogenides.

Finally, we point out that the buckling in some honeycomb-
lattice materials lead to the emergence of an electron pocket at
the G point.13,15 It is true that this extra valley adds complexity to
the band structure and the corresponding LL spectrum.
However, the G pocket behaves like a conventional single-band
2D electron gas (2DEG) system. Thus, we expect that the main
results would not be changed. For the LL structure that we are
extremely interested in, the anomalous features of the n¼ 0 LLs
remain the same, although a conventional LL plateau sequence
is superimposed over the unconventional sequence we nd in
Section IV.

In conclusion, we have investigated the quantum and the
anomalous Hall transport phenomena of a class of buckled
honeycomb-lattice materials in response to an applied
magnetic (orbital) eld, with emphases on the tuning effect of
an electric eld. Furthermore, in a p–n junction geometry we
have explored some additional Hall plateaus for these mate-
rials, as ideal candidates for bipolar nanoelectronics. Lastly,
we have argued the roles of electron–electron interactions, the
Zeeman couplings to electron spins and atomic orbitals, and
the extra electron pocket at G point. Our theoretical predic-
tions can be examined in magneto-transport and/or magneto-
optic experiments. The LL crossing enhances the level degen-
eracies and can be detected via pronounced peaks in the
longitudinal resistance.44 The fractionally quantized conduc-
tance of a p–n junction can be studied in the standard two-
terminal transport30,31 with le and right gates to indepen-
dently control the chemical potentials on both sides of the
junction. The spin polarization can be measured, for example,
in Kerr microscopy.63 The valley polarization can be probed by
optical circular dichroism;64–67 there is also an additional
anomalous Hall contribution which can be detected in Hall
transport.68 Our study would facilitate the investigations on
the 2D buckled honeycomb-lattice materials and help the
design of novel electronic devices that may combine the
charge, spin, valley, and sublattice degrees of freedom to
achieve better performance and unprecedented
functionalities.
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