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Permanent magnet synchronous machine (PMSM) is becoming more prevalent in industry 

applications due to its high power and torque density. The magnetic field distribution in the 

airgap of the motor is critical in predicting the performance, as well as implementing optimal 

design and control. 

Conventional methods to calculate the magnetic field include analytical lumped model, 

equivalent magnetic circuit (EMC) method, and finite element analysis (FEA) method. However, 

they have their limitation in terms of accuracy and computation time. Field reconstruction 

method was recently proposed for modeling of a surface mounted permanent magnet 

synchronous motor (SPMSM). It provides a fast method to reconstruct the magnetic field 

distribution with both high computation efficiency and good accuracy. However, due to the 

partial saturation effect in interior permanent magnet synchronous machine (IPMSM), 

conventional FRM method cannot be directly applied for modeling of IPMSM. An extended 
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FRM (EFRM) is proposed to overcome the issue of partial saturation and slotting effect in 

IPMSM. 

Conformal mapping (CM) was recently proposed to calculate the magnetic field analytically. In 

general, CM is to map the complicated air gap structure into a simplified structure such as a 

rectangle or an annulus, in which the analytical solution of the magnetic field is readily available. 

The analytical solution of the magnetic field in simplified geometry is then transferred back to 

obtain the magnetic field distribution in original air gap geometry. Also, the effect of stator slots 

can be modeled with an equivalent permeability. As such original stator slots are transfomed into 

a slotless structure. This greatly simplifies the process of CM. What’s more, considering the 

equivalent permeability method would simplify the stator slot to a slotless structure which would 

greatly reduce the time to build the basis functions in EFRM. The combination of EFRM and 

CM would be an effective method to model IPMSM. In summary, CM shows a great advantage 

in achieving high calculation efficiency in modeling of PMSM though the accuracy is limited by 

only the saturation effects. 

The application of EFRM is extended to calculate the core loss and to estimate the average 

torque in PMSM. FEA simulation and experiments are conducted to verify the effectiveness of 

the proposed methods. 
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CHAPTER 1 

INTRODUCTION 

1.1 Overview 

In recent decades, permanent magnet synchronous machine (PMSM) has drawn considerable 

attention in applications such as Electric Vehicle (EV) and Hybrid Electric Vehicle (HEV). The 

utilization of permanent magnets (PMs) increases the power and torque density greatly, which 

shows the great advantages over non-PM motors such as DC motor, induction motor (IM) and 

switched reluctance motor (SRM) [1]. Table 1.1 shows a comparison of the advantages and 

disadvantages of different types of machines. 

In PMSM, permanent magnets (PMs) establish the magnetic field in the air gap, and current 

excitation in stator contributes to the field in the stator. The interaction of the magnetic field 

originated in the stator and in the rotor produces torque. Based on the placement of PMs in the 

rotor, PMSM is categorized into surface mounted permanent magnet synchronous machine 

(SPMSM) and interior permanent magnet synchronous machine (IPMSM) as shown in Figure 

1.1. 

In this dissertation, the d axis is defined in the direction of rotor flux, while q axis is leading d 

axis by 90 electrical degrees. Since the permeability of PM is close to that of air, the equivalent 

air gap in d and q axis are the same in SPMSM. The d axis inductance equals to that of the q 

axis, so SPMSM shows no magnetic saliency. Due to the fact that PMs are embedded inside the 
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rotor laminations in IPMSM, the equivalent air gap in q axis is smaller than that in d axis. The d 

axis inductance is much smaller than that in q axis, which points to magnetic saliency in IPMSM. 

The saliency in IPMSM contributes to additional reluctance torque which increases the torque 

density. 

Table 1.1. Performance comparison of different types of motors 

Machine type Advantages Disadvantages 

DC Motor Linear torque vs. speed characteristics Low speed range 

Induction Motor High speed range 

Low cost 

High reliability 

Low power density 

Low efficiency 

PM Synchronous 

Motor 

High power density 

High efficiency 

High speed (IPMSM) 

High cost 

Higher core loss 

Extra flux weakening current 

Switched Reluctance 

Motor 

Low cost 

High reliability 

 

High torque ripple 

Low power density 

Low efficiency 

 

 

 

In the context of electric propulsion, IPMSM has some advantages over SPMSM, which is 

summarized as: 

                                     

(a) SPMSM                                                             (b) IPMSM 

Figure 1.1. Typical configuration of PMSM 
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1) IPMSM has a higher power and torque density. The reluctance torque contributes to higher 

torque and power density in IPMSM. However, the reluctance component of the torque is not 

present in SPMSM. 

2) IPMSM is a better solution for high speed applications. In IPMSM, the PMs do not fly off the 

rotor due to their embedded integration into the rotor. However, extra measures (i.e., retainers) 

have to be taken to overcome the centrifugal forces acting on the PMs in SPMSM. 

1.2 Principle of operation of PMSM drives 

In PMSM, the torque is the result of the interaction between magnetic field contributed to by the 

stator and the rotor. Three-phase symmetrical AC excitation in stator generates a rotating 

magnetic field that forces the rotor to rotate synchronously. The magnitude of the torque is 

determined by the stator flux vector and the angle between stator flux and the rotor flux [2]. 

Using Park transformation, the three-phase stator currents are decomposed into decoupled d axis 

current Id and q axis currents Iq respectively. The Id is called direct axis (field) current, and Iq is 

called the quadrature axis (torque) current. The decoupled Id current and PMs on the rotor both 

contribute to the formation of the magnetic field in the air gap in direct axis, and Iq builds the 

quadrature component of the flux which is perpendicular to d axis flux. The interaction of d and 

q axis flux generates electromagnetic torque. Equation 1.1 to 1.4 shows the voltage and flux 

equations, equation 1.5 and 1.6 are the torque generation and the equation of motion in the dq0 

system of coordinates. 

d d d qU RI p     (1.1) 

q q q dU RI p     (1.2) 
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d PM d dL I    (1.3) 

q q qL I   (1.4) 

  ( )
3 3

2 2
e PM d d q d q d q PM relT p L i i p L L i i T T       (1.5) 

 

e lJ T T    (1.6) 

Figure 1.2 shows a typical waveform of the torque components in PMSM as shown in equation 

1.5. The torque in PMSM includes reaction torque and reluctance torque. The reaction (PM) 

torque is the result of the interaction between PMs and stator current while the reluctance torque 

is the result of rotor saliency. The reluctance torque is 0 in SPMSM. However, in IPMSM, the 

reluctance torque has a nonzero value, and it results in a higher torque density. 

 

 

 

Figure 1.2. Torque components in IPMSM 



5 

 

 

PMSM shows its advantages from high performance control point of view due to the decoupled 

d and q axis components (similar to a separately excited DC motor). IPMSM also has a wide 

range of speed control capability above the base speed.  

In practice, the commonly utilized control strategy for PMSM includes field oriented control 

(FOC) and direct torque control (DTC) [2]. Figure 1.3 and 1.4 show the schematic of FOC and 

DTC respectively. 

FOC strategy is based on the decoupled model. In other words FOC control of PMSM is to 

mimic the control of a separately excited DC motor. As shown in Figure 1.3, the current 

controllers are in the inner loop and the speed controller is in the outer loop. Usually, PI 

controllers are adopted for both current control and speed control. It has both good dynamic 

response and small steady state error. If the target is to track the position, a position controller 

and feed forward information would be necessary. 

Current 
controller

Speed
controller

Current 
controller

dq

0

0

SVPWM
modulation

M

Three phase 
bridge

1

S

dq0

abc

U

UdU

qU

aI

bI





*

qI

dI

*

dI

*

qI

 
Figure 1.3. FOC control schematic of PMSM 
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DTC originates from the control of induction machine (IM). Compared with FOC of IM, DTC 

shows its advantages in the fast dynamic control of the torque due to the elimination of the 

current control loop (i.e., the equivalent transfer function of the current control in FOC works as 

a first order transfer function). In DTC control, the flux and torque are directly controlled by the 

hysteresis controller to follow the flux and torque references respectively. The lookup table 

contains the information of the switching signal based on current flux linkage and estimated 

torque. The control strategy of PMSM is similar to that of IM except for the fact that the flux 

linkage in PMSM is usually a positive value. 

1.3 Applications of PMSM 

PMSMs are widely adopted in many application areas due to their great advantages in high 

efficiency, high power density and flexibility in control. One of the applications is the propulsion  

M

Three phase 
bridge

aI

bI

*

s

s



*

eT

eT

T

Look-up

Table

Estimator

Gate 

signal

 
Figure 1.4. DTC schematic of PMSM 
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unit in electric vehicle (EV) and hybrid electric vehicle (HEV). Figure 1.5 shows an example of 

the traction motor in Toyota Prius HEV. Figure 1.5(b) and 1.5(c) show the cross section of the 

stator and rotor of the IPMSM of 2010 Prius model respectively. According to the report from 

Oak Ridge National Laboratory [3], the motor has the capability of 60 kW peak power output. 

The power density is 1.6 kW/kg, the peak volumetric power density is as high as 4.8 kW/L, and 

the highest efficiency reaches 96% at the speed of 6000 rpm. This design shows the great 

advantage of the high power density and high efficiency of IPMSM. 

Figure 1.6 shows another application of PMSM in home appliances − washing machine. Figure 

1.6(b) shows the structure of an SPMSM with an exterior rotor structure [4]. The exterior rotor 

structure made it possible for SPMSM to work at high speed, which meets the requirement of the 

application (i.e., washing machine).  

 
(a) 2010 generation of Prius HEV 

     
(b) Stator structure                   (c) Rotor structure 

Figure 1.5. Application of IPMSM in HEV 
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Figure 1.7 illustrates the application of PMSM in the direct drive wind turbine generator which 

takes advantages of the high power density of PMSM [5]. Also, the direct drive architecture 

eliminates the gearbox which increases the reliability and reduces the maintenance cost greatly. 

     
(a) washing machine                 (b) drive motor 

Figure 1.6. Exterior rotor SPMSM application in washing machine 

 

 
Figure 1.7. Application in wind turbine generator 
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1.4 Research motivation and objectives 

PMSMs are becoming increasingly attractive in recent decades. The modeling of PMSM is of 

great interests in the optimal design and control. Furthermore, the accurate and fast calculation of 

the magnetic field distribution is critical in predicting the performance of electric motors. 

In this dissertation, the primary research objective is to develop a method capable of delivering 

the magnetic field distribution in PMSM with both high computation efficiency and good 

accuracy. Field reconstruction method (FRM) is recently proposed for modeling of SPMSM, and 

it offers great advantages over traditional methods due to its good accuracy and high 

computation efficiency. However, the field reconstruction approach has not been applied to 

IPMSM yet. A comprehensive review of previous work on the magnetic field calculation in 

PMSM has revealed that a thorough investigation on this topic is necessary. 

 The main methods used for solving the magnetic field distribution in PMSM includes 

analytical modeling method, equivalent magnetic circuit (EMC) method, and finite 

element analysis (FEA) method. However, these methods have their limitations which 

will be summarized in Chapter 2.  

 Conventional field reconstruction method (FRM) and conformal mapping (CM) method 

are also capable of delivering the field distribution in a simple structure. However, the 

limitation of saturation and slotting effects makes it hard to extend these methods to 

model IPMSM. More efforts to reveal their limitations and to overcome the obstacles are 

necessary. 

 The field distribution in the air gap of SPMSM can be reconstructed using FRM. 

However, the field reconstruction of the magnetic field in stator lamination is not 
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addressed. The field reconstruction in stator lamination will reveal the information related 

to core loss. 

 Conformal mapping in IPMSM is not addressed due to the complicated structure of the 

rotor. With a series of approximations, the CM process is greatly simplified to calculate 

the magnetic field distribution in the air gap of an IPMSM. 

The objectives of this dissertation research are listed below: 

 Provide a thorough analysis of the process of conventional FRM, reveal the limitation of 

conventional FRM with equivalent magnetic circuit analysis. 

 Provide a method to reconstruct the magnetic field within stator lamination in SPMSM. 

Calculate the core loss in stator lamination from the reconstructed field information. 

 Provide an extended FRM (EFRM) to model the saturation effect and slotting effect in 

IPMSM. Verify the method at various operating conditions within the limit posed by 

rated current. 

 Provide an extended CM method to calculate the magnetic field in IPMSM, calculate the 

equivalent air gap permeability. 

 Combine the CM method with EFRM, and improve the computational efficiency of 

EFRM using the equivalent permeability method. 

1.5 Dissertation organization 

The dissertation includes five chapters, and the outline is summarized as follows: 

Chapter 1 is a brief review of the history of PMSM, including the control strategy and its 

application. 
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Chapter 2 is a literature review of existing methods to calculate the magnetic field in PMSM. In 

this chapter, three different methods including analytical model method, equivalent magnetic 

circuit (EMC) method, and finite element analysis (FEA) are reviewed and compared. Then, new 

calculation methods such as field reconstruction method (FRM) and conformal mapping (CM) 

method are introduced. Also, the finite element model of the prototype of SPMSM and IPMSM 

are illustrated. 

Chapter 3 describes the process of conventional FRM as applied to SPMSM. A brief review of 

the process of conventional FRM in SPMSM is given in the very begining. Then, FRM is applied 

to reconstruct the field distribution in the stator lamination. Finally, extended FRM is introduced 

to IPMSM considering saturation effect and slotting effect. 

Chapter 4 shows the process of calculating magnetic field distribution using CM method. The 

processes of implementing CM in SPMSM and IPMSM are different. The process of CM as 

applied to IPMSM is more complicated than that in SPMSM due to the position of PM in the 

rotor. A series of approximations are adopted to simplify the process, and the results are 

compared with FEA results. Equivalent permeability (EP) is an indirect method to model 

PMSM. The slots in PMSM are modeled with equivalent complex permeability, and the slotted 

structure is replaced by a slotless structure which simplifies the original motor greatly. 

Moreover, the combination of EP and EFRM can simplify the process of building basis functions 

due to the slotting effect to reduce the time by 90%. 

Chapter 5 shows the application of FRM in the area of calculating core loss and torque ripple 

minimization. Both simulation and experiments are conducted to verify the validity of the 

method. 
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Chapter 6 is a summary of the work presented in this dissertation. Future work that overcomes 

the limitations of current work is also included to improve these methods.  
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CHAPTER 2 

REVIEW OF MAGNETIC FIELD CALCULATION METHODS IN PMSM 

2.1 Introduction 

In an electric motor, the magnetic field distribution is critical for predicting the performance and 

development of an optimal design and control. The flux density distribution is the fundamental 

information used to calculate the flux linkage, phase inductance, torque and core loss. The 

optimization process in design and control usually requires substantial computational resources 

and takes a long time. Therefore, development of an accurate and fast method to obtain the 

magnetic field distribution is an important topic. 

Study of the literature points to three main calculation methods, namely analytical modeling 

method, equivalent magnetic circuit (EMC) method, and finite element analysis (FEA) method. 

Firstly, the review of related work on each of the above mentioned methods is presented to 

summarize and compare their advantages and disadvantages. Furthermore, new methods such as 

field reconstruction method (FRM) and conformal mapping (CM) are introduced. The history of 

FRM and CM methods is briefly summarized along with their advantages and limitations. 

Finally, the model of a SPMSM and an IPMSM are computed and illustrated for the use in 

upcoming chapters. 
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2.2 Review of current methods calculating magnetic field in PMSM 

2.2.1 Analytical model method 

The analytical model (AM) method is based on solving the Maxwell equations directly to obtain 

an analytical expression for the flux density distribution. Usually, the analytical solution is 

available for relatively simple structures. When the geometry includes components such as slots, 

the analytical solution becomes complicated. By approximating the slotted structure to an 

infinitly deep slot, the solution process is greatly simpified. The main advantage of the analytical 

solution is that it shows the relationship between flux density distribution and the parameters of 

the geometry which simplifies the optimal design. On one hand, AM method handles the 

permeability of the soft magnetic materials as a constant and as such partial saturation is not 

considered in AM method. As a result, AM method cannot be directly extended to SRM or 

IPMSM where local saturation exists. Furthermore, the computational effort necessary for 

solving the governing equations are too high when the geometry becomes too complicated. 

Zhu, in [6]-[9], provided a complete process for solving the instantaneous magnetic field 

distribution in brushless permanent magnet dc motors. In [6], the governing Laplacian/ quasi – 

Poisson field equations in the air gap and magnet regions under open circuit condition were 

solved under the assumption that the stator is a slotless structure. The armature field effect is 

considered in [7], the stator slotting effect is modeled with an equivalent permeability with the 

help of conformal mapping in [8]. Also, the magnetic field distribution at load condition is 

obtained [9] by considering all of the above mentioned effects in [6-8]. The analytical solution 

sheds light on the relationship between the flux distribution and the main parameters of the 

geometry. 
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Similar work can also be found in [10], where it shows the advantage of providing an insightful 

understanding of the magnetic field distribution in the motor. However, the analytical method is 

hard to extend to complicated geometries where the approximation and previous assumptions 

will no longer be reasonable. As a result, an analytical model method is not broadly used. 

2.2.2 EMC method 

An alternative approach is offered by the EMC method which is similar to analysis of an electric 

circuit network. The main idea is to build the flux resistance network (i.e., reluctance) based on 

the geometry and the permeability of the material. Each part of the geometry is modeled as a flux 

tube, and all the tubes are connected to form a magnetic equivalent circuit. As a result, the 

electrical motor is modeled as a distributed parameter magnetic circuit network with an 

equivalent magneto-motive force (MMF) and a grid of magnetic reluctances. The flux density 

distribution is then obtained by solving the resulting equivalent magnetic circuit. 

EMC offers advantages from several aspects. Firstly, EMC provides a very good accuracy since 

the model includes the details of the geometry. Secondly, saturation effect can also be effectively 

included with the introduction of nonlinear characteristics of the material (at the cost of 

additional iterative calculations). In addition, regarding 3D modeling with EMC, the cost of 

using EMC is much lower when compared to 3D FEA method [11]. The results in [11] show that 

EMC is effective in terms of both high computational efficiency and good accuracy. However, 

EMC has its shortcomings in indicating the inner relationship between the flux density 

distribution and geometrical parameters which are inherent in the distributed parameters model. 
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2.2.3 Finite element analysis method 

FEA is a commonly used tool to solve the Maxwell equations governing the electromagnetic 

field numerically. FEA is quite effective, and the results have a good accuracy provided that a 

high-quality mesh is in place. FEA software packages are broadly used due to their user friendly 

graphic interface (the basic process is summarized in Figure 2.1). The eddy current effects can 

also be considered in FEA model which is hard to model in other methods such as analytical 

model and EMC method. 

However, there is always a tradeoff between the accuracy and computation time. A higher 

accuracy usually requires a finer mesh which in turn increases the computation time. The 

consumption of the calculation resources and long computation time are the main drawbacks of 

the FEA method especially when the geometry is large, and the structure is complicated. 

In summary, current methods to solve the magnetic field distribution have both their advantages 

 
Figure 2.1. Basic flowchart of FEA process 
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and disadvantages. New methods that are capable of deleviering the magnetic field distribution 

with both good accuracy and high computation efficiency are appealing. 

2.3 Magnetic field calculation using FRM 

Field Reconstruction Method is initially proposed in [12] to model an SPMSM in an effort to 

search for the optimized current profile for reduction of the torque ripple. The magnetic field 

distribution generated by a conductor in a stator slot and the magnetic field of the permanent 

magnet (PM) over one pole pitch can be obtained using a few magneto- static FEA simulations 

to build the required basis functions. There are two assumptions that the saturation and slotting 

effects are not considered. The system is viewed as a linear system. Therefore, the magnetic field 

distribution in the air gap can be reconstructed by superposition of the fields generated by stator 

and rotor respectively. Finally, the torque is computed using Maxwell stress tensor (MST) 

method. 

Regarding the modeling of SPMSM, FRM shows its great advantages in terms of computational 

efficiency and accuracy as compared with FEA results [12]. Afterward, more efforts are put to 

exploit the application of FRM in different areas. In [13] and [14], FRM is applied to predict and 

mitigate the vibration and noise under different working conditions in SPMSM. FRM is capable 

of working as an online torque estimator to be embedded in the closed-loop control system. 

Authors in [15] show a straightforward process of calculating the flux linkage and the back EMF. 

Also, FRM shows its power in detecting faulty conditions such as static rotor eccentricity and 

short circuit, etc. [16-17]. Besides the application in SPMSM, FRM is also extended to induction 

machine [18, 19] and switched reluctance machine [20]. 
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However, the application of FRM in IPMSM is not addressed due to the saturation effect in 

IPMSM. It is apparent that the magnetic reluctance in q axis is relatively smaller than that in the 

d-axis. Thus, saturation usually happens in q axis. Also, the cross coupling effect between d and 

q axis will influence the saturation level. In summary, the flux density distribution contributed by 

stator portrays a nonlinear relationship to the current excitation. This results in a magnetic field 

distribution which is not the superposition of stator and rotor flux. 

What’s more, in [12], the pole arc coefficient of PM in SPMSM model is 1, which means the 

flux pattern contributed by the rotor is uniform, and it won’t change at different rotor positions. 

This condition is not true in some SPMSMs where the pole arc coefficient is usually smaller than 

unity. As a result, the flux pattern contributed to by PMs in rotor vary through the relative 

position between the PMs and stator slots. Therefore, the slotting effect has to be taken into 

consideration. 

2.4 Magnetic field calculation using CM 

As mentioned above, the analytical solution of the magnetic field is available in relatively simple 

structures such as SPMSM. It sheds light on the direct relationship between the geometrical 

parameters and field distribution. However, when it comes to complicated structures such as 

IPMSM, the analytical solution is usually not available. 

In the 1870s, the idea of Schwarz-Christoffel (SC) mapping was proposed. With the help of 

conformal mapping, the complicated structure is mapped into a relatively simple structure [21]. 

However, the complexity of calculating the mapping for a given geometry with more than three 

vertices was too difficult to realize at that time. 
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In 1929, Hague derived equations for calculating the electromagnetic field in various iron 

geometries [22]. Two typical simplified geometries are the iron annulus and infinite iron plate. 

The analytical solution for flux density distribution contributed by a conductor carrying current 

which is located in the air gap is given in [23]. However, these flux density expressions cannot 

be directly applied to electrical machines which house both stator teeth and rotor teeth. 

Around 1980 to 1993, applicable computer programs for solving SC mapping was proposed such 

as the SC toolbox. Thereafter, the application of SC mapping and the analytical solution derived 

by Hauge could be combined effectively to provide the solution to the field in a relatively 

complicated structure. This solution differs from that provided by Zhu in [6-9]. SC mapping is 

relatively easier and takes less effort while keeping a good accuracy. 

2.5 Modeling of PMSM 

In this dissertation, the prototypes of SPMSM and IPMSM are illustrated to evaluate the 

effectiveness of the proposed methods. Since the flux density distribution in the air gap and 

stator lamination is not accessible directly, the magnetic field obtained from the proposed 

methods will be compared with FEA results directly. Experimental results are also provided for 

comparison in an indirect way. 

2.5.1 FEA modeling of SPMSM 

The SPMSM prototype is a three-phase machine, which has 12 stator slots and four rotor poles 

with a full pitch winding structure. Figure 2.2 shows the stator and rotor structure of the 

SPMSM. Figure 2.3(a) shows the corresponding FEA model. The main parameters of the 

geometry are listed in Table 2.1. As seen in Figure 2.3(a), the stator back iron is not a simple 



20 

 

Table 2.1.Main parameters of the analyzed SPMSM 

Stator outer diameter (mm) 132 

Rotor outer diameter (mm) 54.6 

Air-gap (mm) 0.54 

Stack length (mm) 63.5 

Magnet depth (mm) 5 

Number of turns 104 

Poles 4 

 

 

structure which complicates the modeling process. Therefore, the stator back iron structure is 

simplified to a circular back iron structure as shown in Figure 2.3(b). This simplification is 

 
Figure 2.2. Prototype of SPMSM 

 

        
(a)                                                        (b) 

Figure 2.3. 2D drawing of SPMSM 
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reasonable since the saturation in stator back iron is usually not severe, the approximation will 

not affect the flux density distribution in the back iron. In this motor, the pole arc coefficient of 

the PM is designed to be 1. The flux density distribution in the air gap contributed by rotor has a 

uniform pattern at different rotor positions. 

The accuracy of the FEA model is verified through the comparison with the no-load experiment. 

Figure 2.4 shows the back EMF of phase voltage waveform at the speed of 600 rpm obtained by 

experiment and FEA results. The agreement shows that the 2D FEA model has a good accuracy. 

2.5.2 FEA modeling of IPMSM 

Figure 2.5 shows the prototype of IPMSM, which is a three phase motor with 36 stator slots and 

six rotor poles. The main parameters of the motor are listed in Table 2.2. The stator winding is a 

full- pitched winding and the winding distribution is illustrated in the FEA model shown in 

Figure 2.6. The rotor has a two-stack structure with a skew angle of 5 mechanical degrees to 

reduce the cogging torque and torque ripple. Figure 2.6 shows the FEA model of the IPMSM. 

The no-load experiment is conducted to compare the back EMF waveform with that of FEA. 

 
(a)                                                                      (b) 

Figure 2.4. No-load back EMF waveform at 1000 rpm 

 



22 

 

Figure 2.7 compares the back EMF waveform (the line voltage) at the speed of 500 rpm obtained 

from FEA and experiment. The agreement between the results shows the accuracy of the FEA 

model. 

Table 2.2 Main parameters of IPMSM 

OD of stator (mm) 139 

ID of stator(mm) 85.7 

Number of slots  36 

Air gap length(mm) 0.85 

Stack length(mm) 50.8 

Thickness of magnet(mm) 2.54 

Rated current(A) 1.78 

Number of turns 68 

Power(Hp) 1 

Rated speed(rpm) 1800 

 

 
(a) Stator structure of IPMSM prototype 

             
(b) Rotor structure view from axial direction (c) Sideview of Rotor structure 

Figure 2.5. Prototype of IPMSM 
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2.5.3 Permanent magnet material 

A. Mathematical model of PM and load 

PM is one of the main flux sources that provides magneto-motive force (MMF) in the magnetic 

circuit. Figure 2.8(a) shows a typical B-H curve of a PM. Remanence Br is the remaining 

magnetization when the driving field is forced to zero, and the coercivity Hc is the field needed 

to drive the magnetization field to zero. When a PM works as a source in the magnetic field, the 

 
Figure 2.6. Flux density map and flux path of IPMSM 

 

 
Figure 2.7. Back EMF waveform of IPMSM at the speed of 600 rpm. 
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operating point is usually located in the second quadrant as shown in Figure 2.7(b). This curve is 

called “demagnetization curve”. 

The relationship between field strength H and flux density B is described as: 

HBB rr 0  (2.1) 

Where r  is the relative permeability of PM which is closed to 1, 0 is the permeability of 

vacuum, which is a constant value: 74 10 H m  , Br is the residual flux density. 

The flux m  provided by PM is: 

00  rmrmrm HAAB   (2.2) 

Where r is the virtual intrinsic flux, which is a constant for a certain shape of PM. 0  is the 

virtual leakage flux linkage. Figure 2.8(a) shows the equivalent magnetic circuit of PM. 

r r mB A   (2.3) 

0
0 0 0

r m
r m mp m

mp

A
HA Hh F

h

 
        (2.4) 

According to the Thévenin's theorem, the current source in figure 2.8(a) is converted to a voltage 

source with inner resistance in series as shown in Figure 2.8(b). 

Figure 2.9 shows an example of the equivalent circuit of the load. The stator tooth is wound. As 

shown in Figure 2.9, the flux circles through PM, rotor iron, air gap and stator teeth and stator 

back iron, this part of flux is named main flux, the equivalent reluctance is  . A small portion 

of the flux would circle through the air gap which is referred to as leakage flux, and the 

equivalent reluctance is  . aF  is the MMF provided by stator winding. 
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B. Simplified EMC of an electric motor equipped with PM 

Figure 2.10 shows the EMC after combining the flux source circuit and flux load circuit together.  

r
0

0

m

mF

    

0

m

mF

cF

 
(a) Current source model                    (b) Voltage source model 

Figure 2.8. Equivalent circuit of PM source 
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(a) Flux provided by armature excitation           (b) the equivalent circuit of stator 

Figure 2.9. Equivalent circuit of load 
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Figure 2.10. Simplified EMC diagram of PM with load 
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Assuming that the permeability of all the material is a constant, which is reasonable under low 

load condition, the implementation of the superposition theory is reasonable. Thus, the flux 

density in the air gap can be reconstructed by superposition of the field contributed to by PM and 

stator excitation respectively. The superposition is based on the asuumption of no saturation 

which also limits the extension of FRM to the scenario where saturation happens. 

On the other hand, when the material has a nonlinear permeability, the equivalent flux resistance 

will change through the MMF provided by stator armature. Thus, superposition is not applicable, 

and more efforts are necessary to resolve the saturation issue. 

2.6 Summary 

In this chapter, the brief history of different methods of calculating the magnetic field 

distribution in the air gap are reviewed and summarized. Due to the limitation of current 

methods, new methods such as FRM and CM are introduced to show their advantages in high 

computational efficiency and good accuracy. 

FRM is based on the snapshots obtained from the magneto-static FEA simulation results. With 

limited FEA simulation, FRM is capable of reconstructing the field in the air gap with good 

accuracy and much higher computational efficiency as compared with FEA. CM is a different 

analytical method to calculate the field in an electric motor. SC mapping tool is capable of 

mapping complicated motor geometry to a simple structure on another plane, where the 

analytical solution of the magnetic field is available. Afterward, the magnetic field is mapped 

onto the original plane to deliver magnetic field distribution in the original geometry. 

FRM and CM show their advantages in terms of good accuracy and high computational efficient, 

which will have a great impact on the electromagnetic design and control of electric motors. 
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CHAPTER 3 

FIELD RECONSTRUCTION METHOD IN PMSM 

3.1 Introduction 

FRM is initially proposed for modeling of a SPMSM [12]. The field density distribution in the 

air gap can be reconstructed quickly using a set of pre-calculated basis functions. FRM shows its 

great advantages in reducing the computation time as compared with FEA. However, 

conventional FRM is not applicable to IPMSM due to magnetic saliency and saturation. 

Conventional FRM needs to be augmented for modeling an IPMSM by including saturation and 

slotting effects. 

In this Chapter, conventional FRM is briefly summarized at the beginning. Next, FRM will be 

extended to reconstruct the field density in stator lamination. To model the saturation and 

slotting effect in IPMSM, extended FRM (EFRM) is proposed and implemented on a prototype 

of IPMSM. The results are compared with that of FEA simulation, and comparison shows EFRM 

has a good accuracy and high computational efficiency. At last, both advantages and limitations 

of EFRM are summarized. 
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3.2 Conventional FRM in SPMSM 

3.2.1 Principle and assumption of conventional FRM 

Based on the work reported in [12], the principle of conventional FRM is summarized as 

follows: The flux density distribution in the air gap is the superposition of the flux density 

contributed by stator and rotor (in the absence of saturation). In [12], since the pole arc 

coefficient of the PM is 1, the flux pattern contributed by PM has a uniform pattern. In addition, 

the flux distribution in the air gap contributed by current in a single stator slot has a fixed pattern 

due to the equivalent uniform air gap. The flux pattern in different stator slots is the result of 

shifting the flux pattern in one slot with a certain electrical angle. Finally, the magnetic field 

distribution in the air gap is the superposition of the flux contributed to by rotor and stator fluxes. 

3.2.2 Process of FRM 

The process of FRM is briefly summarized here. Building the basis function is the first step of 

the FRM. As explained above, the rotor and current in a single stator slot have fixed flux patterns 

in SPMSM. The fixed pattern is obtained from the snapshot of FEA simulation results. There are 

two sets of basis function which are contributed to by the stator and rotor fluxes respectively. 

The rotor flux basis function (0)PMB  is built from the field solely contributed to by PM. As for 

stator basis function, 0( )sB I  is built from a 1A current excitation in a one-turn coil. The PMs are 

replaced by air in the simulation to separate the flux contributed by stator from that contributed 

to by PMs. Equation 3.1 and 3.2 show the radial and tangential basis functions. With the 

knowledge of the basis function, the airgap flux density distribution can be reconstructed given 

the access to three phase current values and rotor position. Figure 3.1 shows the flow chart of 
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FRM. The rotor flux ( )PMB   is shifted from (0)PMB by the rotor angle  . The flux provided by 

phases B and C are shifted from that of phase A by 120 electrical degrees. Stator flux is the 

superposition of the flux contributed to by three phase currents. Finally, the flux at load 

condition is expressed in equation 3.4 and 3.5. 
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EndEnd

 

Figure 3.1. Flowchart of conventional FRM 
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3.2.3 Advantage and limitation of traditional FRM 

The main advantage of conventional FRM is the high computational efficiency. It is apparent 

that FRM, dealing with lookup table rather than solving Maxwell equations directly, is much 

faster than FEA method. In [12], the computation time by FRM is much less than that of FEA, 

and the accuracy is comparable with FEA. 

The main limitation of FRM is that it is not able to include saturation effects which typically 

exist in IPMSM. In addition, the slotting effect will also affect the flux pattern which will be 

discussed later. 

3.3 Magnetic field reconstruction in lamination of SPMSM1 

In this section, FRM will be extended to reconstruct the field in stator lamination, which contains 

the information to predict the core loss in the stator [24]. Core loss in stator lamination 

                                                 

1 © [2015] IEEE. Reprinted, with permission, from [L. Gu, D. Patil and E. Cosoroaba, “Core loss estimation of SPMSM based on 

field reconstruction method”, in Electrical Machines and Systems (ICEMS), Oct. 2015] 
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contributes to the major part of losses in PM motors. The core loss in the rotor is relatively small 

because the rotor rotates with the flux synchronously. As such, the objective is to extend FRM to 

obtain the flux density distribution in stator lamination. 

Previous work on FRM focuses on the field distribution in the air gap. The flux pattern in the air 

gap contributed to by a single stator slot excitation and PM are fixed. When it comes to the 

magnetic field inside stator lamination, the situation is different. The slot structure changes the 

flux pattern in the stator lamination. 

In this section, three steps are illustrated to extend FRM in reconstructing the field distribution 

inside stator lamination. Firstly, to exploit the property of the flux variation at different positions 

inside lamination, few simulations are conducted to determine the flux variation in time and 

space. Subsequently magneto-static simulations are conducted to obtain the basis functions for 

flux density variation contributed to by PM in rotor and armature excitation in the stator. Finally, 

the field reconstruction is implemented at various positions in the laminations and compared 

with transient FEA simulation results to verify the method. 

3.3.1 Building basis function in stator lamination of SPMSM 

A. Field distribution in slotless stator 

To find out the relationship between flux variation in space and flux variation through time, a 

slotless SPMSM is studied first as shown in Figure 3.2. Contour C is a concentric semi-circle 

curve in the stator core, and PA and PB are two sample points on the contour C. They are apart 

from each other by 15 mechanical degrees. 
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Figure 3.2. Slotless structure of SPMSM 

 

 
Figure 3.3. Flux density variation at PA and PB in radial and tangential direction 

 

 
Figure 3.4. Flux density variation along the controur C and position PA 
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The flux density variation through time at position PA and PB would be the same if the stator 

were a solid piece without slots. Since the flux contributed to by rotor and stator with three phase 

symmetric sinusoidal excitation is viewed as a rotational field in the air gap, the flux pattern at 

different positions on the contour C are identical. 

A transient simulation is conducted on the slotless SPMSM at a speed of 500 rpm. Figure 3.3 

shows the flux variation through time in the radial and tangential directions at PA and PB. The 

delay from PB to PA is 5 ms, which corresponds to the distance of 15 mechanical degrees. This 

observation shows that, in slotless structure, the flux variation at different positions in the stator 

have the same pattern as long as they are on the same contour. 

The flux density variation at PA and PB is expressed as: 

j

PA PBB B e 
   (3.6) 

t   (3.7) 

where je  denote a delay function, the delay time t is determined by the rotor angle and rotating 

speed  . 

In the meantime, a static simulation is conducted to obtain the flux density distribution along the 

contour C as shown in Figure 3.4.  

( ) ( )PA PAB B t   (3.8) 

To derive the relationship between the flux density variation in time and space, the transient 

results at PA is converted to a distribution in space by assuming the initial time at a position 0. 

The value at position   equals to the time stamp corresponding to t. With a time step of 

0.13889ms, 180 time stamps are obtained within an electrical period. Plotting the transferred 

( )PAB   along with the flux density distribution over contour C, the flux variation over time can 
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be transformed to the flux distribution at different rotor positions. Similarly, the static simulation 

results can also be transformed to the transient variation with respect to time for one position on 

the contour, which is expressed in Equation 3.9. 

( ) ( )PA CB t B   (3.9) 

Where, ( )PAB t  is the flux density value corresponding to a certain position at the time t , ( )CB   

is the flux density at the rotor position   on the contour C, and   is the rotor speed. In other 

words, static simulation is capable of predicting the flux density variation in the time domain. It 

has to be noted that the points are located on the contour C. The other positions on contour C are 

denoted as the equivalent positions of PA. In the slotless structure, the flux pattern at equivalent 

positions is the same. 

B. Field distribution in stator with slots 

As mentioned in Chapter 2, the original stator back iron of SPMSM has an asymmetrical 

structure, the flux density variation at the edge of back iron is not symmetrical and cannot be 

reconstructed directly. To simplify the modeling process in FEA and FRM, a round back iron is 

used instead of the original structure as shown in Figure 3.5. 

The situation is different in slotted stator structure as compared to the equivalent positions in the 

slotted structure. It is obvious that the stator slots will change the flux pattern in stator 

laminations. The magnetic permeability of stator tooth is much larger than that of air and will 

provide the main path for the flux. The flux pattern in stator differs greatly from that in a slotless 

structure. Figure 3.5 shows that there are 9 points with the same radius on the stator lamination 

denoted as Pk (k=1,2,…9). P1 to P7 are evenly distributed in the stator tooth, the angle between 

adjacent points is 30 mechanical degrees which is the slot pitch angle. P8, P9, and P1are in one 
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stator tooth. Figure 3.6 shows the flux density variation versus time at positions P1, P2, P8 and P9 

within an electrical period. 

As shown in Figure 3.6, the flux pattern at P1 differs from that of P8 and P9. The flux pattern at P1 

and P2 are the same, and the mechanical angle between P1 and P2 is 30 mechanical degrees which 

is an integer multiple of slot pitch angle. P2 to P7 are the equivalent positions of P1, and one can 

predict that the flux pattern at P2 to P7 is the same as of P1. Therefore, the flux density at P2 to P5 

can be used to predict the flux density of P1 at a different time it . 

i
it






  (3.10) 

i  is the mechanical angle between position Pk (k=2,3,4,5) and P1. 

Unlike the slotless structure, there is limited equivalent positions to a certain position in stator 

lamination. In a stator with 36 slots, the equivalent positions meet the two properties: 

a. The equivalent positions have the same radius in lamination. 

b. The angle between equivalent positions is an integer multple of 10 mechanical degrees 

The flux density of these equivalent positions are used to reconstruct the field distribution 

variation with respect to time at that position. 
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Figure 3.5. Round back-iron structure to simplify complex original structure of SPMSM 

 

 
(a)                                                                             (b) 

 
(c) 

Figure 3.6. Flux density variation between 1P , 2P , 8P  and 9P  
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3.3.2 Field reconstruction in lamination of SPMSM 

A. Model simplification and area division for stator lamination 

Figure 3.5 shows the simplified motor structure as mentioned in Chapter 2. Because the steady 

state magnetic field is a periodic traveling waveform, the flux density variation in the lamination 

repeats 12 times for one full rotation. As a result, only one-twelfth of the stator lamination is 

studied to obtain the complete flux density distribution. To obtaine a good balance between the 

computation accuracy and efficiency, the solution area is divided into several sections. Figure 3.7 

shows how one twelfth of the stator area is divided into 14 partitions. The flux density variation 

in the center of each area represents the flux pattern in that partition. 

 

B. Field contributed by the PM 

Since the slot pitch angle is 30 degree and the pole pair number is 2, there are six equivalent 

positions which can be utilized to predict the flux density from each static simulation. The flux  

 

 
Figure 3.7. Section division in stator of SPMSM 
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density at positions Pk (k=1,2,..5) is converted to time scale according to the equation 3.8. A 

transient simulation is also conducted to show the effectiveness of this transformation. Figure 3.8  

shows the flux density variation in the center of area 2. The triangle and diamond legends mark 

the value transformed from the equivalent positions. Each static simulation contains the transient 

flux density values at 6 different time stamp. 

With a resolution of 1 electrical degree, 180 time stamped flux density values are needed to 

cover a complete electrical period. Thus, the static simulation needs to be repeated 30 times with 

an incremental angle of 1 mechanical degree. 

 
Figure 3.8. Predicted transient simulation results from one set of experiment 

 

 
Figure 3.9. Flux density variation of P1contributed by PM. 
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The field density distribution at position P1 and its equivalent positions are stored to build the 

basis function PMniB  and PMtiB  which are the basis functions of rotor flux in the radial and 

tangential directions and i  denotes the result of the thi  experiment, where 0,1,2...29i  . 

For a given rotor speed of   rad s , the flux density of one position at the time instant 

(stamped) t  contributed to by PM are expressed in Equation 3.9 and 3.10. 
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( )

k
j

rn PMni

k
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rt PMti
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B t B e









 

 (3.11) 

180 6

i k
t

 

 
     (3.12) 

where i  represents the rotor position variation from 0 to 29 mechanical degrees, and k  denotes 

the equivalent position varying from 0 to 5. 

Figure 3.9 shows the transient simulation results of flux density variation at the stator tooth tip P1 

contributed to by PM. The comparison shows the validity of FRM in the reconstruction of the 

magnetic field in stator lamination. 

C. Field distribution contributed to by armature excitation 

Similarly, the basis functions of flux in the lamination contributed to by the armature excitation 

are built with different current excitations in the stator. The step of the phase angle is two 

electrical degrees. While building the basis function contributed to by armature excitation, the 

PMs are replaced with air. The basis function is built using static simulation, and they are 

expressed in equation (3.11) and (3.12). 
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     (3.14) 

where snB  and stB  denote the flux density in radial and tangential directions contributed to by 

stator excitation. sniB  and stiB  are the radial and tangential flux density distributions with the 

stator excitation in the ith set of experiment. 

Figure 3.10 shows a comparison of the field density variation at position P1 obtained from FRM 

and FEA simulation contributed to by stator excitation. In the experiment, the current magnitude 

is set to 5A and initial phase angle of 30 degrees. The results show a good agreement between 

FEA and FRM. 

D. Total field density distribution 

The field distribution in the lamination is reconstructed by summing up the field contributed by 

the PM and the stator excitation as expressed in equation 3.13. 

 
Figure 3.10. Flux density variation at P1 contributed by stator excitation  
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 (3.15) 

3.3.3 FRM results compared with FEA 

Figure 3.11 compares the flux density variation at the center of section 1, 2, 5, 10 and 13. The 

excitation is 6A, and the initial phase angle is 45 degree with the initial rotor position of 15 

degrees. The five different positions represent the corner of the stator tooth tip (section 1), the 

middle of stator tooth tip (section 2), the middle of stator tooth (section 5), the middle of stator 

yoke (section 10), and the edge of the stator yoke (section 13). The comparison shows that FRM 

results have a good agreement with that of FEA. The maximal error at the tangential direction is 

around 33% of that obtained by FEA, while the maximal error in radial direction is around 9% of 

that in FEA. The error of average flux density under one pole are 3% and 7% in radial and 

tangential direction separately. 

In summary, FRM is capable of reconstructing the magnetic field distribution in stator 

lamination of SPMSM. 
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(a)                                                             (b) 

 
(c)                                                                 (d) 

 
(e) 

Figure 3.11. Field density variation at 5 positions in stator 
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3.4 Extended FRM (EFRM) to reconstruct the magnetic field in the air gap of IPMSM2 

Due to saturation and slotting effects, conventional FRM cannot be applied to modeling of 

IPMSM directly. In this section, an extended FRM(EFRM) method which considers the 

saturation and slotting effects are proposed and explained in detail [25]. The effectiveness of 

EFRM will be verified by modeling an IPMSM and comparing the flux density distribution 

obtained by EFRM with FEA. 

3.4.1 Principle and assumptions 

Unlike conventional FRM, the stator and rotor flux are considered at the same time in EFRM. 

The flux linkage in the air gap is decoupled into d and q axis fluxes, the saturation effect at these 

two directions are modeled independently. 

Cross coupling effect describes the interaction between d and q axis fluxes [26]. In PMSM, d and 

q axis fluxes share part of the flux path at both stator yoke and rotor. The high magnitude of flux 

density in either axis would directly decrease the permeability of the material in that part and 

affect the flux density in the other direction. In SPMSM, due to the relatively large air gap, the 

flux density in either flux path is relatively lower than the saturation level. The effect of cross 

coupling in SPMSM is not obvious and usually is ignored. However, in IPMSM, the relatively 

small air gap in q axis and the flux density in d axis contributed by PMs would have relatively 

larger cross coupling effects. However, a very detailed study of the mutual coupling is beyond 

the scope of this dissertation. The cross coupling effect is not included in the following  

                                                 

2  © [2016] IEEE. Reprinted, with permission, from [L. Gu, M. Moallem, etc., “Extended field reconstruction method for 

modeling of interior permanent magnet synchronous machines”, in IEEE Transportation Electrification Conference and Expo 

(ITEC), June. 2016] 
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discussion acknowledging that it would introduce minor error in EFRM as will be discussed later 

in this chapter. 

In summary, assuming that the cross coupling effect between d and q axis is negligible, the flux 

distribution in the air gap is the superposition of the flux contributed to by d and q axis 

respectively. 

3.4.2 Building basis function 

3.4.2.1. Park transformation 

The purpose of Park transformation is to decouple the three phase flux into two independent 

values in the rotatory coordinate system so that saturation in d and q axis are considered 

respectively. 

Figure 3.12 shows the definition of three different coordinate systems, including three phase 

stationary ABC coordinate system, two phase stationary 0  coordinate system, and two phase 

rotary dq0 coordinate system. 

The transformation from ABC to dq0 systems are defined in equation 3.14 to 3.16. 

A (α)

β 

B

C

q

d

I

IdIq

 
Figure 3.12. ABC and dq0 coordinate system 
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Where, aI , bI  and cI are current values in three phase stationary coordinate systems; I  and I  

are current values in stationary two phase system; dI  and qI .are two phase current in the rotary 

(synchronous) coordinate system. 

The inverse transformation from dq0 to ABC is shown in equation 3.17 to 3.18: 
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3.4.2.2. dq0 coordinate system and the assumption of the EFRM 

The definition of A axis, d, and q axis are shown in Figure 3.13(a). The A axis points towards the 

center of flux linkage A, d axis is pointed at the center of PM, and q axis is defined as 90 

electrical degrees ahead of d axis. The initial angle between A axis and d axis is denoted by 0 . 
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After park transformation, three phase fluxes are decoupled into d and q axis flux. Figure 3.13 

shows the flux path in d axis and q axis respectively. Since the cross coupling effect is neglected, 

the d axis flux only depends on Id, and q axis flux depends on Iq solely. The flux distribution 

contributed to by Id and Iq is added to obtain the reconstructed field distribution in the air gap. 

Equation 3.19 describes the flux density contributed to by Id and Iq respectively, which contains 

the components in the radial and tangential directions. Then the total flux density is expressed in 

equation 3.20. The reconstructed flux density in the radial direction is the sum of the radial flux 

density contributed to by Id and Iq; so is the flux density in the tangential direction. 

( 0)

( 0, 0)

d nd td

q nq tq

B B jB Iq

B B jB Id PM

  


   
 (3.21) 

( ) ( )n t d q dn qn dt qtB B jB B B B B j B B         (3.22) 

where, Bd and Bq are the flux density contributed by Id and Iq respectively. Bdn, Bdt, Bqn and Bqt 

are their radial and tangential components. Bn and Bt are the radial and tangential components of 

the synthesized B. 

A+

C

+

C

+

A+

C

+

C

+

 
(a) Flux path in d axis                 (b) Flux path in q axis 

Figure 3.13. Flux path of IPMSM in d and q axis 
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3.4.2.3. Building magnetic field basis function in d and q axis 

Figure 3.14 shows the flux density distribution in radial direction contributed to by Id and Iq 

currents respectively at different current levels. In Figure 3.14(a), the flux density distribution is 

contributed to by Id and PMs, where Id varies from -2.5A to 2.5A with steps of 0.5A. The flux 

density is approximated by subtracting the synthesized flux density from the flux density at the 

no-load condition. Figure 3.14(b) shows the flux contributed to by Id.  Notably the maximal flux 

density in radial direction is 0.05869 T, 0.1596 T, 0.2342 T and -0.2968 T at current levels of 0.5 

A, 1.5A, -2.5A and -2.5A respectively. The flux density does not increase proportionally with the 

current, saturation happens in d-axis. The saturation is mainly contributed to by the high flux 

density provided by PMs. 

Strictly speaking, the subtracted results differs from that of the flux density contributed by Id, not 

only because of the fact that the operating point of PMs varies at different load conditions but 

also due to the cross coupling effects mentioned before. Frozen Permeability (FP) method is 

capable of providing an accurate result [27]. However, the process would complicate the whole 

process of building basis function. In addition, due to the existence of PM, the flux density in the 

d axis flux path is relatively high and as such the error is relatively small and negligible. 

Figure 3.14(c) shows the flux density contributed to by Iq at different current levels. It must be 

noted that the PMs are replaced with air in simulation to separate the flux contributed to by PMs. 

The maximal flux density in radial direction are recorded at 0.09767 T, 0.2929 T and 0.4871 T 

contributed by Iq set at -0.5A, -1.5A -2.5A. The flux density increases almost proportionally with 

the increments of Iq. This shows saturation is not severe. To show the cross coupling effect on q 

axis flux, FP is used to show the flux density variation. Since the Id is unknown, the permeability  
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(a) Flux distribution contributed by d axis current 

 

(b) Flux distribution compensated by flux by PM 

 

(c) Flux distribution contributed by q axis current 

Figure 3.14. Flux density distribution in the air gap contributed by Id or Iq . 
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is frozen with only PMs and Iq load. Figure 3.15 shows the flux density distribution obtained 

with FP method. The results are compared with the field obtained without FP method. The 

comparison shows that the maximal error is 0.06T, which is around 14% of that obtained in 

FEA. The error of average flux density under one pole are 3% and 7% in radial and tangential 

direction separately. Therefore, cross coupling effect is neglected to simplify the process of 

building basis function. 

11 sets of evenly distributed Id and Iq currents are implemented to ensure that the basis function 

have both a good accuracy and high computational efficiency. The flux density distribution 

under any current within the rated current can be interpolated from the basis function. 

 
(a) Iq=2A                                                 (b) Iq=-2A 

Figure 3.15. Flux density distribution in the air gap using FP method  
 

 
(a). Flux density distribution in radial direction(b). Flux density distribution in tangential direction 

Figure 3.16. Slotting effect of IPMSM 
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3.4.3 Slotting effect 

In an SPMSM with the pole arc coefficients equals to 1, the flux distribution pattern contributed 

to by PMs should be uniform at different rotor positions. The situation is different in IPMSM 

where the pole arc is smaller than 1. Figure 3.16 shows flux distribution at three different rotor 

positions under a no-load condition. It is apparent that the flux pattern at 0 degree and 4 degree 

differ in both radial and tangential directions, but the flux pattern at 10 degree is the same as that 

of 0 degree. This is because the stator houses 36 slots and hence the slot pitch angle is 10 

mechanical degree. It means that the flux pattern will repeat at every 10 mechanical degrees. To 

have both a good accuracy and computation efficiency, 10 sets of the static simulation are 

conducted to cover 10 evenly distributed positions in a slot pitch. 

3.4.4 Field reconstruction from basis function 

As described above, the flux density basis function includes the flux density at 10 different rotor 

positions and 11 different current levels for Id and Iq. With the basis functions, the field density 

distribution at any rotor position with any current value within rated current range can be 

interpolated and rebuilt. The basis function at each rotor position is a 2D lookup table, which 

includes the flux density distribution in both radial and tangential directions with the different 

current levels for Id and Iq. Due to the slotting effect, the whole basis function is a 3D lookup 

table which considers the flux density distribution at different rotor positions as shown in 

Equation 3.21. Figure 3.17 shows the flowchart used for building basis function. 
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For a given three phase current excitation and rotor position, the current will be decoupled into d 

and q axis current first. The flux distribution at d and q axis will be interpolated based on the 

rotor position and current value as expressed in equation 3.22 and 3.23. Finally, the flux density 

in d and q axis are added to obtain the flux density distribution as expressed in equation 3.24 to 

3.26. Figure 3.18 describes the flow chart of reconstructing field using EFRM. 
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Iq, and the current step Id0 and Iq0
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Align the stator vector to d axis and apply 

d axis current, conduct static FEA 

simulation and store Bd

End
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Align the stator vector to q axis, apply q 

axis current and replace PM with air, 

conduct static FEA simulation and store Bq
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Figure 3.17. Flowchart of building basis function 
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Detect phase current Ia, Ib and 

rotor position, obtain Id and Iq

Detect phase current Ia, Ib and 

rotor position, obtain Id and Iq
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Calculate the equivalent permeability at 

this rotor position

Calculate the equivalent permeability at 

this rotor position

Obtain flux density distribution Bdn, Btn, 

Bqn and Bqt  using interpolation

Obtain flux density distribution Bdn, Btn, 

Bqn and Bqt  using interpolation
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obtain Bn and Bt

Calculate the flux density distribution in 
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Calculate the flux density distribution in 
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permeability

Post process including: flux linkage, 

back EMF, etc.

Post process including: flux linkage, 

back EMF, etc.

EndEnd

 
Figure 3.18. Flowchart of reconstructing magnetic field from basis function 
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3.4.5 FEA simulation verification 

FEA simulations are conducted to obtain the flux density distribution at several typical working 

situations to verify the accuracy of EFRM. The flux density distribution in the air gap of IPMSM 

at different operating positions in four quadrants is covered to keep the completeness of the 

comparison. 

A series of simulations are conducted and compared with the results of FEA. To cover the full 

operation range of IPMSM, 8 sets of different operating points (point 1 to 8) located at the 

current limit circle, as shown in Figure 3.19, are selected to verify the static flux density 

distribution at both radial and tangential directions within the range of rated current. 4 additional 

operating points (point 9 to 12) located inside the current limit circuit are selected to verify the 

accuracy of current interpolation method. 

A. Operation points 1 to 4 

In this set of experiment, all of the 4 points are located at the current limit circle. All the 

operating points must locate inside of the current circle. Figure 3.20 to 3.23 shows the flux 

density distribution in the air gap of the operation point 1 to 4 respectively.  

Point 1 and 3 are not typical operating points of IPMSM since Iq is set at zero.They are included 

here just for the sake of completeness. Point 2 and 4 are typical operating points in IPMSM. In 

field oriented control (FOC) of IPMSM, Id is usually set to 0, and positive Iq generates positive 

torque and vice versa. 

B. Operating points 5 to 8 

Point 5 to 8 are located at the current circle as well. Figure 3.24 to 3.27 shows the flux density 

distribution in the air gap of the operating point 5 to 8 respectively. 
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Point 5 and 6 generate negative torque due to negative Iq, and the torque at point 7 and 8 are 

positive due to positive Iq. Positive Id intensifies the flux in the air gap, and negative Id cancels 

part of the flux which is also referred to as flux weakening when speed is higher than base speed. 

C. Operating points 9 to 12 

Point 9 to 12 are located inside the current limit circle. Figure 3.28 to 3.31 shows the flux density 

distribution in the air gap of the operation point 9 to 12 respectively. These four operation points 

show the EFRM offers a good agreement with that of FEA. It shows that a lower current 

excitation provides less cross coupling effect, the error between EFRM and FEA are much 

smaller than operating points 1 to 8 where current excitation is at rated value. 

All the 12 sets of experiments show EFRM has an acceptable accuracy compared with FEA 

results. The maximal error of average flux density under one pole are around 7% and 3% in 

radial and tangential direction separately. 
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Figure 3.19. Experiment verification of different operation points 
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(a) Radial direction                                            (b) Tangential direction 

Figure 3.20. Flux density distribution at Point1 with Id=2.5A, Iq=0 

 

 

(a) Radial direction                                            (b) Tangential direction 

Figure 3.21. Flux density distribution at Point2 with Id=0 and Iq =-2.5A 

 

  

(a) Radial direction                                            (b) Tangential direction 

Figure 3.22. Flux density distribution at Point3 with Id=-2.5A Iq=0A 
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(a) Radial direction                                            (b) Tangential direction 

Figure 3.23. Flux density distribution at Point4 with Id=0 and Iq = 2.5A 

 

 
(a) Radial direction                                            (b) Tangential direction 

Figure 3.24. Flux density distribution at Point5 with Id=1.8A and Iq=-1.8A 

 

 
(a) Radial direction                                            (b) Tangential direction 

Figure 3.25. Flux density distribution at Point6 with Id=-1.8Aand Iq=-1.8A 
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(a) Radial direction                                            (b) Tangential direction 

Figure 3.26. Flux density distribution at Point7 with Id=-1.8Aand Iq=1.8A 

 

 
(a) Radial direction                                            (b) Tangential direction 

Figure 3.27. Flux density distribution at Point8 with Id = 1.8A and Iq=1.8A 

 

 
(a) Radial direction                                            (b) Tangential direction 

Figure 3.28. Flux density distribution at Point9 with Id=1.25A and Iq =0 
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(a) Radial direction                                            (b) Tangential direction 

Figure 3.29. Flux density distribution at Point10 with Id=0 and Iq = -1.25A 

 

  
(a) Radial direction                                            (b) Tangential direction 

Figure 3.30. Flux density distribution at Point11 with Id=-1.25A and Iq = 0 

 

  
(a) Radial direction                                            (b) Tangential direction 

Figure 3.31. Flux density distribution at Point12 with Id=0 and Iq = 1.25A 
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There are two main reasons that lead to the mismatch between EFRM and FEA. First, the cross 

coupling effect between d and q axis flux. It is mentioned that in this IPMSM, d axis is easily 

saturated due to the PMs. Though the separation of d and q flux will consider the saturation 

respectively, however, the cross coupling effect is not negligible in IPMSM, which leads to the 

error. 

Secondly, the interpolation of basis function between adjacent rotor positions introduces extra 

error. Since the slot pitch angle is 10 mechanical degrees, the basis function is built from the flux 

density at a k (k=0, 1, 2, …9) degree. When rotor locates at any intermediate positions, the flux 

density has to be interpolated from the flux density contributed to by adjacent rotor positions. 

The flux density at adjacent rotor positions is a nonlinear function so that the interpolation would 

lead to error. 

3.5 Field Reconstruction in Stator Lamination of IPMSM 

Similar to the process of field reconstruction in stator lamination of SPMSM, the magnetic field 

distribution in stator lamination can also be obtained through the EFRM. The saturation effect 

and slotting effect still exists in stator lamination.  

Based on the theory in Section 3.3, there are 11 equivalent positions for any position in one 

stator lamination. As a result, the flux density value at 12 time stamps can be obtained from one 

static simulation. To have 180 snapshots in one transient waveform, 15 sets of static simulation 

is enough to reconstruct the transient waveform of the magnetic field distribution in stator 

lamination. 

Figure 3.32 shows the 1/36 stator lamination model, which is used to estimate the core loss in the 

stator. The model is divided into 14 sectors and the flux density variation in each sector 
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represents the flux density variation in that area, which is an approximation. More sectors will 

result in better accuracy at the cost of computation time. 

Similar to the process of building the basis function in stator lamination, there are 14 sets of basis 

function representing each area. Each set of basis function is a 3D lookup table which contains 

the information of flux density at the target positions and their equivalent positions at different Id 

and Iq current. 

Figure 3.33 compares the flux density variation at the position 1, 2, 4, 6, and 10 obtained using 

EFRM and FEA. The comparison shows EFRM has a good agreement with that of FEA. The 

maximal average error of the flux density under one pole are 8% and 9% separately, which are 

closely related to the position of the areas. The comparison also shows error in the EFRM, which 

is mainly due to the cross coupling effect of the d and q axis flux. 

 

 

 
Figure 3.32. 1/36 model of stator lamination and sectors 
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(a)                                                             (b) 

 
(c)                                                                 (d) 

 
(e) 

Figure 3.33. Field density variation at position 1, 2, 5, 7, 10 in stator 
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3.6 Discussion 

3.6.1 Advantage of EFRM 

Compared with conventional FRM, EFRM is capable of taking saturation effect into 

consideration by decoupling the flux into d and q axis. The saturation effect in these two 

components is considered independently, and the cross coupling effect is neglected. In addition, 

slotting effect changes the flux pattern, and interpolation with limited sampling of flux density is 

not accurate enough. 

Another aspect shows the advantages of EFRM is the computer resource and computation time. 

Generally, with a laptop configured with i5-3210M CPU @ 2.5 GHz and 8GB memory, it takes 

around 45 seconds to a single static electromagnetic field calculation for a geometry with an out 

diameter smaller than 200mm. To build a full set of basis function for IPMSM using EFRM, 220 

sets of static FEA simulation are necessary to keep a good accuracy which costs around 165 

minutes. However, the reconstruct process is generally 30 seconds which is much less than the 

time cost of a static simulation. For the purpose of exploit the optimal current profile to reduce 

the torque ripple or average torque. Conventional method is to combine the Matlab toolbox and 

Maxwell to find the optimal current, which usually takes hours or even days. However, the time 

of using EFRM is 5 minutes. The total time is around 170 minutes which is much shorter 

compared with 3000 minutes [12]. 

The computation efficiency is much higher than FEA transient simulation since the main 

calculation effort in EFRM and FRM is implemented through interpolation from the basis 

function rather than solving Maxwell equations. 
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3.6.2 Limitations of EFRM 

A. Cross coupling effect 

Cross coupling effect between the flux in d and q axis causes an error. In practice, d and q axis 

flux share the same path in some area, saturation in any axis will affect the flux distribution in 

the other axis. In d axis, due to the existence of PMs, the core is already working at an area near 

saturation. In addition, the reluctance of q axis is relatively smaller due to the small air gap and q 

axis is also easily saturated. 

B. Separation of the flux distribution by d and q axis current 

The separation of the flux contributed by solely d or q axis current is given by equation 3.19. The 

PMs are simply replaced with air while considering the flux contributed by q axis current. FP 

method is capable of separting the flux provided by d axis source and q axis source. However, it 

will complicate the whole process of building basis functions. 

C. Slotting effect 

The slotting effect results from the less than unit pole pitch coefficient. When the pole pitch 

coefficient is less than one there is a gap between adjacent PMs on the rotor surface. The relative 

position between stator tooth and PMs will have an influence on the flux distribution in the air 

gap due to the stator slots. In this dissertation, instead of using flux distribution at one rotor 

position, experiments at 10 evenly distributed rotor positions are conducted to cover a single 

stator tooth to build the basis function. However, when rotor locates between the rotor positions, 

the flux distribution is interpolated from the existing values at adjacent rotor positions. 
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3.7 Summary 

In this chapter, conventional FRM is summarized from previous work. Then FRM is extended to 

reconstruct the flux distribution in stator lamination for the estimation of core loss. Furthermore, 

EFRM is proposed to consider the saturation effect and slotting effect in IPMSM. Both the 

advantages and disadvantages are discussed. 
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CHAPTER 4 

CONFORMAL MAPPING IN MAGNETIC FIELD CALCULATION 

4.1 Introduction 

In 1929, Hague derived equations for calculating the electromagnetic field in various 

ferromagnetic core geometries [22]. Two simplified geometries mentioned in that book are the 

iron annulus and infinite iron plate with a conductor carrying current located in the air gap. The 

analytical expression of magnetic field distribution in the rectangle and annulus are easy to 

obtain. However, this analytical solution cannot be directly applied to normal electrical machines 

which contain slots. 

Conformal mapping (CM) is a mathematical tool that is capable of mapping a complicated 

structure onto another plane. In particular Schwarz- Christoffel (SC) mapping [28-32] is capable 

of mapping a polygon to an upper half plane. The air gap geometry in an electric motor is 

transformed to either an annulus or a rectangle where the magnetic field distribution is readily 

available courtesy of Schwarz-Christoffel (SC) mapping toolbox [33]. The magnetic field in 

either rectangle or annulus is transformed back to the original plane to obtain the field 

distribution in the original air gap geometry. 

Also, SC mapping provides an alternative solution for modeling the slotting effect. A slotted 

structure is replaced with the combination of a slotless structure and equivalent permeability. The 

flux pattern due to the slotting effect is modeled as an equivalent complex permeability. The 
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complex equivalent permeability helps to simplify the slotting stator structure to a slotless 

structure for which analytical solutions are at hand. 

4.2 CM method 

4.2.1 Schwarz-Christoffel mapping and SC mapping toolbox 

Figure 4.1 shows the CM from an upper half plane to the interior of a polygon which is called 

Schwarz-Christoffel (SC) mapping [33]. The vertices of the polygon are denoted as 1 , 2 ,…, n , 

and the numbers 1 , 2 ,…, n  are the interior angles at the vertices. The SC formula for the 

map f is expressed as: 

1
1

0
0

1

( ) ( ) ( )
j

n
z

j
z

j

f z f z c z d 
 





    (4.1) 

SC mapping method provide an analytical expression to describe the relationship between the 

geometries on different planes. When the vertices of the polygon are less than 3, the analytical 

expression solution is simple, so is the reverse transformation. However, when the vertices of the 

polygon are larger than 3, the equation 4.1 is too complicated to derive the analytical expression. 

However, numerical calculation of the integration is easy to realize in Mathlab. 

12

3 4

56

7

7z

f

 

Figure 4.1. Schwarz- Christoffel conformal mapping 
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Mathlab SC Toolbox provides a numerical calculation method with both graphical user interface 

and command line functions to perform mapping numerically [33]. The main functions used in 

the transformation are listed in Table 4.1 with a brief illustration. 

Table 4.1. Main function used in transformation 

polygon() Defines a polygon with the vertices in complex form, the sequence 

of the vertices are in the counter-clockwise direction. 

crrectmap (p, alpha) ccrectmap calculate the function f transform the rectangle to the 

polygon. p is the polygon defined with the polygon function, and 

alpha is the angle of the vertices on the rectangle plane. 

evalinv A reverse transformation which mapps the polygon to a rectangle.  

evadiff Provides the derivative of f with respect to z plane at the point Z. 

4.2.2 Analytical field solution in annulus and rectangle 

The commonly used analytical expression of the magnetic field is provided in [28], and the 

analytical expression of the magnetic field distribution in a rectangle and annulus are 

summarized here. 

4.2.2.1 Analytical expression of flux distribution in rectangular structure 

Figure 4.2 shows an example of a rectangular air gap structure with a current conductor 

embedded in it, the length and width of the rectangle are dx and dy respectively. The conductor 

is located at xi+jyi, the flux density distribution at position c=x+jy is expressed in equation 4.2 to 

4.4. 
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In this expression, the permeability of the stator and rotor core is assumed to be infinitely large. 

The equation above is summarized as: 

 

0 (coth( ( )) coth( ( )))
4 2 2

i
s s i s i

I
B j Z P Z P

dy dy dy

  
     (4.5) 

where Zs is the target position in the rectangular air gap. Bs is the flux density in the complex 

form, and Pi is the coordinate of the conductor. 

4.2.2.2 Analytical expression in annulus structure 

With a further transformation, the rectangle is mapped to an annulus as shown in Figure 4.3. The 

inner and outer radius of the annulus are r1 and r2 respectively. The flux density distribution at 

position P=
ire 

 contributed to by a current source which is located at 0

0

i
r e


 with the magnitude 

of I in an annulus structure is expressed in equation 4.7 to 4.10 [30]. 

 

 
Figure 4.2. Flux density distribution in a rectangle with a single current conductor 
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0      (4.11) 

The permeability of the three layers are 1 , 0  and 2  respectively. 

The mapping from the rectangle to an annulus is expressed as: 

 

Figure 4.3. Flux density distribution in an annulus with a single current conductor 
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exp( )T s   (4.12) 

where S is the rectangle plane, and T is the annulus plane. 

4.2.3 Direct CM of air gap geometry 

The purpose of CM is to map the air gap geometry to a simple structure such as a rectangle or an 

annulus where the analytical expression of flux density distribution is available. 

In this section, the air gap geometry in PMSM will be mapped to a rectangle or an annulus to 

calculate the flux distribution in original geometry. The mapping process of the SPMSM and 

IPMSM are different and will be illustrated in the following sections since they have different 

rotor structures. 

4.2.3.1 Mapping the air gap geometry of an SPMSM to a rectangle 

A. Mapping process 

In SPMSM, PMs are mounted on the surface of the rotor and the permeability of PM is closed to 

unity, the air gap structure is a connected geometry. Previous work has been done to obtain the 

field distribution [32]. Figure 4.4 shows the process of mapping airgap to a rectangle in SPMSM. 

 

 
Figure 4.4. Mapping process of the air gap geometry in an SPMSM to a rectangle 
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The first step is to map the original geometry in the Z plane to a polygon on W plane, and the 

transfer function is expressed as in equation 4.13: 

1 : log( )f W Z            (4.13) 

The second step is to map the polygon structure on W plane to a rectangle on S plane with the 

SC mapping toolbox. 

B. Field solution in original plane 

According to [21], conformal mapping preserves scalar potentials. However, the potential’s 

associated vector field is not preserved, and the relationship between vector fields is derived as 

follow: 

A mapping  f z     transforms ( , )x y   in z-plane to ( , )u v    in the   plane. The gradient 

of the scalar is shown as below. 

( , )
( , )

( )

x y
u v

f z

  
  

 





 


 (4.14) 

where the cap above ( )f z 
  indicates the conjugate of the derivative of the mapping at the 

position z . 

According to the mapping process which is shown in Figure 4.4, two mapping process are 

necessary to map the original Z plane to S plane. Based on equation 4.14, the field distribution in 

the original Z plane is given by: 

1 1

2 1( ) ( )

S
Z

B
B

f S f W 



  (4.15) 

C. Influence of slot shapes on flux distribution 
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Since the permeability of the stator and rotor core are assumed to be infinity large, the 

simplification of the slot shape will not introduce any extra error. Slot opening and slot depth 

would be the only parameters that affect the flux distribution in the air gap. Figure 4.5 shows 

how the original slot shape is simplified to a structure with 4 vertices on the right. The simplified 

stator slot opening and depth are kept the same with an original slot opening on the left. 

Figure 4.6 shows the simplified mapping process of the modified structure. The vertices of the 

polygon in W- plane are reduced from 100 to 52 which reduces the computation effort greatly. 

Figure 4.7 shows the flux density distribution in original geometry and simplified strcture. The 

comparison shows the two waveforms have a good agreement with each other, the simplification 

of the slot shape saves a great computation effort without losing any accuracy. The error of the 

average flux density under one pole pair in both radial and tangential direction are less than 3%. 

4.2.3.2 Mapping of  the air gap structure in IPMSM to a rectangle 

The mapping process of IPMSM to a rectangle differs from that of SPMSM due to the rotor 

structure. In IPMSM, the PMs are mounted inside the rotor, and the air gap is relatively much 

smaller than that of SPMSM. The small airgap would introduce saturation in both d and q axis. 

Figure 4.8 shows the flux density map of the motor at the no-load condition. It shows that 

saturation happens around the edges of the flux barrier, the permeability of the saturated rotor 

edge decreases greatly according to the B-H curve of the DW360-50 shown in Figure 4.9. 

The relative permeability at 2[T] decreases greatly. To simplify the process, the saturated part is 

assumed to be air. The simplification brings extra error. However, without the simplification, the 

air gap geometry is not a connected area, which would be too complicated to process. 
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Figure 4.5. Simplification of stator tooth 

 

 
Figure 4.6. Mapping process of simplified stator structure to a rectangle 

 

 
(a)                                                                        (b) 

Figure 4.7. Flux density distribution of original and simplified slot structure 
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To simplify the mapping process of IPMSM, there are several assumptions to be addressed: 

Firstly, the holes in the original IPMSM motor are neglected. The holes are designed for 

mechanical consideration since they do not have much influence on the flux density distribution. 

The second step is to simplify the stator slot to a rectangle shape, which has been approved 

above. Thirdly, the saturation area is replaced with a simple structure with the equivalent 

permeability of air as shown in the Figure 4.10. 

 

 

Figure 4.8. Partial saturation in the air bridge of IPMSM 

 

 
Figure 4.9. BH curve of the material of DW360_50 
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Figure 4.11 shows the first step of mapping for the one-third geometry of the motor from Z plane 

to W plane. The transformation function is same as in equation 4.13. Figure 4.12 shows the 

zoomed view of the edge of the rotor close to the air bridge. With the third approximation, part 

of the rotor edge is eliminated. Figure 4.13 shows the simplified geometry, and the air gap 

geometry is connected with the gap replacing the PMs. A further simplification is to assume that 

the thickness of the PMs in W plane are all the same at different positions. The rotor is pushed 

and merge with the inner rotor. In the meantime, the PMs which are located inside the rotor are 

moved to the surface of the rotor. Figure 4.14 shows the final structure of the transformed motor 

in W plane. Figure 4.15 shows the air gap geometry which is simplified using a polygon 

structure, and it is directly mapped onto a rectangle in S plane by the virtue of SC mapping tool. 

The flux density calculated in W plane is transferred back to the original geometry. 

The B field expression in the in Z plane is expressed as below: 

1 1

2 1( ) ( )

S
Z

B
B

f S f W 



 (4.16) 

It is apparent that the reverse transformation of the geometry back onto Z plane results in an 

SPMSM with relatively small saliency. 

 

 
Figure 4.10. Simplified structure of IPMSM on Z plane 
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Figure 4.11. Mapping IPMSM from Z plane onto W plane 

 

 
Figure 4.12. Zoomed in the edge of the air bridge 

 

 
Figure 4.13. Approximation after eliminating the saturated iron on the edge of air bridge 
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In summary, the work described above illustrates the process of direct mapping of the air gap 

geometry in PMSM to a rectangle. It has to be noted that a single stator slot structure introduces 

4 vertices in the polygon which is part of the index in equation 4.1. The larger index n means 

longer computation time. Thus, direct CM is still not convenient enough due to the complicated 

stator slot structure.  

 
Figure 4.14. Simplified structure of IPMSM on W plane 

 

 
Figure 4.15. The geometry of air gap on W plane 
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4.2.4 Modeling of slotting effect using equivalent permeability 

In this section, the equivalent permeability of the stator slot is introduced to simplify the stator 

slot structure in W plane. In [29], an exact field solution in the air gap of a surface mounted 

PMSM with radial and parallel magnetization was derived based on the assumption that the 

permeability of iron was infinitely large and the stator is a slotless structure. CM was utilized to 

model the stator slot with an equivalent permeability. The field distribution in the slotted 

structure is the product of the field in slotless structure and the equivalent permeability. With CM 

method, the flux density distribution in radial direction was accurate enough compared with FEA 

results. However, the flux density in tangential direction is not given. In addition, both edges of 

the slots were treated as two corners rather than separate corners, resulting in the errors of flux 

density distribution in the tangential direction. 

To obtain the flux distribution in tangential direction, a different CM solution in [29] provides 

accurate results in both radial and tangential direction. The main difference between the 

transformations in [9] is that the edges were treated as separate corners. This method was also 

verified by authors in [31] and [32], the results from CM method and FEA showed a good 

agreement. In this dissertation, the same mapping method in [28] and [29] is adopted and the 

main process is illustrated in the following section. 

Figure 4.16 shows the mapping process including four different transformations. The purpose is 

to transform the original air gap geometry with stator slot on Z plane to a slotless structure on T 

plane. After the transformation, a single slot is modeled with a slotless structure with equivalent 

permeability. Then, all of the stator slots can be modeled with equivalent permeability expanded 

from the single slot model. 
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Figure 4.16. Mapping process of the air gap in the slotted structure to a slotless structure 

 

 
Figure 4.17. Air gap geometry on Z plane 

 

 
Figure 4.18. Air gap geometry on W plane 

 

 
Figure 4.19. Mapping geometry onto K plane 



81 

 

Figure 4.17 describes the original slot geometry in polar coordinates system in Z plane. The inner 

and outer radius of the air gap are rR  and sR , the angle of the slot edge of 3 and 4 are 1  and 2 , 

and the slot pitch angle is s . 

The first step is to map this arrangement onto W plane with the transfer function expressed in 

equation 4.13. Figure 4.18 shows the transformed geometry in W plane. Since the slot is assumed 

to have infinite depth, the edge would be positive infinity on Z plane. To simplify the 

transformation, corners 1 and 2 are mapped to k=0. Corner 5 and 6 are opened and mapped to 

negative and positive infinity in K plane. Corners 3 and 4 are mapped to k a  and k b  on K 

plane, and the positive and negative infinity on W plane are mapped to 1k   on K plane. 

Using Schwarz- Christoffel mapping method, the geometry in W plane is transformed to upper 

half plane on K plane with the function f2, as shown in Figure 4.19 [28]. 
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The next step is to map the upper half plane to a band on S plane with the transfer function f3. 

Figure 4.20 shows the band geometry on S plane. 
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    (4.18) 

Figure 4.21 shows the last transformation which is to map the band to a slotless structure on K 

plane. The transfer function f4 is: 

4 : tf k e  (4.19) 

Accordingly, the reverse transformation of the four functions is expressed in equation 4.20 to 

4.23. 
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1

4 : ln( )f t k   (4.23) 

Then the flux density distribution in Z-plane is expressed as: 

 
Figure 4.20. Mapping air gap geometry onto S plane 

 

 
Figure 4.21. Mapping air gap geometry onto T plane. 
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ZB  is the flux density in the air gap with slots, and TB  is the flux density in slotless structure in 

Figure 4.21. The term on the right side of the equation 4.24 is the conjugate of the complex 

equivalent permeability. The equivalent permeability is expressed in equation 4.25. 
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 (4.25) 

The flux density distribution in original geometry is the product of flux density distribution in 

slotless structure and the conjugate of the complex equivalent permeability. 

4.3 Conformal mapping on SPMSM 

4.3.1 Equivalent current sheet model of PM  

The PMs work as a flux source in the motor and are modeled with equivalent current sheets. 

Generally, PMs are modeled with either volume current or surface current model. In this 

dissertation, the PM of SPMSM is modeled with 14 single turn evenly distributed surface current 

sheets as shown in Figure 4.22. The magnitude of the current is 113.6A. Figure 4.23 shows the 

flux density distribution in the middle of the air gap. In Figure 4.23, the black line and red line 

denotes the flux density contributed by original PMs and current equivalent sheets respectively. 

The comparison shows the flux density distributions have a good agreement with each other in 

both in the radial and tangential directions. The error of the average flux density under one pole 

at both radial and tangential direction are less than 3%, which is mainly due to the imperfection 

in the location of the equivalent currents on the corner, and are negligible. 
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4.3.2 Calculation of magnetic field in SPMSM using SC mapping tool 

Till now, the process of CM on the SPMSM is fully illustrated. The PMs are modeled with the 

equivalent current. The windings in slots are modeled with a single conductor with total MMF. It 

has to be noticed that the material is linear in the CM method. FEA simulation of both linear and 

nonlinear materials are conducted to show the influence of saturaion. 

Figure 4.24 describes the detailed process mapping of the original motor geometry in Z plane to 

a rectangle geometry on S plane. The target is to obtain the flux density distribution on the 

contour in the middle of the air gap in original geometry in the Figure 4.24 (a). The PMs are  

 
Figure 4.22. Model PMs with equivalent surface current sheets 

 

 
(a)                                                                     (b) 

Figure 4.23. Flux density distribution of PM and equivalent current sheets 
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modeled with equivalent current sheets, and slot current is modeled with a single conductor 

carrying all the currents, which are represented by the red circle in Figure 4.24.  

Figure 4.25 shows the field distribution calculated by CM and FEA with the material setting as a 

constant permeability. Figure 4.26 shows the field distribution from FEA with a nonlinear  

 
(a) Z plane                                                         (b) W plane 

 
(c) S plane 

Figure 4.24. Equivalent model of SPMSM with excitation in both stator and rotor 
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material. Comparison shows that CM method has very good accuracy when the core saturation is 

not considered. The maximal error of the average flux density in radial and tangential direction 

are around 5% and 7% separately. Saturation issue is the main limitation of CM since partial 

saturation is not considered. 

4.3.3 Calculation of magnetic field in SPMSM using equivalent permeability 

4.3.3.1. Equivalent permeability of SPMSM 

Based on the description in the previous section, the equivalent permeability is calculated based 

on the parameters provided in Chapter 2. In SPMSM, the equivalent air gap of SPMSM is equal 

 
(a)                                                                               (b) 

Figure 4.25. Flux density distribution from CM and FEA with linear material 

 

 
(a)                                                                            (b) 

Figure 4.26. Flux density distribution from CM and FEA with nonlinear material 



87 

 

to the sum of the thickness of PMs and air gap. Figure 4.27 shows the equivalent complex 

permeability of SPMSM under one pole. With the equivalent permeability, the slotted stator 

structure is replaced with a slotless structure, and the air gap length is kept the same. 

4.3.3.2. Field in slotless stator of SPMSM 

Figure 4.28 shows the slotless structure of SPMSM. In this model, the conductors are placed on 

the surface of the stator. Seven evenly distributed conductors are placed to cover the span of the 

original slot opening to model the slot current. Figure 4.29 shows the flux density in the slotless 

structure. It has to be noted that the magnetic field distribution in Figure 4.28 is directly derived 

using the analytical expression for annuls. 

4.3.3.3. Field in slotted stator of SPMSM 

Based on equation 4.24, the flux distribution in original geometry is obtained. Figure 4.30 shows 

the flux density distribution in the middle of the air gap under a no-load condition. The 

comparison shows the equivalent permeability method has a good agreement with the results 

from FEA (less than 2% error). The equivalent permeability reduces the calculation effort greatly. 

 

 

 
                                   (a)                                                                            (b) 

Figure 4.27. Equivalent permeability of the slotting effect in SPMSM 
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Figure 4.28. Flux density distribution in slotless structure 

 

 
Figure 4.29. Flux density distribution in slotless structure 

 

 
(a)                                                                     (b) 

Figure 4.30. Flux density distribution of SPMSM at no-load condition 
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4.4 Conformal mapping applied to IPMSM3 

In the previous section, the process of calculating the flux distribution in the middle of the air 

gap of an IPMSM is illustrated. Due to the complexity of the rotor structure in CM, significant 

approximation are adopted to simplify the rotor structure. It is inevitable to see the errors 

between CM and FEA even though the material in FEA is set as a linear material. The structure 

mismatch is the main issue that introduces the error in calculating the magnetic field distribution 

when using CM. An alternative method to model the stator slot is introduced, the stator slots are 

modeled with an equivalent complex permeability, and the field distribution in slotted structure 

is the product of the magnetic field in slotless structure and the conjugate of the equivalent 

permeability. Using this technique the stator structure is greatly simplified. 

4.4.1 Calculate magnetic field in IPMSM using SC mapping tool 

Figure 4.31 shows the magnetic field distribution in the middle of the air gap in original IPMSM 

calculated by CM and FEA. As expected, there are quite large errors (around 250% error at 

specific positions) in the flux distribution in the radial direction. The approximation of the rotor 

structure leads to the error. However, the overall envelop matches with the FEA results. 

4.4.2 Calculation of magnetic field in IPMSM using equivalent permeability 

The magnetic field distribution can also be obtained using equivalent permeability method. The 

slots in the stator are modeled with an equivalent permeability. Figure 4.32 shows the one-third 

                                                 

3 © [2016] IEEE. Reprinted, with permission, from [L. Gu, M. B. Fahimi etc., “An Improved Conformal Mapping Aided Field 

Reconstruction Method for Modeling of Interior Permanent Magnet Synchronous Machines”, in IEEE Energy Conversion 

Congress and Expo(ECCE), Sep. 2016] 
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model of slotless structure IPMSM. The stator is replaced with a solid piece which has the same 

inner radius of the stator. 

The equivalent air gap is kept the same as in the original structure (i.e., the air gap length and the 

slot dimension). The equivalent permeability is obtained based on the process explained in the 

previous section. 

 

4.4.2.1 Equivalent permeability of IPMSM 

In IPMSM, PMs are located inside the rotor while the length of the equivalent air gap is equal to 

the length of the physical air gap. The slotted stator is replaced with a slotless structure as shown 

on the left in Figure 4.32. Figure 4.33 shows the equivalent permeability in the radial and 

tangential directions under one pole pair. 

Considering that the partial saturation is not taken into account, there would be an error in the 

final results. However, it is hard to tell if the equivalent permeability would introduce error or 

not. To verify the accuracy of the equivalent permeability, a static FEA simulation is conducted 

to calculate the no-load field distribution in a slotless structure. The equation 4.24 is applied to 

obtain the field in slotted structure and the results are compared with the field obtained by FEA 

 
(a)                                                                              (b) 

Figure 4.31. Flux density distribution of IPMSM at no-load condition 



91 

 

applied to the original slotted structure as shown in Figure 4.34. The comparison shows that the 

maximal error is less than 5%, and the equivalent permeability method has very high accuracy. 

 

        
Figure 4.32. Equivalent current distribution in slot opening in the airgap 
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                                           (a)                                                                (b) 

Figure 4.33. Equivalent permeability of slotting effect in IPMSM under one pole pair 
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(a)                                                                          (b) 

Figure 4.34. Flux density distribution in IPMSM under one pole pair 
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4.4.2.2 Flux density distribution in IPMSM with slotless structure 

As discussed above, due to saturation on the rotor edge, the rotor structure is greatly simplified to 

the geometry shown on the right side of Figure 4.32. Due to the symmetry of the rotor structure, 

only one pole pitch is studied. Figure 4.35 shows the transformed geometry on S plane. 

Comparing the slotted structure shown in Figure 4.15, the vertices of the polygon is reduced by 

about 60% which greatly reduces the work load of CM. 

Figure 4.36 shows the flux density distribution of the slotless structure. A static simulation is 

also conducted on the slotless structure for comparison. The red curve is calculated using CM, 

and the black curve is obtained by FEA simulation. In FEA model, the dent in the middle of the 

surface of the rotor is considered as shown in the black curve. The dent is ignored in CM model. 

Comparison of the flux distribution shows that the CM of IPMSM has an acceptable agreement 

with an average 5% error. 

Figure 4.36 (a) shows that the maximal error is 0.15T, which occurs around the edge of the flux 

bridge. In CM, that area is replaced directly with air. While in FEA simulation, the relative 

permeability is around 100 at around 2[T]. The dent in the middle of the rotor surface leads to 

the other big error in Figure 4.36. 

4.4.2.3 Flux density distribution in IPMSM with slotted structure 

Figure 4.37 shows the flux density distribution in the slotted structure which is the product of the 

flux distribution in the slotless structure and the complex equivalent permeability. Overall, the 

comparison illustrates that the equivalent permeability method has a good agreement with FEA 

results. The error of average flux density in both radial and tangential direction are 10% and 14%. 

Again, the dent on the rotor surface is not considered in equivalent permeability method. 
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Figure 4.35. Air gap geometry on S plane 

 

 
(a)                                                                              (b) 

Figure 4.36. Flux density distribution in IPMSM with the slotless structure 

 

 
(a)                                                                             (b) 

Figure 4.37. Flux density distribution in IPMSM with slot structure 
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4.5 Improved Extended FRM aided with CM 

Previous work shows that the slotted structure can be modeled with an equivalent permeability, 

and the slotted stator is replaced with a slotless structure. After the mapping, the stator becomes a 

slotless structure without saliency. Therefore, the flux pattern in d and q axis will not be affected 

by rotor position in the slotless structure. As a result, the basis function is only sensitive to Id or 

Iq respectively, in which the workload of Improved EFRM (IEFRM) is reduced by roughly 90%. 

4.5.1 Modeling IPMSM with equivalent permeability 

According to the analysis in the previous section, the modeling of stator slots to simplify the 

slotted stator structure into a slotless structure can reduce the computational efforts significantly. 

The equivalent permeability in radial and tangential direction are shown in Figure 4.33. The 

simplified slotless stator structure is shown on the left of the Figure 4.32. To consider the flux 

contribution from stator winding, the equivalent current sheets are placed on the stator slot 

opening surface to replace the slot current. Figure 4.32 also shows the zoomed view of the 

equivalent current sheets. Figure 4.38 shows the flux path in the d and q axis separately for the 

slotless structure. 

4.5.2 Process of IEFRM 

4.5.2.1. dq0 coordinate system and the assumption of the proposed FRM 

Similar to EFRM, the saturation in d and q axis are considered independently. The assumption is 

that the cross coupling effect between d and q axis is negligible. Therefore, the superposition of d 

and q axis flux results in the complete field density distribution in the air gap. 
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4.5.2.2. Building basis function of flux distribution at d and q axis 

The process of building the basis functions of flux distribution in d and q axis is same as 

described in Chapter 3. 

The flux density distribution is given by: 

11

12

( )

( )

dn d

dt d

B f I

B f I





 (4.26) 

21

22

( )

( )

qn q

qt q

B f I

B f I





 (4.27) 

11 21

12 22

( ) ( )

( ) ( )

n dn qn d q

t dt qt d q

B B B f I f I

B B B f I f I

   


   
 (4.28) 

4.5.2.3. Flux distribution in slotted structure 

The flux density distribution in original air gap Bsl is the product of the flux density Bsll 

distribution in slotless structure and the complex permeability e . 
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(a)                                                                            (b) 

Figure 4.38. Flux path in d and q axis in IPMSM with slotless structure 
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4.5.3 IEFRM results 

FEA simulation has been used to compare with IEFRM results, thereby verifying the accuracy. 

Two different operation points are implemented to show the accuracy of IEFRM. 

1. Id=1.8A Iq=1.8A 

Figure 4.39 shows the flux density distribution in a slotless structure under the current excitation 

of Id=1.8A and Iq=1.8A. Figure 4.40 shows the flux density distribution in the slotted structure 

obtained from equivalent permeability. 

Comparing the flux density distribution in slotless structure with FEA results, there is an error in 

both radial and tangential direction due to the saturation effects. The error in the first step is the 

main reason of error for flux density distribution in the slotted structure in both radial and 

tangential directions. 

2. Id=-1.8A Iq=1.8A 

Figure 4.41 shows the flux density distribution in a slotless structure under the current excitation 

of Id=-1.8A and Iq=1.8A. Figure 4.42 shows the flux density distribution in the slotted structure 

obtained from equivalent permeability. 

Similarly, there is an error in flux distribution in both radial and tangential direction under the 

load Id=-1.8A and Iq=1.8A. Overall, the maximal error of the average torque of the flux density 

in both radial and tangential directions are around 8% and 3% separately. 
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Figure 4.39. Field distribution in slotless structure with Id=-1.8A and Iq=1.8A 

 

 
Figure 4.40. Field distribution in slot structure with Id=-1.8A and Iq=1.8A 

 

 
Figure 4.41. Field distribution in slotless structure with Id=1.8A and Iq=1.8A 

 

 
Figure 4.42. Field distribution in slot structure with Id=1.8A and Iq=1.8A 
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4.6 Summary 

In this chapter, the process of applying CM to solve for the field is included here. The conformal 

mapping methods can be categorized into two types. The first one is to transform the air gap 

directly with the Matlab SC mapping toolbox. The complicated air gap geometry with the slot 

structure can be transformed into either a rectangle or an annulus, where the flux density 

variation can be easily obtained. The flux density in rectangle or annulus structure would be 

transformed back onto the original plane. The other method is to replace the slot structure with a 

complex equivalent permeability which is a complex value. The magnetic field variation in slot 

structure is the product of the flux density in slotless structure and the complex equivalent 

permeability. The former one has relatively better accuracy but the takes longer time to converge. 

The latter method is more flexible and higher computation efficiency. 

The mapping process of SPMSM is straightforward and the calculated field distribution with CM 

matches well with FEA results. However, the rotor structure of IPMSM makes it complicate to 

calculated field distribution direction using CM. Approximation can be used to simplify structure 

in order to apply CM to IPMSM with a relatively acceptable results. 

In addition, CM can be combined with FRM method to improve the calculation efficiency of 

FRM. With the equivalent permeability method, the calculation effort in FRM of IPMSM is 

reduced greatly to around 30 minutes, since the slotting effect is already considered in equivalent 

permeability. 

In sum, CM shows is great capability in calculate the flux density variation in complex structure. 
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CHAPTER 5 

EXPERIMENTAL VERIFICATION AND APPLICATIONS OF FRM 

5.1 Introduction 

FRM has shown its great advantage in reconstructing the magnetic field in the air gap with good 

accuracy and high computational efficiency. The force density on stator is calculated with the 

help of FRM and Maxwell stress tensor (MST) methods. The applications based on FRM has 

been extended to calculate the force and torque, predicting the vibration and noise, and fault 

detection. 

5.2 Core loss estimation in PMSM based on FRM/EFRM 

High-efficiency machines play an increasingly critical role in reducing energy consumption. 

They also help to relax the thermal and insulation stress thus expanding the lifespan of machines. 

Besides mechanical loss which is directly related to the rotational speed, copper loss, and core 

loss form the major losses that leads to the increase of the temperature. Copper loss is dominant 

when the machine works at high torque range while core loss would be much larger than copper 

losses in high-speed applications. Thus, a fast and accurate estimation of copper and core loss is 

necessary to estimate the motor efficiency. Copper loss is easier to estimate with the knowledge 

of phase current, resistance, and temperature. However, core loss calculation is more 

complicated. It has been studied for more than 100 years since the first model was proposed by 
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Steinmetz [34]. After that, considerable effort has been devoted to the modeling of core loss to 

improve the accuracy of the model while taking different conditions into consideration [34-43]. 

In [35], D. Lin proposed a method to estimate core loss with a model in the time domain which 

considers the effects of harmonics. This method is based on the idea of equivalent elliptical loops 

which consider the effects of minor loops. Experimental results demonstrate the accuracy of this 

model in the prediction of hysteresis loss. However, this method is implemented with FEA tools 

which take relatively long time to perform transient simulations. The mesh size has a great 

influence on both the accuracy and the simulation time. Generally, a better accuracy using a 

relatively small mesh size is preferred at the cost of a longer simulation time.  

Traditionally, core loss is separated into hysteresis loss, eddy current loss and extra loss. The 

losses are estimated in the frequency domain. Usually, the estimation only considers the 

fundamental frequency and maximum value of flux density, and the harmonics are neglected 

which leads to systematic lower losses than experimental results. 

However, harmonics in lamination will cause extra losses, but they are not addressed equally. 

The pulsating voltage excitation, slot effect, and spatial harmonics caused by permanent magnets 

are the main source of harmonics within the SPMSM. Eddy current and extra loss models will be 

affected directly by harmonic components of the flux. The hysteresis loop is mainly determined 

by the maximum flux density and fundamental frequency, whereas harmonics will affect the 

minor loops in core. 

In this dissertation, FRM is extended to aid reconstruction of the field density in the stator core. 

Similar to previous work on the FRM, the field in stator core can also be reconstructed with the 

knowledge of the field density contribution by PM and armature current excitation. Expanding 



101 

 

the flux density variation with FFT, the harmonic components are obtained to estimate the core 

loss contributed by each harmonic component. The accuracy of core loss depends both on the 

accuracy of the flux density from the FRM and the core loss model itself.  

5.2.1 Field reconstruction in stator lamination of PMSM 

The field reconstruction process is illustrated in Chapter 3. By exploiting the symmetry of the 

stator structure, one-twelfth of the stator is analyzed to obtain the flux density distribution in that 

area. In order to balance the accuracy and computation effort, the one-twelfth model is divided 

into small sections as shown in Figure 3.32, assuming the flux density at a different position in 

that area is the same. This assumption is reasonable since the saturation is not heavy, and the flux 

pattern is mainly determined by the geometry. In conventional practical core loss estimation, the 

stator is usually divided into three different parts, tooth tip, tooth and back iron. In this model, 

the stator tooth is divided into 14 parts, and the accuracy is greatly improved compared with 

conventional estimation. 

5.2.2 Core loss model and core loss estimation1 

5.2.2.1 Core loss model 

Conventionally, the core loss model is expressed using equation 5.1: 

2 2 1.5( ) ( )iron h c e h m c m e mP P P P k fB k fB k fB       (5.1) 

where, Ph, Pc and Pe are hysteresis loss, eddy current loss and extra loss respectively; kh, kc and 

ke are loss coefficients; f is the fundamental frequency, and Bm is the maximum flux density. 

                                                 

1 © [2015] IEEE. Reprinted, with permission, from [L. Gu, D. Patil and E. Cosoroaba, “Core loss estimation of SPMSM based on 

field reconstruction method”, in Electrical Machines and Systems (ICEMS), Oct. 2015] 
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The loss expression in Equation 5.1 is limited to sinusoidal excitation. When it comes to non-

sinusoidal excitation, Fast Fourier Transformation (FFT) is applied to expand the flux density to 

its fundamental component and harmonics as expressed in equation 5.2. 

0 0

1

( sin(2 ) sin(2 ))
i

ni ni ti ti

i

B B if B if   




     (5.2)  

where, i is the frequency order of harmonics, Bni and Bti are the ith order flux density component 

in the radial and tangential direction respectively. 

The hysteresis loss is proportional to the size of hysteresis loop and frequency directly, and the 

size of the loop is determined by the maximal flux density value rather than harmonic 

component. Since the eddy current loss and extra loss will be greatly affected by harmonics 

components, the loss model is modified to Equation 5.3. 
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         (5.3) 

Where, khi, kci, kei are loss coefficient under the ith order frequency. Notice that the loss 

coefficients are also frequency dependent. The coefficients are obtained either directly from the 

manufacturer or extracted from measured losses under sinusoidal excitation. 

5.2.2.2 Core loss estimation in SPMSM 

With the information of field density variation at the 14 different sections, FFT analysis is 

applied to decompose the flux into harmonics. Core loss is estimated based on the model 

provided in Section III. 

An example is calculated here. The magnitude of three phase current is 6A, the initial phase 

angle of phase A is 45 degrees, and rotor position is 15 mechanical degrees. The flux density at 4 

different positions are reconstructed and decomposed to obtain the magnitude of fundamental 
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component and harmonics. Table 5.1 shows the harmonic components in typical positions such 

as stator tooth tip, stator tooth, and back iron. Fig. 5.1(a) shows the loci of flux density variation 

at a different position in stator lamination, and the BH hysteresis loop in one of the stator tooth 

tip is shown in Figure 5.1(b). 

Table 5.1. Main harmonics at the sampling positions in stator lamination of SPMSM 

 1 2 5 10 

Bn Bt Bn Bt Bn Bt Bn Bt 

1st 0.361 0.772 0.63 0.1106 0.8559 0.238 0.0403 0.7759 

3rd 0.086 0.207 0.1211 0.1645 0.856 0.238 0.0076 0.0477 

5th 0.045 0.1 0.044 0.08 0.017 0.003 0.0023 0.0124 

7th 0.022 0.050 0.018 0.0289 0.0084 0 0.0011 0.0047 

9th 0.011 0.021 0.0087 0.0054 0.0052 0.002 0 0 

 

 
(a) 

 
(b) 

Figure 5.1. Loci and BH curve at sample positions 
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5.2.2.3 Core loss estimation of IPMSM 

Similar to the process of reconstructing the magnetic field in SPMSM, the magnetic field in the 

stator lamination of IPMSM can also be rebuilt with EFRM. As shown above, the transient flux 

density waveform obtained by EFRM has good agreement with that from FEA. 

Table 5.2. Main harmonics at the sampling positions in stator lamination of IPMSM 

 1 2 4 6 10 

Bn Bt Bn Bt Bn Bt Bn Bt Bn Bt 

1st 0.777 0.448 0.9689 0.1102 1.307 0.016 0.41 1.06 0.211 0.852 

3rd 0.175 0.109 0.206 0.0767 0.271 0.005 0.053 0.06 0.07 0.062 

5th 0.029 0.002 0.028 0.0218 0.038 0.002 0.038 0.009 0.02 0.017 

7th 0.03 0.02 0.0372 0.0291 0.034 0.001 0.001 0.013 0.016 0.004 

9th 0.043 0.032 0.04 0.044 0.0315 0.003 0.009 0.006 0.008 0.006 

 

Table 5.2 shows the harmonic components in the 5 different positions in the stator laminations in 

IPMSM. Based on the harmonics component and equation 5.3, the losses in each section are 

obtained. Summing up the losses in all the sections, the stator core loss is obtained. 

5.2.2.4 Experiment verification 

Figure 5.2 shows the experiment test bench to verify the core loss in SPMSM. The machine on 

the right side is a synchronous PMSM, which is controlled to rotate at a fixed speed. The tested 

motor is operated in current control mode, the d and q axis current references are imposed to the 

motor with a current loop. The power input to the machine should be equal to the power output 

to the shaft and the loss as shown in equation 5.4. 
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in iron output mech copper rotorP P P P P P      (5.4) 

where mechP  is the mechanical loss of the motor, Protor is the eddy current loss in PM.  

A. Experimental verification of core loss in SPMSM 

In order to verify the core loss via experiment, the rotor speed is kept constant and the torque is 

increased from 0 to the rated torque. The speed varies from 300 rpm to rated speed which is 1800 

rpm. 

Figure 5.3 shows the core loss calculated from FRM and FEA. It shows that the FRM results are 

close to that of FEA since the error shown in above section is not much. There are two main 

factors affecting the error. Firstly, the way to divide the sections in the stator lamination. 

 
Figure 5.2. SPMSM test bench assembly 

 

 
Figure 5.3. Core loss estimation at different speed at rated torque 
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The mesh size in FRM is coarser than that of FEA. The results will be more accurate with more 

sections. In addition, the eddy current loss is not determined when the motor speed is not high. 

The difference in core loss calculated from FEA and FRM will be larger when motor works at 

higher speeds. 

The difference between FRM and experimental results are larger compared with the difference 

between FEA and FRM. The main reason is that the motor loss is small, and measurement noise 

might dominate the loss. In addition, core loss is hard to separate from the total loss of motor. 

However, since the core loss error between FEA and FRM is not large, the accuracy is 

IPMSM
Torque
Meter

DC 
Motor

Resistor 
Load

DriveController
 

Figure 5.4. IPMSM test bench assembly 
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acceptable and the computational efficiency of FRM is much higher than FEA which is the 

advantage of FRM. 

B. Experimental verification of core loss in IPMSM 

Figure 5.4 shows the experiment setup used for testing the core loss in IPMSM. IPMSM is on the 

left side, and a DC motor is connected to IPMSM through a torque meter. The IPMSM is driven 

by a three phase bridge inverter, and controller is based on TI 28335 controller. The IPMSM 

works in the speed mode, and the DC motor is working in the generation mode. The load torque 

can be tuned by changing the load resistor. By changing the speed reference for the IPMSM, the 

system works at different speed, and the load is kept at the same. Figure 5.5 compares the core 

loss estimated by FEA, EFRM and experiments. The error between the core loss of FEA and 

EFRM is less than 7%, but both are smaller than the experiment results. The main difficulty here 

is to split the mechanical loss and stray loss from core loss in experiments. 

 

 
Figure 5.5 Core loss estimation at different speed at rated torque 
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5.3 Flux linkage and back EMF estimation 

Based on the flux density distribution in the air gap, the flux linkage is the integration of radial 

flux density under each phase. The flux linkage is the integration of the flux density distribution 

in the radial direction, which is expressed in equation 5.5. 

2

0
n sk n sk

l
B L dl B L rd



     (5.5) 

d
E

dt


  (5.6) 

where, L is the length of stack length, r is the radius of the closed contour l in the air gap. 
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Figure 5.6. Flux linkage derived from FRM and FEA 
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Figure 5.7. Back EMF of phase A at no load condition 

 



109 

 

Equation 5.6 shows the relationship between flux linkage and back EMF of the motor. Figure 5.6 

and 5.7 show the flux linkage and back EMF of phase A at the no-load condition when the speed 

is 500 rpm. It shows that the flux linkage obtained from FRM matches well with FEA results. 

However, the back EMF waveform from FRM differs from that of FEA. The error is mainly 

because of the difference between the flux density distribution in FRM and FEA, which is shown 

in Chapter 3. In addition, since the back EMF is calculated by the derivation of the flux linkage. 

The error in flux linkage might be enlarged due to the differentiation algorithm. Figure 5.8 shows 

the waveform of the line voltage, where the error of the average value is less than 4%, where the 

3rd harmonics are eliminated. 

 

5.4 Average Torque Estimation of IPMSM 

5.4.1 Average torque estimation of IPMSM 

FRM is capable of reconstructing the magnetic field distribution in the air gap. The force density 

on the contour in the radial and tangential direction are obtained with MST method. As a result, 

the torque acting on the rotor is the integration of the tangential force. As illustrated in [12], the 
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Figure 5.8. Line voltage waveform at no load condition. 
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transient torque can be obtained to exploit the optimal current excitation to minimize the torque 

ripple. The precondition is the accuracy of FRM in SPMSM is close to 100% since the saturation 

is not present. The cross coupling is negligible and superposition of the flux contributed by stator 

and rotor would not introduce any error. 

Regarding the field reconstruction of IPMSM, there is an error due to the cross coupling effect, 

and the accuracy is acceptable for the average torque estimation rather than the transient torque 

waveform. 

The torque of the IPMSM is calculated using MST method. The normal and tangential force 

density components in the air-gap are expressed as: 
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  (5.7) 

Then the average torque is the integration of the tangential force density in the air-gap. The 

torque is estimated using the integration of tangential force along the contour surface as follows: 
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2
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sk tT L r f d



           (5.8) 

where, Lsk is the stack length, r is the radius of the contour in the air gap. 

Figure 5.9 compares the transient torque waveform of IPMSM obtained from EFRM and FRA 

under the current excitation of Id=0 and Iq=2A. Since the rotor has a two-stack structure, the 

synthesis torque waveform are shown in Figure 5.10 and Figure 5.11 separately. 
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Figure 5.9. Torque calculated in one stack of IPMSM 

 

 
Figure 5.10. Superposed torque of two stack IPMSM calculated by CM 

 

 
Figure 5.11. Superposed torque of two stack IPMSM calculated by FEA 
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5.4.2 Experimental verification 

As shown above, the transient torque waveforms are shown in Figure 5.9 and 5.10 when Id=0 

and Iq=2A. With the same current excitation, the transient torque and two phase currents are 

shown in Figure 5.11. The green curve is the D/A output from DSP controller. The red and blue 

curve are phase current of Ia and Ib. The light blue curve shows the transient torque, and the 

average value output from the torque transducer is around 845 mV which corresponds to 

1.91Nm. 

The average value of the green curve is around 3V, which is the PWM D/A output of the Iq 

reference. The experiment shows the average torque has a good agreement with both EFRM and 

FEA results. 

 
Figure 5.12. Experiment results of IPMSM 
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5.5 Conclusion 

This chapter provides the experimental results to verify the accuracy and effectiveness of the 

EFRM. The core loss estimation in SPMSM and IPMSM are estimated from EFRM, FEA and 

experiments. Chapter 3 shows the flux density in the stator lamination obtained from 

FRM/EFRM and FEA matches well, and the flux density variation are extended to calculate the 

core loss in stator lamination. The FRM/EFRM method shows a good agreement with FEA 

results, however, there is error between them and experimental results which is mainly due to the 

complicated core loss model. In addition, the average torque estimation and no-load flux linkage 

are provided and compare with experiment results. Comparison shows the EFRM is effective in 

the estimation of average torque. 
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CHAPTER 6 

CONCLUSION 

6.1 Conclusion 

Permanent magnet synchronous motors have become attractive to industry applications in recent 

decades due to their high torque density, high efficiency and their flexibility in control. The 

modeling of PMSM and the magnetic field distribution is of critical importance in predicting the 

performance of the electrical motor. Conventional calculation methods such as analytical 

calculation method, finite element method, and equivalent magnetic circuit method have their 

limitations. Field reconstruction method is recently proposed and shows its advantages in 

modeling SPMSM. However, the conventional FRM method is not adequately prepared to model 

IPMSM due to the saturation effect in IPMSM. Thus, a comprehensive investigation of the 

modeling of IPMSM with FRM method is necessary. 

In this dissertation, the technical contributions are listed as follows: 

 A fundamental study is conducted to analyze the limitation of conventional FRM method 

in modeling IPMSM which has the partial saturation effect. 

 An analytical study is conducted to reconstruct the magnetic field distribution in stator 

lamination. According to this study, the magnetic field distribution in stator lamination 

lays the foundation for calculating stator core loss with both acceptable accuracy and 

higher computation efficiency. 
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 An analytical model is derived to reconstruct the magnetic field distribution in IPMSM 

while taking the saturation into consideration. Different from conventional FRM, the 

motor flux is divided into fluxes in d and q axis, and saturation will be considered 

respectively in these two axes. With neglecting the cross coupling effect between d and q 

axis, superposition of the flux in d and q axis is applied to reconstruct the flux density 

distribution. 

 Conformal mapping method is a highly efficient calculation method to calculate magnetic 

field analytically. The procedure of calculating magnetic field in both SPMSM and 

IPMSM is summarized, and the computation efficiency and accuracy is greatly improved 

while assuming the permeability of the material is linear. 

 The slotting effect in the stator is modeled with complex equivalent permeability, which 

greatly simplifies the stator into a slotless structure. Not only it helps to reduce the 

complexity of air gap geometry, but also the combination of equivalent permeability and 

FRM helps to reduce the computation effort of modeling IPMSM by 90%. 

6.2 Future development 

 The accuracy of FRM in modeling IPMSM can be improved by considering the cross 

coupling effect between d and q axis flux. 

 CM has its limitation due to the permeability being viewed as a constant value, which is 

different from the practical model. Efforts to modeling the saturation effect with CM is 

necessary. 
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