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S U M M A R Y
Cycle skipping is a serious issue in full waveform inversion (FWI) since it leads to local minima.
To date, most FWI algorithms depend on local gradient based optimization approaches, which
cannot guarantee convergence towards the global minimum if the misfit function involves
local minima and the starting model is far from the true solution. In this study, I propose
a misfit function based on non-stationary time warping functions, which can be calculated
by solving a seismogram registration problem. Considering the inherent cycle skipping and
local minima issues of the registration problem, I use a Markov chain Monte Carlo (MCMC)
method to solve it. With this global optimization approach, I am able to directly sample
the global minimum and measure non-stationary traveltime differences between observed and
predicted seismograms. The a priori constraint about the sparsity of the local warping functions
is incorporated to eliminate unreasonable solutions. No window selections are required in
this procedure. In comparison to other approaches for measuring traveltime differences, the
proposed method enables us to align signals with different numbers of events. This property
is a direct consequence of the usage of MCMC optimization and sparsity constraints. Several
numerical examples demonstrate that the proposed misfit function allows us to tackle the cycle
skipping problem and construct accurate long-wavelength velocity models even without low
frequency data and good starting models.
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1 I N T RO D U C T I O N

How to effectively and accurately measure differences between two
seismograms is a general problem in seismology. Least-squares
waveform difference is one way to quantify the differences, which
can be defined in time (Tarantola 1984), frequency (Pratt 1999)
or Laplacian domains (Shin & Cha 1998). However, if travel-
time differences between two seismograms are greater than half
period of signals, the least-squares waveform difference suffers
from cycle skipping problem. Cycle skipping is a serious issue
in full waveform inversion (FWI; Virieux & Operto 2009) since
it usually leads to local minima in misfit functions. To date,
most inversion algorithms used in FWI depend on local gradient
based optimization approaches, such as conjugate gradient (Fletcher
& Reeves 1964) or limited-memory Broyden–Fletcher–Goldfarb–
Shanno (L-BFGS) method (Nocedal 1980). These local gradient
based methods only enable us to search local minima around the
initial model. Therefore, if the starting model is far from the global
minimum, the local gradient based optimization methods cannot
guarantee the convergence of FWI towards the true solution. Some
global optimization approaches, such as simulated annealing, might
be helpful to estimate good starting models (Datta & Sen 2016).
However, considering expensive forward calculations and high

dimensionality of model spaces, it is still challenging to directly
use global optimization approaches in 3-D velocity model building.

One way to tackle the cycle skipping problem in FWI is to
use a multi-scale inversion strategy (Bunks et al. 1995; Sirgue
& Pratt 2004). We start inversion from low frequencies to build
an accurate background velocity, and then gradually increase fre-
quency contents to resolve small-scale details. However, due to the
configuration of seismic sources used in exploration seismology,
the signal to noise ratios of low frequency data are typically low,
making this frequency continuation, multi-scale inversion strategy
difficult to implement in practice. Recently, some approaches are
proposed to synthesize low frequency data (Hu 2014; Li & De-
manet 2015, 2016), which can improve the robustness of multiscale
inversion strategy in practice.

Another way to tackle the cycle skipping problem is to design
well-behaved misfit functions in FWI. A good misfit function should
be convex, avoid local minima, involve broad basins of attraction,
and be insensitive to the selection of frequency bands. To date, there
have been numerous misfit functions proposed to tackle the cycle
skipping problem in FWI. For instance, Luo & Schuster (1991) and
van Leeuwen & Mulder (2010) proposed misfit functions based on
cross-correlation functions. This type of misfit function focuses on
phase differences between observed and predicted seismograms,
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which are more linear with respect to velocity perturbations in
comparison with waveform differences. In addition, we are able to
avoid amplitude discrepancies, which are difficult to use in seis-
mology. Based on the Rytov approximation, Luo et al. (2016) de-
signed gradients which only reflect phase discrepancies and are
consistent with the definitions of misfits based on cross-correlation
functions. To consider non-stationary traveltime differences, either
local cross-correlation (Hale 2006) or window selection strategies
(Maggi et al. 2009; Zhu et al. 2015) can be used. Ma & Hale
(2013) used dynamic warping to measure non-stationary traveltime
differences, which were applied in reflection traveltime inversion.
Dynamic warping (Hale 2013) is an efficient measurement algo-
rithm since it uses dynamic programming to solve a constrained,
global optimization problem. Fichtner et al. (2008) and Wu et al.
(2014) measured the differences of seismograms in time-frequency
domain. Either phase or envelop functions have been used to de-
sign misfit functions. Wavelet analysis was also applied to tackle
the cycle skipping problem in FWI (Yuan & Simons 2014; Yuan
et al. 2015). Warner & Guasch (2016) proposed adaptive waveform
inversion, which uses a stationary Wiener filter with length greater
than input signals to quantify differences between observed and
predicted seismograms. It has been applied to experiments with-
out low frequency data and good starting models. Zhu & Fomel
(2016) extended this idea to non-stationary matching filters. It has
been used to build good starting models for waveform inversion.
Engquist & Froese (2014) first demonstrated the potential applica-
bility of Wasserstein metric in seismology, which is successively
applied in waveform inversion recently (Metivier et al. 2016a,b;
Yang et al. 2017). Xue et al. (2016) used smoothed differences
between observations and predictions to tackle the cycle skipping
problem.

Baek et al. (2013) considered the measurement procedure as
a seismogram registration problem (Fomel & Jin 2009). By solv-
ing a least-squares optimization problem, they were able to ex-
tract non-stationary time and amplitude discrepancies between two
seismograms. In their study, a misfit function is designed to mea-
sure least-squares waveform differences between observed data and
time/amplitude warped prediction. Then, a Newton based optimiza-
tion approach is used to search for the minimum of this misfit func-
tion and calculate local time/amplitude warping functions. However,
as noted in their paper, similar to FWI, this optimization problem
inherently suffers from the cycle skipping and local minima issues.
They had to use a similar frequency continuation, multi-scale strat-
egy and low frequency amplified signals (such as envelops) to obtain
correct measurements. In this study, I propose to use a Markov chain
Monte Carlo (MCMC) approach (Mosegaard & Tarantola 1995) to
solve the seismogram registration problem. This global optimiza-
tion method allows me to directly sample the global minimum and
avoid trapping into the local minima (Rothman 1985,1986; Sen &
Stoffa 1991, 2013). Then, a misfit function for velocity model build-
ing is designed based on the inverted, non-stationary time warping
functions. This is similar to the procedure in Luo & Schuster (1991)
and Ma & Hale (2013). The adjoint source of the proposed misfit
function can be derived based on the idea of connectivity functions
proposed by Luo & Schuster (1991).

In this paper, I begin with the introduction of the seismogram reg-
istration problem. Then, I propose a MCMC optimization method
to solve the registration problem. Several 1-D seismogram registra-
tion examples are used to demonstrate the inversion strategy. Next,
a misfit function is designed based on the inverted, non-stationary
time warping functions and the expression of its adjoint source is
provided. Finally, several 2-D numerical examples are used to illus-

trate the performance of the proposed misfit function for tackling
the cycle skipping problem in FWI.

2 M E T H O D

2.1 Seismogram registration problem

Given observation d(t) and prediction p(t), my goal is to measure
their traveltime differences. Baek et al. (2013) formulated this as a
seismogram registration problem and designed a misfit function to
quantify least-squares waveform differences between observed data
and time/amplitude warped prediction. Considering the difficulties
of working with amplitudes, in this study, I only focus on traveltime
differences between observation and prediction. Similar to Baek
et al. (2013), I define a misfit function to measure the least-squares
differences between prediction p(t) and time warped observation
d(t + w(t)) as follows

χ (w) = 1

2

∫ T

0
[d(t + w(t)) − p(t)]2 dt, (1)

where w(t) is the unknown local warping function. Another choice
of misfit function could be the similarity between prediction and
time warped data (Sen & Stoffa 1991)

χ (w) = 1 −
∫ T

0 d(t + w(t))p(t)dt√∫ T
0 d(t + w(t))2dt

∫ T
0 p(t)2dt

. (2)

Numerical examples show that they give me similar solutions. In
this study, I choose eq. (1) as the misfit function. Local warping
of a signal can be implemented by shifting the coordinate of input
signal and then performing interpolation to the regular coordinate.
In this study, I use cubic spline functions for the interpolation.

Considering the non-uniqueness and non-linearity of this opti-
mization problem, I add regularization to the misfit function. The
choices of regularization schemes depend on the a priori assump-
tion of the solution. Either L2 or L1 regularization can be used. If
the a priori assumption is that the solution should be smooth and
with a finite energy, we can add the Tikhonov regularization to the
misfit function χ (w) as follows:

χ L2 (w) = χ (w) + λ1

∫ T

0

[
dw(t)

dt

]2

dt + λ2

∫ T

0
[w(t)]2 dt, (3)

where λ1 and λ2 are the regularization parameters.
In this study, I choose sparsity constraints with the a priori as-

sumption that the local time warping function should be sparse
with some basis functions. Therefore, the misfit function used for
the seismogram registration problem is

χ L1 (w) = χ (w) + λ3

∫ T

0
|w(t)| dt, (4)

where λ3 is the regularization parameter which can be chosen based
on the relative magnitudes of χ (w) and

∫ T
0 |w(t)|dt .

Considering the potential local minima and cycle skipping prob-
lems of the seismogram registration problem (Baek et al. 2013), in
this study, I choose a MCMC method (Mosegaard & Tarantola 1995)
to minimize the misfit function χ L1 (w), which allows me to directly
sample the global minimum and avoid local minima. The Appendix
gives a brief review about the MCMC procedure. The efficiency of
the MCMC method depends on the size of model space. In order
to reduce the number of unknowns and impose smoothness to the
solution, I choose the following model parametrization with cubic
spline basis function φk(t). Thus, the unknown model parameters



978 H. Zhu

(a) (b)

(c) (d)

Figure 1. Seismogram registration with a random time warping function. Panel (a) compares an input signal (red) and its time warped version (dashed blue)
with a local warping function in panel (c). Panel (b) compares the input (red) and unwarped (dashed blue) signals. Panel (c) compares synthetic (blue) and
recovered (dashed red) local warping functions. Panel (d) presents the evolution of misfit χ L1 .

are reduced to the coefficients of the spline functions, wk, in the
following expression:

w(t) =
N∑

k=1

φk(t)wk . (5)

Another advantage of using MCMC method is that I can easily
impose additional constraints for the local warping function. For
instance, similar to Ma & Hale (2013) and Hale (2013), to avoid
unrealistically large stretch and squeeze, I set the upper and lower
limits for the first derivative of the local warping function as follows:∣∣∣dw(t)

dt

∣∣∣ ≤ σ. (6)

Here, I choose σ = 1 to avoid 100 per cent stretch and squeeze.

2.2 Numerical examples for the seismogram registration
problem

Fig. 1 presents a simple example to illustrate the seismogram regis-
tration problem. The input signal is a seismogram computed based
on 2-D Marmousi model. A Ricker wavelet with central frequency
of 20 Hz is used in this example. The total length of the input
signal is 1.44 s with time interval of 0.0012 s. I apply a synthetic
random time warping function (Fig. 1c) to the input signal and ob-
tain a warped signal as shown in Fig. 1(a). Given the input and
warped signals, I use MCMC method to minimize the misfit func-
tion χ L1 (w) and search for the unknown warping function. 30 cubic
spline functions are used to parametrize the local warping function.
The regularization parameter λ3 is chosen as 0.003. 3000 MCMC
iterations are applied and the misfit function χ L1 (w) is gradually
reduced (Fig. 1d). Fig. 1(c) compares the synthetic and recovered
local warping functions and Fig. 1(b) compares the input and un-
warped signals. The MCMC optimization enables me to recover
this random time warping function and align phases between two
seismograms.

The random local warping function is relatively easy to recover
since the input two seismograms have the same number of events

and similar waveform characteristics. These assumptions are typ-
ically not satisfied in real applications. To test the algorithm for
processing signals with different numbers of events and wave-
forms, in the second example, I compare two seismograms: one
is calculated based on true Marmousi model and contains certain
amount of noises, the other is computed based on a smoothed ver-
sion of Marmousi model. They can be considered as observation
from true model and prediction from starting model (Fig. 2a). By
solving the seismogram registration problem with MCMC, I ob-
tain recovered signal and warping function as shown in Figs 2(b)
and (c), respectively. The MCMC optimization enables me to re-
cover most phase discrepancies between the input signals for this
case with relatively small time shifts. Although these two signals
have different numbers of events and waveform characteristics.
Similar to the first example, the misfit function is reduced grad-
ually during 3000 MCMC iterations. Since the seismogram reg-
istration is a 1-D inverse problem and thanks to the application
of model parametrization in eq. (5), the computational costs of
the MCMC optimization are relatively small in comparison with
solving forward and adjoint wave equations during velocity model
building.

2.3 Comparisons with other measurement approaches

There are many other ways to measure non-stationary time differ-
ences between two signals. In this section, I compare solutions with
two other approaches: local cross-correlation (Hale 2006) and dy-
namic warping (Hale 2013). Taking advantages of Gaussian window
functions, Hale (2006) designed an efficient algorithm to compute
a non-stationary cross-correlation function between two signals.
Fig. 3(a) shows calculated local cross-correlation function for the
first example with a random warping function. A local warping
function can be picked automatically from the maximum semblance
(Fomel 2009). The definition of local cross-correlation depends on
the absolute amplitudes of input signals, and therefore, for later
arrivals with small amplitudes, it is hard to pick the correct warp-
ing function. In addition, there are relatively large uncertainties for
automatic picking procedures to process functions like Fig. 3(a).
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(a) (b)

(c) (d)

Figure 2. Seismogram registration for signals with different numbers of events and waveform characteristics. Panel (a) shows an input seismogram (red) from
true Marmousi model. Certain amount of noises are added to the signal. Compared signal (dashed blue) is computed from a smoothed version of Marmousi
model. Panel (b) compares input (red) and unwarped (dashed blue) signals. Panels (c) and (d) show the recovered local warping function and the evolution of
misfit χ L1 , respectively.

Figure 3. Comparisons with solutions based on local cross-correlation and dynamic warping. Panels (a) and (b) are solutions from local cross-correlation and
dynamic warping for the first example in Fig. 1. Automatically picked local warping functions are shown by black curves. Panels (c) and (d) are solutions for
the second example in Fig. 2 based on local cross-correlation and dynamic warping, respectively.

Fig. 3(b) shows accumulated distance and picked local warping
function using dynamic warping. Since no additional smoothness
constraints are applied in my current dynamic warping code, there
are some artefacts in the solution, which can be reduced using
approaches described in Hale (2013). Overall, dynamic warping
provides us a relatively good local warping function for this simple
example.

Figs 3(c) and (d) present solutions for the second example us-
ing local cross-correlation and dynamic warping, respectively. The
local cross-correlation result has the same issue as the previous
example in terms of picking uncertainties. For the dynamic warp-
ing solution in Fig. 3(d), since the input two signals have different
numbers of events and waveform characteristics, it is difficult to
pick the correct local warping function. These numerical examples
demonstrate that the approach proposed in this paper enables me
to measure traveltime differences between two signals even they
involve different numbers of events.

2.4 A misfit function based on local warping functions
and its adjoint sources

Once I solve the seismogram registration problem, the inverted local
time warping function quantifies traveltime differences between
observations and predictions. Then, I can define a misfit function
based on the local warping function and apply it in velocity model
building procedure. Similar to Luo & Schuster (1991) and Ma &
Hale (2013), I choose the following misfit function

J = 1

2

Ns∑
s=1

Nr∑
r=1

∫ T

0
[w(t)]2 dt, (7)

where Ns and Nr are the numbers of sources and receivers, respec-
tively.

In order to use this misfit function in waveform inversion, I need
to compute adjoint sources, which are used to drive adjoint wave-
fields and construct misfit gradients (Tromp et al. 2005). Based on



980 H. Zhu

Plessix (2006), the misfit gradient can be computed as

∂ J

∂c(x)
=

Ns∑
s=1

Nr∑
r=1

∫ T

0
w(t)

∂w(t)

∂c(x)
dt

=
Ns∑

s=1

Nr∑
r=1

∫ T

0
w(t)

∂w(t)

∂p(t)

∂p(t)

∂c(x)
dt, (8)

where c(x) is the velocity and I use chain rule for ∂w(t)
∂c(x) . For ∂p(t)

∂c(x) , I use
the sensitivity kernel based on Born approximation (Tarantola 1984;
Luo & Schuster 1991)

∂p(t)

∂c(x ′)
= − 2

c3
G(xr ; x ′) ∗ ∂2 p(x ′; xs)

∂t2
, (9)

where ∗ denotes convolution and G(xr; x′) is the Green’s function.
Substituting the sensitivity kernel into eq. (8), I can define adjoint
source f†(t) for each pair of shot and receiver as

f †(t) = w(t)
∂w(t)

∂p(t)
. (10)

Therefore, the key procedure is to compute the derivative of the
local warping function with respect to the prediction p(t). Luo &
Schuster (1991) provided a connectivity function method to com-
pute such kind of derivative. I introduce a connectivity function F(t)
and rewrite the previous expression as

f †(t) = −w(t)
∂ F(t)

∂p(t)
/
∂ F(t)

∂w(t)
, (11)

The connectivity function F(t) has to satisfy

∂ F(t)

∂w(t)
�= 0. (12)

Here I choose the following connectivity function

F(t) = ∂χ L1

∂w(t)
= [d(t + w(t)) − p(t)] ḋ(t + w(t))

+ λ3sgn[w(t)] = 0. (13)

If the local warping function is the correct solution, the derivative of
misfit function χ L1 with respect to w(t) should be zero. Otherwise,
I can modify the local warping function to reduce the derivative of

χ L1 , i.e. ∂χ L1

∂w(t) , and find another optimal solution. With the definition
of the connectivity function, then I have

∂ F

∂p(t)
= −ḋ(t + w(t)), (14)

and
∂ F

∂w(t)
= [d(t + w(t))− p(t)] d̈(t + w(t))+ ḋ(t + w(t))

2
. (15)

Combining previous expressions, the adjoint source for the misfit
function in eq. (7) is

f †(t)= w(t)ḋ(t + w(t))

[d(t + w(t))− p(t)] d̈(t + w(t))+ ḋ(t + w(t))
2
, (16)

which is similar to the solution in Luo & Schuster (1991), except
that here the measurements are non-stationary.

3 N U M E R I C A L E X A M P L E S

3.1 Tomography with Gaussian anomalies

First, I use a simple tomography experiment to illustrate the per-
formance of misfit function J in eq. (7). The true velocity model

involves four Gaussian anomalies with alternate signs and the start-
ing model is homogeneous with the velocity equal to 4 km s−1.
Maximum velocity perturbation reaches 12.5 per cent. 11 shots are
located at z = 0.5 km with spacing of 0.3 km. 151 receivers are
located at z = 3.5 km with spacing of 0.04 km. I use a time domain
waveform inversion algorithm and a Ricker wavelet with central fre-
quency of 15 Hz. For the first experiment, I use a least-squares wave-
form misfit function with a multi-scale inversion strategy (Bunks
et al. 1995; Sirgue & Pratt 2004). Four frequency groups with low
pass filters at 1, 5, 10 and 15 Hz are used. 10 conjugate gradient
iterations are used in each frequency group. Figs 4(a) and (b) com-
pare the true and recovered velocity models. With this multi-scale
inversion strategy, I am able to recover these four strong Gaussian
anomalies.

If I do not use the multi-scale inversion strategy, instead, I directly
work on data with central frequency of 15 Hz. The recovered veloc-
ity model after 10 iterations is presented in Fig. 4(c). Figs 5(a) and
(b) present the evolution of data and model misfits for this experi-
ment. The data misfit is gradually reduced and gets trapped into a
local minimum. The model misfit diverges, suggesting the presence
of cycle skipping in this case.

Next, I switch to the misfit function based on local warping
functions measured from seismogram registration. 3000 MCMC
iterations are used to solve the registration problem and the regu-
larization parameter λ3 is set to 0.5. A Ricker wavelet with central
frequency of 15 Hz is used and no frequency continuation strat-
egy is applied. After 10 conjugate gradient iterations, the recovered
velocity model is presented in Fig. 4(d). Figs 5(c) and (d) show
the evolution of data and model misfits, both of them are gradually
reduced during these 10 iterations. With this misfit function, I am
able to recover strong velocity perturbations even without a good
starting model and low frequency data.

3.2 Cross well tomography

Next, I test the misfit function for a cross well tomography experi-
ment. Figs 6(a) and (b) present the true and starting models used in
this experiment. The true model is extracted from the right portion
of 2-D Marmousi model. The starting model is a highly smoothed
version of the true model. Fig. 6(c) shows velocity perturbations
between the true and starting models. Similar to the previous ex-
ample, I first use a least-squares waveform misfit function with a
multi-scale inversion strategy. 17 shots are located at x = 2.1 km
with spacing of 0.16 km. 80 receivers are located at x=0.1 km with
spacing of 0.032 km. Four frequency groups with low pass filters
at 1, 3, 5 and 7 Hz are used. 10 conjugate gradient iterations are
used in each frequency group. The recovered velocity perturbation
is shown in Fig. 7(a). Comparing Figs 6(c) and 7(a), I conclude that
with a multiscale inversion strategy, I am able to recover velocity
perturbations even with a relatively poor starting model.

In the second experiment, I do not use a multi-scale inversion
strategy. Instead, I directly use a Ricker wavelet with central fre-
quency of 7 Hz. If I still use a least-squares waveform misfit func-
tion, the recovered velocity perturbation after 10 conjugate gradient
iterations is presented in Fig. 7(b). Due to the cycle skipping issue
and the lack of low frequency data, the inversion gets trapped into a
local minimum, especially for the slow anomaly at a depth of 1.4 km
around x = 0.5 km.

The inversion strategy I design here is to use the misfit function
J in eq. (7) to build an accurate long-wavelength background ve-
locity model. Once reaching the vicinity of the global minimum,
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(a) (b)

(c) (d)

Figure 4. A tomography experiment with Gaussian anomalies. Panel (a) presents the true velocity model. Panel (b) is the recovered velocity model using a
least-squares misfit with a multiscale inversion strategy. Panel (c) presents the recovered velocity model with a least-squares misfit but no multiscale inversion
strategy. Panel (d) presents the recovered model with the misfit function based on local warping functions (eq. 7).

I switch to a least-squares waveform misfit to improve resolution.
For instance, I use the same source wavelet and starting model
(Fig. 6b) as before. 40 cubic spline functions are used in this ex-
ample and the regularization parameter λ3 is set to 0.1 in order
to get robust measurements. After 10 conjugate gradient iterations
with the proposed misfit function in eq. (7), the recovered velocity
perturbation is shown in Fig. 7(c). Comparing predicted seismo-
grams from the starting and new models (Figs 8a and b), I observe
improvements in the fitting of traveltimes and waveforms. Then I
switch to a least-squares waveform misfit and use Fig. 7(c) as the
starting model. The final recovered velocity perturbation after 10
additional conjugate gradient iterations is presented in Fig. 7(d).
Comparing with the true perturbation (Fig. 6c), I have a relatively
good reconstruction. Predicted seismograms from the final model
fit well with observed seismograms from the true model (Figs 8c
and d).

3.3 Marmousi2 model

In the third example, I use Marmousi2 model as an example to
further illustrate the inversion strategy. The starting model (Fig. 9b)
is a highly smoothed version of the true model in Fig. 9(a), using a
triangle smoother with horizontal width of 6 km and vertical width
of 0.4 km. A water layer with thickness of 0.3 km and velocity of
1.5 km s−1 is added on the top of the model. Velocity perturba-

tion between the true and starting models is presented in Fig. 9(c).
12 shots with spacing of 1.2 km and 201 receivers with spacing of
0.08 km are used. Both shots and receivers are located at 5 m depth.
Maximum offset is 15 km and recorded length is 6 s.

First, I use a least-squares waveform misfit function with a fre-
quency continuation inversion strategy. A low pass filter with corner
frequencies at 1 Hz, 3 Hz and 5 Hz are used. 10 conjugate gradi-
ent iterations are used in each frequency group. Figs 10(a) and (b)
present recovered velocity and perturbation after the inversion. With
enough low frequency information, I am able to correctly recovered
velocity perturbations.

However, if I do not use a frequency continuation strategy, in-
stead, I use a Ricker wavelet with central frequency of 5 Hz and
apply a high pass filter to eliminate frequency contents below 2 Hz.
The amplitude spectrum of the source wavelet is shown in Fig. 11.
If I still use a least-squares waveform misfit function and perform
10 conjugate gradient iterations. The recovered velocity and pertur-
bation are illustrated in Figs 10(c) and (d). The inversion reaches a
local minimum instead of the global minimum. In Figs 13(a) and
(d), I compare data with a predicted common shot gather from the
staring model at x = 3.4 km. There are cycle skipping problems,
especially for diving waves, due to relatively large velocity pertur-
bations in Fig. 9(c).

To deal with this cycle skipping problem, I first run 10 itera-
tions with the misfit function defined in eq. (7). The regularization
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(a) (b)

(c) (d)

Figure 5. Evolutions of data and model misfits for the tomography experiment in Fig. 4. Panels (a) and (b) are the evolutions of data and model misfits for the
experiment in Fig. 4(c). Panels (c) and (d) are the results for the experiment in Fig. 4(d).

(a) (b) (c)

Figure 6. True and starting models for a cross well tomography experiment. Panels (a) and (b) are the true and starting models, respectively. Panel (c) shows
velocity perturbation between the true and starting models.

parameter λ3 is chosen as 0.05 and 3000 MCMC iterations are used
to solve the seismogram registration problem. The recovered veloc-
ity and perturbation are shown in Figs 12(a) and (b). By comparing
data (Fig. 13d) with predictions from current model (Fig. 13b), I

am able to correct most cycle skipping problems for diving waves.
Then I switch to the least-squares waveform misfit function and
perform additional 20 iterations. The final recovered velocity and
perturbation are presented in Figs 12(c) and (d). Finally, I compare
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(a) (b) (c) (d)

Figure 7. Recovered velocity perturbations for the cross well tomography experiment. Panels (a) and (b) are the recovered velocity perturbations based on
least-square waveform misfits. Panel (a) uses a frequency continuation strategy while panel (b) directly starts with high frequency data. Panel (c) is the recovered
velocity perturbation using a misfit function based on local warping functions. Panel (d) is the final velocity perturbation using a least-squares misfit with panel
(c) as the starting model.

(a) (b) (c) (d)

Figure 8. Comparisons of common shot gathers for the cross well tomography experiment. Panel (a) is a shot gather at z = 0.1 km from the starting model in
Fig. 6(b). Panels (b) and (c) are shot gathers from models in Figs 7(c) and (d), respectively. Panel (d) is the result from the true model in Fig. 6(a).

a predicted common shot gather with true data (Figs 13c and d),
this inversion procedure enables me to fit both diving and reflection
waves for this experiment.

4 D I S C U S S I O N S

Dynamic warping is an efficient algorithm to measure non-
stationary time differences between two seismograms, since it
uses dynamic programming to solve a global optimization problem
(Hale 2013). We can also impose smoothness to the solutions and set
upper bounds for their derivatives to avoid unrealistic stretch. How-
ever, as pointed out by Warner & Guasch (2016), it has difficulties
to process seismograms with different numbers of events and wave-
form characteristics. For the seismogram registration problem de-
scribed in this paper, due to the sparsity and smoothness constraints
built in the misfit function, I am able to measure non-stationary
traveltime differences even the input signals have different numbers
of events and waveform characteristics. Local cross-correlation is
another way to measure non-stationary traveltime differences, how-
ever, the cross correlogram depends on the absolute amplitudes
of input signals. It has relatively large uncertainties to pick time
differences for weak events in the signals.

Although several thousand MCMC iterations used in this paper
sound very expensive, I only need to solve 1-D problems and the
forward operation is just local time warping, i.e. time shift plus
interpolation. In addition, for time sampling, instead of using dt
which is determined by the stability condition in finite-difference
modelling, in this case, I can down sample time series as long as
they satisfy the Nyquist sampling requirement. Typically I deal with
1-D signals with several hundred samples, which are relatively easy
to manipulate. Furthermore, the registration procedure can be easily
parallelized for shots and receivers.

For real applications, the proposed seismogram registration ap-
proach might be sensitive to noises, therefore, I suggest to per-
form pre-processing approaches to reduce the level of noises.
In addition, for low signal to noise ratio data, I suggest to
increase the value of the regularization term λ3 in eq. (4),
which allows us to make more robust time shift measure-
ments, i.e. align most coherent events between observations and
predictions.

The seismogram registration as proposed in this study only allows
me to measure traveltime differences between events presented in
both observations and predictions. For smooth starting models, I am
only able to measure time differences for diving waves between data
and predictions since the predictions are lack of reflection signals.
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(a)

(b)

(c)

Figure 9. Starting and true models for Marmousi2 experiment. Panels (a) and (b) are the true and starting models, respectively. Panel (c) shows velocity
perturbations between panels (a) and (b).

(a) (b)

(c) (d)

Figure 10. Recovered velocity and perturbations based on a least-squares waveform misfit. Panels (a) and (b) are the recovered velocity and perturbation with
a multiscale inversion strategy. Panels (c) and (d) are results without the multiscale strategy.
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Figure 11. The amplitude spectrum of source wavelet used in the Marmousi2 experiment. A high-pass filter is used to eliminate low frequency contents below
2 Hz.

(a) (b)

(c) (d)

Figure 12. Recovered velocity and perturbations based on the inversion strategy proposed in this paper. Panels (a) and (b) are the recovered velocity and
perturbation after 10 conjugate gradient iterations using a misfit function based on local warping functions. Panels (c) and (d) are results after 20 additional
iterations with a least-squares misfit and using panel (a) as the starting model.

With diving wave signals, I can only construct long-wavelength ve-
locity perturbations, which has been shown in numerical examples.
Therefore, I still need to use the least-squares waveform misfit to
improve resolution and utilize reflection signals. Considering these
limitations, misfit functions based on global measurements, such as
Wiener filter (Warner & Guasch 2016), global cross-correlation (van
Leeuwen & Mulder 2010; Luo et al. 2016) or deconvolution (Luo
& Sava 2011) might be helpful to directly constrain high-resolution
structures.

5 C O N C LU S I O N S

In this paper, I use a MCMC method to solve the seismogram
registration problem and measure non-stationary time differences
between two seismograms. This strategy allows me to sample
the global minimum and avoid trapping into local minima when
measuring traveltime differences between observed and predicted
seismograms. The a priori assumption of the sparsity of the lo-
cal warping function is built in the registration problem, which
allows me to eliminate unrealistic measurements. Several 1-D



986 H. Zhu

(a) (b) (c) (d)

Figure 13. Comparisons of common shot gathers at x = 3.4 km. Panels (a) and (d) are shot gathers from the starting and true models, respectively. Strong
cycle skipping can be observed for diving waves. Panels (b) and (c) are results for models in Figs 12(a) and (c), respectively.

seismogram registration examples demonstrate the performance of
the proposed methods. Comparing to other approaches for measur-
ing non-stationary differences between two seismograms, such as
dynamic warping and local cross-correlation, the proposed method
can process signals with different numbers of events and waveform
characteristics. This is the direct consequence of using MCMC sam-
pling and sparsity constraints to determine non-stationary time dif-
ferences. A misfit function for velocity model building is designed
based on the calculated non-stationary time warping functions. The
adjoint sources for this misfit function is derived based on the idea
of connectivity function. Numerical experiments demonstrate that
the proposed misfit function enables me to tackle the cycle skip-
ping problem and build accurate long-wavelength models for ex-
periments without low frequency data and good starting models.
The recovered long-wavelength models can be used as the starting
models in the following least-squares waveform inversion to fur-
ther improve resolution. The proposed procedure can be extended
for reflection FWI in the future.
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Zhu, H., Bozdağ, E. & Tromp, J., 2015, Seismic structure of the Euro-
pean upper mantle based on adjoint tomography, Geophys. J. Int., 201,
18–52.

A P P E N D I X A : M C M C O P T I M I Z AT I O N

In this study, I use a MCMC method to solve the optimization prob-
lem in eq. (4). In this appendix, I give a brief overview about the
MCMC approach, details can be found in Mosegaard & Tarantola
(1995) and Sambridge & Mosegaard (2002). Based on the Bayesian
inference, the a posteriori probability distribution ρ(m|d) is propor-
tional to the product of the a priori probability distribution ρ(m)
and likelihood function ρ(d|m), that is,

ρ(m|d) ∝ ρ(m)ρ(d|m) . (A1)

In this study, the likelihood function is chosen as eq. (4). The MCMC
procedure is to first select a model mi from the a priori distribution,
a second model mj is chosen from a proposal distribution, which is
chosen as a Gaussian distribution centred around mi in this paper.
Then, the likelihood functions for these two models, that is, ρ(di|mi)
and ρ(dj|mj), are evaluated. Here, di and dj are predicted data based
on model mi and mj, respectively. The acceptance probability is
calculated as Paccept = ρ(dj|mj)/ρ(di|mi). A uniformly distributed
random number r is selected between 0 and 1. Next, I compare
the acceptance probability and the random number. If r > Paccept,
I accept the model mj and record this iteration. Otherwise, I stay
at model mi and redraw a new sample from the proposal distribu-
tion. With enough iterations, this algorithm enables us to sample
the target a posteriori distribution ρ(m|d) and obtain the optimal
solution.


