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Combining multidirectional source vector with antitruncation-artifact
Fourier transform to calculate angle gathers from reverse time
migration in two steps

Chen Tang1 and George A. McMechan1

ABSTRACT

Because receiver wavefields reconstructed from observed data
are not as stable as synthetic source wavefields, the source-propa-
gation vector and the reflector normal have often been used to
calculate angle-domain common-image gathers (ADCIGs) from
reverse time migration. However, the existing data flows have
three main limitations: (1) Calculating the propagation direction
only at the wavefields with maximum amplitudes ignores multi-
arrivals; using the crosscorrelation imaging condition at each time
step can include the multiarrivals but will result in backscattering
artifacts. (2) Neither amplitude picking nor Poynting-vector cal-
culations are accurate for overlapping wavefields. (3) Calculating
the reflector normal in space is not accurate for a structurally
complicated reflection image, and calculating it in the wavenum-
ber (k) domain may give Fourier truncation artifacts. We address
these three limitations in an improved data flow with two steps:
During imaging, we use a multidirectional Poynting vector (MPV)

to calculate the propagation vectors of the source wavefield at
each time step and output intermediate source-angle-domain
CIGs (SACIGs). After imaging, we use an antitruncation-artifact
Fourier transform (ATFT) to convert SACIGs to ADCIGs in the
k-domain. To achieve the new flow, another three innovative as-
pects are included. In the first step, we develop an angle-tapering
scheme to remove the Fourier truncation artifacts during the wave
decomposition (of MPV) while preserving the amplitudes, and we
use a wavefield decomposition plus angle-filter imaging condition
to remove the backscattering artifacts in the SACIGs. In the
second step, we compare two algorithms to remove the Fourier
truncation artifacts that are caused by the plane-wave assumption.
One uses an antileakage FT (ALFT) in local windows; the
other uses an antitruncation-artifact FT, which relaxes the plane-
wave assumption and thus can be done for the global space. The
second algorithm is preferred. Numerical tests indicate that this
new flow (source-side MPV plus ATFT) gives high-quality
ADCIGs.

INTRODUCTION

Reverse time migration (RTM), the concept of which is initially
proposed by Baysal et al. (1983), McMechan (1983), and Whitmore
(1983), has become increasingly mature during the past few deca-
des. RTM uses full-wavefield extrapolation, and thus it is more
accurate than conventional one-way wave-equation migration
(e.g., Claerbout, 1971) and ray-based migration algorithms (e.g.,
Berkhout, 1985), especially for complicated geologic structures.
An important extension of RTM is angle-domain common-image
gathers (ADCIGs), also known as angle gathers. ADCIGs are useful
in migration velocity analysis (e.g., Biondi and Symes, 2004; Shen
and Symes, 2008; Zhang et al., 2012), scattering-angle-based

full-waveform inversion (FWI) (e.g., Alkhalifah, 2015; Xie, 2015),
amplitude-preserved migration (e.g., Zhang et al., 2007; Xu et al.,
2011), illumination and migration aperture compensation (e.g.,
Shen et al. 2011; Yan et al., 2014), surface-energy compensation
(e.g., Zhang et al., 2014), and amplitude-versus-angle inversion
(e.g., Rabben and Ursin, 2011).
Calculating ADCIGs from wavefield-based extrapolation is not

as natural as from ray-based extrapolation because it is done by
solving the wave equation, which does not automatically provide
or use the propagation-angle information. ADCIGs can be calcu-
lated either during or after prestack migration. In the postmigration
category, Sava and Fomel (2003) calculate local offset-domain
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CIGs (ODCIGs) during 2D migration and then convert them into
ADCIGs after migration. Because there may be wavefield overlaps
in the offset gathers, the conversion from local ODCIGs to ADCIGs
needs to be done by using plane-wave decomposition, e.g., in the
wavenumber (k) domain (by Fourier transforms [FTs] or in the
τ-p-domain (by τ-p transforms), which produce truncation artifacts
when these extended images are not dominated by a few plane waves.
The artifacts are similar to those produced when using the local
plane-wave decomposition (LPD) to calculate ADCIGs during mi-
gration (Jin et al., 2014). Sava and Fomel’s (2003) method is elegant
in two dimensions, but the corresponding 3D implementation re-
quires a 5D FT (Fomel, 2004). Time-shift CIGs (Sava and Fomel,
2006) can decrease the cost in three dimensions, but they need to
be combined with the local offsets for calculating azimuth angles
(Sava and Vlad, 2011) because the time-shift CIGs are always in
the reflection plane and thus they do not contain azimuth information.
Calculating ADCIGs during migration requires computing prop-

agation directions during wave extrapolation. The algorithms can be
generally divided into two types: LPD (e.g., Xu et al., 2011) and
energy-direction-based methods, such as Poynting vectors (PVs)
(Červený, 2001; Yoon et al., 2004; Dickens and Winbow, 2011).
Modifications and alternatives, such as least-squares optimization
(Yan and Ross, 2013), time-shifting (Tang et al., 2013; Tang and
McMechan, 2017a), and optical flow (Zhang, 2014; Tang and
McMechan, 2017a), are useful to increase the stability of PVs in
acoustic media.
A representative LPD algorithm developed by Xu et al. (2011)

calculates reflection and azimuth angles by convolving plane-wave
components of source and receiver wavefields in the frequency-
wavenumber (ω-k) domain. In this method, the forward FT needs
to be done in local spatial windows because the algorithm requires a
constant velocity; decomposing the ω-k data into small angle incre-
ments implies sharp truncations in the k-domain, which further im-
plies that the waves propagating in local windows should be
dominated by plane-wave components to suppress Fourier trunca-
tion artifacts. Furthermore, the application of antileakage FTs
(ALFTs) (e.g., Xu et al., 2010) is also suggested, to decrease the
size of the convolution.
In isotropic media, the PV has the same direction as the slowness

vector (SV) in the time-space (t-x) domain (in anisotropic media,
the PVand SV do not have the same direction and a conversion from
the group angle to the phase angle is required; refer to McGarry and
Qin, 2013); both give only a single propagation vector that is the
sum of all the plane-wave components, so it is necessary to separate
overlapping wavefields before calculating their directions. Tang
and McMechan (2016) propose decomposition of a wavefield into
several approximate direction bins in ω-k (or in t-k by using com-
plex-valued wavefields), and then using SV/PV to recalculate the
directions within each bin in t-x. Richardson and Malcolm (2015)
propose a similar approach but use LPD to decompose the over-
lapped wavefields.
Another issue for the extraction of ADCIGs is that, in practice,

the receiver wavefield, which is reconstructed from the observed
data, is not as stable as the synthetic source wavefield that originates
from a simulated source. To address this problem, Yoon et al. (2011)
and Vyas et al. (2011) propose to use the source propagation vector
and the reflector normal to calculate ADCIGs, which avoids using
the propagation direction of the receiver wavefield in sorting
ADCIGs; Zhang and McMechan (2011) have a similar idea but

use the source polarization vector. However, these data flows have
three main limitations.
The first limitation relates to the imaging condition (picking the

maximum amplitude from all time steps or using the crosscorrelation
imaging condition at each time step). Zhang and McMechan (2011)
assume that there is only one arrival at each grid point during the wave
propagation; they pick the corresponding maximum amplitude of the
propagating wavefields to locate the time of this arrival, and thus they
ignore multiarrivals. Yoon et al. (2011) and Jin et al. (2014) propose to
pick more than one maximum amplitude, but it is still not an automatic
scheme to include multiarrivals. Picking the maximum amplitude does
not work well for overlapping wavefields, and the velocity model
needs to be smoothed to avoid overlaps of the incident and reflected
waves at each reflection point. Using the crosscorrelation imaging con-
dition at each time step (e.g., Chattopadhyay and McMechan, 2008)
automatically includes the multiarrivals; however, it also produces
backscattering artifacts (e.g., Liu et al., 2011; Tang and Wang, 2012a).
The second limitation relates to the calculation of the propagation

(or polarization) angles. The PV method cannot accurately calculate
the propagation directions in which there are wavefield overlaps.
Using the LPD to calculate propagation angles is expensive and also
suffers from Fourier truncation artifacts if the propagation waves in
local windows are not strictly plane waves (Jin et al., 2014).
The third limitation relates to the calculation of the reflector nor-

mal. Calculating the reflector normal in the x-domain, including
using the instantaneous wavenumber or phase (Zhang and McMe-
chan, 2011; Jin et al., 2014) and the method of Zhao et al. (2012),
gives only one reflector-normal direction (for each grid point) and
cannot deal with truncations or overlaps in the reflection image.
Although Vyas et al. (2011) calculate the reflector normal in the
k-domain, they do not give a method to suppress the Fourier trun-
cation artifacts in the ADCIGs. These artifacts are associated with
the plane-wave assumption of the partitioned images when they are
transformed into the k-domain by using the global spatial forward
FTs and then are sorted into ADCIGs, which are finally transformed
back to the x-domain by inverse FTs.

To address these limitations, we propose an improved data flow,
in which a multidirectional source vector is combined with an anti-
truncation-artifact FT (ATFT) to calculate ADCIGs from RTM in
two steps. The first step uses multidirectional source vectors to cal-
culate intermediate source-angle-domain CIGs (SACIGs) during
the migration; the second step transforms these SACIGs into AD-
CIGs by calculating the reflector normal in the k-domain after mi-
gration, for which the ATFT is used. Several acronyms are used in
this paper (see Table 1).

THEORY

This section is divided into four subsections to introduce a new
data flow, which solves the three limitations stated at the end of the
previous section. The first subsection addresses the first and second
limitations by using a multidirectional PV (MPV) and a wavefield
decomposition plus angle-filter (WD-AF) imaging condition, to
output intermediate SACIGs during migration. The second subsec-
tion presents calculation of ADCIGs from SACIGs (including the
solution of the third limitation) after the migration is complete. The
third and fourth subsections illustrate two algorithms to remove
the Fourier artifacts caused by image truncations in the k-domain.
The formulas are for two dimensions and three dimensions; the
numerical examples are in two dimensions.
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Using multidirectional PVs to calculate SACIGs

In this subsection, we address the first and second limitations de-
fined at the end of the “Introduction” section. In the first limitation,
using the crosscorrelation imaging condition at each time step will
generate backscattering artifacts in the SACIGs. These artifacts will
have a strongly negative influence in calculating the reflector nor-
mal from the SACIGs and in the subsequent transformation of
SACIGs into ADCIGs. In the second limitation, the single-direction
PV fails at overlapping wavefields that have multiple directions.
To address both limitations, we use the MPV (Tang and McMechan,
2016) to calculate SACIGs, which involves a WD imaging condi-
tion to remove the backscattering artifacts.
Following Tang and McMechan (2016), the MPV for a single

location x in a propagating wave u in space at time t is

p ¼ ðp1; p2; p3; : : : ; pi; : : : ; pn−1; pnÞ; (1)

where each component (in the decomposed wavefield)

piðt; xÞ ¼ −
∂uiðtþ tl; xÞ

∂t
∂uiðtþ tl; xÞ

∂x
(2)

is a time-shift PV calculated from each of the decomposed wavefields
ui (where i is the reference index and n is the total number of vector
bins) and tl is a variable time shift to increase the stability of the PVs,
which is determined by picking the maximum-magnitude of the time
derivative of ui within a short time window (Tang and McMechan,
2017a); in the examples below, we use a quarter of the dominant
period of the source wavelet as half of the time-shift search window.
The time shift is chosen to improve the stability of the PV; this goal
can also be achieved by using optical flow in the multidirectional
scheme to produce a multidirectional optical flow (Tang and McMe-
chan, 2017a). Here, ui is obtained by the inverse FTof a vector bin of
the analytic (positive-frequency) wavefields in t-k

ui ¼ 2R

�Z ðψ̄1;ψ̄2Þi

ðψ̄1;ψ̄2Þi−1
Ūþðt;kÞe−ikxdk

�
; (3)

where ðψ̄1; ψ̄2Þ are the “approximate” propagation-angle pairs used
to decompose the wavefield [different from ðψ1;ψ2Þ below]. Here,
Ūþðt; kÞ is the complex-valued analytic wavefield in the t-k-domain,
which can be obtained by transforming the propagating wavefields at
all the time steps from the t-domain to the ω-domain (used in the
implementation of the 2D examples in this paper), using complex-
valued wavefield extrapolation of the analytic source wavelet and
the analytic observed data (e.g., Tang and McMechan, 2016) (this
can be combined with source-wavefield reconstruction; e.g., Tang
and Wang, 2012b) or using low-rank wavefield extrapolation (e.g.,
Zhang and Zhang, 2009; Fomel et al., 2013), which can naturally
provide the analytic propagating wavefields. The operator R means
taking the real part of a complex value. In equation 3, the FTs are
performed for the global space (rather than in local windows) because
although the global FT can give only approximate propagation direc-
tions for heterogeneous velocity, the WD in the k-domain is used
only to separate the overlapping wavefields. Accurate propagation
angles for sorting SACIGs are recalculated by PVs for each separated
source wavefield pi (where the subscript i denotes the reference num-
ber of the angle bin):

�
ψ1 ¼ sin−1

pi−z
jpij ;

ψ2 ¼ tan−1ðpi−y; pi−xÞ;
(4)

where ψ1 and ψ2 are the polar and azimuth (propagation) angles that
describe the wave-propagation direction in three dimensions; pi−x,
pi−y, and pi−z are the components of a source vector bin pi in
the x-, y-, and z-axes, respectively.
In two dimensions, only the polar (propagation) angle ψ exists

ψ¼ tan−1ðpi−z;pi−xÞ

¼
�
atan2ðpi−z;pi−xÞ · 180°π ; if atan2ðpi−z;pi−xÞ≥0;
atan2ðpi−z;pi−xÞ · 180°π þ360°; if atan2ðpi−z;pi−xÞ<0;

(5)

where the range of ψ is ½0°; 360°Þ. See Wikipedia (2016) for the
definition of “atan2.” Because the reflection angle is equivalent
to the included angle between the incident wave and the reflector
normal, which is always within [0°, 90°), the constrained propaga-
tion angle

Table 1. Full names of the acronyms.

Acronym Full name

CIG Common-image gather

ADCIG Angle-domain common-image gather

SACIG Source-angle-domain common-image gather

LPD Local plane-wave decomposition

SV Slowness vector

PV Poynting vector

MPV Multidirectional Poynting vector

FT Fourier transform

FFT Fast Fourier transform

ALFT Antileakage Fourier transform

ATFT Antitruncation-artifact Fourier transform

WD Wave decomposition

WD-AF Wave decomposition plus angle filter

b)a) c)

2

1 3

Figure 1. Schematic diagram of the relationship between the
P-wave propagation and polarization vectors. The double-headed
arrow in panel (c) consists of the two single-headed arrows in panels
(a and b). Because ∠1 ¼ ∠2 ¼ ∠3, all three arrows give an equiv-
alent reflection angle. Therefore, for calculating reflection ADCIGs,
we can include the SACIG at ∠1 into the SACIG at ∠2 and vice
versa. This decreases the angle range of SACIGs from ½0°; 360°Þ to
½0°; 180°Þ.

Source-side MPV + ATFT for RTM ADCIGs S361
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Figure 2. (a) A complicated source-wavefield snapshot and (b-m) the decomposition results using 12 vector bins. The angles are not the
propagation angles, but the approximate propagation angles, which are only used for separating the overlapping wavefields.
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ψ 0 ¼
�
ψ ; 0° ≤ ψ < 180°
ψ − 180°; 180° ≤ ψ < 360°

(6)

can be used to replace the propagation angle ψ to denote the source
vector in two dimensions (see Figure 1). A combination of equa-
tions 5 and 6 is equivalent to

ψ 0 ¼ sin−1
pi−z

jpij

¼
8<
:

arcsin
�
pi−z
jpij

�
· 180

0

π ; if arcsin
�
pi−z
jpij

�
≥ 0;

arcsin
�
pi−z
jpij

�
· 180

0

π þ 1800; if arcsin
�
pi−z
jpij

�
< 0:

(7)

See Wikipedia (2017) for the definition of “arcsin.” Either of equa-
tion 5–6 and equation 7 can be used to calculate ψ 0, the range of
which is ½0°; 180°Þ (see Figure 1). This decreases
the storage requirement of SACIGs and the
computation time of transforming SACIGs into
ADCIGs by half. Because the range of the con-
strained propagation angle is ½0°; 180°Þ, it can
also be calculated by the polarization vector,
which has the same or opposite direction with
the propagation direction. The CIGs sorted by
source-side constrained propagation angle are
also referred to as SACIGs in the present context.
The MPV (consisting of equations 1–3) does

not require a plane-wave assumption. To avoid
the Fourier truncation artifacts caused by the an-
gle-limited FT in equation 3, which has sharp
truncations in the k-domain, amplitude tapering
needs to be done around the two boundaries of
each angle bin to smooth the (amplitude) trunca-
tions. To preserve the total amplitude while doing
the taper, the choice of taper functions for two
adjacent vector bins should satisfy a condition that the tapering
weight of each vector bin forms a partition of unity at each angle
(see Appendix A).
Figure 2 shows a WD example of using 12 vector bins and taper-

ing windows with a width of 10°. Most of the overlapping wave-
fields in the input wavefield in Figure 2a have been separated in
Figure 2b–2m. By using the tapering function in equation A-1, there
are not strong Fourier truncation artifacts in Figure 2b–2m. The
Fourier truncation artifacts can be further decreased by using wider
tapering windows in the angle domain to make the amplitude-taper-
ing smoother, but this reduces the resolution of the approximate
WD. For example, a tapering window of 10° width enlarges the
original range of the vector bin ð30°; 60°Þ to ð25°; 65°Þ; although
the amplitudes in the tapering region are progressively weakened,
they still influence the resolution.
Based on the approximate WD in equation 3, a WD imaging con-

dition

IðxÞ ¼
Z

dt
Xi¼N;j¼M

i¼1;j¼1

ð1 − δijÞus;iðx; tÞur;jðx; tÞ (8)

is applied to reduce the backscattering artifacts, where i and j are
the indices of the vector bins of the source wavefield us and the
receiver wavefield ur, respectively; N and M are the total number
of vector bins for the source and receiver wavefields, respectively.

The term ð1 − δijÞ means excluding the crosscorrelation of
source and receiver wavefields propagating in the same/similar di-
rections because this crosscorrelation gives backscattering artifacts
(e.g., Liu et al. [2011] use upgoing and downgoing wavefields
[regarded as a two-vector-bin case of MPV] to explain the reason).
For the four-vector-bin case in Figure 3, we can crosscorrelate re-
gion A of the source wavefield with regions B–D of the receiver
wavefield.
Equation 8 is a general expression for the WD imaging condition,

which can remove most of the backscattering artifacts. However,
this method cannot remove the backscattering artifacts in the shared
amplitude-tapering region of two adjacent vector bins (the shaded
regions in Figure 3) because source and receiver wavefields in the
same/similar directions crosscorrelate in these shared bins. For the
modified Marmousi model in Figure 4a, using a four-vector-bin
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Figure 3. Schematic diagram using four vector bins to separate source and receiver
wavefields. The shaded regions are the shared angle-tapering regions.
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Figure 4. (a) Modified Marmousi velocity model and (b) the RTM
image. The image is obtained using the WD-AF imaging condition
(with four vector bins for source and receiver wavefields), which is
the same as that used for Figure 6b. (b), the region in the red box
correponds to the SACIGs in Figure 5 and the ADCIGs in Fig-
ures 10–12; the region in the blue box corresponds to the ADCIGs
in Figure 13; the region in the green circle includes a truncation
point in which two reflectors intersect. The velocity model in panel
(a) is modified from the Marmousi model of Versteeg (1994).
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MPV gives the representative SACIGs in Figure 5b, which contain
backscattering artifacts in the vertical direction (see the detailed
analysis in Appendix B).

To remove these artifacts, we propose a WD-AF imaging condi-
tion, which uses the reflection angle θ calculated by MPV to design
a filter FðθÞ (see Appendix B). The WD-AF imaging condition can

be written as

IðxÞ ¼
Z

dt
Xi¼N;j¼M

i¼1;j¼1

Fðθi;jÞð1 − δijÞ

× us;iðx; tÞur;jðx; tÞ; (9)

which can be recognized as applying an angle-
dependent filter Fðθi;jÞ to the WD imaging con-
dition in equation 8.

Applying the WD-AF imaging condition can
suppress the backscattering artifacts in Figure 5b
and give clean SACIGs in Figure 5c. The SA-
CIGs in Figure 5c also give a cleaner stacked im-
age (in Figure 6b) than that in Figure 6a (which is
stacked from the SACIGs in Figure 5b). See Ap-
pendix C for the SACIG using a simple veloc-
ity model.

Calculating ADCIGs from SACIGs

In the previous subsection, the MPV concept
is used to decompose a source-wavefield
snapshot into several angle bins to separate over-
lapping wavefields. This allows explicit consid-
eration of multipathing in RTM with the WD-AF
imaging condition to create SACIGs. It remains
to convert the SACIGs into ADCIGs, by combin-
ing the source-propagation vector and the reflec-
tor normal to calculate the incident/reflection and
azimuth angles. The latter involves reordering
the SACIGs into each decomposed migrated im-
age (a “partitioned” image) corresponding to
each source direction angle (Figure 7). In each
partitioned image, at each image point, we calcu-
late the reflection angle θ and azimuth angle ϑ in
the k-domain

�
θ ¼ cos−1

jps·kj
jpsjjkj ;

ϑ ¼ cos−1
½ðps×kÞ×ẑ�·x̂

jpsjjkj ;
(10)

where ps is the source propagation vector converted from the source
propagation angles; k is the wavenumber of the reflection image,
which defines the polarization direction that is parallel to the reflec-
tor normal; the × between two vectors is a cross product and the dot
between two vectors is a dot product; and x̂ and ẑ are the unit vec-
tors in the positive directions of the x- and z-axes.
As indicated in the “Introduction” section, Vyas et al. (2011) also

calculate the reflection and azimuth angles in the k-domain (similar
to equation 10); however, there are Fourier truncation artifacts when
globally spatial FTs (FTs in the global space) are used to transform
the partitioned images from the x-domain to the k-domain and
transform ADCIGs from the k-domain back to the x-domain
because sorting ADCIGs in the k-domain (equation 10) has the
plane-wave assumption. In the next two subsections, we discuss
these artifacts and compare two schemes to remove them.
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constrained-propagation-angle axis in the schematic diagram. The two arrows in panel
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Figure 6. RTM images using the (a) WD and the (b) WD-AF im-
aging conditions.

S364 Tang and McMechan



ALFT in local windows

In the previous subsection, SACIGs are transformed into AD-
CIGs. The implementation is post migration and thus it is indepen-
dent from the propagation velocity. However, using globally spatial
FTs for this transformation will produce Fourier truncation artifacts
in the ADCIGs, because, when the partitioned images are sorted
into ADCIGs in the k-domain (equation 10), each angle corre-
sponds to one or more sharp image truncations in the k-domain.
When these image truncations are transformed back from the k-do-
main to the x-domain using inverse globally spatial FTs, Fourier
truncation artifacts are generated. Each truncation point in the k-do-
main corresponds to a plane-wave component in the x-domain, so
the plane-wave assumption is required; otherwise, there are Fourier
truncation artifacts. To satisfy this assumption as far as possible, the
FTs need to be done in local windows. To decrease the computa-
tional cost of using local FTs, we use the ALFT; the general ALFT
algorithm of Xu et al. (2010) is presented in Appendix D. This al-
gorithm makes use of the sparse characteristic of the signal obtained
using FTs, and thus only a small portion of the sampling points
(those where the energy is focused) in the k (or ω, or ω-k) domain
need to be processed. The ALFT algorithm has also been used by
Xu et al. (2011) and Jin et al. (2014) to calculate ADCIGs from
applying LPD to the propagating wavefields.
In the general ALFT flow (Appendix D), because picking the

maximum amplitude at each iteration increases the computational
complexity, we use a different criterion to select the effective points,
which avoids picking the maximum modulus in each iteration. For a
local window, the data in the k-domain are sparse, which means that
the energy mainly focuses at a limited number of
image points. Thus, the root-mean-square (rms)
of the modulus (of the complex-valued wavefield
amplitude) is close to the background modulus of
the window; thus, it can be used to separate the
effective and noneffective points. If the modulus
of a point IðkÞ is above the rms, this point is an
effective point and needs to be transformed back
into the x-domain; otherwise, we ignore this
point. Figure 8a is a local window in the x-do-
main. Transforming Figure 8a from x to k by
FT gives Figure 8c, which is sparse. In Figure 8c,
using the rms criterion to select 1577 effective
points from the total 10,201 points gives Fig-
ure 8d. Transforming Figure 8d back to the x-
domain gives Figure 8b, which successfully
recovers all the salient features of the image in
Figure 8a.
The flow of using ALFT to convert SACIGs

into ADCIGs in local spatial windows is as
follows:

i. For each source direction angle, extract the
corresponding partitioned RTM image from
the SACIGs.

ii. For a local grid point x 0 in the partitioned
image, construct a local square (or rectangu-
lar) window around it.

iii. Transform the image in this local window
from the x-domain to the k-domain and ob-
tain IðkÞ. The boundaries of this window in
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Figure 7. The images at source constrained-propagation-direction
angle 100° (see the red line in [a]). Panel (b) uses the correct mi-
gration velocity. Panel (c) uses an 8% low migration velocity.
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Figure 8. Image recovery by using rms as a criterion. (a) A local window in the x-do-
main. By using a forward FT from x to k, (a) is transformed into (c) in the k-domain,
which contains 10,201 points. By using rms as a criterion, 1577 points are selected from
(c), to give (d). By using an inverse FT from k to x, (d) is transformed into (b), which is a
recovered image of (a).
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the x-domain need to be tapered (Figure 9) before the forward
FT (note, this tapering is to avoid the truncation artifacts of the
forward FT from x to k, and thus it does not relax the plane-
wave assumption, which is required to avoid the truncation
artifacts caused by transforming the ADCIGs from k back into
x by inverse FTs).

iv. Calculate the rms of the moduli of all the IðkÞ points.
v. For each IðkÞ point, if its modulus is less than the rms, do

nothing; otherwise, transform IðkÞ from the k-domain back
into the x-domain (using the inverse spatial FT) and obtain
ikðθ;φÞ at the local point x 0

ikðx 0; θ; ϑÞ ¼ IðkÞe−ikx 0
; (11)

where θ and ϑ are calculated from the k by using equation 10.
Adding ikðx 0; θ; ϑÞ to the angle gathers iðx 0; θ; ϑÞ

iðx 0; θ; ϑÞ ¼ iðx 0; θ; ϑÞ þ ikðx 0; θ; ϑÞ: (12)

vi. Repeat steps iv and v until all the IðkÞ points have been
processed.

vii. Repeat steps ii–vi until all the x points of the partitioned image
have been processed.

viii. Repeat steps i–vii until all the partitioned images (each parti-
tioned image corresponds to a source angle) have been
processed.

Comparisons of ADCIGs obtained using spatially global FTs
and spatially local ALFTs are shown in Figures 10 (using the
correct migration velocity) and 11 (using an 8% low migration

20

10

Figure 9. Schematic diagram for a local spatial window. The se-
lected (red) point is at the center. The size of the window is 41 ×
41 grid points, so (excluding the red point) there are 20 grid points
in each arrow direction. To avoid the Fourier truncation artifacts of
the forward FT from the x- to k-domain, the amplitudes in the
shaded region need to be tapered from the inner (box) boundaries
to the outer (box) boundaries; the width of the tapering region is
10 grid points.
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Figure 10. Comparison of ADCIGs by (a) spa-
tially global FT, (b) spatially local ALFT, and
(c) spatially global ATFT, using the correct migra-
tion velocity of the modified Marmousi model.
The spatially local ALFT in panel (b) uses a local
window with a size of 41 × 41 grid points (see Fig-
ure 9 for details) in the x-domain. The spatially
global ATFT in panel (c) uses a T-window with
a radius of 10 grid points in the k-domain. This
example is for the region in the red box of Fig-
ure 4b. The Fourier truncation artifacts in panel
(a) are reduced in panels (b and c); e.g., see the
red and blue boxes. The ADCIGs in panel (c) have
the least artifacts.
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velocity). ADCIGs obtained using the spatially local ALFT have
fewer Fourier truncation artifacts than those using spatially global
FTs (e.g., see the red and blue boxes in Figure 10a and 10b; also see
the red boxes in Figure 11a and 11b).

Antitruncation-artifact Fourier transform in global
space

In the previous subsection, the Fourier truncation artifacts are re-
duced by using spatially local ALFTs. That method works well be-
cause the images are more likely to be primarily planar in a local
window than in the global space, however, it has two disadvantages:

1) Calculating ADCIGs in local spatial windows does not relax the
plane-wave assumption. The images may still have curvatures
in the local windows, especially when the migration velocity is
not correct. For an under- or overestimated velocity, the result-
ing image contains more curved (defocused) reflection events
(Figure 7b). So artifacts still remain (e.g., the red box in Fig-
ure 11b). Setting a smaller local window is useful to reduce
these artifacts, but a local window that is too small will lead
to low angle resolution (Jin et al., 2014).

2) The ALFT flow requires a huge number of
spatially local FTs. The calculation in each
local spatial window (steps ii–vi of the ALFT
flow in the previous subsection) is only to
obtain the ADCIG at its center point.

Fourier truncation artifacts are produced when
transforming the selected single point from the k-
domain back to the x-domain (in step v of the
ALFT algorithm in the previous subsection).
Each single point in the k-domain corresponds
to a single plane wave/image in the x-domain;
thus, if the images are not primarily composed
of planar segments in x, sorting this single point
into ADCIGs (equation 11) in the k-domain leads
to a sharp truncation, and then transforming this
truncation back to the x-domain using inverse
FTs will produce Fourier truncation artifacts.
Therefore, to relax the plane-wave assumption,
we propose to taper the truncation point in a small
window (surrounding this point) in the k-domain;
this window is defined as a T-window and the al-
gorithm is called the ATFT. Because of the relax-
ation of the plane-wave assumption, the ATFT can
be done in the global space rather than in local
spatial windows (note, the “global space” here
corresponds to the x-domain, and the local T-
window corresponds to the k-domain; thus, a spa-
tially global ATFT is done for global space and
local wavenumbers). Its flow is as follows:

i′. For each source direction angle, extract the
corresponding partitioned RTM image from
the SACIGs.

ii′. Transform this partitioned image from x to
k by using forward FTs for the global space
and obtain Γ in the k-domain. The bounda-
ries of the image in x need to be tapered
before the forward FT.

iii′. For each grid point k0, set a small T-window centered at this
point (this window can be circular for two dimensions or spheri-
cal for three dimensions) and taper the amplitudes from the
center to the boundaries of this window. Sort and sum this
T-window into the ADCIGs Iðk; θ; ϑÞ in the k-domain

Iðk; θ; ϑÞ ¼ Iðk; θ; ϑÞ þ
Z
Ω
dkΓðkÞfðkÞ; (13)

where θ and ϑ are calculated using k0 at the central point of this
T-window for equation 10. The fðkÞ is a normalized tapering
function and satisfies Z

Ω
dkfðkÞ ¼ 1 (14)

to preserve the amplitude (Appendix E). The Ω is the T-win-
dow, which should be small to maintain adequate resolution.
A combination of equations 13 and 14 gives

Iðk; θ; ϑÞ ¼ Iðk; θ; ϑÞ þ 1R
Ω dkgðkÞ

Z
Ω
dkΓðkÞgðkÞ;

(15)
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Figure 11. Comparison of ADCIGs by (a) spatially global FT, (b) spatially local ALFT,
and (c) spatially global ATFT, using an 8% lower migration velocity. The spatially local
ALFT in panel (b) uses a local window with a size of 41 × 41 grid points (see Figure 9
for details) in the x-domain. The spatially global ATFT in panel (c) uses a T-window
with a radius of 10 grid points in the k-domain. In panel (a), the red box indicates one of
several areas with artifacts, which are reduced in (b and c). The overall image quality is
significantly improved by the ATFT (see panel c).
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where

gðkÞ ¼ 1

2

�
1þ cos

�
l
r
π

��
; l ≤ r (16)

is a tapering function without normalization (l denotes the dis-
tance between the center point k0 and a tapering point k and r is
the radius of the T-window), and

fðkÞ ¼ gðkÞR
Ω gðkÞdk : (17)

iv′. Repeat steps iii′ until all the grid points in the k-domain are
processed.

v′. Repeat steps i′–iv′ until all the partitioned images (each par-
titioned image corresponds to a source direction angle) are
processed.

vi′. For each θ and ϑ, use spatially global inverse FTs to transform
ADCIGs from the k-domain [defined as Iðk; θ; ϑÞ] back to the
x-domain [defined as iðx; θ; ϑÞ].

Note, the amplitude tapering at the boundaries of the global space
in step ii′ here corresponds to that in step iii of the ALFT flow in the
previous subsection (Figure 9). This tapering is different from the
tapering in the T-windows (step iii′ of ATFT) because the former
is done in the x-domain to avoid the truncation artifacts of the for-
ward FT from x to k, which is a commonsense aspect of performing
forward FTs. The tapering of the T-windows is done in the k-domain
to smooth the truncations of kwhen sorting the partitioned image into
ADCIGs, and thus to reduce the truncation artifacts caused by trans-
forming the ADCIGs from the k-domain back into the x-domain
through the inverse FT. The tapering of the T-windows is the key
point of the ATFT flow. The unit of the T-window radius r and
the distance l can be either the grid point or m−1 (which is the unit

of the wavenumber). We use the former one in our
implementation and the latter one for the resolu-
tion analysis (Appendix F); there is not a conflict
because the horizontal and vertical grid intervals
in our examples are similar (for the Marmousi ex-
amples) and the same (for the simple-model ex-
ample in Appendix C).
The ATFT relaxes the plane-wave assumption

of the FT/ALFT by using the T-window to taper
the amplitudes in a local window that surrounds
the selected single point; thus, the ATFT can be
done in the global space, instead of in local spatial
windows. The nature of the ATFT can also be re-
garded as an amplitude tapering in the angle do-
main (see Appendix F). Using the T-window in
the k-domain will lower the angle resolution be-
cause the entire T-window uses the angle obtained
from k at its central point (k0) for the ADCIG
sorting (equation 13). However, the resolution
loss can be ignored because the ATFT is done
for the global space (rather than in local spatial
windows), which often gives a very high angle
resolution for the images at the dominant wave-
numbers. Actually, because the angles of ADCIGs
often need to be equally spaced, interpolation or
angle binning needs to be done when sorting the
calculated reflection/azimuth angles into AD-
CIGs, so overly high angle resolution is unneces-
sary. For example, the difference between an angle
of 29.9° and an angle of 30° can be ignored. The
choice of the radius of the T-window is qualita-
tive. Our ATFTexamples use a circular T-window
with a radius of 10 grid points, which is small
compared with the model dimension in the k-do-
main (420 × 210 grid points). Furthermore, the ta-
pering weight of a grid point in the T-window
decreases with increasing distance from the cen-
tral point; less weight indicates less influence on
the resolution. To maintain the resolution while
using the T-window, using a smaller sampling in-
terval for k during the forward FT (from x to k)
may also be useful.

Figure 12. The proposed data flow. The dashed red line separates the during-imaging
and postimaging processes. During the imaging, the receiver-side MPVs are used only in
performing the WD-AF imaging condition, which requires less angle resolution than
calculating SACIGs/ADCIGs.
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In Figures 10 and 11, the ADCIGs obtained using the spatially
global ATFT (Figures 10c and 11c) contain the least artifacts. For
example, in the red boxes of Figure 11 (using an 8% low migration
velocity), the artifacts in the ADCIGs using the spatially global FT
(Figure 11a) are reduced by using the spatially local ALFT (Fig-
ure 11b), but some still remain; using the spatially global ATFT
can effectively remove these artifacts and give high-quality AD-
CIGs (Figure 11c).

EXAMPLES

The entire data flow of combining source-side
MPV with ATFT to calculate ADCIGs from
RTM is presented in Figure 12. Several examples
have been presented in the “Theory” section to
illustrate each step in the flow (see Appendix C
for an example of a SACIG and an ADCIG for a
simple layered model). A short discussion of the
cost of the data flow is in Appendix G. In this
section, we focus on the comparison between
ADCIGs obtained using different numbers of
vector bins in calculating the multidirectional
source vectors (refer to equations 1–3).

The parameters for the numerical tests (for the
Marmousi examples) are as follows: The domi-
nant frequency is 20 Hz, the horizontal interval is
12.5 m, the vertical interval is 12.0 m, and the
time interval is 1 ms. There are 240 sources;
the waves propagated from each source are re-
corded by 401 receivers with the offset range
−2500 to 2500 m. Because the angles in AD-
CIGs need to be equally spaced (the interval of
angle sampling in all of our examples is 1°), a
small Gaussian binning of the calculated angles
(Tang and McMechan, 2017a) is used, which
also increases the stability of the ADCIGs.
We use finite-differencing (FD) and a perfectly
matched-layer (PML) boundary condition of
the scalar wave equation for the simulation/
reconstruction of wavefields. The FD uses sec-
ond-order time derivatives and tenth-order space
derivatives. The FD is also used to calculate the
time and space derivatives of the PV.
For the ADCIGs in the previous section, four

vector bins are used to calculate the multidirec-
tional source vectors. Because the velocity struc-
ture in the region from 1000 to 1400 m (in the red
box in Figure 4b) is not as complicated as in the
central part of the modified Marmousi model
(e.g., in the blue box in Figure 4b), using four
vector bins is enough. For the WD-AF imaging
condition, the number of vector bins of the
receiver wavefield is the same as that of the
source wavefield. Figure 13 contains a compari-
son of the ADCIGs obtained using four and
12 vector bins to calculate the multidirectional
source vector in this structurally simple region;
the resulting ADCIGs are similar, which means
using four vector bins can separate most of wave-
field overlaps in this (structurally simple) region.

Their differences in the green boxes are because of the truncation
point in the RTM image, where two reflectors intersect (see also the
green circle in Figure 4b). The ADCIGs obtained using 12 vector
bins may have a few more artifacts than when using four vector bins
(e.g., see the red boxes in Figure 13a and 13b) because more vector
bins increase the proportion of the total area that is involved in the
tapering windows (the shaded areas in Figure 5a), and thus in-
creases the possibility of Fourier artifacts. As discussed above, us-
ing a tapering window of width 10° in the MPV can significantly
reduce the amplitudes of the artifacts but cannot totally remove
them. The comparison in Figure 13 shows that using four vectors
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Figure 13. Comparison of ADCIGs using (a) four and (b) 12 source vector bins in a
relatively simple region (in the red box in Figure 4b) of the modified Marmousi model.
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Figure 14. Comparison of ADCIGs using (a) four and (b) 12 source vector bins in a
relatively complicated region (in the blue box in Figure 4b) of the modified Marmousi
model.
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is adequate for the structurally simple region in the red box of
Figure 4b.
For the structurally complicated region in the blue box in Fig-

ure 4b, using four vector bins to calculate the multidirectional
source vector is not sufficient because the complicated structure in-
creases the possibility of wavefield overlaps. Figure 14 shows a
comparison between ADCIGs using four and 12 vector bins in this
complicated region. In Figure 14a (obtained by using four vector
bins), there are many crossing events (e.g., in the two red boxes
in Figure 14a); the quality of the four-vector-bin ADCIGs is not
sufficient. When using 12 vector bins, these crossing events are

focused to flat events in Figure 14b (e.g., see the two red boxes)
because using 12 vector bins provides a more accurate decomposed
wavefield than using only four.
The final example compares the ADCIGs obtained (a) using the

source- and receiver-side MPVs (see Appendix H) and (b) using the
source-side MPVand the reflector normal. As explained in the “In-
troduction” section, the reason to use the multidirectional source
vector and reflector normal to calculate ADCIGs, is that the recon-
structed wavefield from the observed data (defined as the “receiver
wavefield”) is not as stable as the synthetic source wavefield (in
practice, the observed data may contain different kinds of noise,

seismic diffractions, and other interferences).
In this numerical example, we add noise to the
observed data (Figure 15) and use it as the input
for the two ADCIG flows. In Figure 16, the re-
constructed receiver-wavefield-snapshot (using
the noisy observed data) is less stable than the
simulated source-wavefield-snapshot (using a
synthetic source). The comparison of ADCIGs
using the two methods is shown in Figure 17.
The ADCIGs in Figure 17c, which are calculated
from source-side MPVs and the reflector normal,
have higher quality than the ADCIGs in Fig-
ure 17b, which are calculated from source- and
receiver-side MPVs. An important reason is that
Figure 17c uses the reflector normal of the stacked
image, rather than the reconstructed receiver
wavefield, to calculate ADCIGs. The stacked im-
age is more stable because the data are focused by
migration and the signal-to-noise ratio is increased
by stacking (especially the stacking over multi-
sources).

DISCUSSION AND FUTURE DEVELOPMENTS

In this paper, a new ATFT is used to transform SACIGs into AD-
CIGs after migration. Although the numerical examples are in two
dimensions, all the formulas of the data flow are in three dimen-
sions, except the equations 5–7, which describe the propagation/
constrained-propagation angles in two dimensions. Thus, the pro-
posed data flow can also be applied in three dimensions, but there is
an issue to be noted. In three dimensions, calculation of azimuth
angles needs to use the 3D propagation angles (see equations 4
and 10), rather than constrained-propagation angles, to calculate
the SACIGs. This is because the range of the azimuth angle ϑ in
equation 10 is [0°, 180°). The calculation of the reflection angle θ
can use constrained-propagation angle because its range is [0°, 90°)
(see Figure 1 and equation 10). The proposed idea can also be ex-
tended to elastic media.
The SACIG-ADCIG transformation, which uses the normal di-

rections of the reflection images, is independent of the propagation
velocity. The ATFT algorithm has the potential to decrease the Fou-
rier truncation artifacts in the ADCIG-calculation methods based on
extended imaging conditions (Sava and Fomel, 2003, 2006; Fomel,
2004; Sava and Vlad, 2011); these previous algorithms involve a
transformation from the local-offset or time-shift CIGs to ADCIGs,
which are also postmigration and independent of the propagation
velocity. The T-window of the ATFT can also be used to relax the
plane-wave assumption when using the τ-p transform to calculate
the normal direction of an image or propagating wavefield.
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Figure 15. The observed data for source 120. (a) The synthetic observed data. Panel
(b) is panel (a) with noise added. Panel (b) is used as the observed data for the
RTM/ADCIGs in Figures 16 and 17.
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Figure 16. (a) The simulated wavefield-snapshot from a synthetic
source. (b) The reconstructed wavefield-snapshot from the observed
data with noise. The time for (a and b) is 0.5 s. To clearly plot the
noise, the boundaries of the scale bars do not mark the maximum/
minimum amplitudes of the snapshots.
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As a relation between the reflectivity-to-velocity/impedance in-
version, the Zoeppritz equations, and FWI is established by Tang
and McMechan (2017b), the ADCIGs may have wider applications
in the parameter inversions in the future by being incorporated into
the FWI scheme.

CONCLUSION

A new data flow is proposed to use the source propagation vector
and the reflector normal to calculate ADCIGs, which separates the
calculation of ADCIGs into two steps. During migration, an MPV is
used to calculate intermediate SACIGs. The MPV can calculate
multiple directions from overlapping wavefields; tapering the am-
plitudes (of the wavefield) at the edges of angle bins decreases the
Fourier truncation artifacts in MPV. To cleanly remove the back-
scattering artifacts in SACIGs, a WD-AF imaging condition is
proposed.
After migration, the SACIGs are transformed into ADCIGs in the

k-domain by using the reflector normal of the partitioned image of
each source direction angle. To reduce the Fourier truncation arti-
facts in ADCIGs, we compare two algorithms. One uses ALFT in
local windows because the images are more similar to a plane wave
in a local window than in the global space, but this method still has
the plane-wave assumption in local windows and also requires a
large number of spatially local FTs. The other method uses a new
ATFT, which relaxes the plane-wave assumption (by using a T-win-
dow to taper the truncation point in the k-domain) and thus can be

done in the global space; the ADCIGs obtained
by using the ATFT in the global space have
higher quality than using the ALFT in local spa-
tial windows, and thus the ATFT algorithm is
preferred. Numerical tests show that the new data
flow (combining multidirectional source vector
with ATFT) can give high-quality ADCIGs.
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APPENDIX A

AMPLITUDE-PRESERVING
TAPER FUNCTIONS BETWEEN

ANGLE BINS

Consider an example in which we separate the
360° of the approximate propagation angles into
12 vector bins in two dimensions; the width of
each bin is 30°. A representative bin (30°, 60°)
has two sharp angle truncations at 30° and 60°.

To smooth these truncations, there needs to be two tapering win-
dows ð30° − ϕ; 30°þ ϕÞ and ð60° − ϕ; 60°þ ϕÞ; these two tapering
windows at the edges of the angle bin (30°, 60°) are also shared by
the two adjacent angle bins (0°, 30°) and (60°, 90°), respectively.
Thus, to preserve the amplitude in a shared tapering window
ðψ̄−φ; ψ̄þφÞ with a width of 2ϕ, we choose the Raised-cosine filter
(e.g., Proakis, 1995) to implement the tapering over angles

8>>>>><
>>>>>:

u 0
i ðψ̄Þ ¼ uiðψ̄Þf 0ðψ̄Þ ¼ uiðψ̄Þ × 1

2

h
1þ cos

�
ψ̄−ψ̄−φ
2φ × π

�i
¼ uiðψ̄Þ × cos2

�
ψ̄−ψ̄−φ
2φ × π

2

�
;

u 0 0
i ðψ̄Þ ¼ uiðψ̄Þf 0 0ðψ̄Þ ¼ uiðψ̄Þ × 1

2

h
1þ cos

�
ψ̄þφ−ψ̄
2φ × π

�i
¼ uiðψ̄Þ × sin2

�
ψ̄−ψ̄−φ
2φ × π

2

�
;

ψ̄−φ < ψ̄ < ψ̄þφ;

(A-1)

where u 0
i and u 0 0

i are the amplitudes of the two adjacent vector bins
in the shared tapering window ðψ̄−φ; ψ̄þφÞ; the × between the two
scalar values here (and in all subsequent occurrences) is a scalar
product. Equation A-1 satisfies

�
f 0 þ f 0 0 ¼ 1;
u 0
i þ u 0 0

i ¼ ui;
(A-2)
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Figure 17. Comparison of ADCIGs using (b) source- and receiver-side MPVs and
(c) source-side MPVs and the reflector normal, in a region (see the red box) of panel
(a) the RTM image. This example uses four vector bins for MPV.
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which means the total amplitude is preserved. For example, for the
two adjacent vector bins (30°, 60°) and (60°, 90°), which share the
tapering window (55°, 65°) with a width of 10°, equation A-1 gives

8<
:

f 0ðψ̄Þ ¼ 1
2

h
1þ cos

�
ψ̄−55°
10° × π

�i
;

f 0 0ðψ̄Þ ¼ 1
2

h
1þ cos

�
65°−ψ̄
10° × π

�i
;

55° < ψ̄ < 65°:

(A-3)

In this example, the first tapering function f 0ðψ̄Þ decreases from 1.0
at 55° to 0.0 at 65° (Figure A-1a); the second tapering function
f 0 0ðψ̄Þ decreases from 1.0 at 65° to 0.0 at 55° (Figure A-1b). The
summation of the two tapering functions at each angle is 1.0 at all ψ̄
(Figure A-1c), so the amplitudes are preserved.

APPENDIX B

ANGLE-FILTER DESIGN FOR REMOVAL
OF BACKSCATTERING ARTIFACTS

The RTM backscattering artifacts cannot be cleanly removed by
using the WD imaging condition in equation 8. In Figure 5b, which
uses four vector bins for the WD imaging condition, there are still
artifacts in the vertical direction. These artifacts correspond to the
shared tapering region ð90° − ϕ; 90°þ ϕÞ at the edges of the angle
bins (see the shaded region in the vertical direction of Figure 4a).
Note that the horizontal tapering (shaded) region in Figure 4a will
not have corresponding artifacts because waves propagating in the
horizontal direction are hard to observe from the surface. The back-
scattering artifacts in Figure 5b will negatively influence the trans-
formation of SACIGs into ADCIGs because they will be treated as
reflections. To remove these artifacts, we define an angle filter

FðθÞ ¼

8><
>:

1; θ < θ1;
1
2

h
1 − cos

�
θ2−θ
θ2−θ1

× π
�i

; θ1 ≤ θ < θ2;

0; θ ≥ θ2;

(B-1)

where θ1 and θ2 are the two reflection angles that bound the taper
of the reflection-angle ðθÞ filter. The two selected taper angles
need to be relatively large reflection angles to remove the back-
scattering artifacts near 90° while preserving most of the effective
image; they are set empirically to 60° and 75° in our examples.
The reflection angle θ in equation B-1 is calculated from the
propagation directions of the source and receiver wavefields, but
we note that this does not conflict with our avoidance of using the
low-reliability propagation directions of the receiver wavefields to
calculate ADCIGs because the angle resolution required by the
filter in equation B-1 is low; the calculated reflection angle is used
only for this angle filter and not to output ADCIGs. Comparisons
of SACIGs and RTM images using WD and WD-AF imaging
conditions are shown in Figures 5 and 6 using a complicated
model.

APPENDIX C

SACIG AND ADCIG FOR A SIMPLE MODEL

This appendix provides an example of a SACIG and an ADCIG
using a simple layered velocity model with three flat reflectors (Fig-
ure C-1a). The parameters for this numerical test are as follows: The
source wavelet uses a Ricker wavelet with a dominant frequency of
20 Hz, the horizontal and vertical grid intervals are 10.0 m, and the
time interval is 1 ms. There are 200 sources. The waves propagated
from each source are recorded by 401 receivers on the surface with
the offset range −2500 to 2500 m; 40 points are used to taper each
of the two boundaries of the observed data. For the angle-sampling
interval, the Gaussian binning, and the numerical method of wave-
field simulation and reconstruction, please refer to the Marmousi
example in the “Examples” section.
For simple models containing flat layers or layers with small dip

angles, two vector bins (up and down) are enough to separate the
incident and reflected waves. In this case, using the WD imaging
condition is sufficient because the tapering region for the two
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Figure A-1. The tapering functions for two adjacent vector bins.
(a) The vector bin (30°, 60°); (b) the vector bin (60°, 90°). The sum-
mation of (a and b) at each angle gives (c); thus, the wavefield am-
plitudes in the tapering region (55°, 65°) are preserved.
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vector bins are in horizontal directions (refer to Figure 4); waves
that propagate in the horizontal direction are hard to be observed
from the surface. Figure C-1b shows the RTM image obtained us-
ing the WD imaging condition with two vector bins. Figure C-2
contains the SACIG and ADCIG at horizontal location 2000 m.
The proposed method gives high-quality ADCIGs for this simple
model.

APPENDIX D

A GENERAL FLOW OF THE ALFT

This appendix contains a general ALFT flow as described by Xu
et al. (2010). The algorithm below is between the t- and ω-domains;
it can also be applied to the FTs between x and k (or t-x and ω-k):

I. Transform the signal fðtÞ into the ω-domain to obtain FðωÞ.
II. Calculate the modulus of each FðωÞ.
III. Pick the FmaxðωÞwith the maximummodulus, and convert this

point (a single-frequency component) back to the t-domain

fmaxðtÞ ¼ FmaxðωÞeiωt: (D-1)

Set the FmaxðωÞ to be zero.
IV. Subtract fmaxðtÞ from fðtÞ at each t

fðtÞ ¼ fðtÞ − fmaxðtÞ: (D-2)

V. Repeat steps III and IV until the residual, e.g.,

ε ¼
Z

T

0

jfðtÞj2dt (D-3)

is small enough.

APPENDIX E

ANALYSIS OF THE AMPLITUDE
IN THE T-WINDOW

Figure E-1 illustrates two overlapping circular T-windows in the
k-domain, with a radius of two grid increments. Because of equa-
tions 16 and 17, in the red T-window (Ω), the normalized weight f
at its central point “0” is

fðk0Þ ¼
1R

Ω gðkÞdk : (E-1)

The residual weight

frðk0Þ ¼ 1 − fðk0Þ (E-2)

at point 0 is contributed by the other T-windows that use the blue
points as center points (e.g., the “dashed” blue T-window centered
at the blue point “1”).

For example, point 1 is a tapering point for the red T-window
centered at point 0, with a tapering weight of fk0ðk1Þ; similarly,
point 0 is also a tapering point for the dashed blue T-window cen-
tered at point 1, with a tapering weight of fk1 ðk0Þ. Because the dis-
tance between points 0 and 1 is the same for the red and blue T-
windows

fk0ðk1Þ ¼ fk1ðk0Þ; (E-3)

which leads to

fk0ðknÞ ¼ fknðk0Þ (E-4)
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Figure C-2. (a) A SACIG and (b) an ADCIG using the simple
model in Figure C-1a. The horizontal location for the SACIG
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Figure C-1. (a) The velocity model and (b) the stacked RTM image.
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for an arbitrary blue point “n.” Thus, the summation of the tapering
values at point 0 (in all T-windows with this point included) is

Ifðk0Þ ¼
XN−1

n¼0

fk0ðknÞ ¼
XN−1

n¼0

fknðk0Þ; (E-5)

where N is the number of the points in the red T-window (note, n
starts at 0 and thus ends at N − 1), which is also the number of all
T-windows that includes point 0. Because the

P
N−1
n¼0 fknðk0Þ is the

discrete expression of ∫ ΩdkfðkÞ in equation 14

XN−1

n¼0

fknðk0Þ ¼
Z
Ω
dkfðkÞ ¼ 1; (E-6)

and thus

Ifðk0Þ ¼ 1; (E-7)

which means the amplitude at point 0 is preserved. For one point, its
amplitude in each T-window that involves this point is a partition of
unity. This relation/conclusion is also applicable to all other points of
the image in the k-domain (excluding the boundary points of the
model, which can be ignored). Although Figure E-1 is a 2D schematic
diagram, the theory in this appendix also works for three dimensions.

APPENDIX F

ANALYSIS OF THE ATFT ALGORITHM

The ATFT algorithm (e.g., equation 15) is equivalent to applying
an amplitude taper over angles in the k-domain, which is used
during the approximate WD of the MPV-calculation process (see

Appendix A). However, different from the approximate WD, during
the transformation of SACIGs into ADCIGs, the reflection angle
calculated by equation 10 is used to output ADCIGs in the k-do-
main; thus, it requires high accuracy.
Therefore, the ATFT cannot use an angle-tapering range as large

as that in the approximate WD of MPV (e.g., 10°); a small tapering
window (T-window) is used in the k-domain to achieve a similar
goal (of angle tapering) while preserving high accuracy. Based on
equation 10, the center point k0 of a circular T-window corresponds
to a reflection angle

θ0 ¼ cos−1
jps · k0j
jpsjjk0j

: (F-1)

For other points in this T-window, the vector from the center point
(k0) to an arbitrary point (kl) is

ϒ ¼ kl − k0; jϒj ≤ r; (F-2)

where r is the radius of the T-window, with a unit of m−1 (which is
the unit of the wavenumber). Based on equation 10, kl corresponds
to an angle

θl ¼ cos−1
jps · klj
jpsjjklj

¼ cos−1
jps · ðk0 þ ϒÞj
jpsjjk0 þ ϒj : (F-3)

For the sorting into ADCIGs, the entire T-window uses θ0 as the
reflection angle, so the angle error of the T-window is

δθ ¼ θl − θ0 ¼ cos−1
jps · klj
jpsjjklj

− cos−1
jps · k0j
jpsjjk0j

¼ cos−1
jps · ðk0 þ ϒÞj
jpsjjk0 þ ϒj − cos−1

jps · k0j
jpsjjk0j

: (F-4)

In equation F-4, if a tapering point ðklÞ is near the center point
ðk0Þ, this point has a small jΥj, which results in a small angle-error
magnitude jθl − θ0j; otherwise, this point has a large jΥj, which
results in a large jθl − θ0j. Based on equation 16, the taper points
with small jΥj or jθl − θ0j have large tapering weights; otherwise,
they have small tapering weights.
The amplitude truncation at θ0 is tapered in the angle range

ðθl−min; θl−maxÞ, where θl−min and θl−max correspond to the mini-
mum and maximum angles in the T-window, respectively. The re-
duction of resolution caused by using the T-window is defined by
the tapering function (e.g., equation 16) and the angle range
ðθl−min; θl−maxÞ. The ðθl−min; θl−maxÞ depends on the source propa-
gation vector ps, the location of the center point k0 and the radius of
T-window r. Because we use a global spatial FT, the wavenumber
sampling is very dense; a small T-window will have a limited in-
fluence on the accuracy of most k0. For very low wavenumbers, the
T-window will have a relatively large influence, but these wave-
numbers are not the dominant part of the image.

1

0

Figure E-1. Schematic diagram for two overlapping T-windows in
the k-domain. The red T-window involves the center (red) point 0
and several tapering (blue) points including point 1, which is the
center of the blue (dashed) T-window.
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APPENDIX G

DISCUSSION OF COMPUTATIONAL COST
OF THE PROPOSED DATA FLOW

The proposed data flow contains two parts: One is calculation of
the MPV during the imaging; the other one is the transformation of
SACIGs into ADCIGs after imaging.
During the imaging, the main increase of the computational cost

of the MPV over that of the single-direction PV is associated with
the calculation of the approximate WD and the calculation of the
time-shift PVs for each decomposed wavefield. There are two im-
portant factors that determine the computational complexity and the
memory requirement: One is the number of vector bins in equation 3
(Tang and McMechan, 2016); the other is the width of time-shift
search window that relates to equation 2 (Tang and McMe-
chan, 2017a).
For a real-valued wavefield snapshot, the computation-time

complexity of the fast FT (FFT) of a complex-valued 3D slice is
Oðnx log nx þ ny log ny þ nz log nzÞ, where nx, ny, and nz are
the numbers of sampling points in the x-, y-, and z-dimensions, re-
spectively. If the number of vector bins is M, the approximate WD
in equation 2 requires ðM þ 1Þ spatial FTs, including one forward
FT and M inverse FTs.
If the computation time of the FFT and time-shift PV for a single

complex-valued slice are TFFT and TTPV, respectively, the entire
computational time of MPV for this single slice is

C ¼ ðM þ 1ÞTFFT þMTTPV þH; (G-1)

where H is the time of the other processes including calculating the
approximate angles in the k-domain. Here, we assume the forward
FFT has the same computational time as the inverse FFT.
In the second step (after imaging), the number of angles of SA-

CIGs is an important factor in the computation time of the trans-
formation from SACIGs to ADCIGs. The number of angles in
SACIGs is also the number of the partitioned images. Assuming
the computational complexity of transforming one partitioned im-
age into ADCIGs isOATFTð1Þ, the complexity of the entire SACIG-
to-ADCIG transformation is OATFTðNSACIGÞ, where NSACIG is the
number of SACIGs (or the number of partitioned images). The com-
putation time of the second step is independent of the number of
time steps (in wavefield modeling/reconstruction) and the number
of sources.

APPENDIX H

IMAGING CONDITION FOR ADCIGS OBTAINED
USING SOURCE- AND RECEIVER-SIDE MPVS

The ADCIGs that are calculated by source- and receiver-sideMPVs,
use a WD imaging condition (e.g., Tang and McMechan, 2017a)

Iðx; θ; ϑÞ ¼
Z

dt
Xi¼N;j¼M

i¼1;j¼1

ð1 − δijÞδðθij − θ 0
ijÞ

× δðϑij − ϑ 0
ijÞus;iðx; tÞur;jðx; tÞ; (H-1)

where the reflection angle θ 0 and azimuth angle ϑ 0 are obtained from

8<
:

θ 0
i;j ¼ 1

2
cos−1

ps;i ·ð−pr;jÞ
jps;ijjpr;jj ;

ϑ 0
i;j ¼ cos−1

f½ps;i×ð−pr;jÞ�×ẑg·x̂
jps;ijjpr;jj ;

(H-2)

where pr;j is the propagation vector of the receiver wavefield (in the
forward time direction). The sign of pr;j in equation H-2 is determined
by its definition (in the forward or reverse time direction).
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