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Proof sketch for Proposition 1

The rationale behind equation (5) is to show that given some optimal selection of patch size, distribution of µ̂(Gn) = ∑k>0 k f̂ (k)
and conditional distribution of µ̂(Gn)

∗ = ∑k>0 k f̂ ∗(k), given Gn, asymptotically follow a normal distribution with the same
mean and standard deviation, which in turn implies equation (5).

Consider first a bootstrap estimator µ̂(Gn)
∗. Sampling of seeds in the fast patchwork bootstrap (FPB) algorithm is performed

without replacement, but if the number of seeds m� n, this should be almost equivalent to sampling with replacement. To derive
the expected mean and variance of numerator and denominator on the right-hand side of (2), we need to derive expressions
for inclusion of a randomly selected vertex as a seed and non-seed. For seeds, the inclusion probability is approximately m/n
if m� n. For non-seeds, the probability of selecting a vertex of degree k as a non-seed in the first wave is ' km/n. To get
approximate expressions for inclusion probabilities for non-seeds in higher waves (up to the d-th wave), we use the condition
on partial observability of the network up to 2d−1 waves and then employ the combinatorial argument of Snijders1. Armed
with the resulting inclusion probabilities, we then use Theorem 4 of Berger2, which implies that conditionally on Gn, both
numerator and denominator of the term on the right-hand side of equation (2) are asymptotically normally distributed under
unequal probability sampling. Finally, we apply the delta method to show that the conditional distribution of the bootstrap
estimator of mean degree (2), given Gn, is asymptotically normal3, 4. Asymptotic normality of the non-bootstrap mean degree
estimator µ̂(Gn) can be approached in a similar manner.

However, bootstrap consistency in equation (5) requires that the bootstrap variance is asymptotically correct, i.e.,
nVar∗(µ̂(Gn)

∗)−nVar(µ̂(Gn))→ 0 in probability. Echoing the earlier discussion1, 5, it is not possible to derive variances of
non-bootstrap (µ̂(Gn)) and bootstrap (µ̂(Gn)

∗) estimators in a closed form. One possible theoretical approach in this direction
is to employ a branching process approximation up to the d-th wave, which leads, however, to another open question on
quantification of the related approximation error.

An alternative heuristic approach is to achieve the desired relationship between variances of µ̂(Gn) and µ̂(Gn)
∗ using

optimal patch size selection and cross-validation. That is, using a cross-validation argument we find such optimal number of
seeds (egos) mopt and number of waves dopt that

Var∗(µ̂mopt ,dopt (Gn)
∗)/Var(µ̂(Gn))≈ 1,

and this is the method undertaken in this paper.
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