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The University of Texas at Dallas, 2018
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This dissertation studies cosmological and astrophysical tests of gravity theories and the dark sec-
tors. We focus on three tests. All of them are promising for future observations.

The first test is about tensor-mode parameterization. While scalar-mode parameterization has been
extensively studied, tensor-mode parameterization requires further investigations. This dissertation
extends some previous work in the literature, and studies some physically motivated parameteri-
zation schemes, the current observational constraints, the future constraint forecast as well as the
impacts on inflation consistency relation.

The second test is based on consistency tests. The idea is to compare constraints from different
observations and check the consistency of a model. This dissertation introduces a novel measure,
called the index of inconsistency (IOI). It is a simple and effective measure. We proposed a proce-
dure based on IOI to test (in)consistencies of multiple observations. The difference between this
consistency test and the first one is that we do not assume all data are correct. In fact, our procedure
allows us to find observation outliers or the breakdown of the model.

The third test is about a phenomenological difference between modified gravity and dark matter.
We studied properties of the faintest galaxy system in our local group, called the ultra-faint dwarf
galaxies. We found a loss of correlation between their luminosity and stellar velocity dispersion.
This does not favor the modified gravity hypothesis.
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CHAPTER 1

INTRODUCTION AND THE PURPOSE OF THIS DISSERTATION

1.1 Outline of this dissertation

The standard cosmological model, called ΛCDM (a cosmological constant with cold dark matter),
has been very successful in describing the observational universe including, but not limited to,
the expansion history of the universe (Kowalski et al., 2008), the cosmic microwave background
(CMB) (Ade, P. A. R. et al., (Planck Collaboration), 2016), the primordial element abundance
from big bang nuclei synthesis (Cooke et al., 2016), galaxy clustering (Elvin-Poole et al., 2017),
weak lensing (DES Collaboration et al., 2017), etc. As we shall see in Chapter 2, the success
of the standard cosmological model is based on many assumptions and standard considerations
involving a wide range of physics. It is, perhaps, not very suitable to call the standard cosmological
model ΛCDM, which stands for two most "unsatisfactory" assumptions instead of any others.
Also, should any problems arrive, the source is not necessarily the assumption of the cosmological
constant or the cold dark matter. In fact, it could be that other standard assumptions need to be
revisited. Nonetheless, searching for extensions or modifications of the standard cosmological
model has been and will remains an important task in cosmology. This dissertation is to explore
methods of testing the standard model, as well as the dark sectors versus modified gravity.

One problem in cosmology is that of the cosmic acceleration. The problem of cosmic acceler-
ation has been recognized by the scientific community as one of the most important problems in
physics and astrophysics. Unlike the common sense that gravity always keeps us on the ground by
applying an attractive force, observations indicate that distant1 galaxies are receding from us faster
and faster, despite presumably that gravity is the only important force on the large-scale structure
in our universe. We surely allow things to get away from us. We can throw an apple into the air,
and it will fly away from the ground (the earth), but in a manner that it gets slower and slower and
eventually comes back. It is the acceleration of the receding, distant galaxies that is puzzling us.

To account for cosmic acceleration, the standard treatment is to bring back the cosmological
constant Λ originally introduced and abandoned by Einstein.2 But quite often, the cause of this
acceleration are thought related to a unknown dark energy component in the universe. For that,
the cosmic acceleration problem is often called the "dark energy problem". It is also thought that

1Far enough, but not too far, since the transition red-shift to the accelerating phase ztran is ∼ 0.3 with Ωm ' 0.3.
Cosmic acceleration will be formally defined in Sec. 2.1.1.

2Einstein originally introduced the cosmological constant in order to build a model of static universe.
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cosmic acceleration (along with several other considerations) may indicate the need of modifying
our standard law of gravitation, i.e., Einstein’s general relativity. For the past decades, theoretical
and observational efforts have been devoted to the searches of modified-gravity effects. The so far
reported observational deviations from general relativity are far from being convincing and need
further discussions and confirmations with future observations.

Another unsolved problem in cosmology is dark matter problem. There are a number of evi-
dences for the existence of some form of matter that doesn’t interact via electromagnetic force but
only via gravitational force. They may also weakly interact with each other or with baryons, e.g.,
via the weak force. The presence of such weakly interacting dark matter particles has been so far a
consistent scenario to explain various observations. These include the galactic velocity dispersions
in clusters (Zwicky, 1933; Smith, 1936), the flat rotation curves in spiral galaxies (Zhytnikov and
Nester, 1994), gravitational lensing observations (Van Waerbeke et al., 2013; Planck Coll. et al.,
2015), cosmic microwave background anisotropy (Ade, P. A. R. et al., (Planck Collaboration),
2016), the small fraction of the baryonic matters inferred from primordial deuterium abundance
after big bang nuclear synthesis (Kirkman et al., 2003), the bottom-up cosmological structure for-
mation scenario (Primack, 2015), the lensing and X-ray images separation in the bullet cluster
(Clowe et al., 2006), and (assuming at least some of the dark matter are WIMP particles) the
excess of γ-ray radiation from the Galactic center and Reticulum II (Daylan et al., 2014; Geringer-
Sameth et al., 2015; Hooper and Linden, 2015). There is also a weak signal of γ-ray excess from
the direction of Tucana III which may have a dark matter annihilation origin (Li et al., 2016). The
dark matter problem also motivates proposals of modified gravity theories (Famaey and McGaugh,
2012; Milgrom, 1983; Bekenstein, 2004; Moffat, 2006), In this scenario, the apparent existence
of dark matter particles is because the law of gravity is different from general relativity. Note
that such kinds of modified gravity theories are usually not the same as those that try to solve the
cosmic acceleration problem.

For most part of this dissertation, we will not talk about the dark matter problem. But we will
come back and discuss an astrophysical test of dark matter versus modified gravity scenarios using
the ultra-faint dwarf galaxies.

This dissertation aims to study different cosmological tests of the standard model, the dark
sector as well as modified gravity theories. After a brief review of some background knowledge
in cosmology in Chapter 2, this dissertation are divided into three part. The first part (Chapters 3
and 4) about a phenomenological test of modified gravity with primordial gravitational waves and
B-mode polarization pattern in the cosmic microwave background. The second part (Chapters 5, 6
and 7) is about a new introduced measurement of inconsistency and its application as consistency
test of the standard model that is insensitive to any possible extensions. And the third part (Chapter
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Figure 1.1: A schematic diagram of cosmic evolution and some observations. Based on our knowl-
edge of physics and current observations, our universe is expanding in an accelerating way, but was
in a matter-dominated era earlier and in a radiation-dominated era even earlier. To solve some cos-
mological conundrums, hypothetically there was an early-time inflation when the universe was
undergoing a fast and exponential expansion. This early-time inflation may be driven by a field or
fields called the inflaton(s). At the end of inflation, presumably there was an era called reheating
when the inflaton that drove inflation transferred energy to standard model particle as well as dark
matter. The standard cosmological model involves various different considerations of physical pro-
cesses, some assumptions on the initial conditions, as well as the cosmological constant and cold
dark matter. All components in the diagram together have (so far) constituted the concordance
cosmological model (called ΛCDM). If a problem shows up in the future, any of those blocks or
the details of individuals might require a reconsideration. The first part of this dissertation is about
modified gravity, which is highlighted in the diagram with a red ellipse. The second part is about
the consistency test, an example of which is highlighted with a blue ellipse. This example is to
compare the results of CMB and large-scale-structure observations.

8) is about using the properties of the ultra-faint dwarf galaxies to distinguish the dark matter versus

the modified gravity scenarios.

Figure 1.1 provides a schematic diagram of cosmic evolution, as well as some observations

that are related to some epochs of the universe. The two aspects (corresponding to two different

types of test) that will be discussed in the first and the second parts are highlighted with red and

blue ellipses. We shall see that the two tests are complementary to each other.
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1.2 A brief summary of the first part - Modified gravity and tensor mode perturbations

Among the three modes of cosmological perturbations, the scalar mode and tensor mode pertur-
bations are more of observational interests. For the past two decades, scalar perturbations have
been thoroughly studied in the frameworks of both general relativity and modified gravity. They
are coupled to matter distributions, and therefore are most relevant to the past, current and most
of future cosmological observations. On the other hand, tensor mode perturbations (gravitational
waves in a cosmological background) are expected to provide powerful probes for the very early
universe and gravity theories. They can be produced via quantum fluctuations during the time of
inflation, called the primordial gravitational waves (PGWs). If present, they give rise to a unique
polarization pattern called the B-mode in the cosmic microwave background at spherical harmon-
ics degree ` ∼ 150, which cannot be caused by scalar mode perturbations without any secondary
processes like lensing.

The study of primordial gravitational waves is a timely one. First, the prediction of general
relativity on the existence of gravitational waves have been confirmed by the detections of those
from astrophysical origins by LIGO and VIRGO collaborations (LIGO Scientific Collaboration
et al., 2016b,a; Abbott et al., 2017c,b,a). Second, the near future CMB experiments are promising
to detect the primordial B-mode CMB polarization (Wu et al., 2014; COrE Collaboration et al.,
2011; Kogut et al., 2011). Once detected, we will have a powerful tool to study the physics of the
very early universe and the law of gravitation.

In modified gravity theories, PGWs can propagate differently from the standard case, which
will change the power spectrum of the CMB B-mode polarization. In Chapter 3, we will talk about
four parametrization schemes on the modified wave propagation equation. These parameteriza-
tions correspond to different MG effects including a modified friction, nonstandard speed, gravi-
ton mass, and small-scale dispersion-relation deviation. Then we will investigate the observational
impacts on the CMB B-mode polarization. So far, the primordial CMB B-mode polarization has
not been detected yet. Obstacles include the contamination from foregrounds and CMB lensing.
For future CMB experiments (e.g., PIXIE, COrE and Stage-IV), we will apply the Fisher-matrix
formalism with an elaborate foreground-subtraction method, to forecast the detectability of those
MG properties. We are the first authors to forecast the detectability of the MG effects that take into
account foreground subtraction.

PGWs are presumably generated during a very early epoch called inflation, when the universe
was undergoing an extraordinarily fast expansion. At the end of inflation, the spectrum of PGWs
serves as the initial condition for their later evolution. By studying PGWs during inflation with
the above parameterized propagation equation, we found that the standard inflation consistency
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relation (which relates the PGWs spectral index3 to the tensor-to-scalar ratio) does not hold in
MG: the spectral index additionally obtains a contribution from the MG friction parameter. Based
on the forecast method mentioned in the previous paragraph, we found that in some situations
the future CMB experiments can tell us which consistency relation can be possibly correct: the
standard one or the one from modified-gravity.

This dissertation is based on our publications (Lin and Ishak, 2016a), (Lin and Ishak, 2017a),
(Lin and Ishak, 2017b) and (Lin and Ishak, 2016b).

1.3 A brief summary of the second part - index of inconsistency

Although the standard cosmological model has so far provided an overall consistent description
of our universe, some inconsistencies among cosmological observations have been reported (Riess
et al., 2018; Heymans et al., 2013; Hildebrandt et al., 2017; Aubourg et al., 2015; Blake et al., 2011;
Bernal et al., 2016; Reid et al., 2014). Those inconsistencies might be caused by systematic errors,
or by the requirement of extending the standard cosmological model. Quantifying cosmological
inconsistencies is an important step to identify their causes. There are many attempts to do so, but
they are all difficult to calculate and most of them do not represent inconsistencies properly.

Once we have a proper measure of inconsistency, we can perform consistency tests to, for
example, validate the standard model with all available observations. Performing (in)consistency
tests is different from the previous approach, which directly studies some specific modification or
extension of the standard model (in our case, modified gravity). There are two main advantages of
consistency tests:

• They are insensitive to modifications or tensions of the standard model. Any physical modifi-
cations or extensions can lead to inconsistencies between observations based on the standard
cosmological model. Given the fact that the standard cosmological model can so far provide
a (at least overall) consistent description of all cosmological observations, it is well moti-
vated to further test its consistency with future datasets. If its consistency will be confirmed,
we can safely continue to use it as our cosmological model.

• They do not assume all data are correct. When fitting a model to data, we assume the data
is correct. But unaccounted systematic errors are common in cosmology. Any deviation
captured with a non-standard model may be caused only by those systematic errors. We will
show that, given a large number of datasets, consistency tests can find outliers among them.

3The spectral index characterizes the wavelength dependence of the power spectrum.
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If most of results from different datasets are inconsistent with each other, the problem is

likely the underlying model.

There are also some disadvantages with consistency tests:

• They are less indicative. If some inconsistencies are found and there is an indication that the

underlying model has some problems (not caused by dataset outlier), consistency tests do

not directly show the physical cause for the inconsistency.

• They require a number of datasets. In order to know whether the inconsistency (if any)

is caused by dataset outlier or breakdown of the underlying model, we need a number of

datasets. This requirement can be fulfilled in the near future.

Note that we are not advocating one kind of test over the other. Rather we stress that it is important

to study both specific modifications or extensions to the standard model and consistency tests. The

two methods are complementary to each other.

In order to properly describe inconsistencies between results/constraints from different datasets,

we have developed a moment-based quantity called the index of inconsistency (IOI), which will

be the topic of chapter 5. IOI can properly describe inconsistencies of two or multiple datasets

that give nearly Gaussian parameter constraints. It is sensitive to the parameter mean separation,

the volume and the orientation of the two constraints, as it should be. It can describe the loss

of information on inconsistency after parameter marginalization (a common process to get lower

dimensional constraints). This simple and effective IOI is expected to open a new avenue of cos-

mological inconsistency tests.

We then compare IOI to other measures of inconsistency in the literature in chapter 6. We will

show that IOI serve as a calibration tool for other measures in Gaussian limit. That is, if a measure

does not reduce or simply relate to IOI, that measure is likely to have problems. In cosmology,

parameter constraints are usually Gaussian, especially in the future when the constraining power

from most datasets are strong enough.

With IOI, we also proposed an algorithm to help identify cosmological experiment outliers,

which will be discussed in chapter 7. The idea is based on “dataset democracy”. That is, given

a number of independent datasets if one or two particular datasets are particularly inconsistent

with the other, the inconsistency found should be caused by systematic error associated with those

dataset outlier. On the other hand, if inconsistencies are found among most of the datasets, the

cause is likely then the underlying model. In practice, we still need to consider the constraining

power of each dataset, which will be discussed in details in chapter 7. The idea and the algorithm
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are simple, but it is only with IOI that we can efficiently perform such algorithm. We also apply

IOI and such an algorithm to test the (in)consistencies between a number of currently available

cosmological experiments, such as the local measurement of the Hubble constant, Planck cosmic

microwave background (CMB) observations, and various large-scale-structure experiments.

1.4 A brief summary of the third part - ultra-faint dwarf galaxies as a test of modified
gravity and dark matter hypotheses

As mentioned earlier, the competition between the dark sector and the modified gravity scenarios

is not only in the cosmic acceleration problem, but also in the dark matter problem. In the last

part, this dissertation will explore and address this problem. In order to verify one hypothesis

against the other, intuitively we will need to study the difference between predicted phenomena

under the two hypotheses. This is, in principle, a relatively simpler task than dark energy, because

of richer cosmological and astrophysical phenomenology associated with dark matter. We have

mentioned several of them in Sec. 1.1, and we will explore one more potential phenomenological

difference in chapter 8: the loss of correlation between luminosity and stellar velocity dispersion

for the ultra-faint dwarf galaxies.

Ultra-faint dwarf galaxies are the smallest and the darkest4 galaxy system ever found. They

are therefore very promising to test both the dark matter and the modified gravity hypotheses.

The number of ultra-faint dwarf galaxies is growing, and it is likely that there will be much more

discoveries in the near future.

Dark-matter-only cosmological simulations suggest that our Milky Way-Andromeda local group

should host around a thousand satellite galaxies, but the observed ones are much less. A hy-

pothesis is that, under obstacles like stochastic supernova-exploration feedbacks and reionization-

quenching effects, the gravitational potentials of the smallest subhalos are too shallow to maintain

the gas, from which stars form. Ultra-faint dwarf galaxies are thought to inhabit in subhalos that

do not allow sufficient star formation. Motivated by this picture, and assuming that the above pro-

cesses might lead to stochastic amounts of baryonic matter, we investigated and found that there

is a significant drop of correlation between the luminosity (tracing the amount of baryonic matter)

and the stellar velocity dispersion (tracing the amount of the total mass) for ultra-faint dwarf galax-

ies compared to the brighter dwarf galaxies. This suggests the amount of baryonic matter does not

correlate with the amount of dark matter for ultra-faint dwarf galaxies.

4By darkest, we mean that in the dark matter scenario, they are the most dark-matter dominated among all galaxy
systems.
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The loss of correlation also implies that the huge mass-to-light ratios for ultra-faint dwarf
galaxies are not due to modified gravity. This is because if there is only baryons but no dark
matter, and if baryons cause both gravity and light, there should be a correlation between the stellar
velocity dispersion and the luminosity. Scatters may exist due to other factors, but a correlation
should be seen.
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CHAPTER 2

BACKGROUNDS IN COSMOLOGY AND THE COSMIC ACCELERATION PROBLEM

This chapter aims to provide the concepts needed in this dissertation. I also hope to give an

overview of the basics in cosmology with some interpretations. They include: the homogeneous

and isotropic background universe; the linear perturbations describing the large-scale inhomo-

geneities; the initial conditions and the statistical properties of the perturbations; the cosmic ac-

celeration problems, dark energy and modified gravity models; and inflation. Readers who are

familiar with the above materials may skip this chapter.

We will first describe the unperturbed homogeneous and isotropic universe model (the back-

ground) in Sec. 2.1, and then the perturbed universe in Sec. 2.2. In those two sections, we will

outline the dynamical quantities and observables in both the background and the perturbation lev-

els. Then some remarks on the standard model and the cosmic acceleration problem will be given

in Sec. 2.3. Then dark energy and modified gravity models are described in Sec. 2.4, 2.5 and 2.5.4.

Some other approaches to cosmic acceleration problem are given in Sec. 2.6. Finally, some basics

of inflation will be given in Sec. 2.7.

2.1 The standard theory and the standard model - homogeneous evolution

Independent cosmic distance measurements like the standard candles, baryon acoustic oscillation

(BAO) and the distance to last scattering have pointed to the fact that the expansion of our universe

is accelerating (Riess et al., 1998; Perlmutter et al., 1997; Kowalski et al., 2008). But conclusions

of observations are based on theories and models. The conclusion about cosmic acceleration is not

an exception. In this section, by describing the model of a homogeneous and isotropic universe, I

will describe the meaning of the statement of cosmic acceleration.

The standard theory of gravity is Einstein’s general theory of relativity, which is the first, the

simplest, the most tested, and so far the most widely accepted classical relativistic theory of gravity.

Describing general relativity is not the goal in this dissertation, and we refer the reader to a number

of books in the literature.

The standard model is called the ΛCDM (cold dark matter with a cosmological constant)

model, which is based on the Friedmann-Lemaître-Robertson-Walker (FLRW) metric on the back-

ground level. The FLRW metric describes a homogeneous and isotropic universe. While the local

isotropy is observationally verified by the CMB observations, homogeneity is just a natural as-

sumption but is supported by every valid prediction based on these two cosmological principles.
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Surely our universe is not homogeneous or isotropic, otherwise stars wouldn’t form nor do we ex-

ist. Indeed, much more interesting physics are beyond the homogeneous and isotropic universe. In

the linear regime, where the deviations from the homogeneity and isotropy are sufficiently small,

the physics and the phenomenology can be studied by perturbation theories. The standard ΛCDM

model actually include those standard assumptions at the perturbation level. I will discuss the

cosmological perturbations in Sec. 2.2.

2.1.1 The FLRW metric

Discussions on the FLRW metric can be found in a lot of cosmology or relativity books. Here I

will give a brief but sufficient discussion, both for consistency of the whole dissertation and for

avoiding some common but maybe misleading misconceptions. Readers can refer to, for example,

(Hartle, 2002, chapter 17, 18 & 19) and (Weinberg, 2008, chapter 1) for more detailed discussions.

The FLRW metric with a flat spatial curvature is written as,

ds2 = −dt2 + a(t)2(dx2 + dy2 + dz2) = −dt2 + a(t)2(dr2 + r2dΩ2) , (2.1)

where t is called the cosmic time in the sense that observers in different location will see the same

things (such as the same CMB temperature) at the same t. a(t) is called the scale factor, which

tells us the relative size of the universe. We will not normalize the present scale factor a0 to unity,

because doing so easily leads to confusions as we can not simultaneously normalize the scale factor

and the curvature; see later in Sec. 2.1.3. In this thesis, we adopt the convention that the scale factor

carries a dimension of length, and the spatial coordinates are just coordinates. Coordinates x, y, z

are called the co-moving spatial coordinates, because a test particle initially at rest at one spatial

coordinate point will remains at that point forever. The spatial curvature has been neglected for

simplicity. A particle or fluid at a spatial coordinate point moving with respect to that point is said

to have a peculiar velocity. The FLRW metric is also often described in a conformal form with a

conformal time η 1 [defined by dη = dt/a(t)],

ds2 = a2(η)ηµνdx
µdxν = a2(η)(−dη2 + dx2 + dy2 + dz2) . (2.2)

The FLRW metric is said to be conformally flat since it can be obtained by a conformal metric

transformation to the Minkowski metric, i.e., ηµν → a2(η)ηµν .

1The conformal time is sometimes denoted by τ , here τ is saved for the proper time of a time-like test particle and
the reionization optical depth. The conformal time η is not to be confused with the Minkowski metric ηµν .
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The dynamical evolution of the background universe is described by the Friedmann equations,

which are derived from the Einstein field equations with a metric given by Eq. (2.1) and a homo-

geneous and isotropic perfect fluid. With cosmic time, these equations without a cosmological

constant Λ are, (
ȧ

a

)2

=
8πG

3
ρ, (2.3)

ä

a
= −4πG

3
(ρ+ 3P ) , (2.4)

where ȧ ≡ da

dt
, ρ is the total energy density of all kinds, and P is the total pressure. The Hubble

constant today is defined as H0 =
ȧ

a

∣∣∣
t0

, which (in the common unit) tells us the receding speed in

km/s of a galaxy that is 1 Mpc 2 away from us.

From Eq. (2.3) we can learn the total average matter density by measuring the Hubble constant

today. For example, the Planck 2015 data (Ade, P. A. R. et al., (Planck Collaboration), 2016)

tells us H0 ∼ 67 km · s−1/Mpc, we can then get from Eq. (2.3) a critical density ρc =
3H2

0

8πG
=

8.5 × 10−27 kg/m3. This corresponds to only about 5 nuclei per meter3 if all matter are baryons.

Also the sign of H0 tells us whether our universe is expanding (positive H0, particles recede from

each other) or contracting (negative H0), and the well-known Hubble’s law suggests our universe

is expanding.3

Whether cosmic expansion is accelerating or decelerating is told by the second derivative
ä

a
.4.

A positive
ä

a
means an accelerating expansion while negative means decelerating. The right-hand-

side (R.H.S.) of Eq. (2.4) is usually negative since ρ+ 3P is usually positive (strong energy condi-

tion5), which implies
ä

a
is negative. If nothing unusual happens, the general relativistic description

2The astronomical distance 1 pc=3.086×1016 meters , or 3.26 light-years.

3We can know the sign of H0 is +/- by knowing whether the distant light is red-shifted/blue-shifted.

4Observationally, a deceleration parameter is defined as q ≡ − ä/a

ȧ2/a2
= − 1

H2

(
Ḣ + H2

)
It is the ratio of the

L.H.S.’s of (2.4) and (2.3) The negative sign is inserted so that a positive q means a decelerating universe.

5For an ideal fluid in a local Lorentz frame, T α̂
β̂

= diag(−ρ, P, P, P ). The weak energy condition says that the

observed energy density by any observer is non-negative, i.e. T α̂
β̂
ξα̂ξ

β̂ ≥ 0, ∀ timelike ξα̂. We can consider in the

frame of fluid a slow limit ξα̂ ∝ (1, 0, 0, 0) and a fast limit ξα̂ ∝ (1, 1, 0, 0) and get ρ ≥ 0 and ρ+P ≥ 0 respectively.
The strong energy condition replace T α̂

β̂
= diag(−ρ, P, P, P ) by Sα̂

β̂
= T α̂

β̂
− 1

2Tη
α̂
β̂

= 1
2diag(−(ρ+ 3P ), ρ−P, ρ−

P, ρ − P ), giving ρ + 3P ≥ 0 and ρ + P ≥ 0. The Einstein equations without Λ can be written as Rµν = 8πGSµν .
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of the homogeneous and isotropic universe (without a cosmological constant) does not predict

anything special. The expansion of the universe would be always decelerating, just like an ap-

ple thrown in the air always slows down. Then the problem is that our observations indicate an

accelerating universe. Something special must exist!

2.1.2 The cosmological constant, Λ

“Einstein’s mistake was not that he

introduced the cosmological constant - it

was that he thought it was a mistake."

— S. Weinberg in Cosmology

The simplest explanation of the accelerating universe is the additional cosmological constant

Λ in general relativity, wherein Einstein’s equation becomes,

Gµν + Λgµν = 8πGTµν . (2.5)

The Friedmann equations are then slightly changed,(
ȧ

a

)2

=
8πG

3
ρ+

Λ

3
, (2.6)

ä

a
= −4πG

3
(ρ+ 3P ) +

Λ

3
. (2.7)

Due to this change, the meanings of those two equations are also changed. First, from Eq. (2.6),

we can still define a critical density as before, ρc =
3H2

0

8πG
. But this does not equal the total average

matter energy density any more, because the cosmological constant takes a portion of it. A positive

Λ means the total energy density is less than the critical, and vice versa. It is common to identify

the role of Λ on the R.H.S. of Eq. (2.6) as an effective energy density ρΛ ≡
Λ

8πG
. The ratio of such

an effective energy density to the critical density is

ΩΛ ≡
ρΛ

ρc
=

Λ

8πG
. (2.8)

Then the strong energy condition leads to Rµνξµξν ≥ 0, which means the volume of a small sphere of test particles
(initially at rest with respect to an arbitrary geodesic observer) will never expand. As we talk about dark energy later,
the strong energy condition will be violated.
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In the flat ΛCDM model, it is in this sense that the “dark energy” takes ΩΛ ∼ 68% of the total
amount of energy in our universe today. Similarly, the ratio of other matter such as cold dark
matter,6 baryonic matter, photon, etc., at present (t0) can be defined as,

Ωc ≡
ρdm
ρc

∣∣∣
t0
, Ωb ≡

ρb
ρc

∣∣∣
t0
, Ωγ ≡

ργ
ρc

∣∣∣
t0
.

From Eq. (2.7) we can obtain an accelerating expansion with a positive Λ. Just note that if Λ
3

is

larger than 4πG
3

(ρ + 3P ), the R.H.S. becomes positive and so is
ä

a
. An accelerating universe at

present can surely be achieved with ∼ 68% of critical energy being “dark energy”. Furthermore,
if the pressure P can be ignored 7 in Eq. (2.7), the energy density will be proportional to a−3 (we
shall see that soon). So, as we go back in time, the energy density was larger. Then the first term
on the R.H.S. in Eq. (2.7) could be greater than Λ/3. Observations indeed indicate that the early
universe was decelerating; see (Perlmutter et al., 1995). More interestingly and “fortunately”, this
is theoretically required in order to be consistent with the fact that we exist: if the cosmological
constant is too large and the universe had been accelerating for too long a time, matter would
not be able to clumped together and no galaxies would have formed (Weinberg, 2008, chapter 8).
According to the flat ΛCDM model, our universe will be accelerating forever in the future. This
is because the matter density will be always dropping, the first term on the R.H.S. of (2.7) will be
always smaller than Λ

3
since it is already so at present.

In the flat ΛCDM model, the (late-time or after-inflation) expansion history of the Universe
is specified by only two independent parameters: the Hubble constant H0 and the current matter
density fraction Ωm. Other parameters can be derived from these two parameters. For example,
the radiation density fraction is treated as a derived parameter. This is because we can measure
the current CMB temperature, and we know how to relate the neutrino energy density (Mangano
et al., 2005) to the photon energy density. The radiation energy density fraction is related to H0 by
(Weinberg, 2008, chapter 2)

ΩR = 4.15× 10−5h−2 , (if neutrinos can be treated as massless) (2.9)

6Besides the dark energy problem, there is also a dark matter problem. The dark matter hypothesis is the postulated
existence of matter which cannot be seen or probed without gravitational effects at the current stage, at least not easily.

7With c=G=1, the pressure of massive particles is usually very small compared to the energy density. For ideal
gas, the temperature needs to be of the same magnitude order as the rest mass for the thermal energy to contribute
significantly to the total energy. For the sun, we can take protons as the particles with a rest mass ∼ 109 eV or
∼ 1013 K. This is about 109 times larger than the temperature of the sun. The pressure hardly has any relativistic
effect, although it is the pressure that prevents the star from gravitational collapse. However, inside a neutron star
where the density is∼ 1014 g/cm3 or even higher, the degenerate pressure of neutrons due to Pauli exclusion principle
is comparable to the rest mass density even at absolute zero temperature. The study of the structure of neutron stars
need to consider the contribution from the pressure to gravity, via the Tolman-Oppenheimer-Volkoff equations.
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where h ≡ H0/(100 km/s/MPc). But all neutrinos are likely to be nonrelativistic at present,8 then
the density fraction for photons and neutrinos are given respectively by (Lesgourgues and Pastor,
2012),

Ωγ = 2.47× 10−5h−2 , (2.10)

and, Ων =

∑
mν

93.14h2 eV
, (2.11)

where
∑
mν is the summation of the neutrino masses. For minimum normal hierarchy case,∑

mν ' 0.056 eV, we have Ων ' 0.0013 with h = 0.67. So about 0.13% of the energy budget are
neutrinos if they are all nonrelativistic today. The matter density fraction is then derived by,

ΩΛ = 1− Ωm − Ωγ − Ων . (2.12)

If there is only one matter component in our universe, there are three dynamical variables (a,
ρ, and P ). So, one more differential or constraint equation is needed in addition to Eqs. (2.6) and
(2.7) to form a closed set. An equation of state provides such an equation. In the background level,
a barotropic equation of state (pressure depends only on the density) is usually adopted, and the
approximation P = wρ is usually used in cosmology. However, our universe is filled with different
matter components, such as dark matter, baryons, photons, etc. We therefore need more equations
to solve for the background evolution. Those additional equations are obtained by assuming that,
in the background level, the entropy is conserved9 for each coupling set of matters. If all matter
components are decoupled from each other, we have

d(a3ρi) = −Pid(a3) , or, ρ̇+ 3
ȧ

a
(ρi + Pi) = 0 , (2.13)

where the subscript i denotes matter components. Then Eq. (2.6) together with Eq. (2.13) and a
barotropic equation of state for each matter component form a closed set. Note that Eq.(2.7) is now
not necessary. It can be derived from this closed set since Einstein field equations imply continuity
equations for (total) energy and momentum densities. In the case where there are interactions

8We know two mass squared differences among the three free neutrino types (not flavors that associated with lepton
generations), which are ∆m2 = 7.9+1.0

−0.8 × 10−5 eV2 and 2.2+1.1
−0.8 × 10−3 eV2 (Maltoni et al., 2004). Therefore, there

is at most one neutrino that can still be below the current neutrino temperature, Tν = 4/11 × Tγ = 1.945 K, and
remain relativistic today. From the neutrino temperature we can infer the neutrino number density, which decrease
as 1/a3 due to number conservation. Assuming they are all nonrelativistic today, we then can calculate their energy
density once we know

∑
mν . The difference between the neutrino and photon temperature is due to the fact in the

early universe photons couple to electrons while neutrinos do no; see (Weinberg, 2008, chapter 3.1).

9dE = TdS− PdV, with dS = 0.
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between components, equations specifying the energy flow from components are also needed; see,
e.g., (Ferreira et al., 2017).

In the case where all matter components are decoupled and Pi = wiρi, from Eq.(2.13), we have

ρi = ρ0
i

(a0

a

)3(1+wi)

. (2.14)

In this case, Eq. (2.6) and the above constraint equations for all matter components form a closed
set.

In any case, once we have a closed set of equations, all we need are the values of ρ0
i , or equiv-

alently, H0 and Ωi’s to solve for the cosmic background evolution. When the spatial curvature is
ignored, the background evolution is then determined by only two independent variables, which
are Ωm = Ωb + Ωc and H0. Again, other parameters, like ΩΛ and Ωγ , can be derived from the two
with some assumptions. But any two independent parameters can be taken to be a different param-
eter set to specify the background evoltion, which sometimes may be more directly constrained
or more intuitive. For example, Ωmh

2 and θ 10 is often used in CMB observations. For another
example, (Padmanabhan, 2016) suggests to use two energy densities: the “dark energy” density
ρΛ and the matter density at the matter-radiation-equality epoch ρeq 11. This set is not commonly
adopted in the literature, but it gives some physical insights. For example, neither ρΛ nor ρeq de-
pends on the time of the observer who builds his cosmological model. On the contrary, Ωm and H0

do. Additionally with the inflation energy density ρinf , the three energy densities characterize the
background history including the inflation epoch (Padmanabhan, 2016).

2.1.3 Observables at the background-level cosmology

While all measurements are based on a specific model, conclusions in a model are based on obser-
vations. Usually the quantities we care about, such as ä

a
and Ωm, are not direct observables. It is

thus necessary to construct direct observables in a given model. Let us review some of the basic
direct observables or quantities frequently related to direct observables in the background-level
cosmology.

10The anguglar size of the accoustic peak in CMB temperature map.

11This parameterization does not assume that the radiation energy density is related to H0, but actually the scale
factor is normalized by the scale factor at the matter-radiation-equality epoch; see (Padmanabhan, 2016) for detailed
discussions.
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The redshift:
The first direct observable is the redshift, which can be obtained from spectroscopic surveys

like DESI 12, or estimated from photometric surveys like LSST 13 with less accuracy. The wave-

length λ of a photon gets stretched as the universe expands, so that λ is proportional to the scale

factor a,
λe

λ0

=
ae

a0

, (2.15)

where the subscript 0 stands for today, and e the emission time. Therefore, a photon emitted from

a distant source when the scale factor was a gets redshifted when it reaches us today. From (2.15),

the redshift is linked to the scale factor by

z ≡ λ0

λe

− 1 =
a0

ae

− 1 or
ae

a0

=
1

1 + z
. (2.16)

So, the redshift is related to the relative size of the universe when the photon was emitted with

respect to today. The larger the observed redshift, the smaller the scale factor when the photon was

emitted and further in the past.

Distances:
Another important quantity is the distance. Although usually not a direct observable in cos-

mology especially at high redshift, the distance is ubiquitously used to construct other direct ob-

servables. But depending on what observables we try to link together, there are different concepts

of distance. For those differences, some are due to the fact that our universe is expanding, some

are due to the spatial curvature that our universe may have.

Here, we summarize in Table 2.1 the common distances used in an FRW universe model and

the reasons why they are different from each other. We also illustrate in Fig. 2.1 the geometri-

cal relation between the radial and the transverse co-moving distances. In addition, we show in

Fig. 2.2 the comparison between the co-moving distance, the luminosity distance and the angular

diameter distance as functions of redshift in a spatially flat universe. The diagram in Fig. 2.2 is a

graphic representation of Eqs. (B.8) and (B.10) discussed in Appendix B. Readers are encouraged

to read Appendix B for detailed discussions about cosmological distances, where we find that the

traditional concept of distance can be even abandoned.

12Dark Energy Spectroscopic Instrument (Levi et al., 2013).

13Large Synoptic Survey Telescope (LSST Galaxies Science Collaboration et al., 2017).
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Table 2.1: A summary of commonly used distances in the ΛCDM model, which includes the radial
and transverse co-moving distances, the luminosity distance and the angular diameter distance.
Those distances also apply to cases with a spatial curvature (ΩK 6= 0). The calculations of those
distances are based on a dimensionless function fC, the radial co-moving distance in the unit of
the Hubble scale, given by

fC(z) =
∫ z

0
dx
E(x)

,
with,

E(x) =
√

ΩΛ + ΩK(1 + x)2 + Ωm(1 + x)3 + ΩR(1 + x)4 .
The above can be generalized into more general FRW models, with a different function E(x).
Once the model and the function E(x) is known, other relations shown in this table are correct
for any FRW models. Remarks are given to describe the physical meaning of each distance, and
the reasons why they are different from each other. The convention

√
−1 = i is adopted for the

relation between fC and fM.
In addition, we illustrate in Fig. 2.1 the geometrical relation between the radial and the transverse
co-moving distances. We also show in Fig. 2.2 the comparison between the co-moving distance,
the luminosity distance and the angular diameter distance as functions of redshift in a spatially flat
universe. We encourage readers to read Appendix B for detailed discussions.

Distances Formula Remarks
Radial
co-moving distance

DC = 1
H0
fC(z) If the universe suddenly stops expanding,

it is the distance between two point that we
measure with a ruler (no one wants to do
that).

Transverse
co-moving distance

DM = 1
H0
fM(z), with,

fM(z) =
1

Ω
1/2
K

sinh[Ω
1/2
K fC(z)]

If the universe suddenly stops expanding,
it is the circumference of a circle defined
as points of the same distance (of any kind
mentioned here). DM andDC are the same
in a spatially flat case, but are different if
there is a spatial curvature.

Luminosity
distance

DL = (1 + z)DM The distance relating the apparent lumi-
nosity ` and the absolute luminosity L as
usual, ` = L

4πD2
L

. DL and DM are differ-
ent because of the fact that the universe is
expanding.

Angular diameter
distance

DA = DM/(1 + z) The distance relating the physical length l
perpendicular to the line of sight and the
angular size θ seen by a distant observer,
θ = l/DA. The three distances, DA, DL

and DM, are different also because of the
fact that the universe is expanding.

Differential
co-moving volume
(a related quantity)

dVC

dΩ dz
= 1

H3
0

[fM(z)]2

E(z)
The co-moving volume per unit solid an-
gle per unit reshift at z.
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fC(z1)
fC (z2 ,z1 )

fC(z2)

fM(z1) fM(z2)

fM(z2 ,z1)

O
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C

D

E

F G

H

Figure 2.1: Illustration of the geometrical relation between the radial and the transverse co-moving
distances. This diagram is a graphic representation of Eqs. (B.8) and (B.10) discussed in Appendix
B. This example corresponds to the case with a closed spatial curvature ΩK < 0. Different Points
on the arc correspond to different redshifts. Point A corresponds to z = 0, B to z1, C to z2 and
D to z = ∞. Point E is different, and corresponds to the infinite redshift to an observer at B.
The radial co-moving distances are the arcs of a circle with a radius R = 1/

√
|ΩK |, while the

transverse co-moving distances are the projected lengths. For fM(z2, z1) the projection is on a line
OE orthogonal to OB that corresponds to z = z1. From this diagram, we can see that the radial
co-moving distances fC’s are additive in the sense that fC(z2) = fC(z1) + fC(z2, z1), while the
transverse co-moving distances fM’s are not and their relation follows Eq. (B.10).
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Figure 2.2: Comparison of the co-moving distance, the luminosity distance and the angular diam-
eter distance in the unit of Hubble distance. The redshift dependence of the three distances are
discussed in Appendix B. Note that both axes are in logarithmic scales. The asymptotic behavior
of H0dC shows that the (particle) horizon is about three times the Hubble distance with the chosen
model, Ωm = 0.3156, ΩK = 0 and h = 0.6727. The luminosity increases with z and asymptot-
ically goes as DL ∝ z at large redshifts. The angular diameter distance first increases but then
decreases with z, and it asymptotically goes as DA ∝ 1/z.

2.2 The standard cosmological model 2 - perturbations beyond the homogeneous universe

Much more interesting cosmological phenomena are beyond the homogeneous and isotropic uni-
verse. The inhomogeneity is obvious to us, since stars and galaxies are not everywhere. 14 We shall
find it astonishing that evolution of the entire observable universe, background and beyond, can be
(at least well approxiamtely) described by a finite number of parameters. This success is based
on a number of assumptions and our current “local” knowledge such as particle physics, statistical
mechanics, plasma physics, general relativity, etc., which I can only briefly and humbly describe

14It is actually the homogeneity and isotropy of the universe in an “average” sense that needs more thinking; see
(Bolejko and Korzyński, 2017) and the references wherein for the problem of averaging and backreaction. Bearing
this in mind, we press on and very briefly and humbly discuss some assumptions and aspects of such a complex
cosmological perturbation theory.
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in this dissertation. As in the background level, cosmology at the perturbation level is also about

how physical objects evolve in time and how we connect them to what we observe.

It is worth pointing out that the evolution of cosmic inhomogeneities consists of three steps: lin-

ear perturbations around the homogeneous background, gravitational collapse forming dark matter

halos, and collapse of baryons forming galaxies and stars. Note that stars, galaxies or even clusters

are not the subjects of the cosmological perturbations. It is true that they are seeded by the cosmic

perturbations, and they are often treated as tracers of the large-scale over density. But cosmological

perturbation theory is about the tiny and large-scale fluctuations around the homogeneous back-

ground. The treatment of linear perturbations breaks down well before any gravitational collapses

(Weinberg, 1987). In the linear perturbation level, due to the cosmic expansion the large-scale

structures “grow” with matter density always dropping.

2.2.1 Physical objects at the perturbation level

The physical objects at the perturbation level are any metric and matter perturbations beyond the

homogeneous universe. There are quite a few perturbed quantities. First, the perturbations of

the metric. There are 10 numerically independent metric elements, each of them is a function

of space and time. So there should be 10 functions of space and time that describe the metric

perturbations. Second, the perturbations of the energy momentum tensor(s). Each component

(proton, electron, photon) has its own energy-momentum tensor. Each energy-momentum tensor

similarly has 10 functions to describe its perturbations. Those perturbations can be physically

identified as perturbations in density (δρ), pressure (δP ), momentum anisotropy π, etc. Some of

them (e.g., δP for CDM) can be ignored for some periods of interest.

Fortunately, there are several strategies to simplify the analysis in the perturbation level. First,

since the background universe is homogeneous and isotropic, those perturbations (metric or energy-

momentum tensors) can be classified into three categories that have different transformation rules

under a rotation: (three-)scalar, (three-)vector and (three-)tensor modes. Namely they transform

respectively as three dimensional rank-0, 1 and 2 tensors under a rotation. For a four-dimensional

two-rank tensor, such as the metric and the energy-momentum tensor, the perturbations have 4

scalar-mode functions, 4 vector-mode functions and 2 tensor-mode functions. The three modes

of perturbations evolve independently, significantly reduces the difficulty of the analysis. Vector

modes decay in general relativity, which are usually ignored. Our Chapter 3 and 4 will be about

tensor mode perturbations in modified gravity. The scalar, vector and tensor decomposition of a

4-dimensional symmetric tensor (like the perturbed metric) is further illustrated in Fig. 2.3.
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Figure 2.3: The (three-)scalar, (three-)vector and (three-)tensor decomposition of the 4-
dimensional symmetric tensor. Examples include the perturbed metric δgµν and the perturbed
energy-momentum tensor δT µν . The time-time element A is a scalar part. The time-space elements
are decomposed into one scalar part (B) and two (divergenceless) vector parts (Ci). The space-
space elements are decomposed into two scalar parts (E and F ), two divergenceless vector parts
(Gi) and two divergenceless and traceless tensor part (Dij). There are ten independent functions
of space and time, four of them are scalar-mode functions (A, B, E, F ), four are vector-mode
functions (Ci and Gi being divergenceless) and two are tensor-mode functions (Dij being diver-
genceless and traceless). For δT µν , A is identified as (or proportional to) density perturbation δρ,
E as pressure perturbation, B as velocity potential δu, Ci as curl velocity, and F , Gi and Dij as
scalar, vector and tensor anisotropies. Note that, unlike δT µν , δTµν additionally has the perturbed
metric involved. This decomposition is possible for a homogeneous and isotropic background.
Perturbations of different modes evolve independently from each other, which significantly sim-
plifies the analysis of linear perturbations. Not all component are physically independent. Some
of them can be converted one to the other via a gauge transformation. Take the perturbed metric
for example. There are only two physically independent metric components in scalar mode. One
can study gauge-independent quantities or choose a specific gauge, such as the Newtonian gauge.
Scalar-mode perturbations couple to density perturbations and are more relevant in current cosmo-
logical observations. The two tensor-mode components are automatically gauge independent, so
are both physically meaningful. Tensor-mode metric perturbations are called cosmic gravitational
waves. Vector-mode perturbations decay with time and are usually ignored in any analysis.
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Scalar-mode perturbations cover most of the current observations concerning the cosmic in-
homogeneity. For each energy-momentum-tensor perturbation the four scalar functions can be
identified as density δρ, pressure δP , velocity potential u and scalar anisotropy πs.

The four scalar-mode metric perturbation functions (as well as the vector modes) are not phys-
ical independent. The situation is similar to that in electromagnetism, where physical descriptions
by different 4-vector potentials connected by gauge transformations are the same. Metric per-
turbations connected by a gauge transformation (an active transformation of the metric under an
infinitesimal coordinate transformation) describe the same gravitational phenomena. There are two
independent equations connecting the four scalar metric perturbation functions, which reduce the
physical independent scalar metric functions from four to two. The gauge degree of freedom can
be eliminated by imposing some gauge conditions. An example of a commonly used one is the
Newtonian gauge, where the metric which reads,

ds2 = −(1 + 2Ψ)dt2 + a2(t)(1− 2Φ)δijdx
idxj . (2.17)

With this metric, geodesics of relativistic particles are affected by Ψw = (Ψ+Φ)/2 which is called
the Weyl potential, while that of non-relativistic particles are affected only by Ψ in the leading
order.

Each perturbation function is then expressed in Fourier modes,

X(x, t) =

∫
d3q

(2π)3/2
Xq(t)α

X
q e

ix·q , (2.18)

where αXq is called the stochastic parameter 15 that describes the stochastic nature of the each
perturbation. Each perturbed quantity has its own stochastic parameters; see Sec. 2.2.2.

Tensor-mode perturbations describe cosmological gravitational waves. It is believed that they
can be produced by quantum fluctuations at a very early time called inflation, when the universe un-
derwent an extremely fast exponential expansion. Therefore, tensor-mode perturbations are com-
monly called the primordial gravitational waves. There are two independent tensor-mode metric
perturbation functions. Unlike the scalar modes, the two functions in tensor modes are automati-
cally gauge invariant. This is because the infinitesimal coordinate transformation is described by
a four-vector field, which can only be decomposed into a three-scalar part and a three-vector part
with respect to rotations. The metric with tensor-mode perturbations reads,

ds2 = −dt2 + a2(t)(δij +Dij)dx
idxj , (2.19)

15In the epoch of inflation, it is promoted into an operator.
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where Dij is traceless and divergenceless, that is,

Dii = 0 , and, ∂iDij = 0 . (2.20)

Similar to the case in the scalar modes, Dij are expressed in Fourier transformation. But now Dij

is a matrix satisfying the conditions (2.20), we will need another term (εij) in the decomposition to
represent this information. It is useful to express Dij as

Dij(x, t) =

∫
d3q

(2π)3/2

[
h(+2)
q (t)ε

(+2)
ij (q̂)αqe

ix·q + h(−2)
q (t)ε

(−2)
ij (q̂)βqe

−ix·q
]
. (2.21)

The matrices ε±ij(q) depending on q̂ satisfy the following conditions,

ε±2
ii (q̂) = 0 , and, qiε

±2
ij (q̂) = 0 , (2.22)

which are the Fourier-mode counterparts of Eq. (2.20). This can be done by letting ε(±2)
ij (q̂) =√

2e±i e
±
j , where e± = (θ̂ ± iφ̂)/

√
2. For q̂ = ẑ, we have

ε±2
ij (ẑ) =

1√
2

 1 ±i 0

±i −1 0

0 0 0

 . (2.23)

With these definition, and when q̂ = ẑ, the mode amplitudes h(±2)
q ’s are obtained as,

h
(±2)
q,ẑ =

1√
2
e±i (ẑ)e±j (ẑ)Dij(q, ẑ) =

1√
2

[
D11(q, ẑ)∓ iD12(q, ẑ)

]
, (2.24)

where Dij(q; t) is the direct Fourier transformation of Dij(x, t). Summations are assumed for
repeated indices. Under a rotation of an angle α along z-direction, h±2

q,q̂=ẑ picks up a phase of
e±2iα. Therefore, the combination Eq. (2.24) is said to have helicity ±2. The general ε±ij(q̂) can be
obtained by applying a transformation to ε±ij(ẑ) that rotate ẑ to q̂, that is

ε
(±2)
ij (q̂) = RimRjnε

(±2)
mn (ẑ) , (2.25)

where,

R(α = θq, β = φq, γ = 0) =

cos θq cosφq − sinφq sin θq cosφq

cos θq sinφq cosφ sin θq sinφq

− sin θq 0 cos θq

 , (2.26)

where α, β and γ are the three Euler rotation angles. For a general direction, we similarly have

h(±2)
q =

1√
2
e±i (q̂)e±j (q̂)Dij(q) =

1√
2

[
D+(q)∓ iD×(q)

]
, (2.27)
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where + and × denote the plus and cross component with respect q̂, which are really the θθ and
the θφ components of D(q). The normalization factor of ε(±2)

ij ,
√

2, is chosen such that we have
|h+2|2 + |h−2|2 = D2

+ +D2
× for any q.

Unlike scalar-mode perturbations, tensor-mode perturbations do not couple to density pertur-
bations (one of the scalar parts of a energy-momentum tensor), which renders them less relevant
to the current major observations. But tensor-mode perturbations are able to produce the B-mode
(also called the curl or magnetic mode) polarization patterns in the CMB anisotropies, which can
not be produced by scalar-mode perturbations without any secondary effects like lensing. The E-
and B-mode patterns are shown in Fig. 2.4, but see Fig. 3 in (Ade et al., 2014) for some real E-
mode and B-mode signals.16 Unfortunately, this primordial B-mode polarization signals are highly
contaminated by Galactic synchrotron and dust, and by the secondary B-mode signals caused by
CMB lensing that transform some E-mode (also called the divergence or electric mode) signals
into B-mode. So far there have been no confirmed observation of the primordial B-mode CMB
polarization (Mortonson and Seljak, 2014). Nonetheless, future CMB experiments are promising
to detect such primordial signals, which will provide a powerful probe for the early universe and
gravity theories. Chapters 3 and 4 will be about the impacts from modified gravity theories on the
tensor-mode perturbations and the CMB B-mode polarization, as well as the detectability of the
MG effects by the future CMB experiments.

I already mentioned that scalar-, vector- and tensor-mode perturbations behave independently.
With a homogeneous and isotropic background, in addition, each Fourier mode also evolves in-
dependently. Only perturbations with the same co-moving wavenumber q couple to each other.
Given the total perturbed energy-momentum tensor, the evolution of the metric is determined by
the perturbed Einstein equations,

δGµν + Λδgµν = 8πGδTµν . (2.28)

For the perturbed energy-momentum tensors of different matter components, on the other hand, it
depends. The simplest situation is that for isolated nonrelativistic particles, such as dark matter and
baryons at later time, their perturbations evolve approximately according to energy conversion,

δρ̇iq + 3Hδρiq + 3ρiΦ̇
i
q = 0 , (2.29)

where the superscript i denotes different components. The above equation is true for all co-moving
wavenumber q’s. For most of the scales of interest, the last term is negligible. In the most general

16The B-mode signal shown in Fig. 3 in (Ade et al., 2014) is not (at least mainly not) caused by primordial gravita-
tional waves, but rather by Galatic polarized-dust emmission (Mortonson and Seljak, 2014).
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E < 0 E > 0

B > 0B < 0

Figure 2.4: The patterns of E-mode and B-mode polarization. The two patterns on the top (at the
bottom) are the negative and positive E-modes (B-modes). Also see Fig. 3 in (Ade et al., 2014)
for some real E-mode and B-mode signals. Note that the detected B-mode signals in citeBICEP2I
are unfortunately due to Galactic dust emission (Mortonson and Seljak, 2014). Unlike CMB tem-
perature or galaxies number density, the CMB polarization (as well as cosmic shear) has direction
(but not a vector). It is convenient to decompose the polarization on a sphere into spin-weighted
spherical harmonics, and then construct E-mode and B-mode angular power spectra.

situations (such as neutrinos, photons and baryonic plasma), their perturbations will need to be
described the Boltzmann equations in curved space-time, which keep track the distribution of
particles in phase space. The discussion of the Boltzmann equations in curved space-time is beyond
the scope of this dissertation. Here I refer readers to some references such as (Weinberg, 2008,
Chapter 6) and (Dodelson, 2003, Chapter 4). Note that all the evolution equations in Fourier mode
depend only on the wavenumber amplitude q but not on the direction.

For tensor-mode perturbations, the perturbed Einstein equations Eq. (2.28) reduce to

ḧ±2
q + 3

ȧ

a
ḣ±2
q +

q2

a2
h±2
q = 16πGπtq , (2.30)

where the evolution of the tensor anisotropy πtq is governed by Boltzmann equations.
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In summary, with the vector modes ignored, the dynamical quantities in the perturbation level
are the scalar potentials {Ψ, Φ}, the tensor metric perturbation {hq}, a set of scalar-mode perturbed
quantities {δρ, δP , δu, πs} and a tensor-mode quantity {πt} for each matter component. Those
quantities are all in Fourier modes. The evolution of those quantities are governed by the perturbed
Einstein equations and the Boltzmann equations in curved space-time. All we need now are the
initial conditions for those quantities, about which I will discuss in Sec. 2.2.2 below.

2.2.2 Properties of primordial perturbations

In the previous subsection, I have outlined the quantities at the perturbation level and the dynamical
equations governing their evolutions. In this subsection, I will talk about the initial conditions at
the perturbation level. Phenomenologically, there are three main properties or assumptions on the
initial conditions: Gaussian, adiabatic and nearly scale-invariant, which have been well verified
with current cosmological observations. All of these properties can be explained in the theories
of early-time inflation (Bardeen et al., 1983; Guth and Pi, 1982; Hawking, 1982). Besides those,
there is another assumption: all inhomogeneous perturbed quantities (density perturbations, metric
perturbations) are realizations of probability distributions that are homogeneous and isotropic.

Gaussianity:
The Gaussianity is a statistical property of the primordial perturbations. The inhomogeneities

of our universe is assumed to be realizations of an underlying probability distribution. At suffi-
ciently early time, this distribution is assumed to be nearly Gaussian. If the distribution P (A(x))

is Gaussian, we have

〈A(x1)(x2)A(x3)A(x4...A(xn)) · · · 〉

=

〈A(x1)A(x2)〉〈A(x3)A(x4)〉〈· · · 〉+ other possiblepairings, if n is even,

0 , if n is odd.

(2.31)

So, for Gaussian distribution the two point correlation functions give all the statistical informations.
Any correlation of odd number of quantities is 0. Any non-vanishing three point correlation or
four-point correlation different from the above, for examples, are signature of non-Gaussianity.
Looking for the tiny primordial non-Gaussianity is one of the important tasks for the study of the
early-time inflation (Planck Collaboration et al., 2016). Although some non-Gaussianity has been
detected from CMB observations, they are due to some post-inflation processes like gravitational
lensing (Ade, P. A. R. et al. (Planck Collaboration), 2016). As the universe evolves, the density
perturbation, for example, will eventually following a non-Gaussian distribution. This is because,
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after all, the density cannot be negative. Non-Gaussianity also affects the method we use to analyze

data. Traditional analysis assumes a Gaussian likelihood. Recently (Sellentin et al., 2017) suggests

that weak lensing signals significantly suffer from noise, so that the observed signals follow a non-

Gaussian distribution. Using a traditional analysis leads to a biased-low estimation on the cosmic

shear power spectrum and hence the σ8. They point out that this could be systematic reason for the

commonly found tension between Planck and large-scale-structure probes. Note however that this

non-Gaussianity is different from the primordial non-Gaussian that could be originated from the

early universe, such as multi-field inflation.

The average in Eq. (2.31) is an ensemble average, which is a theoretical procedure over "many

universes". But observationally we only have one universe, what we can do is the spatial average.

To build the connection, we need the assumption of homogeneous and isotropic distributions, and

the Ergodic theorem. The probability distribution of any perturbed quantity X(x) is assumed to

be invariant under spatial translation, for example,

〈X(x1 + x0)X(x2 + x0)〉 = 〈X(x1)X(x2)〉 . (2.32)

Similar rules apply to higher-order point correlations. Since the correlations are spatial translation

invariant, the Ergodic theorem says that for a large spatial volume the ensemble average can be

approached by a spatial average, that is,

〈X(x1)X(x2)〉 → 1

V

∫
d3xX(x1 + x)X(x2 + x) , (2.33)

where V is the total volume of the domain of x. Apparently, the difference between the right-hand

side (which can be obtained from observations) and the left-hand side (which is what we want to

know) is expected to be larger when |x1 − x2| is closer to V 1/3. This gives rise to the cosmic

variance. The sampling size of any perturbed quantity is limited by the size of the observable uni-

verse, and the ensemble variance of the right-hand side of Eq. (2.33), or of other spatial averages,

is called the cosmic variance.

Besides the spatial translation invariance, the distribution is also assumed to be invariant under

rotations, so that,

〈X(x1)X(x2)〉 = some function of |x1 − x2| . (2.34)

From the above two assumptions Eqs. (2.32) and (2.34), and after some derivations, we can obtain

the correlation relation for the Fourier modes Xq,

〈X∗q1 Xq2〉 = PX(q1)δ(3)(q1 − q2) , (2.35)
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where q1 = |q1|. Although the derivation is not given, it is not difficult to convinced ourselves that
the above is true. Recall that the spatial translation invariance implies conservation of momentum.
By analogy, the δ(3)(q1−q2) on the right hand side of Eq. (2.35) represents some sort of "momen-
tum conservation". And since rotation invariance doesn’t favor any specific direction, PX must
be function of the magnitude of q1. We have expressed the Fourier transformation in the form of
Eq. (2.18). It is more convenient to absorb the magnitude of the correlation in Xq(t) in Eq. (2.35),
and leave any statistical properties in the stochastic parameter αXq so that

|Xq(t)|2 = PX(q, t) , (2.36)

and, 〈αX∗q1 α
X
q2
〉 = δ(3)(q1 − q2) . (2.37)

The quantity PX(q, t) is called the power spectrum (at time t) of X . Therefore, the dynamical and
the stochastic features of a perturbed quantity X are separated and represented by Xq(t) and αXq
respectively.

Adiabatic and nearly scale invariant initial conditions:
We have talked about the statistical properties of the perturbations. Further assumptions need to

be imposed on the initial conditions. Here I will take scalar modes for a brief discussion. Adiabatic
initial condition assumption is about the initial evolutions for all perturbation variables at each co-
moving wavenumber q. It is called adiabatic in the sense 17 that for each separately conversed
component i (Lyth, 1985; Bardeen, 1980),

δi =
δρi

ρ̄i + P̄i
=

δρtot

ρ̄tot + P̄tot

. (2.38)

Note that δi is not energy density fraction in general because the pressure Pi is involved in the
denominator. There are two Adiabatic modes, but one of them is decaying and often ignored. For
the other mode, the initial evolution of δi when k/a� H reads (in Newtonian gauge),

δi(q) =
3HRq

a

∫ t

ti

a(t′)dt′ , (2.39)

where Rq is called the curvature perturbation which is a conserved quantity when a mode is su-
perhorizon (i.e., k/a � H). It is a function of q. For a ∝ t1/2 at radiation dominated era, from
Eq. (2.39) we have

δi(q) = Rq , at sufficiently early time. (2.40)

17The terminology may be misleading and the whether it make sense depends on the gauge chosen, see (Weinberg,
2003) for a more detailed discusion.
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Further, in the adiabatic mode we also have the following at the superhorizon limit

δpi
ρ̄i + P̄i

= 3Hδui = δi , and, πS
i = 0 . (2.41)

In practice, it is commonly parameterizeRq in the following form,

|R|2 =
As
4π
q−3

(
q/a0

kp

)ns−1

(2.42)

where kp is an arbitrarily chosen pivot wavenumber, ns is called the scalar spectral index, and As
is the (adiabatic) primordial scalar perturbation amplitude. This primordial amplitude parameter

As is about 2× 10−9 (Aghanim, N. et al., (Planck Collaboration), 2016). When the spectral index

ns equals unity, the primordial perturbation is said to be scale invariant (also called the Harrison-

Zel’dovich form (Harrison, 1970; Zeldovich, 1972)). In this case the Sachs-Wolfe effect in CMB

temperature power spectrum at large angular scales takes the following form,

CTT
` → 2πAsT

2
0

9`(`+ 1)
, (2.43)

where T0 is the average CMB temperature, which is about 2.725 K. The matter power spectrum is

called scale-invariant in this case originally due to a not very apparent reason: `(` + 1)CTT
` does

not depends on the distance to the surface of last scattering (Weinberg, 2008, Chapter 2.6). But the

scale invariance is now more often referred to that q3R2 is independent of q. Observations indicate

that ns is very close to unity (Aghanim, N. et al., (Planck Collaboration), 2016).

2.2.3 The parameters of the standard cosmological model

After the discussions about the background evolution and the cosmic perturbations, we now have

the position to talk about the cosmological parameters. The six parameters that describe the stan-

dard cosmological model are {H0, Ωb, Ωc, As, ns; τ}, they have the following physical meaning:

H0: The Hubble constant.
Ωc: The energy fraction of the cold dark matter related to the critical energy density.
Ωc: The energy fraction of the baryons related to the critical energy density.
As: The amplitude parameter of the adiabatic initial scalar perturbations; see Eq. (2.42).
ns: The spectral index of the initial perturbations; ns ∼ 1 for nearly scale invariant.
τ : The total CMB photon optical depth of electron scattering.

We have not talked about τ yet, but it represents the fraction (for a samll τ ) of photons that get
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scattered by electron since the time of recombination. Note that tensor mode perturbations are not

included, since they have not been detected yet.

Quite often, the parameter σ8 is used instead of As, especially for the case of large-scale-

structure observations. This parameter is more directly related to the current amplitude of the

large-scale density perturbations, in contrast to As. Interestingly, there is not a standard way to

call this parameter. In (Joudaki et al., 2017) it is called the “standard deviation of the present

linear matter density field on scales of 8h−1 Mpc”. In (DES Collaboration et al., 2017) it is

called the “RMS amplitude of mass fluctuations on 8h−1 Mpc”. In (Hildebrandt et al., 2017) it

is called the “the root mean square fluctuations in spheres with a radius of 8h−1 Mpc”. Wikipedia

(https://en.wikipedia.org/wiki/Lambda-CDM_model#Parameters) simply calls it “fluctuation am-

plitude at 8h−1 Mpc”. Given the fact that σ8 is not simply defined, it is indeed difficult to find a

standard way to call this parameter. Here, the formal definition of σ8 will be given instead, as fol-

lows. The quantity σ2 (without the subscript 8) is defined as the auto two-point correlation function

of matter density perturbations,

σ2 ≡ 〈δm(x, t0)δm(x, t0)〉 . (2.44)

It turns out to be an integration of the matter power spectrum today [Pm(q)],

σ2 =
1

2π2

∫ ∞
0

Pm(q)q2dq . (2.45)

The above integral diverges for ns ≥ 1 and converges very slowly when ns is smaller but close to 1.

This renders σ2 very difficult to link to observation. Apparently this divergent feature comes from

the high-q part of the matter power spectrum. But we do not need that part in linear perturbations,

because this part is likely to be in the non-linear regime. To filter the high-q part, we first take

a spatial average of δm(x, t0) within a sphere with a co-moving radius r = R/a0, where R is a

physical radius. Define

δm =
3

4πr3

∫
r′<r=R/a0

d3r′δm(r′, t0) . (2.46)

Then σ2
R is defined as

σ2
R ≡ 〈(δm)2〉 . (2.47)

Note that there are two different averages involved in the above definition, one is a spatial average

and the other is an ensemble average. It turns out that σ2
R is an integral of the form

σ2
R =

1

2π2

∫ ∞
0

Pm(q)|fsh(qr)|2q2dq , (2.48)
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Figure 2.5: The spherical top-hat filter function in the Fourier space. We can see that spectrum get
strongly suppressed when q & 4/r.

where,

fsh(x) =
3

x3
(sinx− x cosx) , (2.49)

is the spherical top-hat filter function in the Fourier space, as shown in Fig. 2.5. With such a

filter function in the integral Eq. (2.48), the contribution of the high-q part of the matter power

spectrum will be greatly suppressed, making σ2
R converges quickly. Further, the physical radius

R is chosen so that it is large enough for the filter function to suppress any non-linear structure,

and small enough so that δm does not involve any variance in time. In practice, R = 8h−1 Mpc is

often chosen, with h the Hubble constant in 100 km/s/Mpc. The above discussion has led to the

definition of σ8.

From the above definition of σ8, we see that the terminologies used in (Joudaki et al., 2017)

and (DES Collaboration et al., 2017) do not capture the essence of the definition and the one used

in Wikipedia is obviously wrong, while the one used in (Hildebrandt et al., 2017) is better but is

still slightly off. Nonetheless, what is important is that we know the formal definition of it instead

of how it is called.

There are some common single- or two-parameter extensions to the standard cosmological

model. Usually those models are labeled as “X-ΛCDM” for an additional parameter X. For exam-

ple, we will be using a r-ΛCDM for the simplest extension that include tension mode perturbations.

Some extensions are listed in Table 2.2. The extension corresponds to a physical modification to

the standard cosmological model.
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Table 2.2: A list of some common extensions to the standard cosmological model.

X Mode descriptions
ΩK A spatially curved ΛCDM
w Consider a dynamical (meaning energy density changes) dark energy model with an

equation of state PDE = wρDE. In the standard cosmological model w = −1.
wa Consider a time-dependent equation of state parameter w.
Σmν Sum of the neutrino masses. Consider massive neutrinos.
Neff Effective number of neutrino species. Standard value is 3.046 (Mangano et al.,

2002). A different value may result from, e.g., the existence of sterile neutrinos
(Abazajian, 2017).

YP A primordial Helium density fraction that is different from the value predicted by
BBN with a given Ωbh

2 value.
nrun nrun = d lnns

d ln(q/a0)
. Consider a q-dependent scalar spectral index. This is often called

the “running” of the spectral index.
r The tensor-to-scalar ratio (at some pivot wavenumber).
nT The tensor spectral index, the slow-roll inflation consistency relation states that nt =

−r/8.

2.3 A few words on the standard cosmological model

From the previous discussion, we can see that the standard cosmological model actually stands for
quite a few things. It is a spatially flat Friedmann-Robertson-Walker universe on average, filled
with cold dark matters along with other ordinary particles, with perturbations that are initially
adiabatic, nearly scale invariant and statistically Gaussian, whose dynamics governed by general
relativity with a cosmological constant. Interestingly, the successful standard cosmological model
is called the ΛCDM, which is after the two most outstanding problems in the model. This may not
have given enough credit to the other physical considerations and assumptions. On the other hand,
it may be true that Λ and CDM are not satisfactory to all scientists. But calling the standard model
“ΛCDM” may give us an impression that when some things go wrong, it would be the problem
of Λ or CDM. In fact, it might be that some other assumptions or physical processes in the model
need to be revisited. Therefore, it might be preferable to call it just the standard cosmological
model, and consider Λ and CDM as just two (unresolved issues) of the many assumptions in the
model.

Why the two unresolved problems, Λ and CDM, still make the model a standard one? First of
all, it is the simplest model of the universe. But as Einstein said, “everything should be made as
simple as possible, but no simpler.” The more important and difficult objective is not to make things
simple, but is to not make them simpler, which means we need to correctly describe observations.
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How to address this problem? One might ask, is ΛCDM the true model? Actually, a question like
this is often hard to answer. Instead, we usually ask a more humble question: are all predictions of
the standard model consistent with all the observations? If one takes the field equations of general
relativity as Eq. (2.5), then Λ is another parameter in the theory besides G, and observations are
to tell us the value of this parameter. Whether the theory is right or not is judged by whether its
predictions match further independent observations. So far the predictions and the observations
agree very well, although not perfectly (Sola et al., 2016; Di Valentino et al., 2016b; Grandis et al.,
016b; Bull et al., 2016; Buchert et al., 2015; Di Valentino et al., 2016a; Salvatelli et al., 2014;
Ferreira et al., 2017; Yang et al., 2015; Wang et al., 2015). Statistically, there are attempts to use
model selection criteria to tell whether the ΛCDM model is favored by observations over the other
models, most of which are phenomenological extensions to ΛCDM (Mörtsell and Dhawan, 2018;
DES Collaboration et al., 2017; Beltrán et al., 2005; Trotta, 2007; Lazarides et al., 2004; Kunz
et al., 2006; Mukherjee et al., 2006; Balbi et al., 2007). But observations either give more supports
to ΛCDM, or not convincingly enough to favor other models. In a word, it is its simplicity and
validity that make the standard cosmological model to be standard. Note that I surely do not mean
that we should not question the “nature” of Λ or CDM.

Historical Note: The cosmological constant Λ was introduced by Albert Einstein to build a
static universe. In order to do so, we also need to include the spatial curvature. The discovery of the
receding motion of the distant galaxies by Hubble in 1929 made Einstein abandon his idea about
the cosmological constant and say it was his “biggest blunder”. However, since 1990s, cumulative
evidences have shown that the cosmic expansion today is actually accelerating . Now the best way
out is to reintroduce Λ but with a value different from what Einstein proposed.

2.4 Dynamical dark energy

It is possible that the acceleration of the universe is caused by some unknown energy form that is
dynamically changing but keeping its energy density roughly the same. Such a scenario is called
the dynamical dark energy hypothesis. In this scenario, one does not need to introduce a geo-
metrical cosmological constant, but one also ignores the vacuum cosmological constant problem
18 in particle physics by assuming it is zero due to some unknown mechanism or assuming it is
unphysical.

To see how it works, let’s assume an energy form with negative pressure. From now on we call

it dark energy. If the pressure P is negative and if
P

ρ
< −1

3
, the R.H.S. of (2.4) will be positive

18See Appendix C.
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and the universe will be accelerating. Let’s further assume the contents of the universe now are

only pressureless matter (including dark matter and baryons) and dark energy. Then (2.4) can be

explicitly written as the sum of the two contents as,(
ȧ

a

)2

=
8πG

3
ρm +

8πG

3
ρDE , (2.50)

ä

a
= −4πG

3
(ρm)− 4πG

3
(ρDE + 3PDE) . (2.51)

So if the pressure of the dark energy is negative and it is dominating in the sense that ρDE > ρm,

the R.H.S. of (2.51) can be positive and make the universe to accelerate.

Phenomenologically, since the ΛCDM model is at least approximately right, comparing the

Friedmann’s equations with dark energy (2.50) and (2.51) and the ones in the ΛCDM model, if the

accelerating universe is really due to dark energy we require,

8πG

3
ρDE ' Λ

3
, (2.52)

−4πG

3
(ρDE + 3PDE) ' Λ

3
. (2.53)

Solving the above approximate equations for ρDE and PDE we get,

ρDE ' −PDE '
Λ

8πG
. (2.54)

In cosmology the pressure is often a function only of the energy density, and we say this situation

is barotropic. An barotropic equation of state (functional relation between P and ρ) often has the

following form,

P = wρ . (2.55)

For non-relativistic matter wm = 0 and for radiation wγ = 1
3
. For dark energy, wDE is sometimes

parameterized as wDE = constant or a linear function of the scale factor wDE = w0 +(1−a)wa.19

No matter which parametrization we use, Planck 2015 data tells us that wDE is highly consistent

with wDE = −1 as the case of ΛCDM (Ade, P. A. R. et al., (Planck Collaboration), 2016). For

example, the mean value of a constant wDE with 1σ uncertainty obtained by all the Planck 2015

data is wDE = −1.019+0.075
−0.080. Also, for background observations, ΛCDM model is shown to be

favored over the other models considered in (Hee et al., 2016).

19For linear parameterization, wa is usually interpreted as (the opposite of) the derivative of wDE with respect to
the scale factor a. It is also useful to realize that wDE → w0 + wa at high redshift when a→ 0. Thus wa can also be
interpreted as the difference between the early-time and today’s dark-energy equation-of-state parameter.
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The simplest model of dark energy is the quintessence model (Zlatev et al., 1999), in which a
scalar field under a run-away-type potential is slowly changing its value, and therefore the energy
density of the scalar field consists mainly of its potential and stays roughly the same right now.
Readers can see (Weinberg, 2008, chapter 1.12) for discussions on this model. Other dark energy
models such as K-essence, Tachyon, Phantom, dilaton, etc., can be found in (Peebles and Ratra,
2003; Copeland et al., 2006; Linder, 2008).

2.5 Modified Gravity as a model of accelerating universe

2.5.1 What does "modified gravity" mean?

Three questions need to be distinguished. First, is Einstein’s general relativity the ultimate theory
of gravity? Apparently not, because it is a classical theory of gravity and one needs to combine it
with quantum mechanics. Second, is general relativity a correct classical theory of gravity in the
region where the Planck scales are irrelevant?20 Modified gravity is about such a question - any
theory that predicts different classical gravitational phenomena is a modified theory of gravity, or
modified gravity for short. So far, no strong evidence suggests modified gravity is needed. Third,
is the acceleration of the universe due to modified gravity models? Note that, the second question
is different from the third, because general relativity might be incomplete but the modification of
it might be not the physics of the accelerating universe. Similarly, if the nature of the accelerating
universe is not modified gravity, it doesn’t mean general relativity is all right about all classical
aspects of gravity. For example, massive gravity theories are those where gravitational waves have
masses , e.g. (de Rham, 2014). While massive gravity might or might not be the cause of cosmic
acceleration, excluding it (or them) as candidate(s) doesn’t necessarily tell us the gravitational wave
doesn’t have a mass. Interestingly, if massive graviton is responsible for the cosmic acceleration,
its magnitude can be inferred to be 10−32 eV which cannot be ruled out by current theoretical
or experimental considerations (Farag Ali and Das, 2016). In Chapter 3 we will point out that
future CMB experiments will be able to detect a graviton mass of this order of magnitude if the
tensor-to-scalar ratio is large enough.

For one thing, we need to separate two issues: 1.testing modified gravity as a model of the
accelerating universe, 2.testing modified gravity by cosmological/astronomical observations. The

20That is when the point mass, density, temperature, etc., are much lower and the spatial scale, time scale, etc., are
much larger than the corresponding Planck units. The quantization of spacetime need to be accomplished with both
general relativity and quantum theory. Like in quantum field theory, space and time are just parameters and are not
described by dynamical fields. On the other hand, without quantum theory the description of spacetime is classical
and therefore not quantized.
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first test is more demanding, this is because it requires both that gravity is modified and that mod-
ified gravity is the cause of cosmic acceleration. If a modified gravity theory leads to cosmic
acceleration without a cosmological constant or any dark energy component, it is said that it can
self accelerate. Many modified gravity theories suffer from the first test, and they are not able to
consistently explain all cosmological and astrophysical observations and yet lead to a self accel-
eration; see, e.g., (Wang et al., 2012). On the other hand, the second one is to use cosmological
observation to see if general relativity need to be modified, while the cosmological constant may
be or may not be the cause of the accelerating universe. The second test is easier for a modified
gravity theory to pass, since it is not required to generate cosmic acceleration. However, logically if
a modified gravity theory fails the second test, it is not possible for such theory to generate cosmic
acceleration. Chapter 3 is about the second test.

For the other, we need to know the original motivation of each modified gravity. Some of them
are motivated, for example, by the attempts to the unified theory of gravity and quantum mechanics,
and one might suspect it is the cause of the acceleration of the universe. Those theories are more
interesting. Others might be motivated only by the problem of acceleration of the universe, and
they are ‘ad hoc’ theories.

One should also separate the problems about the two dark components of the universe - dark
energy and dark matter, both of which motivate a large amount of investigations on their modified
gravity explanations. We need to keep in mind that those investigations are often independent
of each other, which means excluding modified gravity as a dark matter candidate doesn’t mean
excluding it as a dark energy model, and vice versa.

So, how can we tell a theory of modified gravity (assume it is already healthy, i.e. avoiding
instability, etc.) provides a better explanation to cosmic acceleration than general relativity? It
seems fair to require that, one of the following needs to be satisfied:

• It provides consistent explanations of all cosmological observations including the back-
ground expansion history, the perturbation level, etc., and predicts some observable phe-
nomena different from general relativity with a cosmological constant and is observationally
confirmed,

• Or, it provides the same explanations and predictions as general relativity, but can solve other
problems that general relativity can’t (such as the cosmological problem in quantum field).

Given the fact that there is no significant observational deviation from general relativity with a
(geometrical) cosmological constant, a better alternative needs to satisfy the second criterion. No
such classical theory has been found yet. Nonetheless, there are a lot of theories of modified
gravity. We will attempt to classify them, and we do so in the next two subsections.
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2.5.2 Classification based on the Lovelock’s theorem

The Lovelock’s theorem states (Lovelock, 1972, 1971),
‘all tensors of contravariant valency two, which are divergence free on one index and which

are concomitants of the metric tensor, together with its first two derivatives, are constructed in the
four-dimensional case. The Einstein and metric tensors are the only possibilities’.

So, in order to have different field equations, modified gravity needs to consider, for example,
higher order derivatives of the metric instead of only the first two derivatives, higher dimensional
cases instead of only four dimensional, non-local instead of concomitant, or extra degrees of free-
dom instead of only a rank-2 symmetric tensor field. This leads to the following four groups of
modified gravity (Clifton et al., 2012; Koyama, 2016):

Higher order derivatives: One would expect the higher derivatives will cause the gravitational
effect to be different at smaller scale, since, for example, a fourth derivative brings k4 in
Fourier transformation, while the second derivative only brings k2. According to the Os-
trogradski’s theorem, higher derivatives lead to an extra degree of freedom and suffer from
ghost instability. But there are exceptions. For example, f(R) theories are modified gravity
with a fourth order derivative in the metric. But the fourth order derivative term only ap-

pears as a second order derivative of the function fR ≡
df

dR
(de Felice and Tsujikawa, 2010).

Another examples is f(G) theories.

Higher dimension: There are a lot of theories built on this type. For example, the LoveLock
theory requires that the form of the tensor on the left hand side of the field equation satisfying
the above properties to be the Einstein tensor with a cosmological constant. But on higher
and higher dimension, this requirement is released and one can include one or more tensors.
This corresponds to a generalized general relativity in higher dimensions - Einstein Gauss-
Bonnet gravity, see for example (Clifton et al., 2012). For another example, the DGP model
(Dvali et al., 2000) is a gravity theory built in five dimensional Minkowski spacetime.

Non-local theories: General relativity is a local theory in the sense that the Ricci tensor Rµν

depends only on the local stress-energy tensor An explicit example of the non-local theory
of gravity is (Modesto and Tsujikawa, 2013),

Gµν +
m2

�
Gµν = 8πGTµν , (2.56)

where is the operator
1

�
is the retarded Green function of the d’Alembertian �, and is an

integral operator in spacetime. Moving the second term to the right, we can clearly see that
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the Einstein tensor Gµν also depends on the its own value elsewhere in spacetime. Equiva-
lently, we can manipulate the above equation and say the Einstein tensor also depends on the
stress-energy tensor elsewhere.

Extra degree(s) of freedom: This is a large class of modified gravity. In addition to the symme-
try metric, one can consider an extra scalar field, vector field, tensor field, etc., to describe
gravity. For example the Horndeski mode is the most general ghost free scalar field theory
that leads to second order equations of motion. One can also consider extra vector and/or
tensor field such as the Einstein-Æther (Jacobson and Mattingly, 2004) and TeVeS theory
(Skordis, 2006). As we know that general relativity is not only about the field equations, but
also the description of the gravitational effect like the geodesic equations. One important
thing we need to know is the role of the extra degree of freedom. Does it (or do they) merely
changes the field equations and make them different from the Einstein’s equations, or does
it also change the description of gravitational effect on matter. Then the theories with extra
degree(s) of freedom can be classified into the following two types:

Type 1: Theories that only change the field equations, but not equations of motion of mat-
ters: Like the Horndeski scalar field theory, it only changes the field equations.

Type 2: Theories that also change the description of gravitational effect: For example, the
Einstein-Cartan (Hehl et al., 1976) theory use an additional torsion in addition to de-
scribe gravity. Both the field equations and the geodesic equations are changed.

We can see that, e.g. in scalar field theory, these two type can be sometimes transformed
into each other by performing a conformal transformation to the metric as will be discussed
in section 2.5.4.

2.5.3 Classification based on the three equivalence principles

If the former classification is rather mathematical, the second classification discussed here will be
more physical. Modified gravity can be classified according to the extent to which they violate the
equivalence principles(s).

Discussions about the equivalence principle(s) can be found, for example, in (Hartle, 2002,
chapter 6.2), (Rindler, 2006, chapter 1.13), (Misner et al., 1973, chapter 16), (Weinberg, 1972,
chapter 3) and (Clifton et al., 2012). However the classification of the equivalence principle(s)
itself is not explicit in literature and people often only mention ‘the equivalence principle’. Here
the equivalence principle is divided into three levels - the weak equivalence principle, the Einstein
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equivalence principle, and the strong equivalence principle. This is actually corresponding to the
weak, the medium-strong and the very-strong equivalence principle in (Weinberg, 1972). The
discussion here will connect more to the notion of “fifth force” and cosmological test.

The weak E.P. The weak equivalence principle is just the equivalence of the gravitational mass
and the inertia mass. An immediate result from this is the equation of motion of a test particle
of any kind subjected only to the gravitational force depends only on their initial position and
velocity. In other worlds, their compositions, intrinsic spin or any kinds of charge wouldn’t
affect their motion under only gravity. In general relativity, test particles universally follow
geodesics. There are gravity theories violating the weak equivalence principle. For example,
in the Einstein-Cartan theory (also called the U4 theory) (Hehl et al., 1976), the geodesics
of a test particle depends on its spin in addition to its initial position and velocity. And for
example, in some scalar field theory the scalar field will couple differently to different mat-
ters (Khoury and Weltman, 2004).21 In that case, we say there exists a ‘fifth force’ mediated
by the scalar field and have different coupling to different matters. The Satellite Test of the
Equivalence Principle (STEP) will test the weak equivalent principle by measuring the mo-
tion deviation of four test masses with different compositions. A null result will constraint
the deviation of the weak equivalence principle no larger than one part in 1018 (Overduin
et al., 2012).

The Einstein E.P. The Einstein equivalence principle extends the weak equivalence principle and
states that we can’t distinguish locally inertia frames (freely falling frames) by performing
any non-gravitational experiments in them. So the outcomes of experiments like measuring
the frequency of a harmonic oscillator, measuring the fine structure constant, and measuring
the decaying time of a free neutron will be all the same in any freely-falling frame (if the
experiment doesn’t span a very large space or doesn’t last a very long time). In general
relativity, it is the ‘comma-goes-to-semicolon rule’ that ensures the Einstein equivalence
principle (Misner et al., 1973), because equations describing physical laws will return to
those in flat spacetime.22 An example of theory violating the Einstein equivalence principle is

21The Chameleon field in (Khoury and Weltman, 2004) is actually a type of dark energy. Indeed, as in electro-
magnetic field coupled differently to protons and neutrons, should we or not call a scalar field coupling differently to
different matter an extra degrees of freedom of gravity? In a scalar field theory, the difference between dark matter
and modified is sometime not clear, See section 2.5.4. And in (Joyce et al., 2016), a scalar field model violating the
weak equivalent principle is considered to be a dark energy model.

22It is worth to mention that, this is different from the tidal force. Equations of motion of an angular momentum in
the flat spacetime is different from that in curved spacetime. That is because the torque on the angular momentum is
caused by tidal force, which is the real gravitational effect.
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the Einstein-Æther theory (Jacobson and Mattingly, 2004), in which it singles out a preferred
reference frame.

The strong E.P. The strong equivalence principle extends the Einstein equivalence principle and
states that we can’t distinguish local inertia frames by performing any (including gravita-
tional) experiments. First, it requires the gravitational binding energy contribute equivalently
to the inertia mass and the gravitational mass, and if not, a satellite will experience a slight
attractional force toward the sun (Weinberg, 1972). Second, it requires the Newtonian grav-
itational constant to be constant and independent of the strength of gravitation. For example
the properties of a star would not depend on whether it is located near a super massive black
hole or isolated in space. An important cosmological test on the strong equivalence principle
is on ‘fifth force’ and the cosmological structure formation. The fifth force in this case is
different from the one in the violation of weak equivalence principle because this time it has
a universal effect on all kinds of matter. In other words, although the motion of the test par-
ticle still doesn’t depend on the compositions or spins of the test particle, the gravitational
force is not the inverse square law ( in the weak static limit). A typical type is an Yukawa
type potential in addition to the Newtonian potential,

φ(r) = −GM
r

(1 + βe−µr), (2.57)

with a relative strength β and a range
1

µ
. Note that the fifth force in weak equivalence

principle violation mentioned above may also takes this form, but β and µ are different for
different matter. Due to the Chameleon mechanism (Khoury and Weltman, 2004), the fifth
force can be very weak for any experiment performed in the solar system or even in the
galactic system. But some theories, like the f(R) theories , predict such fifth force can be
significant in the cosmological structure formation scales. Any confirmation of such fifth
force will be in direct contradiction of general relativity on cosmological scales (Pogosian
and Silvestri, 2008).

2.5.4 The difference between dark energy and modified gravity

The differences between dark energy and modified gravity are sometimes not as obvious as they
sound, see for example (Joyce et al., 2016). Maybe we need a clear definition of modified gravity.
The following is the definition quoted from (Clifton et al., 2012),

‘The term “gravitational theory” can be functionally defined by the set of field equations
obeyed by the rank-2 tensor, and an other non-matter fields it interacts with. If these equations
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are anything other than Einstein’s equations, then we consider it to be a ’modified theory of grav-
ity".’

Authors in (Clifton et al., 2012) further clarifies the meaning of “non-matter” field. They take a
field minimally coupled to the metric like the quintessence as a matter field, while a non-minimally
coupled field as an extra degree of freedom to describe gravity. This dissertation will use such a
definition of modified gravity theories, but here one further point need to be mentioned: this
definition of ‘non-matter’ field is in the Jordan frame. When we talk about scalar field theories,
there exist two descriptions of the theories in two conformally related frames, the Jordan frame
and the Einstein frame.

Jordan frame: a conformal frame in which the scalar field(s) is non-minimally coupled to gravity
but doesn’t directly couple to the matter like dark matter and baryon. Gravitational effect
on matter is described by the metric so that a test particle follows geodesics and the matter
energy-stress tensor is conserved covariantly.

Einstein frame: a conformal frame in which the scalar field(s) is minimally coupled to gravity
and directly coupled to matter. Gravity is described by the conformal metric as well as the
scalar field so that a test particle doesn’t follow a geodesics and matter energy-stress tensor
is not covariantly conserved.

The above description is based mainly on the one in (Clifton et al., 2012). There have been debates
about their equivalence and which one of them is physical (Faraoni et al., 1999; Flanagan, 2004;
Faraoni and Gunzig, 1999). But one thing is sure: performing a conformal transformation to a
scalar-field-type modified theory can cause such a theory to transform between type 1 and type 2.
Take the Brans-Dicke theory for example, (a discussion about it can be found in (Weinberg, 1972,
chapter 7)), in the Jordan frame, its action reads,

S =
1

16π

∫
d4x
√
−g
(
φR− w

φ
φ;µφ

;µ + Lmatter
)
, (2.58)

where g is the determinant of the metric and w is a constant. In the Jordan frame, the scalar field φ
is non-minimally coupled to gravity because of the term φR, the matter Lagrangian is not changed.
The equations of motion of the scalar field and the matter follow the “comma to semicolon rule”.
Matter energy-stress tensor is conserved covariantly T µν;µ = 0. So the Brans-Dicke theory in the
Jordan frame is a type 1 modified gravity.

One can perform a conformal transformation to the metric,

gµν → g̃µν = Gφgµν , (2.59)
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and redefined the scalar field as,

dφ̃ =

√
2w + 3

16πG

dφ

φ
, (2.60)

and get the following action (Faraoni et al., 1999),

S =

∫
d4x
√
−g̃
[ R̃

16πG
− 1

2
φ̃;µ̃φ̃

;µ̃ + exp
(
− 8

√
πG

2w + 3
φ̃
)
L̃matter

]
, (2.61)

Where R̃ and ;µ̃ are the Ricci scalar and the covariant derivative in the metric g̃µν , and L̃matter is
the matter Lagrangian constructed by the ‘comma to semicolon rule’ in the metric g̃µν .

Now the scalar field φ̃ is minimally coupled to gravity in (2.61). But the scalar field can’t
be considered as another matter form or a model of dark energy in the definition given in this
dissertation. That is because the scalar field is now universally coupled to the matter, and the
gravitational effect need to be described by the new metric as well as the scalar field. A test
particle in Einstein frame will not follow a geodesics, nor does the matter energy-stress tensor
conserve covariantly. So the Brans-Dicke theory in the Einstein frame is a type 2 modified gravity
theory with a scalar field extra degree of freedom.

Let’s take a simple example and see more closely what it means. Note that a conformal trans-
formation is not a coordinate transformation but a metric transformation on the same coordinate
system. So the new metric doesn’t represent the gravitational effect alone. It is conformal in the
sense that the “angle” between two vectors Aµ and Bν is unchanged AµBµ√

AµAµBνBν
=

Aµ̃Bµ̃√
Aµ̃Aµ̃Bν̃Bν̃

.

The light cone 23 at each point is unchanged since gµνdxµdxν = 0 ⇒ g̃µνdx
µdxν = 0. The easiest

example of a conformal transformation might be gµν = a2(η)ηµν . If gµν is describing the gravi-
tational effect, ηµν is not. First of all, the matter energy-stress tensor is conserved and T µν;µ = 0,
not T µν,µ = 0. Secondly, if ηµν was describing gravity, the geodesics of a test particle would be a
straight line in, for example, the η − x coordinate graph. But obviously it is not. The equation of
motion of a test particle moving in the x-direction is,

d

dτ

(
a2(η)

dx

dτ

)
= 0 , (2.62)

d

dτ

(
a2(η)

dη

dτ

)
= a(η)

da

dη

[(dη
dτ

)2 −
(dx
dτ

)2
]
. (2.63)

Although solving the above equations are hardly necessarily, let’s solve them to see the results

more explicitly, The first equation gives us
dx

dτ
=
v0

a2
. Substituting this into the second equation

we have,
d

dτ

(
a2(η)

dη

dτ

)
= a

da

dη

[(dη
dτ

)2 − v2
0

a4

]
. (2.64)

23A collecting of coordinates that lights passing that coordinates will lie in.
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Assume a will go larger and larger, as a→∞, the term
v2

0

a4
can be ignored, and this gives,

d

dτ

(
a2(η)

dη

dτ

)
= a

da

dη

(dη
dτ

)2
. (2.65)

We can manipulate the above equation and integrate to get
dη

dτ
=

1

a
. This result is consistent with

the fact that we have ignored
v2

0

a4
when a is large. Finally, we can get the “velocity”

dx

dη
=

v0

a
,

which goes to 0 in (2.65) when a is large. So a time-like test particle will always stands still and
the curve becomes vertical when a becomes large. In the contrary, ηµν describe a flat spacetime,
and a test particle will keep going forever.

The point is that, the new conformal metric alone doesn’t describe the gravitational effect, and
one needs to combine the conformal factor like a in this case.

2.5.5 Testing modified gravity theories

Cosmological and astrophysical observations have now tested modified gravity theories. These
test have been performed in linear and some non-linear regimes to different extents (Clifton et al.,
2012; Koyama, 2016; Joyce et al., 2015, 2016; Berti et al., 2015; Baker et al., 2013; Dodelson
et al., 2016). Those tests are very powerful, and have restricted a large fraction of modified gravity
theories. For examples, recently the background level tests have been revisited and it is shown that
it alone can have strong constraints on the entire class of f(R) theory (Ceron-Hurtado et al., 2016).
Combining the astronomical and laboratory searches, a wide model dependent parameter space in
the Chameleon model has been excluded (Burrage and Sakstein, 2016). In the linear quasi-static
regime, (Pogosian and Silvestri, 2016) derived some consistency conditions between the two scalar
gravitational potentials for the Horndeski models.

There are two ways of testing modified gravity theories. The first one is to study the predictions
of some specific modified gravity theories, and compare to observations. This kind of test is direct,
but not efficient since many theories of gravity have been proposed in the literature. Given the fact
that GR with a cosmological constant is very successful in explanation current observations, works
have been denoted to perform the second kind of test, that is to test phenomenological deviations
from GR. It can be viewed as simply testing GR with no reference to any modified gravity models.
The phenomenological deviations are usually parameterized based on some possible MG effects.
Any difference in the model parameters from their standard values in GR can point us to the right
direction of modification to GR. It is fair to argue that an efficient parametrization should meet
some minimum criteria as follows.
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• The parameterization should obviously reduce to GR in some limit or given point.

• It should assemble the behaviors of more than one theory of modified gravity.

• It should be minimum so that the possibly captured deviation is not merely due to the in-
creased degrees of freedom to fit the data.

• And finally it should allow us to easily assign physical meanings to the parameters.

While there has been a considerable amount of work to extensively parametrize scalar-mode-
perturbation deviations from GR in the literature, tensor-mode parametrization for modified gravity
has not been systematically studied. The first part of this dissertation is to extend the current work
on tensor-mode MG parameterization, update the constraints by currently available datasets, es-
timate the future constraints, and study the impacts on the primordial tensor-mode perturbation
spectrum.

2.6 Other approaches for the problem of cosmic acceleration

There are many other attempts to solve the cosmic acceleration problem. For example, instead of
an incorrect theory of gravity, one might think that our theory is correct but the model is incorrect.
We might live in a inhomogeneous universe, and it might be the wrong model that gives us the
illusion of acceleration. But this idea fail in the consistency tests. It is possible to explain the
accelerating universe with an inhomogeneous model, but it fails to explain the growth rate of the
structure consistently (Ishak et al., 2013; Ishak and Peel, 2012).

Recently, emergent gravity tries to link together the three phases of cosmic evolution (that is
the early inflation, radiation and matter dominated epochs, and the late acceleration), and predicts
the following relation (Padmanabhan and Padmanabhan, 2014, 2013; Padmanabhan, 2015),

ρΛ ≈
4

27

ρ
3/2
inf

ρ
1/2
eq

exp(−36π2) , (2.66)

where ρinf and ρeq are the energy density during inflation and at the radiation-matter equality. With
ρinf being a grand unification energy scale ∼ 1015 GeV, Eq. (2.66) can give the correct value of
the cosmological constant. Moreover, the problem of the cosmological constant in particle physics
can also be solved, because the symmetry of arbitrary energy reference point is restored in the
emergent gravity (Padmanabhan, 2015).

There have been debates about the effects and magnitude from the small scales inhomogeneities
on the dynamics of the cosmic expansion and large scale structure formation (backreaction) (Green
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and Wald, 2011; Buchert et al., 2015; Green and Wald, 2015). Recently, a non-perturbative method
of N-body simulation suggest backreaction is also able produce a concordant universe model (Rácz
et al., 2016). The difference between this simulation method and the traditional method is that it
first solves the local Friedmann equations for many mini-universe, and then apply an averaging
to the volume. Their averaged scale factor is then shown to be in a good agreement with the one
in the ΛCDM model. Interestingly they can also reproduce the local measured Hubble constant
(Riess et al., 2016), which is higher than the inferred local Hubble constant in the ΛCDM model
with Planck 2015 cosmological parameters. This result is impressive, but more investigation on
this method need to be made. For example, whether the averaged scale factor obtained in this
method corresponds to the one accounting for the geometrical observations? For another example,
the discussion about the connections between the expansion and the linear growth in their work is
not sufficient.

There were attempts to construct Λ from some fundamental constant like the Newtonian con-
stant G, the speed of light c, the Planck constant ~ etc by dimensional analysis. The most obvious

choice in the SI unit, Λp =
8πc5

~G
, 24 doesn’t work since it gives a too huge value as will be talked

about in section C.2. Ya. B. Zel’dovich in 1967 tried to link the cosmological constant with the
elementary particle and found the following combination

ΛZel =
G2

m6~4
(2.67)

gives a constant that is roughly of the same order of the observed one.25 Surely the value of
the above expression depends on which elementary particle to use. And it is difficult to see any
physical meaning from this combination.

No convincing solution to the cosmological constant problems(s) is found yet. It is possible that
we have been attacking the problem(s) in wrong ways from the beginning. We might be missing
important theories to address the problems. Some old and new methods are summarize in (Solà,
2013). Some suggestions are given in (Padmanabhan, 2016).

2.7 The inflation hypothesis

It has been mentioned in earlier sections that there presumably existed an early-time inflation
when the universe was expanding exponentially with a very fast speed. We also mentioned that

24The subscript ‘p’ stands for Planck.

25still about 4 orders of magnitude higher, but much closer compared to the ‘obvious’ choice.
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besides solving some cosmological conundrums such as the horizon problem, inflation theories can

also explain why the primordial perturbations are Gaussian, adiabatic and nearly scale invariant.

Further, inflation theories predict there exist primordial tensor mode perturbations whose amplitude

(parameterized as r) may be large enough to give raise to a CMB B-mode polarization detectable

with near-future CMB experiments. In additional, the simplest inflation theories predict a slow-

roll inflation consistency relation, which relate the tensor-to-scalar ratio r with the tensor spectral

index nT which reads

nT = −r/8 . (2.68)

Therefore, tensor-mode perturbations and CMB B-mode polarization is important for the study of

the early-universe physics.

Here we briefly describe how inflation works; also see (Tsujikawa, 2003; Weinberg, 2008; Do-

delson, 2003) for reviews. In the inflation scenario, the background variables are treated classically

as usual, but perturbations are considered quantum mechanically (more exactly, are considered as

quantum fields).26 The background evolution is driven by a (or multiple) field(s). Here, a single

field will be assumed for a simple discussion. This field is usually called the inflaton. Its 0th-order

homogeneous value along with a FRW metric form the inflationary background. The dynamics

of the inflaton is “slowly rolling”, in the sense that its “kinetic energy” associated with the time

derivative remains small compared to its potential energy for a long enough time (in order to solve

some cosmological conundrums such as the horizon problem). The perturbations of the field and

metric are promoted to quantum operators by imposing canonical commutations. Then the state of

the universe is usually assumed to be at a sort of ground state defined by some annihilation oper-

ator (not unique). The normalization of the perturbations are set by that at sufficiently early times

the background becomes effectively Minkowski spacetime when perturbations are deep inside the

horizon (q � H, where H is the Hubble rate in conformal time). At the end of inflation, pertur-

bations of interest have existed the horizon (or called outside the horizon, q � H). The curvature

perturbation R (for scalar modes) is conserved during a following era called reheating when the

perturbations are still outside the horizon, except that the energy of the inflaton are transferred into

the energy forms we see today. The initial conditions as discussed in previous sections are con-

nected to the quantum fluctuations via the conservation of R. For tensor mode perturbations, the

connection is via the conservation of h. All cosmological inhomogeneities (including scalar modes

and tensor modes) are originated from the quantum fluctuations during inflation in this hypothesis.

26It is not correct to say that gravity is treated classically and the other field(s) is (are) treated quantum mechanically.
Because the unperturbed field is considered classically, and the perturbations of gravitation are considered quantum
mechanically.
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With the MG tensor-mode parameterization, the propagation of the primordial gravitational
wave is changed. With these changes, in chapter 4 we will calculate the impacts on the tensor-
mode power spectrum as produced during inflation.
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CHAPTER 3

TESTING MODIFIED GRAVITY THEORIES USING TENSOR PERTURBATIONS

The work contained in Chapter 3 originally appears as part of “Testing gravity theories using ten-

sor perturbations.” Reprinted with permission from Weikang Lin and Mustapha Ishak, Physical

Review D, vol. 94, p. 123011, Dec. 2016. Copyright (2016) by the American Physical Society.

DOI: https://dx.doi.org/10.1103/PhysRevD.94.123011. The idea of using CMB B-mode polariza-

tion was proposed by Mustapha Ishak. The parameterizations of tensor-mode perturbations were

introduced and implemented in COSMOMC by Weikang Lin. All work and writing was done by

Weikang Lin in collaboration with Mustapha Ishak.

Primordial gravitational waves constitute a promising probe of the very early Universe and

the laws of gravity. We study in this work changes to tensor-mode perturbations that can arise in

various proposed modified gravity theories. These include additional friction effects, nonstandard

dispersion relations involving a massive graviton, a modified speed, and a small-scale modification.

We introduce a physically motivated parametrization of these effects and use current available

data to obtain exclusion regions in the parameter spaces. Taking into account the foreground

subtraction, we then perform a forecast analysis focusing on the tensor-mode modified-gravity

parameters as constrained by the future experiments COrE, Stage-IV and PIXIE. For a fiducial

value of the tensor-to-scalar ratio r = 0.01, we find that an additional friction of 3.5 ∼ 4.5%

compared to GR will be detected at 3-σ by these experiments, while a decrease in friction will be

more difficult to detect. The speed of gravitational waves needs to be by 5 ∼ 15% different from

the speed of light for detection. We find that the minimum detectable graviton mass is about 7.8 ∼
9.7× 10−33 eV , which is of the same order of magnitude as the graviton mass that allows massive

gravity theories to produce late-time cosmic acceleration. In summary, tensor-mode perturbations

and cosmic-microwave-background B-mode polarization provide a complementary avenue to test

gravity theories.

3.1 Introduction

Current problems in cosmology such as cosmic acceleration, or older motivations such as finding

unified theories of physics have led to searches and proposals of theories of gravity beyond Gen-

eral Relativity (GR). Associated with these proposals are efforts to test GR using cosmological

probes. See, for example (Clifton et al., 2012; Koyama, 2016; Joyce et al., 2015, 2016; Berti et al.,

2015; Baker et al., 2013; Dodelson et al., 2016) for reviews on testing modifications to gravity at
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cosmological scales. In doing so, instead of building frameworks to test individual modified grav-
ity models, a common and reasonable approach is to parametrize and test departures from general
relativity predictions. This approach is well justified in view of the success of the relativistic Λ

cold dark matter (ΛCDM) standard model when compared to observations so that any deviation
from GR should be small. It can be viewed as simply testing GR with no reference to any modified
gravity models. Any difference in the model parameters from their standard values in GR can point
us to the right direction of modification to GR. One could also argue that an efficient parametriza-
tion should meet some minimum criteria. First, it should obviously reduce to GR in some limit
or given point. Second, it should assemble the behaviors of more than one theory of modified
gravity. Third, the parametrization should be minimum so that the possibly captured deviation is
not merely due to the increased degrees of freedom to fit the data. And finally the parametrization
should allow us to easily assign physical meanings to the parameters.

There has been a considerable amount of work to systematically parametrize scalar-mode-
perturbation deviations from GR in the literature, and we refer readers to some reviews on the
topic (Clifton et al., 2012; Koyama, 2016; Joyce et al., 2015, 2016; Berti et al., 2015; Baker et al.,
2013; Dodelson et al., 2016; Hu and Sawicki, 2007) and publicly available codes to perform such
tests (Hojjati et al., 2011; Dossett et al., 2011). On the other hand, the tensor-mode parametrization
for modified gravity has not been systematically nor extensively studied, although several non-GR
behaviors in the tensor sector have been individually investigated (Saltas et al., 2014; Pettorino and
Amendola, 2015; Dubovsky et al., 2010; Raveri et al., 2015; Amendola et al., 2014). It is worth
mentioning that methods of parametrization come also with some limitations (Linder et al., 2016;
Dossett and Ishak, 2013), nevertheless they can be informative in some cases.

In this chapter, we aim to provide a systematic study of tensor-mode modified-gravity (MG)
parameters including current bounds on the parameters and future constraints. In Sec. 3.2, we dis-
cuss a general form of the modified tensor-mode propagation equation including different physical
effects. In Sec. 3.3, we illustrate the effects of our MG parameters on the cosmic-microwave-
background (CMB) B-mode polarization. In Sec. 3.4 we use the available BKP (Mortonson and
Seljak, 2014) and Planck 2015 (Ade, P. A. R. et al., (Planck Collaboration), 2016) data to put
bounds on the parameter spaces. In Sec. 3.5, we analyze and provide a forecast of constraints on
our tensor-mode MG parameters from some future experiments. Finally, we summarize in Sec.
3.6.

3.2 Tensor Modes in Modified Gravity and their Parametrization

Scalar-, vector- and tensor-mode perturbations with respect to rotation symmetry can be treated
separately (Weinberg, 2008; Dodelson, 2003). The line element only with tensor-mode perturba-
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tions reads,

ds2 = −dt2 + a2(t)(δij +Dij(x, t))dx
idxj , (3.1)

where Dij
1 is the traceless (i.e., Dii = 0) and transverse (or divergenceless, i.e., ∂iDij = 0)

part of the perturbed metric, t is the cosmic time (or the co-moving time), and a(t) is the scale

factor. When working in Fourier space, the propagation equation for a mode with a co-moving

wave number k and with either helicity (λ = ±2) takes the following form,

ḧk + 3
ȧ

a
ḣk +

k2

a2
hk = 16πGπTk , (3.2)

where ḣ ≡ dh
dt

, and πTk is the tensor part (i.e., traceless and divergenceless) of the perturbed energy-

stress tensor in Fourier space. Note that we use k for co-moving wavenumber in this and the

next chapters. Since the above equation does not depend on the helicity λ, we have dropped it

from the subscript, but we still keep the subscript k to remind us that the amplitude is a function

of the wavenumber. We can see from Eq. (3.2) that the dynamics of the tensor-mode amplitude

for each mode behaves like a damping harmonic oscillator with a source. The second term 3 ȧ
a
ḣk

represents the damping effect (or the friction) caused by the cosmic expansion. The third term
k2

a2hk means that the frequency of a free wave ωT is the same as its physical wave number k
a
, which

consequently means that gravitational waves propagate at the speed of light. The term on the right-

hand side represents the source that comes from the tensor part of the stress-energy anisotropy.

In GR, the effects from the source on the dynamics of the tensor-mode perturbations are small

(Weinberg, 2008, chapter 6.6), and we assume this is also true in MG. So we ignore the source

term and assume the major modification to the tensor-mode perturbations is from the change to the

free propagation equation, i.e., the left-hand side of Eq. (3.2). Here a test particle is assumed to

follow a geodesic as in GR and there will be no modification to the Boltzmann equations.

Relativistic theories of gravity other than GR can (i) change the damping rate of gravitational

waves (i.e., the term with ḣ in the propagation equation), (ii) modify the dispersion relation (i.e.,

rather than k2/a2 in the third term, it can be a generic function of k/a; see for example the Hořava-

Lifshitz gravity (Wang, 2010) and the Einstein-æther theory (Jacobson and Mattingly, 2004)), and

(iii) add an additional source term on the right-hand side even in the situation of a perfect fluid

(see, for example, in the generalized single scalar field theory (Kobayashi et al., 2011; Hwang,

1Note that, unlike the scalar- or the vector-mode perturbations, the tensor-mode perturbations automatically gauge
invariant. This is because a infinitesimal coordinate transformation (a 4-vector) can only be decomposed into a scalar
part and a vector part. Since the transformed variable can only obtain a difference in terms of the back ground variables
and linearly of the infinitesimal 4-vector that specifies that gauge transformation, the tensor-mode variables need to be
unchanged to preserve their rotational properties.
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1991), and a recent extension to the Horndeski theories (Gleyzes et al., 2015b,a; Tsujikawa, 2015)).
Ignoring the source term as we assume it gives small effects, we suggest in this work the following
practical form of the modified propagation equation for tensor-mode perturbations,

ḧk + 3
ġ

g
ḣk + ω2

Thk = 0 , (3.3)

where g is a model-dependent function of time via some background variables and is k independent
in the linear regime, and ω2

T depends on time and the physical wave number k/a. Similar modified
equations are found in the literature (Saltas et al., 2014; Pettorino and Amendola, 2015; Raveri
et al., 2015; Amendola et al., 2014). In particular, in some previous papers the coefficient in the
ḣ term has been modified to (3 + αM)H instead of 3H , which corresponds to g = a1+

αM
3 with a

constant αM in Eq. (3.3). For the dispersion relation, a modified speed and a graviton mass have
also been considered in the literature. But here we introduce and use a specific form [Eq. (3.3)]
based on a more generic friction term and modified dispersion relation. A different parametrization
scheme is considered in (Xu, 2015), in which the friction term and the source term are modified in
a way that they are both time and wavenumber dependent. This is different from our consideration:
1. We argue that the friction term is only time dependent via some background variables. 2. We
neglect changes to the source term since we assume that the effect due to those changes is small in
MG. 3. We consider a more general dispersion relation.

Our proposed form of the friction term has more analytical advantages, because it can represent
the general friction term for a wide range of MG theories. For example, in f(R) theories (with R
being the Ricci scalar), g =

√
fR × a, where fR = df(R)

dR
and equals 1 in GR. In the Horndeski

models, we can combine Eq. (5) and Eq. (6) in (Amendola et al., 2014) and manipulate to get
g = ω

1/3
1 × a. In tensor-vector-scalar theory, we can modify Eq. (163) in (Skordis, 2006) and get

g = bγ. For all MG theories, the function g depends only on time but not on the wave number.
Our consideration of the modified dispersion relation can in principle cover more generic cases,

and is not limited to a constant modified speed cT or a graviton mass µ. The proposed form of the
dispersion relation in (Saltas et al., 2014) reads,

ω2
T = c2

T

k2

a2
+ µ2, (3.4)

which can be manipulated and written as,

ω2
T

k2/a2
− 1 = (c2

T − 1) +
a2

k2
µ2 . (3.5)

Here we can see clearly from Eq. (3.4) or Eq. (3.5) that the difference from a standard dispersion
(i.e., ω2

T

k2/a2 − 1 = 0) can be caused by a modified speed cT 6= 1 or by a nonzero mass µ 6= 0. Note
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that the squared phase speed of gravitational waves is actually ω2
T

(k/a)2 , which is different from the
squared speed c2

T . In this work, we parametrize the dispersion relation from a different approach.
Our starting point of the dispersion-relation parametrization is to treat the right-hand side of Eq.
(3.5) as a whole and small piece. But we will see that, under a few assumptions, our parametrized
dispersion relation corresponds to three physical cases: a modified speed, a graviton mass, and (in
addition) an ultraviolet (high-k/a or small-scale) modification.

There are already some constraints on the dispersion relation in the literature. First, the con-
sideration of gravitational Cherenkov radiation puts a strong lower limit on the phase speed of
gravitational waves, which is very close to the speed of light (Moore and Nelson, 2001). The idea
is that, if the phase speed is slower than the speed of light, there must be some energetic particles
moving faster than the phase speed of gravitational waves which leads to gravitational Cherenkov
radiation. Such gravitational Cherenkov radiation should in principle slow down these energetic
particles. But the observed energetic particles can have a speed close to the speed of light, and do
not appear to have been slowed down by this process. Or, such particles can only have traveled
for a short distance, which contradicts the assumption that they are from the Galactic center or
other further sources. In other words, if the idea of gravitational Cherenkov radiation is correct,
a subluminal phase speed of gravitational waves is not allowed. Second, for the graviton mass,
(Dubovsky et al., 2010) estimated an upper limit from the CMB observations for a nonvanishing
tensor-to-scalar ratio. This bound of graviton mass is stronger than those set by the gravitational-
wave detectors. For a more comprehensive list of observational bounds of the graviton mass, we
refer readers to (de Rham et al., 2016). In this work, however, we will release the above constraints
on the dispersion relation. We do so in order to give independent constraints on the tensor sector
solely from a Monte Carlo Markov Chain (MCMC) analysis on the current CMB observations.

Now we turn to our parametrization. We first parametrize the dispersion relation. Instead
of starting with modifying the speed and adding a graviton mass, we parametrize the dispersion
relation from a mathematical point of view. We assume that the dispersion relation depends only on
the physical wave number k/a, but not explicitly on time. A general modified dispersion relation
that only depends on the physical wave number k/a takes the following form:

ω2
T

k2/a2
− 1 = ε(k/a) , (3.6)

where ε(k/a) is an arbitrary function of k/a which vanishes in GR. In the last step, we have
denoted everything on the right-hand side of (3.5) as ε(k/a). This arrangement is motivated by
the fact that the deviation from GR is small in the scalar sector, and so we assume the deviation
is also small in the tensor sector. A positive/negative ε corresponds to a superluminal/subluminal
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phase speed. To parametrize the k/a dependence of the dispersion relation, we model it such that

the deviation either happens in the large-scale or the small-scale limit but unchanged on the other

limit, or the deviation is k/a independent. And the dispersion relation should be isotropic, so it

should be an even function of k/a. Under the above assumptions, the following proposals can

capture the deviation up to the lowest order, (and there are examples of theories corresponding to

each of the following cases,)

ε(k/a) =


εh

(
k/a
K0

)2

, small scales,

ε0 , k/a independent,

(εl)
n
(
µ0

k/a

)2

, large scales.

(3.7)

In the above, ε0, εh and εl are tensor-mode MG parameters. The subscripts h and l stand for high-

and low- physical wave numbers representively. K0 and µ0 are normalization constants. They

are inserted to make εh and εl dimensionless and within a practical range (i.e., of unity). For

consistency of the units, k in CAMB is measured in Mpc−1, so K0 and µ0 is also in Mpc−1. There

are examples of modified gravity theories that have a dispersion relation in each of the three forms

in Eq. (3.7). The first case is a ultraviolet deviation. For example in the Hořava-Lifshitz theory,

the dispersion relation deviates from the standard one at small scales (Wang, 2010), which falls

into the first case to the leading order. More explicitly, in (Wang, 2010), K0

ε2h
= g3

ζ2 to the leading

order at moderately small scales. The second case corresponds to a constant nonstandard speed

of gravitational waves, which can be found in the Einstein-æther theory (Jacobson and Mattingly,

2004; Saltas et al., 2014). For the third case, an example of deviation happening at large scales is

when a graviton mass is added to the propagation equation, ω2
T = k2

a2 +µ2, which can be written as
ω2
T

k2/a2 − 1 = µ2

k2/a2 . And we can identify (εl)
n as the ratio µ2/µ2

0 in the last case. Then our modified

dispersion relation is divided into three separate cases, each of which has one parameter, namely

ε0, εl and εh. The three parameters characterizing the modified dispersion relation vanish in GR.

For the first case, we find K0 = 100 Mpc−1 suitable. Roughly speaking, K0/
√
εh is the

physical wave number onset of the small-scale deviation. In the last case we use (εl)
n instead

of simply εl, and we set n = 4. That is because the current constraint on the graviton mass is

very weak (to be explored in Sec. 3.4), and it can span four orders of magnitude. Using (εl)
4

roughly make different orders of magnitude of εl at the same footing when using COSMOMC.

If further data can provide stronger constraints, we can set n to be a smaller value, for example

n = 1. A value of µ0 = 1 Mpc−1 corresponds to a graviton mass of ∼ 5× 10−58Mp in the Planck

units, or ∼ 6 × 10−30 eV . In (Dubovsky et al., 2010), they used 3000H0 (the expansion rate at
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recombination), which is roughly 0.7 Mpc−1 and this suggests µ0 = 1 Mpc−1 is suitable. Any

other choices of K0 and µ0 can be absorbed into the constants εh and εl.

The necessity of the case separation in eq (3.7) needs to be justified. We concede that separating

the dispersion relation into cases increases the complexity of the analysis. It might not be useful

if we only have data corresponding a narrow range of k/a, because we would not be able to

determine any dependence on k/a from the data. And such case separation does not represent a

more general situation where the deviation can occur at both small and large scales. However, the

above separation clearly describes different physics of the possible deviations, making it possible

to quickly link the modified parameters and the reason for their nonvanishing values. Also for a

practical reason, the constraints on the tensor sector are very weak, so it is unrealistic to consider

the three deviations simultaneously. One might want to replace the three cases with a power index,

such as (k/a)n. Then the positive, zero and negative values of n can generalize the above three

cases. But a continuous n lacks physical meaning and can lead to confusion. Therefore, we choose

to separate the dispersion relation into three cases.

For the friction term, we simply assume g = a1+ν0 for a constant ν0, which is equivalent to the

work in (Saltas et al., 2014; Pettorino and Amendola, 2015) as explained earlier in this section. A

positive/negative ν0 means the friction is larger/smaller than the one in GR, and consequently the

gravitational waves are more/less damped.

In summary, the MG parameters ν0, ε0, εl and εh characterize the modified gravitational-wave-

propagation equation in four different cases, and they all vanish in GR. When considered separately

(as in this work), the four MG parameters correspond to four one-parameter modifications. The

tensor-mode MG parameters and the corresponding physical meanings are summarized in Table

3.1.

Table 3.1: Table of the tensor-mode MG parameters and their corresponding physical meanings
or typical examples. In this work, we consider the four MG parameters separately. Each MG
parameter corresponds to a one-parameter modification. All parameters vanish in GR. The physical
ranges will be discussed in Sec. 3.3.

Params. Scales of deviation Physical Meaning or example Physical ranges GR values
ν0 All scales Modulating the friction > −1

0εh Small scales High k
a

deviation 1 ≥ 0
ε0 All scales Gives a modified speed > −1
εl Large scales Gives a finite graviton mass ≥ 0

1 One example is the Hořava-Lifshitz gravity; see (Wang, 2010).
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3.3 Effects of Tensor mode Modified Gravity Parameters

After investigating the primordial fluctuation during inflation (only for the cases of constant ν0 and

ε0), the next step is to see how the MG parameters change the evolution of tensor-mode perturba-

tions at later times, and use observational data to put constraints on our MG parameters. In order

to do so, we used a modified version of CAMB (Lewis et al., 2000) and COSMOMC (Lewis and

Bridle, 2002). In addition to the changes to the scalar sector in ISITGR, we add modifications of

the wave-propagation equation in the tensor sector. For the scalar modes, we refer the modifica-

tions of these to packages ISITGR (Dossett et al., 2011; Dossett and Ishak, 2012). We add to the

top of these modifications the tensor modes.

We already mentioned in Sec. 3.2 some of the constraints on the dispersion relation in the

literature. In particular, a subluminal phase speed of gravitational waves is almost forbidden by

consideration of gravitational Cherenkov radiation. But, in this work we will not use those as prior

bounds but rather aim to obtain independent and complementary constraints. We will constrain

our MG parameters solely from the current CMB observations. Our results should thus serve as

independent constraints on the dispersion relation. However, some physical ranges need to be

imposed on the MG parameters for the stability of the solutions of the perturbation equations:

1. ν0 > −1. If not, the friction term in Eq. (3.3) has an enhancing instead of suppressing effect.

2. ε0 > −1. If ε0 < −1, ω2
T = (1 + ε0)× k2

a2 is negative and tensor modes will all be unstable.

We also exclude the situation ε0 = −1 for a practical reason. If ε0 = −1, hk = constant is a

solution of Eq. (3.3). Then tensor modes will not contribute to CMB temperature anisotropy

or polarization spectra, and the tensor-to-scalar ratio r can be arbitrarily large. Our allowed

range of ε0 means that we are also considering subluminal phase speeds of gravitational

waves (i.e., for −1 < ε0 < 0).

3. (εl)
n ≥ 0. If not, the squared graviton mass µ2 = (εl)

n × µ2
0 is negative. Tensor modes

become tachyonic, and ω2
T will be negative for large-scale modes with k2/a2 < |µ2|. The

evolution of these modes will then grow exponentially and become unstable.

4. εh ≥ 0. If not, ω2
T will be negative for small-scale modes with k2/a2 > |εh| ×K2

0 .

Those physical ranges of MG parameters are also listed in Table 3.1.
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3.3.1 Analyzing the effects of modified friction and nonstandard speed

In this subsection, we explore the effects of the MG parameters ν0 and ε0 on the CMB B-mode
polarization power spectrum. We vary each one of them individually, and set the other MG pa-
rameters to their GR value. To verify our modification in CAMB, in Fig. 3.1 and Fig. 3.2 we
reproduced two figures from (Pettorino and Amendola, 2015) and (Raveri et al., 2015).

Figure 3.1 shows the effects due to different values of ν0, corresponding to different strengths
of friction. In Fig. 3.1 we have used αM to denote the friction term instead of ν0, in order to be
consistent with (Pettorino and Amendola, 2015). For the rest of this chapter, we use our notation
ν0. Again, for constant ν0 and αM , they are only different by a factor of 1

3
, and ν0 = 1

3
αM . We refer

readers to (Pettorino and Amendola, 2015) for more a detailed analysis of the friction term. For a
brief discussion, we can see that a larger ν0 (or αM ) means a larger damping effect, and generally
leads to a smaller tensor-mode amplitude. But we need to keep in mind that, a smaller tensor-
mode amplitude does not necessarily mean a smaller B-mode polarization induced by tensor-mode
perturbations, since it is the time derivative of the amplitude that is important, see Chap. 7 in
(Weinberg, 2008). However, it turns out in this case that a larger ν0 (or αM ) simply leads to a
smaller B-mode, as shown in Fig. 3.1.

Figure 3.2 shows the effects due to different values of ε0, corresponding to different speeds
of gravitational waves. We do not restrict our parameter ε0 to be non-negative, which means we
do not use the constraint set by the consideration of gravitational Cherenkov radiation, in order to
derive complementary results as we explained at the beginning of Sec. 3.3. A detailed analysis of
a nonstandard speed was given in (Raveri et al., 2015), in which the speed was parametrized as c2

T .
Their parametrization is the same as our 1 + ε0 parametrization. The major effect of a different ε
is a horizontal shift of the peaks in the B-mode power spectrum. The reason for such peak shifting
can be understood as follows. Roughly speaking, for a nonzero ε0, solutions of Eq. (3.3) are
changed so that hk → h′k = h√1+ε0k. For the same k, the frequency (in time) ωT = k/a is now
replaced by ωT =

√
1 + ε0 × k/a. Consequently, for the same frequency ωT , the corresponding

co-moving wave number is now k/
√

1 + ε0 instead of k. If the original peak is at a multiple of `,
it will be shifted to `√

1+ε0
. For example, the B-mode recombination peak in GR is around ` ∼ 100.

For 1 + ε0 = 1.5 and 0.5, this peak will be shifted to ` ∼ 80 and ∼ 140 respectively, as shown
in Fig. 3.2. Another effect from a nonstandard speed involves the amplitude of the reionization
peak. We can see in Fig. 3.2 that a smaller speed leads to a smaller amplitude of this peak, in
addition to a horizontal shift. This is because a smaller speed makes all modes reenter the horizon
later, so that the largest-scale modes remain constant for a longer time and do not contribute to the
B-mode production (recall again that the important part is the time derivative of the tensor-mode
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Figure 3.1: Reproducing Fig. 1 from (Pettorino and Amendola, 2015). Within the figure,“tenso”
refers to the B-mode due to tensor modes only, and “all” includes the lensing in the scalar mode.
Notice that we set r = 0.2 here to reproduce consistent results with (Pettorino and Amendola,
2015). Larger friction leads to a smaller tensor-mode amplitude and consequently a smaller tensor-
induced B-mode polarization.

amplitude). Such a contribution is important for the reionization peak, and so a smaller speed leads

to a smaller peak. Vice versa, a larger speed makes the largest-scale modes reenter the horizon,

and oscillate earlier and participate in the B-mode production.

3.3.2 Effects of large-scale deviation

The large-scale (low-k/a) deviation represents a constant graviton mass. Again, the squared mass

µ2 needs to be non-negative to avoid small-scale tachyonic instability. If µ2 is negative, roughly

speaking the solution will grow exponentially for the modes with k2/a2 + µ2 < 0.

An analysis of the effects on the CMB due to a graviton mass has been given in (Dubovsky

et al., 2010). The authors there estimated an upper bound of the graviton mass, µ . 10−30 eV , for

a nonvanishing tensor-to-scalar ratio. Here we reproduce some of their numerical results and show

them in Fig. 3.3. A similar upper bound of the graviton mass will be obtained in Sec. 3.4.2, where,

instead of estimating, we will use a MCMC analysis and get constraints from the current available

data. In Fig. 3.3, since the effects are not monotonic with εl, we show them in two panels. In fact,

the effects have an oscillating dependence on εl, as we will explain in the next paragraph. We only

57



10 100 10005 50

10-3

10-2

10-1

10 100 10005 50
10-1

1

101

102

103

104
l(l

+1
)C

BB l
/2

 [
K2 ] 

l

,  cT
2=1.5

,  cT
2=1

,  cT
2=0.5

r = 0.2

,  cT
2=1.5

,  cT
2=1

,  cT
2=0.5

l(l+1)C
TTl

/2
 [

K
2]

l

tesnor

all

Figure 3.2: Reproducing Fig. 1 from (Raveri et al., 2015). We also set r = 0.2 here to get the same
results as (Raveri et al., 2015). In the left panel, we show the effects on the B-mode polarization.
The solid lines represent the results due to tensor modes plus lensing, and the dashed lines represent
tensor modes only. As explained in (Raveri et al., 2015), modifying the speed of gravitational
waves shifts the peaks of the B-mode polarization. The effects on the temperature power spectrum
are shown in the right panel. The solid and the dashed lines have the same correspondences as in
the left panel. We can see that even if the tensor-induced temperature power spectrum is changed,
the total temperature power spectrum is not affected because the scalar modes are dominating.

show the effects on the B-mode polarization, because the temperature and E-mode are dominated
by the scalar modes.

Depending on the time ordering of recombination, the horizon reentering (when k/a ∼ H),
and the transition from being relativistic to nonrelativistic (when k/a ∼ µ), there are different
effects on the evolutions of different perturbation modes. We can qualitatively see that as follows.
With a finite graviton mass, there is a distinct feature from GR for the perturbation evolutions: all
perturbation modes will eventually become nonrelativistic (i.e., k/a < µ, or the momentum of a
graviton is smaller than its mass). Since the physical wave numbers decrease with time, perturba-
tion modes always start out being relativistic (i.e, k/a > µ), and later transition to nonrelativistic
(i.e, k/a < µ). And once they become nonrelativistic, they remain so. The time for the relativistic-
to-nonrelativistic transition is roughly determined by the condition k/a ∼ µ, which depends on
k. Different modes have different transition times. Consider only the polarizations produced near
recombination: for the modes whose relativistic-to-nonrelativistic transitions happen after recom-
bination (true for small-scale modes), their evolutions before recombination will be almost the
same as in GR. Therefore, their contributions to the CMB temperature and polarization will be
nearly unchanged. For the modes whose transitions happen before recombination, the situation is
different and interesting effects take place, but the analysis will be more involved. Detailed dis-
cussions were provided in (Dubovsky et al., 2010), in which perturbation modes were divided into

58



5 10 50 100 500
10-4

10-3

10-2

10-1

5 10 50 100 500
10-4

10-3

10-2

10-1

Tensor mode only

l(l
+1

)C
BB l

/2
 [

K2 ]

l

 l = 0 (GR)

 l = 0.01

 l = 0.1

 l = 1

l(l+1)C
BBl

/2
 [

K
2]

l

 l

 l

 l

 l

Tensor mode only

Figure 3.3: The effects of the large-scale deviation on the tensor-induced B-mode polarization.
Both panels have the same horizontal and vertical scales. In the left panel, for a small εl, a larger
εl leads to a smaller large-scale B-mode polarization. In the right panel,the opposite effects take
place. For a large εl, a larger εl leads to greater a large-scale B-mode polarization. These results
are consistent with those in (Dubovsky et al., 2010), where we can see that the amplitude of the
tensor-induced B-mode has an oscillating dependence on the graviton mass µ. See the text for a
discussion.

three classes: class I consists of modes that are relativistic at recombination; class II consists of

modes that are nonrelativistic as they enter the horizon; and class III consists of modes that are

relativistic when they reenter the horizon and become nonrelativistic during recombination. De-

pending on whether the graviton mass is larger or smaller than the Hubble rate at recombination,

the third class may or may not exist.

Now we discuss whether the largest-scale modes (small wave number compared to µ and H)

are well behaved for a finite µ2. The discussion here will also explain the oscillatory dependence

of the large-scale effects. Consider the largest-scale modes with k/a negligible compared to µ and

H . In this simple situation, Eq. (3.3) becomes,

ḧk +
2

t
ḣk + µ2hk = 0. (3.8)

Solutions to Eq. (3.8) are the spherical Bessel functions of order 0. The asymptotically constant

initial condition gives,

hk(t) ∝ j0(µt) =
sin(µt)

µt
, (3.9)
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where j0(x) is the spherical Bessel function of the first kind of order 0. It means that with a finite
µ, the largest-scale-mode evolutions do not depend on k, and they start to oscillate earlier than they
would in GR. So the largest-scale modes are well behaved. If the graviton mass is large enough
(more explicitly, larger than the Hubble rate at recombination, i.e., µ > Hrecom), they oscillate
before recombination, and consequently contribute to the CMB temperature anisotropy and polar-
ization spectra. In contrast, in GR, the largest-scale modes remain constant and do not contribute.
Since the tensor-mode amplitude has an oscillating dependence on the graviton mass (and hence
on εl) as shown in Eq. (3.9), the largest-scale-mode contribution to the B-mode polarization in
MG also has an oscillating dependence on εl. As shown in the left panel of Fig. 3.3, for small
εl, the low-` spectrum of the B-mode polarization decreases with εl. But in the right panel, for
larger εl, it increases with εl. A more detailed analysis and similar numerical results were given in
(Dubovsky et al., 2010), where they showed two more panels, and the B-mode spectrum decreases
and increases again with even larger graviton masses.

3.3.3 Effects of small-scale deviation

In this subsection we investigate the effects of the small-scale (high-k/a) parameter εh on the B-
mode polarization. Figure 3.4 shows the results of the B-mode polarization power spectrum for
different values of εh. Here we set r = 0.1. Recall that we restrict εh to be non-negative because
a negative εh can lead to small-scale instability. This small-scale instability can be seen from Eq.

(3.4) and Eq. (3.7), and when εh
(
k/a
K0

)2

< −1 the squared frequency ω2
T becomes negative. If

one wants to allow a negative εh, it is necessary to introduce a cutoff or include a positive higher-
order term. We will not do these, because, first, the cutoff is totally arbitrary and the results are
not converging for higher and higher cutoffs. A higher cutoff only leads to a higher amplitude.
Second, to include a positive higher-order term requires another parameter specifying the physical
wave number from which the higher-order term becomes significant. Doing so requires more
complicated considerations, such as analyzing the competition of the second-order term and the
higher-order term. So for simplicity we keep the number of parameters to be a minimum, but we
are still be able to catch some (if not most) of the physics of modified gravity at small scales.

As Fig. 3.4 shows, the tensor-induced B-mode polarization power spectrum can be significantly
suppressed at small scales (large `) while keeping it unaffected at large scales (small `), as expected.
The effects of small-scale deviation can be understood as follows. A nonzero εh changes the time
of horizon reentering. For a certain mode with co-moving wave number k, a larger εh leads to
earlier horizon reentering, resulting in a smaller tensor-mode amplitude. So the tensor-induced
B-mode is expected to be smaller.
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Figure 3.4: Effects of small-scale (high-k/a) deviation on the B-mode power spectrum. Here we
only show the tensor-induced B-mode polarization. The spectrum at small scales (low `) is not
affected as expected. A larger εh makes the small-scale modes reenter the horizon earlier, resulting
in a smaller tensor-mode amplitude and consequently a smaller B-mode polarization. This effect
is hard to observe since the dominating B-mode polarization at small scales is from the lensed
E-mode.

This small-scale deviation is difficult to observe, because it hardly changes the total B-mode
power spectrum at small scales, where the contribution from lensing is dominating. A larger εh
only makes the tensor-mode contribution less significant in the high-` spectrum. Consequently, the
dominating B-mode from lensing at small scales makes it very difficult to set a constraint on the
parameter εh. So we will not do the corresponding Monte Carlo analysis for εh and leave it for
future data. Fortunately, with the near-future CMB experiments we will be able to see such small-
scale effects, if εh is large enough so that small-scale deviation begins with a large-enough-scale
onset. We will estimate the constraint on εh with the Fisher matrix formalism in Sec. 3.5.

3.4 Constraints on Tensor Mode Modified Gravity Parameters

Tensor-mode perturbations, if present, can smooth out the temperature-anisotropy power spectrum
and generate E-mode and B-mode polarization patterns in the CMB. Therefore, both CMB tem-
perature and polarization maps can be used to constrain the parameters related to tensor-mode
perturbations. In the following subsections, we study the constraints on the four MG parameters
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Figure 3.5: The 1-σ (green) and 2-σ (blue+green) confidence levels of marginalized constraints in
the r vs ν0 (left panel) and the r vs ε0 (right panel) parameter spaces. Equivalently, we can say the
white parameter region is disfavored at the 95% confidence level.

individually. For example, when we are constraining ν0, we fix ε0, εh and εl to their GR values. We

do that for a practical reason since current data gives very weak constraints on the tensor-mode MG

parameters. It is computationally expensive to constrain the MG parameters simultaneously. In the

MCMC analysis, we also fix the six standard cosmological parameters to the values of the Planck

2015 best fit (Ade, P. A. R. et al., (Planck Collaboration), 2016), and constrain the tensor-to-scalar

ratio r with one of the tensor-mode MG parameters at a time using the joint data of Planck and

BICEP2 (Mortonson and Seljak, 2014) and the Planck 2015 low-` polarization data (Ade, P. A. R.

et al., (Planck Collaboration), 2016). In this section, we use the standard inflation consistency

relation on the value of nT , namely, nT = −r/8. For the current data, we will not vary the ten-

sor spectral index nT since otherwise the parameter space would be too large and give no useful

information.

For current data, the tensor-induced B-mode polarization has not been detected yet so we will

provide only some bounds on the MG parameters. Due to the weak constraining power of current

data, we will also not attempt any joint constraints on the four MG parameters. We also do not

constrain εh because the observed high-` B-mode polarization is dominated by the lensed E-mode,

so current data only give a large and meaningless allowed region in the r vs εh parameter space.

Instead, we will forecast the constraint on εh in Sec. 3.5 for some future experiments.
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3.4.1 Updating the constraints on friction and constant speed

We first update the constraints on the friction and the speed by using the data from the Planck-
BICEP2 joint analysis (BKP) (Mortonson and Seljak, 2014) and the Planck 2015 low-` polarization
data (Ade, P. A. R. et al., (Planck Collaboration), 2016). To validate our modification to CAMB, we
reproduced the marginalized likelihood distributions in the αM vs r and r vs c2

T parameter spaces
in (Pettorino and Amendola, 2015) using the old BICEP2 data (Ade et al., 2014), and we got the
same results.

The left panel in Fig. 3.5 shows the marginalized constraints in the r vs ν0 parameter space
using the BKP and the Planck 2015 low-` polarization data. The black curves are iso-likelihood
contours, within which the integrated probabilities are 68% and 95% respectively. Consequently,
the green and the blue+green regions respectively correspond to the 1-σ (68%) and 2-σ (95%)
confidence levels (C.L.). There is a probability of 68% for the true values of r and ν0 to be located
within the green region, and 95% within the blue+green region. In other words, at the 95% C.L.,
the white parameter space is ruled out. (Note that the blue-only region is ruled out at the 68%

C.L., but allowed at the 95% C.L.). We can see from the left panel of Fig. 3.5 that the degenerate
direction goes roughly as r − 0.05ν0 = constant, consistent with that in (Pettorino and Amendola,
2015). The tensor-to-scalar ratio r is consistently zero. We cut out the large ν0 parameter space,
because a larger ν0 only leads to a larger allowed tensor-to-scalar ratio r.

Using the same data, in the right panel of Fig. 3.5 we show the constraints in the r vs ε0

parameter space. The green and blue regions have the same meanings as those in the left panel
of Fig. 3.5. Since we have not observed the tensor-induced B-mode polarization, we should not
expect the peak position of the B-mode power spectrum to constrain the speed of gravitational
waves as in (Raveri et al., 2015). Instead we see in the right panel of Fig. 3.5 that a smaller ε0

(and hence a smaller speed) allows a larger tensor-to-scalar ratio. As ε0 approaches −1, at the
1-σ C.L., we have an upper limit of r ∼ 1.75 shown by the green region in the right panel of Fig.
3.5. As mentioned in Sec. 3.3, a smaller speed means a later horizon reentering. An extreme
case is a vanishing speed (ε0 = −1), in which the tensor-mode perturbations would never reenter
the horizon and their amplitudes would always remain constant. Since the tensor-induced B-mode
polarization requires time variation of the tensor-mode perturbations, a vanishing speed then means
no tensor-induced B-mode polarization and r can be arbitrarily large. This is also why we excluded
the parameter value ε0 = −1 in the MCMC analysis. The arbitrarily large value of the allowed
r as ε0 approaches −1 is shown by the blue region in the right panel of Fig. 3.5. On the other
hand, larger ε0 does not seem to affect the constraint on r very much. This is because, besides
making the tensor-mode amplitudes vary with time, horizon reentering also makes them smaller.
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Figure 3.6: Constraints in the r vs εl parameter space. The plateau from εl = 0 to ∼ 1.5 means
this range of εl makes little difference on the constraint of r, which is similar to the massless case.
Unless r is very small, the sharp drop of the allowed value of r after εl ∼ 1.5 sets an upper bound
of the graviton mass, µupper ∼ 1.4× 10−29 eV , for most allowed values of r.

A larger ε0 then has both an enhancing effect (due to the time-varying tensor-mode amplitudes)
and a suppressing effect (due to smaller amplitudes) on the CMB B-mode polarization.

3.4.2 Constraints on large-scale deviation

Using the same data, we obtained the constraints in the r vs εl parameter space as shown in Fig.
3.6. The conversion between εl and the graviton mass µ [for n = 4 in Eq. (3.7)] is µ = ε2

l ×
5.238 × 10−58Mp = ε2

l × 6.395 × 10−30 eV . We can see that the constraint of r is insensitive to
the parameter εl for εl . 1.5, which means a graviton mass smaller than ∼ 10−29 eV should have
no observational effect on the CMB for the current level of sensitivity. The constraint of r in this
range of εl is roughly the same as the case in GR. Both the 1-σ and 2-σ contours have relatively
sharp turns at εl ∼ 1.5. A larger εl leads to significant drops of the allowed value of r for both
contours. This location (εl ∼ 1.5) of the sharp turns roughly corresponds to an upper bound of
the graviton mass µupper ∼ 1.4 × 10−29 eV unless r is very small. This upper bound is roughly
of the same order of magnitude a the estimation in (Dubovsky et al., 2010). Note that, if massive
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Table 3.2: Specifications of the COrE mission obtained from (COrE Collaboration et al., 2011).
fsky = 0.7. Here, ν denotes the central frequency of each band, (not our friction parameter).

ν/(GHz) 45 75 105 135 165 195 225 255 285 315 375 435 555 675 795
∆ν/(GHz) 15 15 15 15 15 15 15 15 15 15 15 15 195 195 195
θfwhm
arcmin

23.3 14.0 10.0 7.8 6.4 5.4 4.7 4.1 3.7 3.3 2.8 2.4 1.9 1.6 1.3
Pol.RJ

µK·arcmin
8.61 4.09 3.50 2.90 2.38 1.84 1.42 2.43 2.94 5.62 7.01 7.12 3.39 3.52 3.60

Table 3.3: Specifications of Stage-IV obtained and calculated from (Errard et al., 2016). fsky =
0.5.

ν/(GHz) 40 90 150 220 280
∆ν/(GHz) 30% fractional bandpass
θfwhm/(arcmin) 11.0 5.0 3.0 2.0 1.5
Pol. RJ (µK · arcmin) 2.9 1.2 0.86 1.6 1.6

Table 3.4: Specifications of PIXIE obtained from (Kogut et al., 2011). fsky = 0.7.

ν/ GHz ∆ν/(GHz) θfwhm

arcmin
Pol. RJ (µK · arcmin)

15 : 7665 15 96 The sensitivities of the 511 frequency channels
are provided by (S. Grandis and D. Rapetti (pri-
vate communication).

gravity is responsible for the late-time cosmic acceleration, the graviton mass should be of the
order of the Hubble constant H0 (in natural units) (Dubovsky et al., 2010; de Rham, 2014), which
is ∼ 10−33 eV and is about 3 ∼ 4 orders of magnitude smaller than the rough upper bound (for
nonvanishing r) obtained in this work.

There is an allowed parameter-space “tail” for εl & 2.5. This “tail” extends to very large εl
which has been cut off in Fig. 3.6. This “tail” is present because, as r approaches 0, the amplitude
of tensor-mode perturbations approaches 0 as well. Then there would be no tensor-induced effects
on the CMB (temperature or polarization), and εl (and the graviton mass) can be arbitrarily large.

3.5 Forecast of constraints on Tensor mode modified gravity parameters

In this section, we use the Fisher matrix formalism to forecast the constraints on the tensor-mode
MG parameters that could be obtained by the COrE mission (COrE Collaboration et al., 2011),
CMB Stage-IV (Wu et al., 2014) and PIXIE (Kogut et al., 2011). Tables 3.2, 3.3 and 3.4 list the
specifications of these three near-future experiments. To do the forecast correctly, we need to take
into account the diffuse foreground components. Following the method described in (Bonaldi et al.,
2006), we calculate the degraded-noise power spectrum Npost

` after a component separation. To
calculate the foreground residuals, we use the framework described in (Errard et al., 2011, 2016).
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We include in the analysis the synchrotron and dust as the dominant diffuse foregrounds. So the
number of signal components ncomp is three including CMB. We denote CMB as the 0 component,
the synchrotron as 1 and the dust as 2.

3.5.1 Formalism of CMB forecast and foreground residuals estimation

With the likelihood provided in (COrE Collaboration et al., 2011), the Fisher matrix reads,

Fij = −
〈
∂2(lnL)

∂θi∂θj

〉
=
fsky

2

∑
`

(2`+ 1)Tr

[
R−1
`

∂C`
∂θj

R−1
`

∂C`
∂θj

]
,

(3.10)

where θ is the parameter vector of a model, R` is the summation of the theoretical power spectra
and the total noise-like power spectraR` = C` +N cmb

` , where,

C` =

C
TT
` CTE

` 0

CTE
` CEE

` 0

0 0 CBB
`

 and N cmb
` =

N
TT
` 0 0

0 NEE
` 0

0 0 NBB
`

 . (3.11)

For the B-mode polarization, the theoretical power spectrum is the summation of the contributions
from tensor modes and lensing. We do not consider delensing.

Since we are considering foreground subtraction, we take the summation of the degraded (or
post-component-separation) noise Npost

` and the foreground residuals C fg,res
` as the total noise-like

power spectrum (COrE Collaboration et al., 2011; Errard et al., 2016). For the B-mode,

NBB
` = Npost

` + C fg,res
` . (3.12)

The degraded-noise power spectrum is obtained by,

Npost
` =

(
(ATN−1

` A)−1
)

cmb,cmb
, (3.13)

whereN` is the instrumental-noise power spectra before component separation, which is assumed
to be a nchan × nchan diagonal matrix for each multiple `. The diagonal element ofN` is given by,

(
N`

)
νν

= (∆Ωσ2
v) exp

(
−`(`+ 1)

θ2
fwhm(ν)

8 ln 2

)
, (3.14)

where the index ν (not our friction parameter) denotes the central frequency of a channel, and there
are nchan channels. For example, for the COrE mission, there are nchan = 15 frequency channels
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as shown in the first row in Table 3.2. The full-width-at-half-maximum angle θfwhm(ν) and the
quantity ∆Ωσ2

v (inverse of the weight) can be obtained from the third and the forth rows in Table
3.2. The nchan × ncomp mixing metricA in Eq. (3.13) is calculated as,

Aνi =

∫
dν ′δν(ν

′)Araw
i (ν ′) , (3.15)

where the index i can be cmb, sync or dust, denoting the signal components. Different components
can be separated because they have different emission laws. Different emission laws are expressed
as different antenna-temperature functions Araw

i (ν ′) of frequency ν ′. In Eq. (3.15) δν(ν ′) is a
normalized band-pass-filter function for each channel. Take the COrE specification for example:
the central frequency ν and the frequency width ∆ν of δν(ν ′) are given by the first and second
rows in Table 3.2. For CMB, the antenna temperature reads,

Araw
cmb(ν) =

(ν/Tcmb)2 exp(ν/Tcmb)

[exp(ν/Tcmb)− 1]2
. (3.16)

We have set h = kB = 1. The temperature of the CMB Tcmb is 2.73 K, corresponding to 56.7

GHz.
For the synchrotron, the antenna temperature follows a power law,

Araw
sync(ν) ∝

(
ν

νref,s

)βs
, (3.17)

where the reference frequency νref,s will be set to 30 GHz to be consistent with that for the Planck
2015 synchrotron polarization map (R. Adam et al. (Planck Collaboration), 2016). If it is only the
CMB component that concerns us, the proportional coefficient in Eq. (3.17) is irrelevant. Since any
other proportional coefficient can be absorbed into a redefined νref,s, the value of νref,s is actually
also irrelevant when we only care about the CMB component. The estimated synchrotron spectral
index βs is −3.1.

For the dust, the antenna-temperature function follows a grey-body radiation distribution,

Araw
dust(ν) ∝

(
ν

νref,d

)βd+1
exp

(
νref,d

Td

)
− 1

exp
(
ν
Td

)
− 1

 , (3.18)

The dust reference frequency νref,d = 353 GHz is chosen to be consistent with the one for the
Planck 2015 dust polarization map, but again its value is irrelevant when we only care about the
CMB component. The dust temperature Td is fixed to 19.6 K (Errard et al., 2011). The estimated
dust spectral index is βd = 1.59. We assume the emission laws for synchrotron and dust are
spatially independent.
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We follow the framework described in (Errard et al., 2011, 2016) to calculate the foreground

residuals. The idea is as follows. Since we do not exactly know what emission laws are followed by

the synchrotron and the dust, the subtraction of those two components from the signal is not ideal.

Assuming that the synchrotron and the dust emission laws take the form of Eq. (3.17) and Eq.

(3.18), our uncertainties are now on the two spectral indices βs and βd (Td is fixed here). One first

estimates the uncertainties on the spectral indices βs and βd, and then infers the propagated errors

in the foreground subtraction. These errors are identified as the foreground residuals. According to

(Errard et al., 2011), the uncertainties of the spectral indices are specified by the matrix Σ, which

is calculated as,(
Σ−1

)
ββ′

= −Tr
{[∂AT

∂β
N−1ACNA

TN−1∂A

∂β′
− ∂AT

∂β
N−1∂A

∂β′
]
× F̂

}
. (3.19)

whereCN = (ATN−1A)−1. Note that the nchan× nchan matrixN here (to be distinguished from

N`) is the noise covariance at each pixel, whose diagonal element is, Nνν = (12×nside2)
4π

×
(
∆Ωσ2

ν

)
.

For three known component template maps (i.e., scmb, ssync and sdust), the ncomp × ncomp matrix

F̂ in Eq. (3.19) is, (
F̂
)
ij

=
∑
p

spis
p
j , (3.20)

where i, j = cmb, sync or dust, and the superscript p denotes the pixel location.

To calculate the matrix Σ, we need to have the synchrotron and the dust polarization template

maps (i.e., ssync and sdust), and a mask that specifies nside and which pixels are included in the

sum in Eq. (3.20). We do not actually need a template map for the CMB. That is because Araw
cmb

does not depend on βs or βd, and the corresponding CMB components do not contribute to the

summation when we take the trace in eq (3.20). In this work, we use the second Planck release

of component polarization maps and the polarization mask, and we degrade them to nside = 128

resolution. Once the matrix Σ is obtained, the foreground residuals can be computed as,

C fg,res
` =

∑
ββ′

∑
jj′

Σββ′κ
jj′

ββ′C
jj′

` , (3.21)

where κjj
′

ββ′ is given by,

κjj
′

ββ′ = a0j
β a

0j′

β′ , (3.22)

and a0j
β is,

a0j
β =

[
CNA

T (N )−1∂A

∂β

]0j

. (3.23)
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Figure 3.7: COrE (top), Stage-IV (middle) and PIXIE (bottom): The power spectra of 1) the tensor
B-mode polarization with r = 0.01 in ΛCDM (solid green), 2) the total B-mode (dash magenta),
3) the degraded instrumental noise (solid red), 4) the (total) foreground residual (solid blue), 5)
the total noise-like error (solid black), and 6) the foreground signals (shown only on the top of the
COrE panel: dotted for synchrotron-auto, dashed for dust-auto and dot-dashed for synchrotron-
dust cross spectra). Note the minimal ` for Stage-IV is just 20. And the maximum ` for PIXIE is
200.

The Cjj′

` ’s in Eq. (3.21) are the auto and cross power spectra of the synchrotron and dust polariza-

tion maps.

We refer readers to (Errard et al., 2011, 2016) for detailed discussions of the above framework.

In Fig. 3.7 we show results for the power spectra of the degraded instrumental noise, the (total)

foreground residual and the B-mode polarization with our base fiducial model for the three future

experiments we considered. Different experiment specifications lead to different degraded noises

and foreground residuals.
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Table 3.5: The fiducial model (ΛCDM+r) used in the Fisher matrix analysis. We extend it to four
MG models (i.e. ΛCDM + r+ 1 MG parameter).

Base fiducial parameters r ns τ Ωbh
2 Ωch

2 H0 As
Values 0.01 0.9645 0.079 0.02225 0.1198 67.27 2.2065× 10−9
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Figure 3.8: Results of projected constraints on the friction term for COrE (left), Stage-IV (middle)
and PIXIE (right) specifications. We show the 1-σ, 2-σ and 3-σ marginalized confidence-region
contours in the r-ν0 space for the ΛCDM+r+ν0 model. We set rfid = 0.01. All top (bottom) panels
are for positive (negative) ν0. These figures show the minimum detectable values of ν0, which can
be converted to a minimally required percentage difference in the strength of friction.

3.5.2 Performance forecast of constraints on tensor-mode MG parameters

In this subsection, we consider the following question: how significant do the deviations from GR
in the tensor sector need to be, so that we can detect them with the near-future CMB experiments?
To answer this question, we do a performance forecast using the Fisher matrix formalism with the
specifications of COrE, Stage-IV and PIXIE listed in Tables 3.2, 3.3 and 3.4.

In Table 3.5 we list the base fiducial model used in our Fisher matrix analysis. In this sub-
section, we only consider the ΛCDM+r with the standard inflation consistency relation as our
base model, where ΛCDM stands for the six standard cosmological parameters. The test of
the standard vs the MG consistency relation will be in the next subsection. On top of the base
model, we consider four extended models, namely, ΛCDM+r+ν0, ΛCDM+r+ε0, ΛCDM+r+εl,
and ΛCDM+r+εh. When we consider the ΛCDM+r+ν0 model, for example, we fix the other MG
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Figure 3.9: Results of projected constraints on the dispersion relation for the COrE (left), Stage-IV
(middle) and PIXIE (right) specifications. First two rows: the ΛCDM+r+ε0 model. Take COrE for
example: a value of |ε0,min| = 0.05 means COrE can observe a speed fractional deviation that is
5% different from the speed of light. Third row: the ΛCDM+r+εl model. A value of εl,min = 0.035
(with n = 4) means the minimum detectable mass of the graviton will (at best) be 7.8× 10−33 eV .
Fourth row: the ΛCDM+r+εh model. This is a high-k/a deviation model, εh,min = 0.02 means the
dispersion is not changed for a physical wave number smaller than k0/

√
εh = 700 Mpc−1. Similar

interpretations apply to the other two experiments.

71



parameters to their GR values. The six standard ΛCDM parameters are then marginalized over
to give two-dimensional confidence-region plots in the r + ν0. We then derive the minimum de-
tectable values of the tensor-mode MG parameters for those future experiments. In this work, the
minimum detectable value xmin of an MG parameter x is conservatively defined as the one when
the x-direction half width of the 3-σ likelihood ellipse in the marginalized r-x space equals xmin
itself (or −xmin if x is negative). We will repeat and do the same for the other extended models.
These minimum detectable values should depend on the base fiducial model, especially on the
fiducial value of r. We do not consider the constraints on MG parameters simultaneously since
the near-future CMB experiments all have limited constraining power. Moreover, we want to ex-
plore the individual minimum detectable value for each MG parameter so we can estimate which
modification to GR will be most likely detectable with these experiments.

In Fig. 3.8 (for friction) and Fig. 3.9 (for dispersion relation) we show the results of the per-
formance forecast. Take the COrE specification for example: we can infer from those plots that
the minimum detectable values of ν0, |ε0|, εl, and εh are 0.035 (−0.11 for negative ν0), ∼ 0.05,
0.035 and 0.02 respectively. These minimum detectable values tell us that the COrE mission can
detect deviations from GR if 1) the additional friction is at least 3.5% larger than that in GR, 2)
or the friction is suppressed and at least 11% less than that in GR, 3) the speed of gravitational
waves is at least by ∼ 5% different from the speed of light, 4) gravitons possess a mass of at least
7.8 × 10−33 eV , and 5) the small-scale dispersion relation is modified with a critical scale of 1.4

kpc. The critical scale in the last case is defined as the inverse of k0/
√
εh, which means the dis-

persion relation at scales smaller than this will be modified. In particular, the ΛCDM+r+εl model
corresponds to a massive graviton model. With r = 0.01 and the standard inflation consistency
relation, the minimum detectable graviton mass is 7.4 × 10−33 eV for COrE. This is important,
because, as we mentioned earlier, if the massive gravity models are responsible for the late-time
cosmic acceleration, the graviton mass will be at the order of 10−33 eV .

The minimum detectable graviton mass depends on the value of n we set in Eq. (3.7). We set
n = 4 for convenience in the MCMC analysis with the current data. We can choose a different n
for future data. Choosing a different n will give us a different value of εl,min, and consequently a
different minimum detectable graviton mass. This is because changing the value of n effectively
sets a different uniform prior. But this change does not give a very different result. For example,
we later set n = 1 and obtain a minimum detectable graviton mass of 8.5× 10−33 eV .

We list all the minimum detectable values and their physical meanings in Table 3.6 for the
three near-future experiments. We found that those three near-future experiments are optimistic
about the constraints of the tensor-mode MG parameters. For rfid = 0.01, the additional friction
only needs to be different from that in GR by 3.5 ∼ 4.5% to allow detection. If the friction is
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Table 3.6: Results for the COrE specifications of the minimum detectable values of the tensor
mode modified gravity parameters and their physical meaning with r = 0.01.

ΛCDM+r+ Minimum
detectable

Physical effects associated with a detection at the 3-σ level

ν0 0.035 An enhanced friction that is 3.5% (or more) larger than that in GR
can be detected

Negative ν0 -0.11 A suppressed friction that is at least 11% smaller than the GR
value can be detected

|ε0| 0.04 A speed deviation from the speed of light of ∼ 4% or larger can
be detected

εl 0.035 A graviton mass > 7.8× 10−33 eV can be detected
εh 0.02 The small-scale dispersion relation needs to be modified with a

critical wave number (k/a)critical . 700 Mpc−1 (or critical scale
& 1.4 kpc) for detection.

Table 3.7: Results for the Stage-IV specifications, similar to Table3.6.

ΛCDM+r+ Min. det. Physical effects associated with a detection at the 3-σ level
ν0 0.04 An enhanced friction that is 4% (or more) larger than that in GR

can be detected
Negative ν0 -0.3 A suppressed friction that is at least 30% smaller than the GR

value can be detected
|ε0| ∼0.05 A speed deviation from the speed of light of ∼ 5% or larger can

be detected
εl 0.038 A graviton mass > 9.7× 10−33 eV can be detected
εh 0.023 The small-scale dispersion relation needs to be modified with a

critical wave number (k/a)critical . 660 Mpc−1 (or critical scale
& 1.5 kpc) for detection.

Table 3.8: Results for the PIXIE specifications, similar to Table3.6.

ΛCDM+r+ Min. det. Physical effects associated with a detection at the 3-σ level
ν0 0.045 An enhanced friction that is 4.5% (or more) larger than that in GR

can be detected
Negative ν0 -0.5 A suppressed friction that is at least 50% smaller than the GR

value can be detected
|ε0| 0.15 or 0.05 A speed deviation from the speed of light that is 15% faster, or 5%

slower can be detected
εl 0.035 A graviton mass > 7.8× 10−33 eV can be detected
εh 0.07 The small-scale dispersion relation needs to be modified with a

critical wave number (k/a)critical . 380 Mpc−1 (or critical scale
& 2.6 kpc) for detection.
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suppressed (negative ν0), it is required to be 11 ∼ 50% smaller than that in GR for detection. For
the speed of gravitational waves, it only requires a difference of 4 ∼ 15%. All experiments can
detect a graviton mass with a magnitude of the order of 10−33 eV , comparable to the one in the
massive gravity theories that give late-time cosmic acceleration.

At the end of this subsection, it is worth clarifying why we can constrain εh in the presence
of lensing. It is true that εh only changes the tensor-induced B-mode power spectrum at small
scales, where it is generally considered to be contaminated by the signal from lensing. But if the
tensor-to-scalar ratio r is not completely negligible, the tensor-mode contributions are important
for B-mode polarization at ` . 150. A larger εh leads to a smaller ` onset of the damping effects
on the B-mode power spectrum; see Fig. 3.4. The values of the minimum detectable εh shown in
Tables 3.6, 3.7 and 3.8 are large compared to the ones shown in Fig. 3.4, which are large enough
to suppress the B-mode power spectrum within ` . 150. If the foreground signals can be truly
subtracted down to the levels shown in Fig. 3.7, we will be able to see this suppressing effect due
to the MG parameter εh.

3.6 Summary of this chapter

We proposed a general form of the tensor-mode propagation equation, which can be applied to a
wide range of modified gravity theories. Based on this equation, we wrote four physically moti-
vated parametrization schemes which include the changes to the friction, the propagation speed, as
well as the dispersion relation at large and small scales. Some similar modifications have been indi-
vidually considered in the literature (Pettorino and Amendola, 2015; Raveri et al., 2015; Dubovsky
et al., 2010), but we combined them in a different approach and extend them to cover more possible
cases. We also derived a consistency relation for the MG models. We then performed parameter
constraints and forecasts.

To see the MG effects on the B-mode polarization and to constrain the MG parameters from
the current observations, we modify CAMB to implement our parametrization and apply a Monte
Carlo Markov Chain analysis using COSMOMC. We studied the effects of the four parameters
individually on the B-mode polarization power spectrum. Then using the currently available data
from the Planck-BICEP2 joint analysis and the Planck-2nd-released low-` polarization, we set
exclusion regions on the MG parameters.

Then we calculated performance forecasts on constraining MG parameters for the next-generation
CMB experiments. We used the specifications of the near-future missions COrE, Stage-IV and
PIXIE. We performed calculations of the corresponding foreground residuals and the degraded
noise for the analysis. For a fiducial cosmological model with a tensor-to-scalar ratio r = 0.01, we
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determined the 3-σ confidence contours in the r + each MG parameter spaces. We found that (i)
an additional relative friction of 3.5 ∼ 4.5% compared to its GR value will be detected at the 3-σ
level by these experiments (the details are given in our Tables 3.6, 3.7, and 3.8); (ii) a suppressed
friction will be harder to constrain (−11 to −50% is required for a detection); (iii) the speed of
gravitational waves with a relative difference of 5 ∼ 15% or larger compared to the speed of light
will be detected; (iv) the minimum detectable graviton mass is around 7.8 ∼ 9.2 × 10−33 eV for
these experiments: this is important because this minimum detectable graviton mass is of order
of 10−33 eV , which is the same as the one in the massive gravity theories that can produce the
late-time cosmic acceleration; (v) for the small-scale deviation, the dispersion relation needs to be
modified with a critical wave number (k/a)critical . 380 ∼ 700 Mpc−1 (or the critical scale needs
to be & 1.4 ∼ 2.6 kpc) for detection.

Recently there is a strong astrophysical constraints on the speed of gravitational waves. In
2017, a gravitational wave signal (GW170817) and a gamma-ray bust signal were almost simul-
taneously detected, both of which were likely generated by the neutron star-neutron star merger
event (?). This implies that gravitational waves travel almost, if not exactly, at the speed of light
(Baker et al., 2017; Creminelli and Vernizzi, 2017; Sakstein and Jain, 2017). If this astrophysi-
cal constraint, which is at a relatively short wavelength regime, is imposed on current and future
cosmological analyses, that means ε0 (speed parameter) can be set to 0. On the other hand, such
a constraint does not affect the analyses of εl (the mass parameter) or εh (high-k deviation) here.
For example, the upper bound as constrained from GW170817 is about m . 10−22 eV. This upper
bound is high enough compared to the value of interest in cosmology (∼ 10−33 eV), and there-
fore does not constitute any meaningful constraints. One may also argue that this astrophysical
constraint may not apply the cosmological gravitational waves, which have much longer wave-
length. Indeed, as pointed out in (Baker et al., 2017), the short-wavelength gravitational wave
(GW170817) propagated in almost an empty universe, while the long-wavelength gravitational
waves should “feel” the average density of the universe and modified gravity effects may appear.
This difference in the propagation background may make cosmological gravitational waves to
travel at different speed. Therefore, the astrophysical constraint on the speed parameter ε0 can be
also ignored, and cosmological observations can provide an independent constraint on the speed at
a much larger wavelength regime.

In summary, we find that the near-future experiments probing tensor-induced B-modes such
as the COrE mission (COrE Collaboration et al., 2011), PRISM mission (André et al., 2014),
POLARBEAR2 (Tomaru et al., 2012), CMB Stage-IV (Wu et al., 2014) and PIXIE (Kogut et al.,
2011) will open a new promising window on testing gravity theories at cosmological scales.
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CHAPTER 4

PRIMORDIAL GRAVITATIONAL WAVES DURING INFLATION, AND THE

STANDARD VERSUS MG INFLATION CONSISTENCY RELATION

The work contained in Chapter 4 originally appears as part of “Testing gravity theories using tensor
perturbations.” Reprinted with permission from Weikang Lin and Mustapha Ishak, Physical Re-
view D, vol. 94, p. 123011, Dec. 2016. Copyright (2016) by the American Physical Society. DOI:
https://dx.doi.org/10.1103/PhysRevD.94.123011. The idea of studying tensor-mode perturbations
during inflation with the MG parameterizations discussed in Chapter 3 was proposed by Weikang
Lin. All work and writing was done by Weikang Lin in collaboration with Mustapha Ishak.

We study the tensor-mode perturbations in modified gravity during inflation using our parametriza-
tion. We find that, in addition to being related to r, the tensor spectral index would be related to
the friction parameter ν0 by nT = −3ν0− r/8. Assuming that the friction parameter is unchanged
throughout the history of the Universe, and that ν0 is much larger than r, the future experiments
considered here will be able to distinguish this modified-gravity consistency relation from the stan-
dard inflation consistency relation, and thus can be used as a further test of modified gravity.

4.1 Tensor-mode perturbations during inflation with constant friction and speed

Our parametrization of the friction term has more analytical advantages. One example is the study
of tensor-mode perturbations during inflation. We will highlight some key steps bellow, and leave
the details in Appendix D. At the end of this subsection, we will derive an MG inflation consistency
relation.

For the case with only a constant friction parameter ν0, Eq. (3.3) in conformal time dτ = dt/a

reads,

h′′k + 2
g̃′

g̃
h′k + k2hk = 0 , (4.1)

where g̃ = a(1+ν̃0) for a constant ν̃0 and ′ stands for derivative with respect to the conformal time.
Note that, the constant ν̃0 in Eq. (3.3) is different from the one in Eq. (4.1). But they are simply
related to each other, and ν̃0 = 3

2
ν0. When we let W = g̃ × hk, Eq. (4.1) takes the canonical form,

W ′′ + (k2 − g̃′′

g̃
)W = 0. (4.2)

At the early time of inflation when perturbations were inside the horizon, Eq. (4.2) andW = g̃×hk
suggest that the solution is normalized such that,

hk(t)→
√

16πG

(2π)3/2
√

2kg̃
exp(−ik

∫
dτ) . (4.3)

76

http://dx.doi.org/10.1103/PhysRevD.94.123011


The difference from GR is that we have g̃ in the denominator instead of the scale factor a. We
assume the Universe was in the ground state so that Eq. (4.3) will serve as an asymptotic initial
condition of hk. To get hk outside the horizon (by the end of inflation), we need to know the
expansion background. Here we first assume the background is exactly exponentially expanding
with respect to the cosmic time t (i.e., de Sitter background). We make this assumption at first
in order to isolate the MG effects from the slow-roll inflation. Under this assumption, we have
a = − 1

Hτ
, where H is the constant expansion rate during inflation. And Eq. (4.1) becomes,

h′′k −
2(1 + ν̃0)

τ
h′k + k2hk = 0. (4.4)

If we let x = −kτ and hk = x
3
2

+ν̃0y, the above equation becomes,

x2 d
2y

dx2
+ x

dy

dx
+ [x2 − (

3

2
+ ν̃0)2]y = 0 , (4.5)

which is a Bessel differential equation of order ν = 3
2

+ ν̃0 (and this is the reason we use the
notation ν0). The general solution of (4.5) is a linear combination of Hankel functions of the first
and second kinds H(1)

ν and H(2)
ν . Matching the solution deep inside the horizon [Eq. (4.3)], we

eliminate the H(2)
ν component since H(1)

ν (−kτ) already goes as ∼ exp(−ikτ). And by taking the
outside horizon limit −kτ →∞, we obtain the tensor-mode spectrum,

|h0
k|2 =

G(2H)2(1+ν̃0)
[
Γ(3

2
+ ν̃0)

]2
π3 · k3+2ν̃0

. (4.6)

where G is the Newtonian constant. The result in GR in a de Sitter background is recovered for
ν̃0 = 0. Since |h0

k|2 is proportional to k−3−2ν̃0 , we can identify the tensor spectral index as,

nT = −2ν̃0 = −3ν0 . (4.7)

So if a ∝ eHt during inflation, nT and ν0 should be related by (4.7).
For the case of slow-roll inflation, the background is not exactly de Sitter and H is not a

constant. One of the slow-roll parameters ε (not one of our modified gravity parameters) measures
the first derivative of H with respect to time,

ε = −Ḣ/H2 . (4.8)

In this case, the scale factor a no longer goes as a = − 1
Hτ

. Instead it is replaced by aH = − 1
(1−ε)τ ,

which is obtained by integrating Eq. (4.8). As a result, Eq. (4.4) becomes,

h′′k −
2(1 + ν̃0)

(1− ε)τ
h′k + k2hk = 0. (4.9)
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For a small ε, we have 1
1−ε ' 1 + ε, and Eq. (4.9) can be approximately written as,

h′′k −
2(1 + ν̃0 + ε)

τ
h′k + k2hk = 0. (4.10)

Note that ν̃0 in (4.4) is now replaced by ν̃0 + ε in (4.10). Consequently, we only need to replace ν̃0

by ν̃0 + ε in the final result, i.e., in Eq. (4.6). In particular, the tensor spectral index nT is related
to both the MG friction parameter ν0 = 2

3
ν̃0 and the slow-roll parameter ε by,

nT = −3ν0 − 2ε . (4.11)

In contrast, the ordinary slow-roll inflation in GR gives nT = −2ε (Weinberg, 2008). We can see
from (4.11) that the MG friction parameter ν0 and the slow-roll parameter ε have degenerate roles
in the tensor spectral index nT . This means the value of nT can not tell us whether the background
is exactly de Sitter with an MG friction parameter ν0, or slowly changing with a small slow-roll
parameter ε. The slow-roll inflation consistency relation,

nT = −r/8 , (4.12)

is expected to change if the friction parameter ν0 is nonzero. More explicitly, if we assume the
result of the scalar sector is unchanged, the tensor-to-scalar ratio r is still related to the slow-roll
parameter ε by,

r = 16ε . (4.13)

Note that we have used the fact that the tensor-mode amplitude is not affected by ν0 to the leading
order. Then the inflation consistency relation is now modified in MG and becomes,

nT = −3ν0 − r/8. (4.14)

We call Eq. (4.14) the modified-gravity inflation consistency relation (MG consistency relation).
Verifying the inflation consistency relation is one of the important tasks for future CMB experi-

ments. However the near-future experiments have limited capability of doing so (COrE Collabora-
tion et al., 2011; Kogut et al., 2011; Errard et al., 2016). The presence of ν0 in the MG consistency
relation (4.14) makes the situation even worse. For example, if future experiments falsify the stan-
dard consistency relation nT = −r/8, it does not necessarily mean the slow-roll inflation is wrong:
it can be that general relativity needs to be modified so that the friction term is changed.

It will be difficult for the near-future CMB experiments to disentangle the standard and the
MG consistency relations. However, in some extreme cases, the two consistency relations are very
different, and this will help us to tell which consistency relation is possibly correct. We explain
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as follows. The current upper bound of the tensor-to-scalar ratio r is around 0.1 (Mortonson and

Seljak, 2014). If the true value of ν0 is much larger than r, we can ignore the term −r/8 in the

MG consistency relation (4.14). Then the tensor spectral index reduces to nT ' −3ν0 in modified

gravity. In contrast, the standard consistency relation still gives nT = −r/8. In this case, the MG

consistency relation expects nT to be much larger than what is expected in GR. In the future, if we

see nT ' −3ν0 with ν0 � r, then we can say the MG consistency relation is possibly right (or

the slow-roll inflation theory has some troubles). In Sec. 4.2, we explore how future experiments

can distinguish the standard and the MG consistency relations. For the forecast in Sec. 4.2, we

set for our fiducial model r = 0.01 and ν0 = 0.2. We can then ignore the term −r/8 in the MG

consistency relation, so nT = −3ν0 − r/8 ' −3ν0 = −0.6. In contrast, the standard consistency

relation in GR is nT = −r/8 = −0.00125. So the values of nT are then very different according

to the two consistency relations. For this fiducial model, future experiments will then be able to

verify the MG consistency relation and rule out the standard consistency relation. We refer readers

to Sec. 4.2 for some details.

It is possible to test the MG consistency relation, Eq. (4.14), with future CMB experiments,

because ν0 affects the CMB B-mode power spectrum. We will explore these effects in Sec. 3.3.1.

If we are able to obtain the values of ν0, r and nT from observations, we can then test whether Eq.

(4.14) is satisfied. However, we note that it is possible to do so with CMB data only if ν0 is constant

throughout the history of the Universe, or at least from inflation to recombination. Only in this

case, it will be the same MG friction parameter ν0 in Eq. (4.14) that also affects the CMB B-mode

power spectrum. The value of ν0 inferred from CMB data is actually the one after inflation (let us

call it ν0,cmb), while the ν0 in the MG consistency relation Eq. (4.14) is the one during inflation

(let us call it ν0,inf ). If ν0,cmb 6= ν0,inf , it will be incorrect to test the MG consistency relation

nT = −3ν0,inf − r/8 with CMB data which only give ν0,cmb. For example, if ν0,inf = 0 but

ν0,cmb 6= 0, the standard consistency relation is correct but we will see a nonzero ν0,cmb from future

CMB experiments. Another example is if ν0,inf 6= 0 but ν0,cmb = 0, the MG consistency relation

is correct but we will not see any extra friction effects from CMB data. Fortunately, even if ν0

changes its value after inflation, we can still test the standard inflation consistency relation in GR.

Indeed, a nonzero ν0,inf during inflation still breaks the relation between nT and r in Eq. (4.12).

If the standard consistency relation is not satisfied by future CMB experiments, one can draw a

conclusion that either GR needs to be modified or the slow-roll inflation theory is inconsistent. In

this work, we will assume, for simplicity, that ν0 is constant.

We will close the section with a brief discussion of possible generalizations of the result of Eq.

(4.6). For example, the result can be generalized to include a constant modified speed parameter ε0
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in addition to a constant friction parameter ν0. In this case, equation (4.6) can be easily generalized

to

|h0
k|2 =

G(2H)2(1+ν̃0)
[
Γ(3

2
+ ν̃0)

]2
π3 ·

(√
(1 + ε0)× k

)3+2ν̃0
. (4.15)

In other words, we have replaced k in Eq. (4.6) with
√

(1 + ε0)× k to obtain Eq. (4.15). But this

does not change the dependence of |h0
k|2 on k, which means the tensor spectral index nT does not

depend on a constant modified speed of gravitational waves. So the consistency relation will not

be changed due a modified constant speed of gravitational waves. Additionally, since the wave-

propagation equation (4.1) is a differential equation in time, mathematically the result (4.15) can

be generalized to cover cases where ν0 and ε0 are functions of the co-moving wave number k. The

only difference for such general cases will be that ν0 and ε0 in Eq. (4.15) become k dependent.

But such generalization is not physically meaningful because the function g in the friction term

(and hence ν0) is k independent, and the dispersion relation usually depends on the physical wave

number k/a instead of the co-moving wave number k.

4.2 Testing the standard consistency relation vs the MG consistency relation

Can we test the standard consistency relation (4.12) vs the MG consistency relation (4.14)? We

find that in some situations we are able to do so, and we show it with the method of performance

forecast described in the previous subsection. We assume in this work that the friction parameter

ν0 is constant throughout the history of the Universe.

We first extend the model from ΛCDM+r+ν0 to ΛCDM+r+ν0+nT , where nT is the tensor

spectral index. We assume the true value of ν0 is much larger than r. Here we set rfid = 0.01

and ν0,fid = 0.2. The small term −r/8 can be ignored in the MG consistency relation (4.14),

so it becomes nT ' −3ν0 = −0.6. On the other hand, the standard consistency relation gives

nT = −r/8 = −0.000125. Therefore, the two consistency relations can be very different: while

|nT | can be large for the MG consistency relation, it must be small for the standard one (given

the fact that r < 0.1 from current observational upper bound). To experimentally test the two

consistency relations, we want to see whether future data are consistent with only one of them.

In our performance forecast, we set the fiducial model to be consistent with the MG consistency

relation. At the end, we will marginalize over the six standard ΛCDM parameters and r to get a

two-dimensional confidence-region plot in the nT vs ν0 parameter space. Once we obtain such a

two-dimensional plot, we will be able to see whether the uncertainty is small enough to rule out

the standard consistency relation.
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Figure 4.1: Demonstration of how we can distinguish the standard and the MG consistency rela-
tions. We assume that the fiducial model satisfies the MG consistency relation with ν0 = 0.2 on the
left and ν0 = 0.11 on the right. Both panels have a fiducial value of r = 0.01. For the left panel,
the MG consistency relation predicts nT ' −0.6, which is much larger than the one predicted in
GR (nT = −0.00125) with the standard consistency relation. There is a shaped band in the figure
that shows the range of nT according to the standard consistency relation nT = −r/8. That shaped
band is so narrow that it looks like a “straight line” in the ν0 vs nT parameter space. The side box
shows the shaped band with a 3-σ uncertainty of r in a more suitable range. We can see that the
three iso-likelihood contours do not intersect with the shaped band. Therefore, such simulated data
favor the MG consistency relation over the standard consistency relation. However, the true value
of ν0 needs to be large enough in order to distinguish the two consistency relations observationally.
The right panel shows the minimum value of ν0 that allows us to distinguish the two consistency
relations for COrE, which is ν0,min = 0.11.

We take the COrE as an example to examine the above question. In the left panel of Fig. 4.1,
the co-center of the three ellipses shows the fiducial model in the nT vs ν0 parameter space, and
the three ellipses are the 1-σ, 2-σ and 3-σ marginalized likelihood contours. The “straight line”
shows the standard consistency relation nT = −r/8 with 3-σ uncertainty of r. This “straight line”
is actually a green shaped band. But its offset from 0 and its uncertainty are too small compared
to the vertical scale of the graph, so it looks like a straight line. We zoom in and show this shaped
band in a side box in the top-right corner. The ellipses do not intersect with the shaped band, which
means the observation is not consistent with the standard consistency relation at the 3-σ confidence
level. In such a case, we can verify the MG consistency relation and rule out the standard one.

The next question is: how large does ν0 need to be for us to experimentally distinguish the two
consistency relations? If the fiducial value of ν0 is small, nT will also be small even if it follows the
MG consistency relation. The ellipses will then move upwards in the r vs ν0 plane, and intersect
with the shaped band. In that case the data will be consistent with both consistency relations, and
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we will not be able the tell which one is correct. The minimum value of ν0 (for COrE) that allows
us to observationally distinguish the two consistency relations (at the 3-σ C.L.) is demonstrated in
the right panel of Fig. 4.1. There we set the fiducial value of ν0 to 0.11. The 3-σ likelihood contour
marginally intersects with the shaped band. So if ν0 > 0.11, the ellipses will be below the shaped
band (like the case in the left panel), and if ν0 < 0.11 they intersect. This minimum value of ν0 is
still very large compared to r, that is, ν0,min = 0.11� r = 0.01.

For the case of negative ν0, the discussion will be similar to that above. But since the negative
ν0 is more difficult to observe (see Sec. 3.5.2), |ν0| needs to be very large for us to distinguish the
standard and the MG consistency relations.

The conclusion of this subsection is that: yes, in some situations, we can observationally dis-
tinguish the standard and the MG consistency relations. The friction parameter |ν0| needs to be
much larger than the tensor-scalar-ratio r in order for us to experimentally disentangle the standard
and the MG consistency relations with the next-generation CMB experiments.
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CHAPTER 5

INDEX OF INCONSISTENCY (IOI), INTRODUCTION AND PROPERTIES

The work contained in Chapter 5 originally appears as part of “Cosmological discordances: a

new measure, marginalization effects, and application to geometry vs growth current data sets.”

Reprinted with permission from Weikang Lin and Mustapha Ishak, Physical Review D, vol. 96, p.

023532, Jul 2017. Copyright (2017) by the American Physical Society. DOI: https://dx.doi.org/10.

1103/PhysRevD.96.023532. Mustapha Ishak suggested to continue the previous work of investi-

gating consistency tests to probe cosmic acceleration problem. In order to better understand the

concept of inconsistency, Weikang Lin proposed the original idea of the index of inconsistency

(IOI), a new measure of inconsistencies between two or multiple observations. All work and writ-

ing was done by Lin in collaboration with Ishak.

The continuous progress toward more precise cosmological surveys and experiments has gal-

vanized recent interest into consistency tests on cosmological parameters and models. At the heart

of this effort is quantifying the degree of inconsistency between two or more cosmological data

sets. We introduce an intuitive moment-based measure we call the index of inconsistency and show

that it is sensitive to the separation of the means, the size of the constraint ellipsoids, and their ori-

entations in the parameter space. We find that it tracks accurately the inconsistencies when present.

Next, we show that parameter marginalization can cause a loss of information on the inconsistency

between two experiments and we quantify such a loss using the drop in IOI. In order to zoom on

a given parameter, we define the relative residual IOI and the relative drop in IOI. While these

two quantities can provide insights on the parameters that are most responsible for inconsistencies,

we find that the full IOI applied to the whole parameter spaces is what must be used to correctly

reflect the degree of inconsistency between two experiments. We discuss various properties of IOI,

provide its eigenmode decomposition, and compare it to other measures of discordance.

5.1 Why do we need a measure of inconsistency?

The ΛCDM standard model of cosmology enjoys a number of observational confirmations and

successes. However, it does come with two intriguing conundrums. The first one is that it requires

a dark matter component counting for about 26% of matter-energy content in the Universe. The

second one is that the expansion of the Universe is accelerating and we do not know what is

driving this acceleration. Associated with this cosmic acceleration is a dark energy component

that could count for about 69% of the energy budget in the Universe. These and other questions

83

http://dx.doi.org/10.1103/PhysRevD.96.023532
http://dx.doi.org/10.1103/PhysRevD.96.023532


have motivated studies to consider if there are any problems with the underlying model, theory or
assumptions. See, for example, (Clifton et al., 2012; López-Corredoira, 2017; Tsagas et al., 2008;
Koyama, 2016; Joyce et al., 2015; Ishak, 2007; Joyce et al., 2016; Bull et al., 2016; Debono and
Smoot, 2016; Huterer and Shafer, 2017; Martins, 2017) and references therein.

One route to test this that is attracting more attention lately is to compare results and param-
eters from different experiments and then to look for any inconsistencies. Over a decade ago,
(Ishak et al., 2006) used simulated data sets to demonstrate how inconsistencies between the dark
energy parameter spaces as constrained by the expansion versus the growth can signal a failure
of the underlying gravity theory. A related method called “parameter splitting” was applied to
real data in (Wang et al., 2007; Ruiz and Huterer, 2015; Bernal et al., 2016) and looked for in-
consistencies between dark energy parameters as constrained by expansion versus the growth.
References (Shafieloo, 2012; Shafieloo and Hazra, 2017) introduced a technique called the cross-
ing function, which enables us to see if the best fit from one experiment is consistent with the
constraints from another experiment.

Most recently, a number of papers have focused on possible discrepancies between cosmologi-
cal parameters as constrained by different experiments. While some have faded away, some others
seem to persist; see, for example (Bernal et al., 2016; Di Valentino et al., 2015; Aubourg et al.,
2015; Heymans et al., 2013; Charnock et al., 2017). We take the point of view that whether due
to systematic effects in the data or due to underlying physics, these discrepancies need a careful
study. Otherwise, a joint analysis will be of questionable outcome. In the next section, we review
briefly some of the inconsistencies or tensions that have appeared in the literature.

An important question is to quantify the degree of inconsistency or tension. Very often, the in-
consistency between two experiments is qualitatively shown in marginalized one-dimensional (1D)
or two-dimensional (2D) likelihood contour plots. However, as we demonstrate in this work, this
method cannot accurately represent the inconsistency. First of all, it is not a quantitative method,
rendering it difficult to be interpreted in an accurate way. Secondly, if the underlying model has
three or more parameters this method fails to account for the full inconsistency. Moreover, as
shown later in this work, listing all the marginalized 1D or 2D plots does not properly represent
the full inconsistency either. Therefore some measures have been introduced in the literature in or-
der to quantify inconsistencies between two experiments, and we review most of them in chapter. 6.
An important criterion is that a measure must properly describe experimental discordances.

In this work, we define and apply a measure of inconsistency that is found to track accurately
inconsistencies. It is a moment-based quantity that we call the index of inconsistency (IOI). This
can be applied to two or more experiments or data sets. We find that in the Gaussian and weak
prior limit, most other measures in the literature reduce to or contain a term of IOI. This measure
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properly describes the factors causing the inconsistency: i.e mean difference, constraint volumes
and their orientations.

Importantly, we also show here that parameter marginalization can hide inconsistency. We
argue that a good measure of inconsistency should reflect this. When zooming on specific parame-
ters, we define the relative drop in IOI and the relative residual IOI. This allows one to track down
the inconsistencies and find parameters that are most subject to these inconsistencies.

Finally, we apply the new measures and study the inconsistency between the geometry data
sets and the growth data sets. For the geometry, we use the type Ia supernovae compilation in
(Betoule et al., 2014), the baryon acoustic oscillation (BAO) from the Six Degree Field Galactic
Survey (6dF) (Beutler et al., 2011), the main galaxy sample from the Sloan Digital Sky Survey
(SDSS-DR7) and the SDSS quasar-Lyman-α forest (Aubourg et al., 2015), and the high-` CMB
temperature data from Planck 2015 (Ade, P. A. R. et al., (Planck Collaboration), 2016). For the
growth, we use the low-` CMB temperature and polarization data form Planck 2015 (Ade, P. A. R.
et al. (Planck Collaboration), 2016), CMB lensing (Ade, P. A. R. et al. (Planck Collaboration),
2016), thermal Sunyaev–Zel’dovich effect (Ade, P. A. R. et al (Planck Collaboration), 2016), cos-
mic shear from the Canada France Hawaii Lensing Survey (CFHTlens) (Heymans et al., 2013),
and the redshift space distortion (RSD) from the WiggleZ Dark Energy Survey (WiggleZ MPK)
(Blake et al., 2010; Parkinson et al., 2012) and the SDSS DR12 CMASS and LOWZ catalogs
(Alam et al., 2015). This application is motivated by the fact that modified gravity theory can lead
to inconsistency on the dark energy properties when fitting ΛCDM or wCDM model separately
into the geometry and the growth sets of experiments, and also in order to quantify the degree of
inconsistency between these two data sets as reported in some previous works.

This chapter is organized as follows: After introducing our notions in Sec. 5.3, we show the
motivation of IOI in Sec. 5.4 and formally define IOI in Sec. 5.5. Then in Sec. 5.6 - Sec. 5.12 we
demonstrate that IOI can properly describe the inconsistency between two experiments, discuss its
properties, and show that it correctly reflects the effects of marginalization.

5.2 A brief survey of reported tensions or inconsistencies

In this section we list some inconsistencies or tensions between cosmological experiments as re-
ported in the literature. Again, regardless if these are caused by different systematic effects in
various data sets or caused by shortcomings in the cosmological model, they require careful exam-
ination.

Hubble constant tension: A precise locally measured Hubble constant by ladder distance
observation is given as H0 = 73.24 ± 1.74 km s−1/Mpc−1 by (Riess et al., 2016, 2011), which
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is higher than the one derived from the Planck 2015 data H0 = 66.93 ± 0.62 km s−1/Mpc−1

assuming the ΛCDM model (Aghanim, N. et al., (Planck Collaboration), 2016). The tension is
reported as at a 3.4-σ confidence level in (Riess et al., 2011). Reference (Bernal et al., 2016) used
their measure called the tension and reported a high inconsistency between the local measurement
of H0 and the Planck result. They found that the odds for the two experiments to be consistent one
with another are only 1 : 116.

In order to locally measure the Hubble constant, one needs to hierarchically calibrate the dis-
tances to different celestial objects, so papers have pointed out the systematic effects involved. For
example, (Efstathiou, 2014) adopted a different outlier rejection criteria in the Cepheid samples
and find that the high value of the locally measured Hubble constant in (Riess et al., 2011) could be
due to a systematic error in the distance calibration. But recently authors in (Riess et al., 2016), us-
ing more Cepheid variables calibrated type Ia supernova, confirmed their earlier high value found
in (Riess et al., 2011). Also (Casertano et al., 2017) using Gaia Data Release 1 reported a sim-
ilarly high value of the Hubble constant (H0 = 73.0 km s−1/Mpc−1), different from the Planck
measurement at 2.5-3.5 σ level. So the tension of H0 between local measurements and the Planck
2015 result still remains. The authors of Ref (Bonvin et al., 2017) independently measured the
Hubble constant based on time delay strong lensing, and reported H0 = 71.9+2.4

−3.0 km s−1/Mpc−1

in the ΛCDM model consistent with the local measurement.
On the other hand, this tension might indicate a possible problem with the underlying model.

For example, if the ΛCDM model is extended to the wCDM model, it was claimed in (Huang and
Wang, 2016) that a piecewise function of w can reconcile the derived Hubble constant from the
Planck data with the one locally measured. Reference (Di Valentino et al., 2016c) showed that
varying 12 cosmological parameters can solve the current tension on H0 between Planck and local
measurement. But they also pointed out that tension remains if BAO and distances to supernova
are included in the joint analysis. The authors in Ref (Yang et al., 2017) found that an interacting
dark energy model can resolve the current tension on H0.

Gravitational Lensing and Planck: Another persisting tension is between cosmic shear ex-
periments and Planck for the determination of the amplitude of matter density fluctuations as, for
example, parametrized by σ8. CFHTlenS (Heymans et al., 2013) found a lower amplitude than
Planck 2015 (Ade, P. A. R. et al., (Planck Collaboration), 2016). In the marginalized σ8 vs Ωm

plane, the CFHTlenS confidence contours are shifted to the upper left compared to the Planck
2015 results. Most recently, the KIDS-450 survey finds a similar discrepancy at a 2.5-σ level for
S8 = σ8

√
Ωm/0.3 (Hildebrandt et al., 2017) and claims a substantial discordance in the full pa-

rameter space compared to Planck 2015. Finally, the authors of (Leauthaud et al., 2017) used
galaxy-galaxy lensing measurements of the BOSS CMASS sample using 250 square degrees of
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weak lensing from CFHTLenS and CS82 and found also a lower value of S8 than that of Planck
2015. They pointed out that this can be caused by systematics or new physics. Indeed, a number of
systematic effects for lensing require more work such as intrinsic alignment of galaxies, baryonic
effects, and photometric redshifts (Troxel and Ishak, 2015; Kirk et al., 2015; Eifler et al., 2015;
Dossett et al., 2015; Krause et al., 2016). On the other hand, it was pointed out in (Di Valentino
et al., 2015, 2016c) that the tension between CFHTlenS and Planck can be solved by varying Alens

(lensing anomaly parameter).
BAO at z=2.34: The baryon acoustic oscillation in the Lyman-α forest measurement gives the

ratio of the Hubble radius to the drag epoch sound horizon DH/rd = 9.145± 0.204 at zeff = 2.34

(Aubourg et al., 2015), which combines the Lyα forest autocorrelation (Delubac et al., 2015) and
the quasar-Lyα cross-correlation (Font-Ribera et al., 2014) methods. If we take rd = 147.50 Mpc−1

from Planck 2015 (Ade, P. A. R. et al., (Planck Collaboration), 2016), the inferred Hubble param-
eter at z = 2.34 is H(z = 2.34) ≈ 222 ± 5 km s−1/Mpc1. On the other hand, the Planck 2015
best fit gives HPl(z = 2.34) = 236.6 km s−1/Mpc, which is higher than the one derived from
BAO Lyman-α forest measurement. It is suggested that this discrepancy could be evidence for the
interacting dark energy and dark matter model, see, for example (Ferreira et al., 2017).

CMB Lensing anomaly: The ΛCDM model predicts a certain strength of the CMB lensing po-
tential. In (Calabrese et al., 2008) a lensing anomaly parameter defined asAlens ≡ Cψ,obs

` /Cψ,ΛCDM
`

was introduced (where Cψ,obs
` and Cψ,ΛCDM

` are the observed and predicted lensing-potential power
spectra) to test such an amplitude. If ΛCDM is a consistent model on the CMB temperature, polar-
ization and lensing observation, this lensing anomaly parameter must be unity, Alens = 1. Early the
WMAP (along with ACBAR) data give Alens = 3.1+1.8

−1.5 at the 2σ confidence level (Calabrese et al.,
2008), meaning the observed lensing potential is significantly higher than expected. However, this
high value of Alens did not persist in the Planck data, and dropped to 1.22 ± 0.1 at the 1σ confi-
dence level (Ade, P. A. R. et al., (Planck Collaboration), 2016). So although there is still a small
gap between Alens and unity, it became more consistent with the prediction of the ΛCDM model.
Nevertheless, it was shown that modified-gravity equations for the two scalar potentials (in the
Newtonian gauge) can solve this small lensing anomaly (Di Valentino et al., 2016a). They claimed
that this lensing anomaly gives a preference for modified gravity at a 95% confidence level. The
authors in (Muñoz et al., 2016) found that adding compensated isocurvature perturbations to the
ΛCDM model can solve such a CMB lensing anomaly.

Redshift Space Distortion (RSD) and Cluster Abundance vs Planck: Compared to what
is inferred from Planck 2015 best fit, RSD measurements generally give smaller growth of the

1Since DH(z) = 1/H(z).
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large structure parametrized as fσ8, where f = d ln δ/d ln a is the growth rate; see for examples
(Blake et al., 2011; Bernal et al., 2016; Reid et al., 2014). The two most precise galaxy cluster
abundance measurements also seem to have significant tensions with the Planck 2015 results in the
marginalized σ8-Ωm plane. One is the x-ray as a mass tracer from the Chandra cluster cosmology
project (Vikhlinin et al., 2009), and the other is the thermal Sunyaev-Zel’dovich effect from Planck
itself (Ade, P. A. R. et al (Planck Collaboration), 2016); also see (Bernal et al., 2016).

Geometry versus Growth: When combined, geometry probes and growth probes provide
powerful combinations to constrain cosmology. Moreover, when one is contrasted with another
they constitute a useful consistency test of the underlying theory (Ishak et al., 2006; Koyama,
2006; Bertschinger, 2006) or a mean to detect different systematics in the data sets. The authors of
(Wang et al., 2007; Ruiz and Huterer, 2015; Bernal et al., 2016) used a technique called parameter
splitting, in which they separate parameters constraining the dark energy properties (e.g., ΩΛ and
w) into a geometry set (e.g., Ωgeom

Λ and wgeom) and a growth set (e.g., Ωgrow
Λ and wgrow). Authors of

(Ruiz and Huterer, 2015) found that RSD data generally favor a higher wgrow, and (Bernal et al.,
2016) found that a subset of cluster abundance data (from (Vikhlinin et al., 2009; Ade, P. A. R. et
al (Planck Collaboration), 2016)) mostly cause the deviations of dark-energy metaparameters.

5.3 Notations

Different works on measures of inconsistency in the literature adapt different notations. For a
consistent discussion throughout the paper, we use the following notation so Bayes’s theorem
reads

P(λ; Q) =
L(Q;λ)P(λ)

E(Q)
, (5.1)

where P is the posterior probability distribution, L the likelihood, P the prior and E the evidence.
Most of the experiments discussed here are assumed to give Gaussian likelihoods L(i)

(Q;λ) on
the parameters. For Gaussian likelihoods,

L(i)

= L(i)

max exp
(
− 1

2
(λ− µ(i)

)TL
(i)

(λ− µ(i)

)
)
, (5.2)

where λ is the parameter vector, µ(i) the mean (i = 1, 2 for two experiments), and L(i) the Fisher
matrix. For mildly non-Gaussian distributions, the above equation is treated as an approximation
to the real distribution, with µ(i) and L(i) given by the mean and inverse of the covariance matrix
of the real distribution. The mean µ(i) is a function of the data vectorQ. Experiments are assumed
to have the same Gaussian prior distribution

P =

√
|P |

(2π)n/2
exp

(
− 1

2
(λ− µ(p)

)TP (λ− µ(p)

)
)
, (5.3)

88



Table 5.1: Table of notations: Probability distributions, their parameter means and elements of
means, Fisher matrices and elements of the Fisher matrices for the likelihood of the ith experiment,
prior, and the posterior of the ith experiment. Likelihoods are not normalized in the parameter
space, while the prior and posteriors are.

Distributions Notations
Inverse of
covariance matrix

Elements of
Fisher matrices

Parameter
means

Elements
of means

ith Likelihood L(i)
L

(i)
L

(i)

jk µ
(i)

µ
(i)

j

Prior P P Pjk µ
(p)

µ
(p)

j

ith Posterior P
(i)

F
(i)

F
(i)

jk µ̄
(i)

µ̄
(i)

j

Table 5.2: Other frequently used notations in this work.

Parameter vector Observable vector Mean difference Covariance G matrix
λ Q δ C G = (C

(1)
+C

(2)
)−1

where |P | ≡ det(P ) and P is the inverse of the covariance matrix of the prior. A weak prior limit

is taken as P → 0. The Gaussian and weak prior limit refers to a situation where likelihoods are

Gaussian on the parameters and the prior is weak. Posteriors are normalized, and are denoted as

P
(i) . The inverse of the covariance matrix of a posterior is denoted as F (i) , and the mean as µ̄(i) .

Some common notations in this work are summarized in Tables 5.1 and 5.2.

5.4 The reasoning that leads to the definition of IOI

In the Bayesian parameter estimation, experiments give probability density distributions of the pa-

rameters in a given model. Different experiments usually give different distributions. The joint

distribution is the one obtained by simultaneously analyzing the data from two or more experi-

ments. Figure 5.1 shows two toy 1D Gaussian distributions (red and blue) given by two different

experiments, and their joint distribution (black dotted) on parameter x.

We can see in Fig. 5.1 that the red distribution favors the value of x at 4, while the blue one

favors at 10, so there is an inconsistency between the two experiments. One might want to use the

difference of the two means to quantify the inconsistency, i.e., δ = xblue − xred = 10 − 4 = 6.

But this method cannot be right, because the mean difference is not invariant under a parameter

scaling. If we let x → x′ = 2x, the new means become 20 and 8, and the difference becomes 12.

The inconsistency between two experiments for a model should not depend on the scaling.

One then realizes that the mean difference needs to be normalized by the uncertainties of the

distributions, since the uncertainties will be scaled inversely as the mean difference. And this
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Figure 5.1: Two toy one-dimensional Gaussian probability density distributions (red and blue) and
their joint distribution (black dotted).

normalization makes perfect sense: if the uncertainties are very large compared to the mean differ-
ence, the inconsistency will actually be small. But which distribution’s uncertainty should be used
to normalize the mean difference? Intuition tells us that we should not use just one but somehow
both of them. One might want to use the uncertainty of the joint distribution. For example, the fig-
ure of bias (Fob) defined in (Shapiro, 2009) reduces to this type of form in one dimension. But this
choice has problems for the reasons that follow. Suppose the uncertainties of the red and the blue
distributions are σ

(1)
and σ

(2)
; the uncertainty of the joint distribution is given by σ−2 = σ−2

(1)
+σ−2

(2)
.

Normalizing δ by σ will give a quantity such as δ2

σ2 = δ2( 1
σ2

(1)

+ 1
σ2

(2)

). If one distribution has a much

smaller uncertainty than the other, say σ
(2)
� σ

(1)
, that quantity can be approximated as δ2

σ2 ' δ2

σ2
(2)

.

So in this situation the mean difference is normalized only by σ2, and it diverges as σ
(2)
→ 0. This

is very counterintuitive. If one uncertainty is very small but the other is very large, the inconsis-
tency should be small. That is because the distribution with a large uncertainty can extend to the
mean of the other distribution that has a small uncertainty. So if σ

(2)
� σ

(1)
, the mean difference

should be normalized by σ
(1)

instead of σ
(2)

. Therefore, instead of δ2( 1
σ2

(1)

+ 1
σ2

(2)

), it is a quantity

such as δ2

σ2
(1)

+σ2
(2)

that should be used.

Here, we approach the inconsistency in a slightly different way from above. Indeed, the above
discussion did not consider the mean of the joint distribution. Instead of using the difference
between the means of the two distributions, we use two differences. One difference δ(1) is between
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the first distribution mean and the joint distribution mean, and the other difference δ(2) is between
the second distribution mean and the joint distribution mean. Then we normalize the first difference
by the first uncertainty, and the second difference by the second uncertainty. Finally we take the
average of the normalized mean differences (squared) as the measure of inconsistency. More
precisely, we use the following quantity to measure the inconsistency,

Inconsistency =
1

2

(
(δ

(1)
)2

σ2
(1)

+
(δ

(2)
)2

σ2
(2)

)
. (5.4)

The meaning of Eq. (5.4) is as follows: it is the average of two terms, each of which measures
the “difficulty” for the corresponding distribution to “support” or “favor” the mean of the joint
distribution. The mean of the joint distribution will be closer to the mean of the distribution with a
smaller uncertainty. For a metaphor, if two people are separated, one is at location A and the other
is at location B. We can use the minimum time taken by them to meet to quantify the degree of
how they are separated. Surely both of them need to move, and the one who travels faster or moves
easier needs to make a longer distance.

We will show in Sec. 5.5 that the above quantity actually turns out to be

Inconsistency =
1

2

δ2

σ2
(1)

+ σ2
(2)

, (5.5)

which has the same form as the one we logically obtained in the previous paragraph.
So far we have only considered 1D distributions, but let us “extrapolate” the result to multidi-

mensional distributions. For multidimensional Gaussian distributions, the uncertainty (squared) is
specified by the covariance matrix C. So, it is reasonable to guess the general form of Eq. (5.5) to
be 1

2
δT (C

(1)
+C

(2)
)−1δ, and it turns out to be a proper guess as we demonstrate in Sec. 5.5.

5.5 Definition of IOI

We first define the term 1
2
∆χ2(µ) as

1
2
∆χ2(µ) ≡ 1

2

(
∆χ2

(1)
(µ) + ∆χ2

(2)
(µ)
)
, (5.6)

with ∆χ2
(i)(µ) = χ2

(i)(µ) − χ2
(i)(µ

(i)
). We can see that 1

2
∆χ2(µ) between two experiments is

defined as an average of two terms, namely,

∆χ2
(1)

(µ) The difficulty for the first experiment to support the mean of the joint analysis.

∆χ2
(2)

(µ) The difficulty for the second experiment to support the mean of the joint analysis.
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Figure 5.2: Examples of IOIs. The centers of the ellipses are the likelihood maxima. The extra
(blue) point is the likelihood maximum of the joint likelihood. The two in the middle have the
same deviation of likelihood maxima, but they do not have the same IOI because of the different
degenerate directions. Same is also true for the two on the right.

So 1
2
∆χ2(µ) is the averaged difficulty for the two experiments to support the joint mean. This

definition of 1
2
∆χ2 is equivalent to 1

2
∆χ2 ≡ 1

2
χ2
min−(1

2
χ2

(1),min+ 1
2
χ2

(2),min), where χ2 = χ2
(1)

+χ2
(2)

and “min” means minimum of χ2 (and maximum of likelihood).
As shown in Appendices E.1.1 and E.1.2, in the Gaussian limit where ∆χ2

(i) = (λ−µ(i)
)TL

(i)
(λ−

µ
(i)

), the mean of the joint likelihood is given by a Fisher-matrix-weighted average,

µ = L−1(L
(1)

µ
(1)

+L
(2)

µ
(2)

) , (5.7)

where L = L
(1)

+L
(2) . And then 1

2
∆χ2, in this limit, can be computed explicitly as

1
2
∆χ2 Gaussian−−−−−→

1
2
(µ

(2) − µ(1)

)T (C
(1)

+C
(2)

)−1(µ
(2) − µ(1)

).
(5.8)

Thus, we define IOI for two experiments to be the Gaussian limit of 1
2
∆χ2 [Eq. (5.6)] and given by

IOI ≡ 1
2
δTGδ , (5.9)

where δ ≡ µ
(2) − µ(1) , and G ≡

[
(L

(1)
)−1 + (L

(2)
)−1
]−1

= (C
(1)

+ C
(2)

)−1. This result is
the same as our guided guess in Sec. 5.4. In the cases of Gaussian likelihoods, IOI is the same
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Table 5.3: Jeffreys’ scales as interpretation of the values of IOI. Jeffreys’ scales are empirical
scales that originally classify the ranges of the Bayesian evidence ratio. But comparing the numer-
ical values of IOI and the visual separations of likelihood contours in Fig. 5.2, we find that Jeffreys’
scales are appropriate for the classification and interpretation of IOI. Higher IOI represents higher
inconsistency. Since IOI is positive definite, the original interpretation of the negative values of the
Bayesian evidence ratio does not apply to IOI (see Table 6.1 for such a difference).

Ranges IOI< 1 1 <IOI< 2.5 2.5 <IOI< 5 IOI> 5
Interpretation No significant

inconsistency
Weak
inconsistency

Moderate
inconsistency

Strong
inconsistency

as 1
2
∆χ2. But in general cases, we define IOI as the moment-based quantity 1

2
δTGδ, with L(i)

obtained by the inverse of the covariance matrices (C
(i)

)−1 and µ(i) given by the means. So the
definition of IOI is only motivated by 1

2
∆χ2, but not 1

2
∆χ2 itself. IOI is a moment-based quantity.

If we have priors assigned to the two experiments, we can extend the definition of IOI to include
priors in the means and covariance matrices as follows:

µ
(i) with prior−−−−−→ µ̄

(i)

=
1

F
(i)

(
L

(i)

µ
(i)

+ Pµ
(p))

,

δ
with prior−−−−−→ δ̄ = µ̄

(2) − µ̄(1)

,

G
with prior−−−−−→ Ḡ =

[
(F

(1)

)−1 + (F
(2)

)−1
]−1

,

IOI
with prior−−−−−→ 1

2
δ̄T Ḡδ̄ ,

(5.10)

where F (i)
= L

(i)
+P for Gaussian distributions and is an approximation in mildly non-Gaussian

cases. Thus Eq. (5.9) is the weak prior limit (P → 0) of Eq. (5.10). However, we suggest to use
Eq. (5.9) to compare two experiments for the following reasons. First, we usually have only weak
priors on parameters. Second, the priors might already be biased or in tension with the experiments
considered. Two experiments should be compared with very weak priors. Including strong priors
may affect the comparison of two experiments. But, of course, we can use Eq. (5.9) to compare
and see if the prior is consistent with the experiments to be compared, by simply replacing L(2)

and µ(2) with P and µ(p) in Eq. (5.9).
For illustration, we show in Fig. 5.2 some examples of toy likelihood contours with their cor-

responding values of IOI. Those examples show that IOI can properly represent inconsistency
between two experiments; i.e., it increases whenever the experimental inconsistency increases
graphically. We use Jeffreys’ scale (shown in Table 5.3; see (Jeffreys, 1998)) as an interpretation
of the values of IOI. Note that Jeffreys’ scales were originally empirical scales for the Bayesian
evidence ratio. Here IOI is not an evidence ratio but we use this empirical scale as it seems to
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give sensible meanings for the inconsistencies compared to what is shown in Fig. 5.2. Moreover,

reference (Verde et al., 2013) proposed a quantity called tension to measure experimental incon-

sistency. They used Jeffreys’ scale as the interpretation of the tension. We will show further in the

paper that the tension reduces to IOI in the Gaussian and weak prior limit. So we expect that IOI

and the tension are similar quantities for nearly Gaussian distributions, and using the same scale is

good for comparison. However, we note again that one should not translate IOI into a probability

ratio, although we propose Jeffreys’ scales as the interpretation of IOI.

The next logical step is to generalize Eq. (5.9) to define IOI for comparison of N experiments

as

1

N

∑
i

∆χ2
(i)(µ)

Gaussian−−−−−→ 1

N

(∑
i

µ
(i) TL

(i)

µ
(i) − µTLµ

)
, (5.11)

IOI ≡ 1

N

( N∑
i=1

µ
(i) TL

(i)

µ
(i) − µTLµ

)
, (5.12)

where µ is the mean of the joint likelihood combining all experiments and it is also given by the

Fisher-matrix-weighted average,

µ = L−1
(∑

i

L
(i)

µ
(i)
)
, (5.13)

where L =
∑
L

(i) . Each term in the sum in the left-hand side of Eq. (5.11) has the same inter-

pretation as that in Eq. (5.6), which is measuring the difficulty for the ith experiment to support

the mean of the joint analysis. So 1
N

∑
∆χ2

(i)(µ) represents the averaged difficulty for the N ex-

periments to support their joint mean. We have again taken the Gaussian limit of Eq. (5.11) and

defined IOI for N experimental as the moment-based quantity Eq. (5.12). But since Eq. (5.12)

contains more than two means, it cannot be reduced into a quadratic form as in the case of two

experiments. For the case of two experiments, the two different forms Eq. (5.9) and Eq. (5.12) are

equivalent; see Appendix E.1.2.

Before closing this subsection, we give some remarks. Our IOI and other measures of incon-

sistency in the literature are a model-dependent description of inconsistency between experiments.

For example, in Sec. 6.9 we will see that IOI between the geometry experiments growth experi-

ments for the ΛCDM model is different from that for the wCDM model. Reference (Verde et al.,

2013) suggested that a better model should provide more consistent explanations on different ex-

periments. With IOI, it means a better model should give a smaller IOI on two or more experiments.
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5.6 Inconsistency measures and Gaussianity

Current cosmological experiments usually provide approximately Gaussian probability distribu-

tions on parameters. In those cases, it is usual to approximate the actual probability distribution by

a Gaussian one based on its moments. The mean and covariance matrix of the approximate Gaus-

sian distribution are taken to be those of the actual distribution. If a measure does not correctly

describe inconsistency in Gaussian cases, one would not expect it to correctly describe incon-

sistency in general. Therefore constructing a correct measure of inconsistency for Gaussian and

nearly Gaussian cases is an important step to the measure for general cases, and this is what we

aim to accomplish in this work. We argue that IOI works correctly in Gaussian cases, and we ex-

pect it to give meaningful information in mildly non-Gaussian cases. So IOI has an important role:

one can compare a measure with IOI to see whether that measure properly describes experimental

inconsistency in Gaussian cases.

However, we do not expect IOI to describe inconsistency properly in highly non-Gaussian

cases. In fact, it is even difficult to define inconsistency when distributions are non-Gaussian.

There might be other criteria to consider for general cases, which need to be further explored

in future works. We note that even if a measure reduces to IOI in the Gaussian limit, it does

not necessarily mean such a measure can describe inconsistency properly. For example, in the

Gaussian limit ∆χ2 is the same as IOI, but it can give us misleading results in some non-Gaussian

cases as we will explain. ∆χ2 focuses on its minimum value but ignores the overall distribution.

For example, in Fig. 5.3 the 1D probability distribution P
(2)

(λ) given by experiment 2 is Gaussian,

while P
(1)

(λ) given by experiment 1 is not. In fact, P
(1)

(λ) is only slightly different from a Gaussian

distribution: there is a narrow local peak at λ = −5 which is also the global maximum of P
(1)

(λ);

the rest of P
(1)

(λ) is overall Gaussian. When we compare the two experiments, intuition tells us we

can ignore that narrow peak. That is because the integrated probability around that peak is small

compared to the rest, which gives it a negligible probability weight. So even for such a mildly

non-Gaussian distribution, ∆χ2 does not work. One would expect the situation shown in Fig. 5.3

can be approximated by two Gaussian distributions. That is exactly what the moment-based IOI

does. Compared to the case without the narrow peak, P
(1)

(λ) with that peak only slightly changes

the parameters’ means and covariance and the value of IOI.

It is worth noting that IOI is invariant under a linear parameter transformation, λnew = Mλold

with a transformation matrix M . Under such a transformation, the mean difference becomes
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Figure 5.3: An example of non-Gaussian case. P
(2)

(λ) given by experiment 2 is Gaussian, while
P

(1)
(λ) given by experiment 1 is slightly different from Gaussian. The narrow peak of P

(1)
(λ)

should be ignored when we compare the two experiments. Using ∆χ2 as a measure of inconsis-
tency only considers the maximum that may have insignificant probability weight, but ignores the
overall distribution. The moment-based IOI cares about the distribution as a whole.

δ →Mδ and the Fisher matrices become L(i) → (M−1)TL
(i)
M−1. Then IOI transforms as

IOIold →IOInew

=1
2
δTMT

[(
(M−1)TL

(1)

M−1
)−1

+
(
(M−1)TL

(2)

M−1
)−1
]−1

Mδ

=δTMT
(
M
(
(L

(1)

)−1 + (L
(2)

)−1
)
MT

)−1
Mδ

=1
2
δTMT (MT )−1

[
(L

(1)

)−1 + (L
(2)

)−1
]−1
M−1Mδ

=1
2
δTGδ = IOIold .

(5.14)

However, IOI is not invariant under a general invertible parameter transformation which should
be a desirable property for a measure of inconsistency. IOI is only nearly invariant under an
invertible parameter transformation that can be approximated by a linear transformation in the
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parameter region of interest. The parameter region of interest here means the parameter space
spanned by several confidence levels around the joint mean. Constructing a measure based on IOI,
which can describe inconsistency for general cases and is general parameter invariant, is out of the
scope of this paper and is left for future work.

5.7 Factors affecting IOI and inconsistency measures

Experimental inconsistencies are affected by at least three factors: the likelihood mean deviation,
the volume of the covariance matrix (how big the iso-likelihood ellipses are), and the degeneracy
directions (orientations of the ellipses). The first two factors are related in an obvious way to
degree of inconsistency. Basically a larger mean deviation and a smaller covariance matrix volume
give a larger experimental inconsistency. The third factor is a little bit more subtle and can be
seen as follows. Let us consider the two right panels in Fig. 5.2 for example. We can see that
those two panels have the same mean deviation and the same covariance matrix volumes, but the
upper obviously has a smaller inconsistency due to different constraint orientations. So how does
IOI relate to and describe different constraint orientations? We recall that IOI incorporates the
joint mean to specify the inconsistency. For a given mean deviation and constraint volumes, the
orientations of those ellipses determine the location of the joint mean. If the ellipse orientations
make the joint mean to locate closer to the mean of each experiment mean, then IOI will be smaller,
and vice versa. A different set of ellipse orientations leads to a different matrix G and a different
IOI. So for the case of two experiments, the third factor of inconsistency is reflected by the matrix
G. The values of IOI can then describe such a change of the graphical inconsistency due to the
change of ellipse orientations.

We discussed how the lower right panel in Fig. 5.2 has a larger inconsistency than the upper
right panel and explained that this is because the ellipse orientations in the lower panel make
the joint mean further away from each individual mean. However, it is not correct to associate
the larger inconsistency in the lower panel with the smaller “overlap” between the two ellipses
compared to the upper panel. A smaller overlap does not necessarily mean a larger inconsistency,
as we will explain. We recall that the purpose of a (in)consistency check is to see whether we
can jointly study two or more experiments. Two experiments can have a small overlap but still be
consistent with each other. Take Fig. 5.4 for example. The two toy experiments have orthogonal
degenerate directions, which give them a small overlap. The small overlap here does not prevent
us from jointly studying the two experiments, so we say the two experiments are consistent with
each other. Thus, this kind of small overlap should not be counted as an increase of inconsistency.
Some might worry that the small overlap here means the two distributions are different. But a
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Figure 5.4: Two toy experiments with different degenerate directions. As we explain in the text, in-
consistency between experiments should be treated separately from the small overlapping area caused by
degeneracy breaking.

(in)consistency test is not to look for difference between experiments, but to see if they share

anything in common. To see this again, let us assume for a moment that the small overlap does

suggest an increase of inconsistency. Imagine that we have a third experiment with a diagonal

(45◦) degenerate direction going through the overlap of the previous two experiments. Now the

three experiments also have a small overlap and a lot of differences. But do they have a large

inconsistency? Obviously not.

Finally, it is worth clarifying that different ellipse orientations affect simultaneously the incon-

sistency between two experiments and the constraining power of the joint analysis from these two

experiments. The latter is related to the “overlap area” of the two experiments. In fact, it can be

described by the well-known figure of merit (FOM) (see, e.g., (Mortonson et al., 2010))

FOM = |C|−1/2 , (5.15)
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Figure 5.5: Toy experiments to show marginalization artificially lowers inconsistency. The left
panel shows the 2D contour plot of the posteriors of two toy experiments. The left panel shows
the 1D probability distributions of the two experiments marginalized over the second parameter.
Clearly the marginalized 1D plots have more overlapped region than the 2D plot, indicating an
artificial decrease of inconsistency between the two experiments. The decrease of the 1D IOI also
reflects such a fact but one needs to consider rather the full IOI on the left.

where C is the covariance matrix of a distribution. FOM quantifies how good a constraint is. For
two distributions with certain constraints powers (i.e. certain FOM1 and FOM2) and a fixed prior,
different ellipse orientations change how strong the joint constraint is, i.e. how large FOMj is.
For Gaussian cases (and certain FOM1 and FOM2), FOMj only depends on ellipse orientations but
not on how the ellipses are separated. In contrast, IOI incorporates ellipse orientations and mean
separation to specify experimental inconsistency. So while FOM describes how powerful the joint
analysis is, IOI tells us whether we can do such a joint analysis.

5.8 Marginalization can hide inconsistency

It is usual to investigate the experimental inconsistency in some marginalized 1D or 2D likelihood
contour plots, and see if the constraints from different experiments coincide. But there are two
problems for this common method. First, if the two experiments have more than three common
parameters, we cannot show the inconsistency of them by a plot. Second, since we marginalize over
other parameters, we would like to know if the process of marginalization brings up or down the
inconsistency between the two experiments. We will show graphically that marginalization hides
and lowers artificially the full inconsistency. So after marginalization two experiments will look
more consistent one with another but they actually may not be so. Using a measure of discordance
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solves the first problem, since a measure can be obtained in an arbitrary parameter dimension. But
we are going to show that only IOI can correctly track this effect of marginalization.

We recall that marginalization over the ith parameter corresponds to deleting the ith component
from each mean along with the ith column and ith row from each covariance matrix. Parameter
marginalization ignores the detailed information of the probability distribution on the parame-
ters being marginalized over (Lewis and Bridle, 2002). For the inconsistency of two independent
and Gaussian distributions, intuitively the loss of information on inconsistency is due to the fol-
lowing two factors. First, in the case where we have more parameters, an unmatched numerical
value of any parameter constrained by two experiments introduces some experimental inconsis-
tency. Marginalization over some unmatched parameters obviously hides the inconsistency raised
by those parameters. Second, even the mean values of those parameters are the same (i.e., no
unmatched numerical values of those parameters), and marginalization can also hide some incon-
sistency due to the correlations among parameters. One example has already been given by Fig. 5.2
in our Sec. 5.5. We can see that the upper right panel in Fig. 5.2 has a smaller inconsistency than
the lower panel. This is because the orientations of the contour ellipses in the upper right panel
allow them to overlap more, leading to a smaller inconsistency. However, if we marginalize both
panels into 1D plots, they both have identical 1D plots. This example shows that ignoring the
orientations of contour ellipses is a reason that marginalization hides inconsistency.

To further demonstrate the second point above, we show in Fig. 5.5 two toy experiments. These
two toy experiments have the same mean of λ2 (here it is the second element of λ), but they have
different means in λ1. If we marginalize over λ2, we will make the two experiments look more
consistent with each other as shown in the right panel of Fig. 5.5. This is because in this case both
experiments have broad marginalized uncertainties in λ1, but the actual degeneracy direction of
the experiments is not along the direction of λ1. Marginalizing over λ2 hides the fact that the two
experiments actually have little overlap shown in a higher dimension. This effect is caught by the
drop in IOI. The total IOI is 20 meaning a significant inconsistency between the two toy experi-
ments, but after marginalizing over λ2, IOI becomes 0.24 meaning no significant inconsistency.

From the above discussion, we can see that parameter marginalization hides experimental in-
consistency when present. We need to explore the following two questions. Does IOI always drop
after parameter marginalization when it should? When marginalizing over a parameter that has no
inconsistency associated with it and it does not correlate with other parameters, then IOI remains
the same after marginalizing over that parameter. We find that it is case if those two conditions
are satisfied. We prove analytically in Appendix E.2.1 that IOI never increases after parameter
marginalization. The general condition for IOI to remain the same after marginalizing over λk is,∑

i,j 6=k

(
C̃kk

−1)
ij
Ckiδj = δk , (Equality Condition) (5.16)
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where Cij’s are the elements of C = C
(1)

+C
(2) , and C̃kk is a matrix obtained by taking out the

kth row and kth column from C. If two experiments give the same mean value of λk (i.e. δk = 0),

and if λk does not correlate with other parameters (i.e. Cki = 0 for i 6= k), the equality condition

[Eq. (5.16)] is satisfied since both sides are 0. Then IOI will remain the same after marginalizing

over λk. So IOI does track exactly the effect of marginalization. This is a unique feature of IOI

among all the measures of inconsistency2.

However, the condition δk = 0 and Cki = 0 is only a subset of the equality condition

[Eq. (5.16)] (although such a subset is more common and practical). Equation (5.16) suggests

that there are some other conditions for the experimental inconsistency to be preserved after pa-

rameter marginalization. The equality condition (5.16) can be satisfied without δk = 0 or Cki = 0.

An example of such situation and a full discussion are provided in Appendix E.2.3. In other words,

if the drop of IOI after marginalizing over one parameter is small, it does not necessarily mean we

are safe to marginalize over that parameter. As we discuss in the next section, we should also

check whether the residual IOIi after marginalizing over all the other parameters is also small. If

both are small, we can marginalize safely over that parameter to analyze the inconsistency for the

remaining parameter space of the model.

Table 5.4: Summary of the two measures of one-parameter inconsistency.

Notations Meanings Relative measures
IOIi The residual IOI after marginalizing over all the other

parameters except λi
IOIRel

i = IOIi
IOI

∆IOIi The drop of IOI after marginalizing over λi ∆IOIRel
i = ∆IOIi

IOI

5.9 Zooming on one parameter: relative drop in IOI and relative residual IOI

The usual way to zoom the experimental inconsistency of a given parameter is to plot and compare

the two marginalized 1D likelihoods in the same graph. Examples are the marginalized 1D plots

in Fig. 6.6 and Fig. 6.7 in Sec. 6.9. As we show in Sec. 5.8, this is not an accurate description

of experimental inconsistency. An important point is that parameters are correlated with each

other (in the language of IOI, the correlation is specified by the combined covariance matrix C =

C
(1)

+C
(2) instead ofC(1) ,C(2) or the joint covariance matrixCjoint =

[
(C

(1)
)−1+(C

(2)
)−1
]−1),

but marginalized 1D plots do not reflect this fact. So if the two experiments yield a consistent result

2In Gaussian cases, it is also a feature of ∆χ2 and the tension.
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on one parameter in this way, it does not mean it is safe to marginalize such parameter and analyze
the inconsistency of the other parameters. Even all marginalized 1D plots show quite consistent
constraints on all parameters; it does not mean the two experiments are actually consistent with
each other. Adding a measure to a 1D marginalized plot does not improve the situation at all,
because a numerical value associated with a 1D plot does not reflect the effect of marginalization
either. All the above points suggest that the usual way of viewing the experimental inconsistency
of parameters in marginalized plots is not accurate, and a measure of inconsistency for the full
parameter space should be used.

On the other hand, we still want to see if two experiments agree on one particular parameter.
For example, we want to see if the geometry and the growth sets of experiments give consistent
properties of dark energy as its equation of state w. For IOI, an (obvious) one-parameter inconsis-
tency IOIi can be defined as the residual IOI of parameter λi after marginalizing over all the other
parameters in the model. But as we show below, this IOIi does not fully specify the inconsistency
due to parameter λi. Indeed, to better specify the inconsistency due to one particular parameter
in a model, we propose a supplemental measure based on IOI. We define the drop of IOI after
marginalizing over λi itself, that is

∆IOIi = IOI− IOImarg,i . (5.17)

This definition is motivated by the fact that IOI never increases whenever we perform a parameter
marginalization. Since other measures may increase in general, this supplemental measure of one-
parameter inconsistency is unique among the other measures in the literature.

With the two measures of one-parameter inconsistency, we can see if it is safe to marginalize
over a parameter to analyze the experimental inconsistency. The residual IOIi can be directly asso-
ciated with the corresponding marginalized 1D plot, while the drop ∆IOIi can tells us the degree of
inconsistency hidden by marginalizing over λi. If two experiments do not have inconsistency due
to λi, both IOIi and ∆IOIi should be small on Jeffreys’ scales. On the other hand, if one of them
is large, it means there exists inconsistency associated with that parameter, and it is not safe to
marginalize over it to analyze the inconsistency of the other parameters. In Sec. E.2.3 we describe
in detail different situations regarding different magnitudes of IOIi and ∆IOIi, and we summarize
them in Table E.1. In sum, marginalizing over a parameter that has a large ∆IOIi or IOIi will
either hide the inconsistency due to correlation or ignore the shape of the original distributions.
The requirement is that both measures must be small.

The two measures of one-parameter inconsistency IOIi and ∆IOIi can be compared to Jeffreys’
scales (Table 5.3). However, we often have situations where all IOIi’s and ∆IOIi’s are not signifi-
cant on Jeffreys’ scales but they are still not insignificant compared to the full IOI. In this situation,
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it is not good to marginalize over any parameter to analyze the experimental inconsistency. There-
fore, when we decide whether we can marginalize over a parameter, we can compare IOIi and
∆IOIi to the full IOI. For that, we define the relative residual IOIRel

i and relative drop ∆IOIRel
i for

the parameter λi,

IOIRel
i =

IOIi
IOI

, ∆IOIRel
i =

∆IOIi
IOI

. (5.18)

Both IOIRel
i and ∆IOIRel

i need to be much smaller than 1 for us to safely marginalize over λi. The
definitions of the two measures of one-parameter inconsistency are summarized in Table 5.4.

Note that the summation of all IOIi’s or ∆IOIi’s is not the full IOI. That is∑
i

IOIi 6= IOI ,
∑
i

∆IOIi 6= IOI . (5.19)

Consequently, ∑
i

IOIRel
i 6= 1 ,

∑
i

∆IOIRel
i 6= 1 . (5.20)

Thus we cannot interpret IOIRel
i or ∆IOIRel

i as the fractional inconsistency for λi. Normalizing
IOIi and ∆IOIi by deriving the full IOI is only a way to see whether the inconsistency due to λi is
significant to the full inconsistency of a model.

The analytic expression for ∆IOIi is given by (see Appendix E.2.2)

∆IOIi =

[
δi −

∑
m,n 6=i

(
C̃ii

−1
)
mn
Cimδn

]2

Cii −
∑

m,n 6=i

(
C̃ii

−1)
mn
CimCin

. (5.21)

However, despite its analytical neatness, the above expression is not as practically useful as the
definition of ∆IOIi itself as given by [Eq. (5.17)].

5.10 IOI eigen-mode decomposition

Since IOI is in a quadratic form, it possible to define eigenmodes of inconsistency as the eigen-
modes of the matrix G. By diagonalizing G we obtain N eigenmodes with eigenvalues gi. Note
that the eigenmodes are characterized byG, instead ofC(i) in the usual principal component anal-
ysis. SupposeM is the orthogonal transformation matrix from the original parameter space to the
eigenmodes, i.e. ξ = Mλ and δξ = Mδ, then Eq. (5.9) in the eigenmodes ofG reads,

IOI =
∑
i

1
2
gi(δ

ξ
i)

2 . (5.22)
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From the above equation, we can see that the full IOI is a summation of N terms, each of which
involves the mean difference of one and only one eigenmode parameter. We can then identify
each term as the inconsistency of each eigenmode parameter, i.e. IOIeig

i = 1
2
gi(δ

ξ
i)

2 (assumed in a
descending order), and we have

IOI =
∑
i

IOIeig
i . (5.23)

A nice feature of the inconsistency eigenmodes is that these IOIeig
i ’s are equal to the drop ∆IOIi

after marginalizing over the corresponding parameter, and also are equal to the residual IOIi of λi
after marginalizing over all the other parameters, that is

∆IOIi = IOIi = IOIeig
i . (5.24)

Recall Eqs. (5.23) and (5.24) are only valid for eigenmodes of inconsistency. In general cases, the
summation of ∆IOIi’s or IOIi’s does not equal IOI of the full parameter space.

Let us further clarify the meaning of inconsistency eigenmodes. First, this is not like the princi-
pal component analysis in which the uncertainties of eigenmodes are specified by the eigenvalues
of a Fisher matrix. Here the eigenmode inconsistency is specified by IOIeig

i = 1
2
gi(δ

ξ
i)

2, rather than
gi alone. A larger gi does not necessarily mean a larger inconsistency. Second, if we rotate the
parameter space and make one parameter along the deviation vector δ, we can express the full IOI
as 1

2
Gδδδ

2, where Gδδ (or (G)δδ) is the diagonal element of the rotatedG corresponding to the de-
viation direction, and δ = |δ| is the magnitude of the deviation vector. So the largest inconsistency
“mode” seems to be just along the deviation vector δ. However, the numerical value of 1

2
Gδδδ

2 is
not preserved after marginalizing over other parameters. It is the element (G−1)δδ that is preserved
after marginalization. And since (G)δδ is not

[
(G−1)δδ

]−1 in general, 1
2
Gδδδ

2 changes its value
after marginalizing over any other parameter. In contrast, the eigenmodes of inconsistency here
have a feature that each IOIeig

i is preserved after marginalizing over any other parameter.

5.11 IOI in nested models (fixing parameters)

We have shown that marginalization can hide experimental inconsistency and lowers IOI, but it
does not mean that models with more parameters will necessarily have a higher IOI. Especially
if model A is nested in model B (or alternatively said, model B is an extension to model A), it
does not necessarily mean model B will have a higher IOI than model A. It was shown in (Verde
et al., 2013) with their own measure called the tension that extending a model does not necessarily
increase or decrease experimental inconsistency. Here we use IOI to show this point in an explicit
way. If model A is nested in model B, one (some) of the parameters in model B is (are) fixed in
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Figure 5.6: Toy experiments to show IOI can be smaller or larger for model extension. Model A is
nested in model B, and model A has a fixed value of λ2 = λA2 = 0. In the left (right) panel model
B has a larger (smaller) IOI than model A. See the text for a detailed explanation.

model A. This actually has two effects on the likelihoods. First, fixing a parameter will take out
the corresponding elements from the Fisher matrices of model B, and the covariance matrices and
consequently the matrixG will be changed. Second, the mean values are forced to be shifted onto
a parameter subspace of one (or some) constant parameter(s). These two effects can be shown
more explicitly with an example in two dimensions. We assume that the extension model B has
means µ(1) and µ(2) from two experiments), and Fisher matrices L(1) and L(2) . When we fix, e.g.,
λ2 to λA2 , for each likelihood we can manipulate the term (λ− µ(i)

)TL
(i)

(λ− µ(i)
) as follows:

(λ− µ(i)

)TL
(i)

(λ− µ(i)

)

=L
(i)

11(λ1 − µ
(i)

1 )2 + 2L
(i)

12(λ1 − µ
(i)

1 )(λA2 − µ
(i)

2 ) + L
(i)

11(λA2 − µ
(i)

2 )2

=L
(i)

11

[
λ1 − µ

(i)

1 −
L

(i)

12

L
(i)

11

(µ
(i)

2 − λA2 )
]2

+ terms independent of λ1 ,

(5.25)

where L(i)

jk is the (j, k) element of L(i) . After taking the exponential of the above, the terms
independent of λ1 become only a multiplying factor that can be taken care of by normalization. So
fixing parameter λ2 to λA2 changes the squared uncertainty of λ1 from C

(i)

11 to 1/L
(i)

11, and shifts the

means of λ1 from µ
(i)

1 to µ(i),A
1 = µ

(i)

1 +
L

(i)

12

L
(i)
11

(µ
(i)

2 − λA2 ).
The shifts of means change IOI the most: it may either bring the means closer or push them

farther away. As a result, an extension may have a larger or smaller IOI than the model being
extended. Figure 5.6 shows the two possibilities. In both panels in Fig. 5.6, model B is an extension
to model A. Model B has two parameters, λ1 and λ2. Parameter λ2 is fixed to 0 in model A. In
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the left panel, the two toy experiments give two consistent distributions for model B, and IOIB is

0. But since we fix λ2 to λA2 = 0, the distributions are now on the straight line. The two means

are now pushed farther apart in model A. The extension model B is more consistent than model

A when comparing the two experiments, and accordingly IOIB is smaller than IOIA. On the other

hand, in the right panel the means are brought closer when fixing λ2 to λA2 = 0. The extension

model B is then less consistent than model A, and IOIB is accordingly larger than IOIA. Therefore,

an extension may have larger or smaller IOI.

We classify model B to be either a more consistent extension to model A (if IOIB is smaller

than IOIA), or a less consistent extension (if IOIB is larger than IOIA). But since IOI depends on

particular experiments, whether an extension is more or less consistent is relative and depends on

the experiments under consideration.

5.12 Nuisance and unshared parameters

When we compare two experiments, we often come across situations where one experiment can

constrain some parameters in a model but the other cannot, or each experiment has its own system-

atic/nuisance parameters. In those situations, the two experiments give two probability distribu-

tions with different parameter dimensions. It is then necessary to marginalize over the uncommon

parameters to get two distributions with the same dimension. Does parameter marginalization in

these cases hide some experimental inconsistencies? The answer is no. Marginalizing over any

systematic parameters or unshared parameters does not affect IOI even in the case where the in-

consistencies can be caused by those parameters.

For a real example, in Sec. 6.9 we will compare the geometry experiments and the growth

experiments in the ΛCDM model. Since the geometry experiments do not constrain the parameter

τ (optical depth), we need to fix it when fitting the ΛCDM model to the geometry experiments. We

then marginalize over τ for the growth experiments to compare the two sets of experiments. If the

geometry experiments do not constrain or very poorly constrain τ , it is equivalent to the situation

as follows: (1) where it gives very wide (weak) uncertainty on τ , and
(
Lgeom

)
ττ
→ 0; (2) where

τ has no correlation with other parameters in the geometry set, and
(
Lgeom

)
τi
→ 0 for i 6= τ .

No matter what constraint of τ is given by the growth experiments, the geometry experiments do

not “object” to such a constraint, and there is no conflict between the two sets on the value of

τ . This does not necessarily mean that the joint mean of τ would be the same as the mean given

by the growth experiments. In fact they are different in general, and the joint mean is given by

the Fisher-matrix-weighted average [Eq. (5.7)]. However, the form of Lgeom now implies that the
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joint mean of τ does not depends on the fixed value of τ for in geometry set, or the mean given by

the geometry set (if it gave one).

Mathematically, we can see more clearly from the analytical expression of ∆IOIτ given by

Eq. (E.25). If
(
Lgeom

)
τi
→ 0 for i 6= τ and

(
Lgeom

)
ττ
→ 0, we have Cgeom

ττ → ∞. Every term

in Eq. (E.25) is finite except for Cττ = Cgeom
ττ + Cgrow

ττ → ∞. So the denominator of Eq. (E.25)

goes to∞ and ∆IOIτ → 0. In another word, the drop of IOI after marginalizing over τ is 0. Also

IOIτ → 0 as well since Cττ → ∞ and IOIτ = 1
2
δ2
τ/Cττ → 0 for finite δτ . Since both ∆IOIτ and

IOIτ are zero, there is no problem to marginalize over τ to analyze the inconsistency of the whole

model. For the same reason, it is also safe to marginalize over all the nuisance parameters of each

experiment.

5.13 Summary of this chapter

The ΛCDM model is considered to be the standard and concordance model in cosmology, but

different experiments have been yielding constraints of parameters that do not perfectly agree with

each other. Those inconsistencies could be caused by either systematics or the breakdown of the

underlying model and theory. It is timely and important to develop tools to quantify the degree of

inconsistency between different experiments.

We defined a moment-based measure that we call IOI. We suggested to interpret IOI using

Jeffreys’ scales listed in Table 5.3. We showed that IOI tracks well the separation of the means,

the volume of the covariance ellipsoids, and the orientations of those ellipsoids. We discussed

criteria that must be fulfilled by measures of inconsistency. For example, the numerical value of the

measure must follow the graphical inconsistency of likelihood contour plots, represent experiments

with definite consistency, and correctly reflect the effect of parameter marginalization. We find that

IOI satisfies all those criteria. We provided an eigenmode decomposition of IOI and also discussed

the application of IOI for nested models.

We showed how marginalizing over a parameter can hide inconsistency between experiments

when present. This is because every parameter can induce its own experimental inconsistency and

also has correlations with other parameters. In fact, even if all marginalized distribution plots look

consistent for two experiments, they might still be inconsistent. These facts show that descriptions

of experimental inconsistency involving parameter marginalization is not accurate. We provided

an analytical proof that IOI never increases whenever a parameter marginalization is performed but

rather decreases in most cases. This work seems to be the first to quantify the loss of information

on cosmological experimental inconsistency due to parameter marginalization.
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In order to zoom on the inconsistency residing in a particular parameter, we defined the relative
drop in IOI and the relative residual IOI for a given parameter, IOIRel

i = IOIi
IOI

and ∆IOIRel
i = ∆IOIi

IOI
.

We explained that only when both relative measures are small can one safely marginalize over
such a parameter when considering inconsistency measures. We also explained that in order to
correctly quantify the inconsistency we should use the full IOI of all parameters in a model that
are commonly constrained by two experiments.

In sum, we have introduced a simple and effective measure of cosmological inconsistencies.
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CHAPTER 6

COMPARISON WITH OTHER MEASURES OF INCONSISTENCY IN THE

LITERATURE

The work contained in Chapter 6 originally appears as part of “Cosmological discordances: a

new measure, marginalization effects, and application to geometry vs growth current data sets.”

Reprinted with permission from Weikang Lin and Mustapha Ishak, Physical Review D, vol. 96, p.

023532, Jul 2017. Copyright (2017) by the American Physical Society. DOI: https://dx.doi.org/10.

1103/PhysRevD.96.023532. Weikang Lin compared IOI to other inconsistency measures in the

literature. All work and writing was done by Lin in collaboration with Ishak.

In this chapter we compare IOI to some other measures of inconsistency/consistency in the lit-

erature. Their Gaussian and weak prior limits will be derived for the comparison. We also examine

how such measures track or not inconsistencies in various particular cases. We will demonstrate

that in Gaussian cases IOI doesn’t have the undesired behaviors of other measures do.

6.1 The robustness - A Bayes evidence ratio

The robustness 1 was introduced in (Marshall et al., 2006; March et al., 2011), and has been

applied, e.g., in (Amendola et al., 2013) to investigate the internal inconsistency of type Ia super-

novae data set. It is defined as the Bayesian evidence ratio between the combined model and the

split model in order to quantify the consistency between two experiments as follows. Combined

model: the two experiments are jointly fit by a set of parameters; Split model: each experiment is

individually fitted by one set of parameters. The robustness is then defined as

R =
Ecomb
Esplit

, (6.1)

1It is called the Bayes evidence ratio (between the combined model and the split model) in (Marshall et al., 2006),
and called the robustness in (March et al., 2011). The latter work (March et al., 2011) did not cite the earlier work
(Marshall et al., 2006). We adopt the terminology robustness, because there is another Bayes evidence ratio (called
the tension) proposed to be a measure of inconsistency; see Sec. 6.2.
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Table 6.1: Jeffreys’ scales - empirical scales that classify the ranges of the Bayesian evidence ratio.
Positive lnR (R > 1) favors the combined model while negative lnR favors the split model. If
| lnR| < 1, empirically it means there is not enough evidence to tell which model is supported by
the data. A higher value of | lnR| has a higher preference.

Ranges | lnR| < 1 1 < | lnR| < 2.5 2.5 < | lnR| < 5 | lnR| > 5
Meanings No preference Weak evidence Moderate evidence Strong evidence

where E is the corresponding Bayesian evidence, so

Ecomb =

∫
dNλ L(Q;λ)P(λ)

=

∫
dNλ L(1)

(Q
(1)

;λ)L(2)

(Q
(2)

;λ)P(λ)

(6.2)

Esplit = E1 × E2

=

∫
dNλ L(1)

(Q
(1)

;λ)P(λ)×
∫
dNλ′ L(2)

(Q
(2)

;λ′)P(λ′) .
(6.3)

The values of R are interpreted by Jeffreys’ scales listed in Table 6.1.
In the Gaussian limit, we can calculate the robustness analytically. Different from the treatment

in (March et al., 2011), we do not set one of the means to be 0 to find

R =

√
|F (1)

F
(2) |

|FP |
exp

[
− 1

2

(
µ̄

(1) TF
(1)

µ̄
(1)

+ µ̄
(2) TF

(2)

µ̄
(2) − µ(p) TPµ

(p) − µ̄TF µ̄
)]
,

(6.4)

where,

F
(i)

= L
(i)

+ P ,

F = L
(1)

+L
(2)

+ P ,

µ̄
(i)

= 1

F
(i)

(
L

(i)

µ
(i)

+ Pµ
(p))

,

µ̄ = 1
F

(
L

(1)

µ
(1)

+L
(2)

µ
(2)

+ Pµ
(p))

.

(6.5)

The major steps of the above calculation can be found in our Appendix E.1.3. In the weak prior
limit Eq. (6.4) can be further reduced to,

lnR = 1
2

ln
( |L(1)

L
(2) |

|LP |
)
− IOI . (6.6)

So the robustness in the case of Gaussian and weak prior is related to the negative of IOI with an

additional term 1
2

ln
( |L(1)

L
(2) |

|L(2)
P |

)
that accounts for the Occam’s razor factor (favoring the model with
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fewer assumptions). A similar relation [to Eq.,(6.6)] is pointed out in (Marshall et al., 2006) where

lnR is related to 1
2
∆χ̂2 (same as 1

2
∆χ2 with our notation) which in the Gaussian case is defined

as IOI in this work. (Seehars et al., 2016) noted that the dependence of prior does not go away in

the weak prior limit and lnR diverges as |P | → 0. This seems to imply that two experiments are

always consistent with each other when a very weak prior is used, which cannot be true.

The dependence of |P | can be eliminated by a normalization. So for example, the authors of

(March et al., 2011) define RN = R/R∗ where R∗ = |F (1) |
(|2L(1)

+P ||P |)
, so that RN = 1 if the second

experiment gives the same likelihood as the first one. Then from Eq. (6.6), RN in the Gaussian and

weak prior limit reads

lnRN = 1
2

ln
( |2L(2)|
|L(1)

+L
(2) |
)
− IOI , (6.7)

and the dependence on |P | is eliminated. But other problems seem to persist. For example,

consider two Gaussian likelihoods with the same mean, i.e., δ = µ
(2) − µ(1)

= 0. And suppose

their Fisher matrices are given by

L
(1)

=

(
1 0

0 ε

)
, L

(2)

=

(
ε 0

0 1

)
, with ε� 1 . (6.8)

Similar likelihood contours of these two toy experiments are shown in Fig. 5.4, but now the con-

tours are much narrower. The first constraint ellipse is very elongated along the y direction, while

the other is very elongated along the x direction. Although there is little overlap between the two

experiments, they have the same parameter mean so there should be no tension between them2.

But the normalized robustness turns out to be (to the leading order of ε)

RN ≈ 2
√
ε� 1 . (6.9)

So RN implies these two toy experiments are not “robust” or not consistent with each other, which

seems to be in contradiction with the fact that they are actually consistent with each other.

The term |L(1)
L

(2) |
|L||P | in the original robustness also disfavors orthogonal constraints. It may be

easier to see this if we relate the robustness to IOI and FOM. From the Gaussian and weak prior

limit of the robustness [Eq. (6.6)] and the definition of FOM [Eq. (5.15)], we can see that

− lnR = ln
(FOMj × FOMp

FOM1 × FOM2

)
+ IOI , (6.10)

2A real and similar example of this situation is the experiments of BAO and distances to supernova.
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where the subscripts“1”, “2”, “j” and “p” stand for “first”, “second”, “joint” and “prior”. In

Sec. 5.7 we argued that different constraint orientations do lead to different experimental inconsis-

tencies, which have already been taken care of by IOI. For a fixed FOMp, the term FOMj×FOMp

FOM1×FOM2

can describe how powerful the joint constraint is compared to the two individual constraints. It is

true that this term does also depend on the constraint orientations, and it is larger for orthogonal

constraints than parallel constraints. But it should not be taken into accounted as indication of con-

sistency or inconsistency, because it is independent of how far away the two individual constraints

are separated from each other.

One might think that the robustness is fine as long as the prior is not infinitely large. This is not

true, and therobustness has problem even for a finite range of prior. Let us consider two thought

examples and see the problem of the robustness.

Example One: This first example is somehow related to the prior dependence feature of the

Bayes factor. It is true that we can often apply some priors, from theories or from previous experi-

ments. Suppose we are measuring x, and suppose the reasonable prior or the prior we that believe

in is x ∈ [0, 1]. Let’s consider the following three (cooked) cases in one dimension:

(parameter: x; data: D; likelihood: L(D|x); prior: flat [0,1])

Case A:

L1(D1|x) ∝ exp

(
−(0.35− x)2

2× 0.152

)
L2(D2|x) ∝ exp

(
−(0.65− x)2

2× 0.152

)
Case B:

L1(D1|x) ∝ exp

(
−(0.45− x)2

2× 0.052

)
L2(D2|x) ∝ exp

(
−(0.55− x)2

2× 0.052

)
Case C:

L1(D1|x) ∝ exp

(
−(0.43− x)2

2× 0.052

)
L2(D2|x) ∝ exp

(
−(0.57− x)2

2× 0.052

)
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Figure 6.1: The posterior constraints of the three cases. The Bayes factors are shown on the left,
and the confidence levels of inconsistency are shown on the right.

The three cases are also shown in Fig. 6.1. I calculated the Bayes factors along with the con-

fidence level of inconsistency for the three cases. Comparing Case A with Case B, despite their

similar 1.4σ inconsistency, their Bayes factor are different and RB is higher. Note that how the

Bayes factor switches its conclusion when the constraining power become stronger from Case A

to Case B: the one-universe hypothesis is favored in Case A, while the two-universes hypothesis

is favoared in Case B. Case B and Case C have similar uncertainties, but Case C have a larger

separation and has a 2σ inconsistency. The inconsistency in Case C is larger than in Case A, but

the Bayes factor in Case C is larger than in Case A.

The reason is that, for a given prior range that is “reasonable” or “we believe in", the Bayes

factor depends on the constraining power of the experiment. One may say that, the prior should

be treated properly, and the prior in Cases B and C should be different from that in Case A. Then

what is a “reasonable" prior?

What is the purpose to check the (in)consistency between two experiments? It is to see if we

can combine them to jointly constrain parameters. In the above cases, are we more confident to
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combine the two experiments in Case C and say x = 0.5± 0.25, than to combine the experiments

in Case A and say x = 0.5 ± 0.75? Obviously not. A measure of inconsistency should be able to

indicate that.

Then what’s is the underlying reason? The Bayes factor is to determine whether we need

two independent sets of parameters to explain the two experiments. The dependence of prior

makes sense: whether the two measurements are close to each other should be based on our a

priori understanding of the parameter. If the experiments are powerful compared to the prior, the

results have more chances to be different. And the Bayes factor is taking this fact into account. A

difference will look smaller if the constraints are stronger in a given prior. However, recall that the

purpose of (in)consistency test is to see if we can combine the two experiments. The comparison

should be based on the posteriors, as in the calculation of the n-σ values.

The comparison of two posteriors does depends on the prior, that is because different prior lead

to different posteriors. But it does not mean the any kind of dependence of the prior are correct

in consistency tests. The way of dependence on the prior for the quantity by calculating evidence

ratio between the one- and two-universe models are shown here not suitable for consistency tests.

It is true that the dependence of the Bayes factor on the prior-and-constraint comparison is

weaker than the dependence on the separation. Indeed, roughly speaking, the dependence of the

prior-and-constraint comparison is linear, while the dependence of the separation is exponential.

But why do we need such kind dependence of the prior-and-constraint comparison in the first

place? It is true that it comes from the Bayes factor of the comparison between the one- and two-

universe models. But this is point: while this Bayes factor is doing what it is supposed to do, it is

however not suitable to use it to quantify inconsistency.

Example Two: The second example is about the fact that the Bayes factor penalizes constraints

with small overlaps. This is not related to the prior dependence. Consider the following two (also

cooked) cases:

(parameters: x, y; data: D; likelihood: L(D|x, y); priors flat x ∈ [0, 1], y ∈ [0, 1])

Case A

L1(D1|x, y) ∝ exp

(
−(0.42− x)2

2× 0.062
− (0.58− y)2

2× 0.062

)
L2(D2|x, y) ∝ exp

(
−(0.58− x)2

2× 0.062
− (0.58− y)2

2× 0.062

)
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Figure 6.2: Example 2 of Bayes factor. The left panel shows more apparent inconsistency than the
right panel, however the Bayes factor is larger on the left.

Case B

L1(D1|x, y) ∝ exp

(
− (0.5− x)2

2× 0.0152
− (0.58− y)2

2× 0.242

)
L2(D2|x, y) ∝ exp

(
−(0.5− x)2

2× 0.242
− (0.58− y)2

2× 0.0152

)
All the constraints volumes are set to be the same despite of the different degeneracy directions.
The two cases are shown in Fig. 6.2. (The contours shown in Fig. 6.2 do not consider that priors,
but the calculations of the Bayes factor do.) The apparent inconsistency is larger on the left panel
than the right panel. But the Bayes factor is larger on the left.

The reason is that the numerator in the Bayes factor contains L1×L2, which is larger when the
degeneracy directions of L1 and L2 is similar. If the two constraints are orthogonal to each other,
the overlap is “smaller”, and the Bayes factor is smaller. It is true that degeneracy directions affect
inconsistency, but it is not always the case.

Recall again that the purpose of (in)consistency test is to see if we can combine two experiments
to constrain parameters. We are happier to combine the two experiments on the right than those on
the left, and a measure of (in)consistency should be able to indicate that. One may say both Bayes
factors are greater than 1, so there are both sets are consistent. The problem is the consistency on
the right should not be lower than that on the left.

One might say, “wait a minute! Combining the two experiments on the right is dangerous too.”
Indeed, on the right panel, the black constraint supports a vertical parameter space, while the red
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supports a horizontal parameter space. So there are more chances for the two experiments on the
right to support a two-universe model. The Bayes factor is able to take this into account. However,
the purpose of (in)consistence test is to see if we can combine the two experiments. To see this,
we are to find “how different the two constraints are”, but to find “if there is anything in common
between them”. Such kind of small overlap on the right panel doesn’t prevent us from combining
the two constraints. It is however true that the small overlap makes the joint constraint of the two
experiments more demanding in (in)consistency test if a third experiment comes in. But this can
be seen by applying a “proper” measure of inconsistency to the three experiments. An extreme
scenario for the situation on the right is that one experiment can only constrain x in a uniform
range (e.g. [0.45,0.55]) but cannot constrain y, and the other experiment can only constrain y (e.g.
[0.45, 0.55]) in a uniform range. This givesR = 1 that doesn’t favor either the one- or two-universe
models. But we however can combine the two.

While the Bayes factor tells us whether the two experiments support a one- or a two-universe
model, and while it is related to whether the two experiments are consistent to some extent, it does
contain some information that is not suitable for quantifying (in)consistency.

6.2 The Tension - Another Bayes evidence ratio

Based on Bayesian evidence ratio, a quantity called the tension T was introduced in (Verde et al.,
2013). This measure was used in (Bernal et al., 2016), e.g., to study the tension between the
direct measurement of H0 and the one derived from Planck CMB observation. The T is defined
as follows. For two posteriors P

(1) and P
(2) , we transfer them while keeping their shapes to get

two new posteriors P
(1)

sh and P
(2)

sh . Peaks of P
(1)

sh and P
(2)

sh coincide at the same location. Then
the tension T is defined as

T ≡
∫

P
(1)

sh P
(2)

sh d
Nλ∫

P (1)P (2)dNλ
. (6.11)

As (Verde et al., 2013) explained, the tension T is defined as the joint Bayesian evidence ratio
between a virtual hypothesis and an actual hypothesis. It was also proposed in (Verde et al., 2013)
to interpret ln T using Jeffreys’ scales.

In the case of Gaussian likelihoods and a Gaussian posterior, the integral of the posterior prod-
uct in Eq. (6.11) can be calculated analytically (see our Appendix E.1.3 for details)∫

P
(1)

P
(2)

dNλ = |Ḡ|1/2 exp
(
− 1

2
δ̄Ḡδ̄

)
, (6.12)

where (again) Ḡ =
[
(F

(1)
)−1 + (F

(2)
)−1
]−1, F (i)

= L
(i)

+ P , δ̄ = µ̄
(1) − µ̄(2) , and µ̄(i)

=

(F
(i)

)−1(L
(i)
µ

(i)
+ Pµ

(p)
). Note that Ḡ and µ̄(i) are different from G and µ(i) , and the former
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ones have the prior involved. In the weak prior limit, Ḡ
weak prior−−−−−−→ G and µ̄(i) weak prior−−−−−−→ µ

(i) . The
shifted-posterior-product integral is similar except that δ̄ = µ̄

(1)− µ̄(2)
= 0, so

∫
P

(1)

sh P
(2)

sh d
Nλ =

|Ḡ|1/2. Therefore, the tension T becomes

ln T = 1
2
δ̄T Ḡδ̄ = IOI , (with prior). (6.13)

So ln T reduces to IOI in Gaussian limit. Since the shifted posteriors always have a larger over-
lapping region for Gaussian cases, T > 1, which can also be seen from Eq. (6.13).

It was also shown in (Verde et al., 2013) that the tension is another information for the prob-
lem of model selection. For example, Table 2 in (Verde et al., 2013) shows that while there is not
enough Bayesian evidence favoring the ΛCDM model over the wCDM model, the latter signifi-
cantly reduces the tension on H0 between the Planck and the local measurements.

Authors in (Seehars et al., 2016) commented that the tension ln T is of the orderN (dimension
of the parameter space) and could overestimate the inconsistency between two experiments. Since
ln T and IOI are the same in the Gaussian and weak prior limit, that comment would also apply to
IOI. But we find here otherwise. First, Table 2 in (Verde et al., 2013) showed that some extensions
of the ΛCDM model increase the tension while the others decrease it. So increasing the degree
of freedoms does not necessarily increases or decrease ln T . Second, we can always rotate the
parameter space and let the first axis be along the deviation vector δ. Then ln T consists of only
one term 1

2
gδδ

2 in the Gaussian and weak prior limit (see Sec. 5.10). So it should be of the order
unity.

While the tension reduces to IOI in the Gaussian and weak prior limit, the difference between
them lies in non-Gaussian cases and in the fact that they originate from distinct concepts (see Table
6.2). One advantage of the tension compared to IOI is that the tension is defined for general distri-
butions. The tension may give us a better sense of inconsistency in general cases (although we do
not know yet what a good measure is in non-Gaussian cases), while IOI may not work in highly
non-Gaussian cases. However, in some cases, it may be better to use IOI. Recall that the definition
of the tension involves the shifted distributions such that they have coinciding maxima. This may
give to the tension an ambiguity in choosing the shift in general cases. Consider the two 1D distri-
butions shown in the upper panel of Fig. 6.3. The two experiments give two similar distributions.
But P

(1)
(λ) is not Gaussian, and it has a narrow peak at λ = 0 which is unfortunately also the

maximum of P
(1)

(λ). If we shift the two distributions to make their maxima coincide, we will get
the lower panel in Fig. 6.3. Since the shifted distributions have less overlap than the original distri-
butions, the numerator in Eq. 6.11 can be smaller than the denominator. We can then get T < 1 and
ln T < 0. The negative value of ln T here certainly cannot be interpreted as ‘no tension’. In fact,
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Figure 6.3: Demonstration of the problem of the tension in a non-Gaussian case. Upper panel:
two original one-dimensional probability distributions. The one [P

(1)
(λ)] given by experiment 1

is non-Gaussian, while the other (P
(2)

(λ)) is Gaussian. Lower panel: the distribution P
(2)

(λ) is
shifted to coincide its maximum with that of P

(1)
(λ). Because of the small overlap of the shifted

distributions in the lower panel, the numerator in Eq. (6.11) is smaller than the denominator, which
makes ln T negative.

the ‘majorities’ of the two distribution may be very different and exhibit a large tension, but ln T
may still be negative due to the possibly small overlap of the shifted distributions. The problem is

that the numerator in Eq. (6.11) is not guaranteed to be larger than the denominator. Better shifted

distributions can be defined as those who maximize the numerator in Eq. (6.11), though such defi-

nition may not be as practical as the original one. However, distributions in cosmology are usually

unimodal, making two maxima to coincide usually also maximize the numerator in Eq. (6.11). Our

extreme example here is only to show the possible ambiguity in the choice of distribution shift for

general cases, but the measure tension should work just fine in the usual and common cases.

6.3 The discordance

The discordance was constructed from overlapping iso-likelihood contours and was proposed in

(MacCrann et al., 2015) to measure the inconsistency between two distributions in the following

way. First, for a given specific percentage, we can draw two iso-likelihood contours of the two

distributions. Depending on how far away the two distributions are separated from each other,

the two iso-likelihood contours may or may not overlap. If the two distributions are very far

away from each other, the two iso-likelihood contours need to be large (corresponding to a large

included percentage) in order to overlap with each other. So the percentage within each overlapping
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iso-likelihood contours traces the distance of two distributions. The discordance is defined as the
minimum percentage σeq of the overlapping iso-likelihoods that include equal probability. A larger
σeq corresponds to a greater distance between the two distributions, and a larger inconsistency. If
the maxima of two distributions coincide at the same location, σeq will be 0; on the other hand if
they are separated very far away and very inconsistent with each other, σeq → 1. The range of
discordance is [0, 1], and it is compared to 1 to measure the level of inconsistency.

Reference (MacCrann et al., 2015) also discussed the effect of marginalization on the value of
discordance. But instead of decreasing after marginalization, the discordance tends to increase. In
their Appendix A (in (MacCrann et al., 2015)) they showed a simple example of 2D toy experi-
ments. Both of their toy experiments provide uncorrelated parameter constraints. While the two
experiments give different mean values of parameter x, the means of y are the same. After they
marginalize over y, the discordance increases. This is different from the behavior of IOI and what
we have shown graphically in Sec. 5.8. We have argued that marginalizing over inconsistency-
irrelevant parameters3 does not affect the study of inconsistency between two experiments. In their
example the two mean values of the y are the same, and there is no correlation between x and
y, marginalizing over y should not change the inconsistency between the two toy experiments or
the measure representing it. It was suggested in (MacCrann et al., 2015) that, for a model with
N dimensions, it is the full N -dimensional σeq that should be used for a conservative measure of
discordance. However, if two experiments have inconsistent results on only one parameter and if
all parameters are uncorrelated, a model with a higher dimension will have a smaller discordance.
In that case, a very high-dimensional model will have a very low discordance. The full-parameter
discordance actually underestimates the inconsistency in that case.

Unlike for the other measures, we could not obtain an explicit expression of the discordance.
However, there is a simple algebraic procedure to calculate it in Gaussian and weak prior limit that
we provide below. When |P | → 0 so that the prior can be treated as a constant in the parameter
range of interest, the integrated probability included within the iso-likelihood contour of the same
∆χ2 is given by

PN(< ∆χ2) =
γ(N

2
, ∆χ2

2
)

Γ(N
2

)
, (6.14)

where Γ is the gamma function and γ is the lower incomplete gamma function. The overlapping
iso-likelihoods with minimum σeq will be tangentially touching with each other at point λeq. The
gradients of two iso-likelihoods at λeq must be of opposite directions, that is

(1− x)
∂∆χ2

(1)

∂λeq
= −x

∂∆χ2
(2)

∂λeq
, (6.15)

3Parameters that have the same mean values and do not correlate with other parameters, or unshared parameters
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Figure 6.4: Two sets of toy experiments described by Eqs. (6.34)-(6.35) (left panel) and Eqs.
(6.36)-(6.37) (right panel). Experiment 1 is described by contours in black, and experiment two in
red. The two experiments in the right panel seems to have a larger inconsistency, which is correctly
described by the increase of IOI. Using different argument orders in the surprise leads to opposite
conclusions about the inconsistency in the right panel.

where x ∈ [0, 1] is a number we need to solve for. In Gaussian cases with ∆χ2
(i)

= (λ −
µ

(i)
)TL

(i)
(λ− µ(i)

), we can get λeq as a function of x from Eq. (6.15), that is

λeq =
1

(1− x)L
(1)

+ xL
(2)

(
(1− x)L

(1)

µ
(1)

+ xL
(2)

µ
(2))

. (6.16)

Equation (6.16) can be viewed as a modified-Fisher-matrix-weighted average. There are three
special cases: λeq = µ

(1) when x = 0; λeq = µ when x = 0.5; and λeq = µ
(2) when x = 1. By

definition we have
∆χ2

(1)
(λeq) = ∆χ2

(2)
(λeq) . (6.17)

We can first solve Eq. (6.17) for x, substitute x in Eq. (6.16) to get λeq, and substitute λeq in
Eq. (6.14) to get

σeq = PN(< ∆χ2(λeq)) . (6.18)

We use this algorithm to make corresponding calculations further in the paper.

6.4 The distribution of the difference vector and the measure C

References (Battye et al., 2015; Charnock et al., 2017) introduced an inconsistency measure C
(along with its significance). The inconsistency measure used in (DES Collaboration et al., 2017)
is actually the same as the Gaussian limit of (the significance) of measure C, which will be derived
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later in this section. This measure C is based on a probability distribution of the difference vector
δλ4,

P (δλ) =

∫
dNλ1P1(λ1)P2(λ1 + δλ) , (6.19)

where δλ = λ2 − λ1. The process of obtaining P (δλ) can be understood as follows. The
starting point (λ1) of the difference vector is governed by the first distribution P1(λ1), while
ending point (λ2) is governed by the second distribution P2(λ2). For a given δλ, the starting point
(λ1) can be any point in the parameter space, while the ending point becomes λ2 = λ1 + δλ. The
integration over the possible starting point with the starting and the ending points subjected to the
corresponding distributions, as in Eq. (6.19), then gives the probability distribution of δλ.

Once P (δλ) is obtained, the measure C is defined as

C =

∫
A

dNδλP (δλ) , (6.20)

where the integration domain A is defined as

A = {δλ|P (δλ) > P (0)} . (6.21)

The significance (n-σ value) of C is then calculated by treating C as the integrated probability of
a one-dimensional Gaussian distribution from −n-σ to n-σ from the mean of δλ 5, and

n-σ =
√

2γ−1
N (1/2, C) , (6.22)

where γ−1
N (1/2, C) is the inverse of the normalized lower incomplete gamma function defined as

γN(N/2, x) = γ(N/2,x)
Γ(N/2)

, with γ(N/2, x) the lower incomplete gamma function and Γ(N/2) the
gamma function.

This measure tends to underestimate the inconsistency in higher parameter dimensions. To
see this more explicitly, let calculate it in Gaussian causes. For Gaussian probability distributions
Pi(λi) with a mean µi and a covariance matrix Ci,

Pi(λi) =
1

(2π)N/2|Ci|1/2
exp

(
−1

2
(λi − µi)TC−1

i (λi − µi)
)
, (6.23)

the probability distribution on δλ is also Gaussian,

P (δλ) =
1

(2π)N/2|C1 +C2|1/2
exp

(
−1

2
(δλ− δµ)T (C1 +C2)−1(δλ− δµ)

)
, (6.24)

4We use our notation of parameter λ, instead of θ that was used as in (Charnock et al., 2017).

5It is not difficult to show that 〈δλ〉 = 〈λ2〉 − 〈λ1〉 = µ2 − µ1.
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where δµ = µ1 − µ2. Note that, when δλ = 0, term 1
2
(δλ − δµ)T (C1 + C2)−1(δλ − δµ) in

the above exponential is 1
2
δµT (C1 +C2)−1δµ = IOI, and is 0 when δλ = δµ. The measure C

defined in Eq. (6.20) with a Gaussian distribution Eq. (6.24) can be then calculated in a integration

of a χ-squared distribution,

C =

∫ 2IOI

0

fχ2(x,N)dx ≡ γN(N/2, IOI) . (6.25)

Therefore there is a close relation between the measureC and IOI, which depends on the dimension

of the parameter space. In particular, in one dimension the significance of C is simply related to

IOI as n-σ =
√

2IOI. From Eq. (6.25) and Eq. (6.22), we know that for the same IOI, the measure

C and its significance decrease with the parameter dimension N .

This renders the measure C similar problems as in the measures discordance (see Sec. 6.3)

and the calibrated evidence ratio (see Sec. 6.6 below): it tends to underestimate inconsistencies for

multi-dimensional models. To see this, let’s consider the following case. Suppose there are two

measurements that both give Gaussian distributions on x. In this simple one-dimensional model,

there is little difference between the descriptions in measure C or in IOI. Their values simply

related by C = γN(1/2, 2IOI) or n-σ =
√

2IOI, and they are interpreted with different scales.

Now suppose the model is actually multi-dimensional, and the two experiments both give Gaus-

sian distributions. Let’s further assume that there is no correlation between parameters, and only

difference between the two distributions is the mean value of parameter x while other parame-

ters have the same parameters. Suppose the means and the standard deviations of x for the two

distributions are the same as the above one-dimensional case. Now although we are in a multi-

dimensional case, we would say the inconsistency between the two measurements is the same as

the one-dimensional case. If we use IOI to describe the inconsistency, we will obtain the same IOI

for both the one-dimensional and multi-dimensional cases. However, if we use measure C or its

significant value, we will get a lower inconsistency according to Eq. 6.25. Therefore, the measure

C tends to underestimate the inconsistency for multi-dimensional models.

But we need to ask: are the inconsistencies in the above one-dimensional and multi-dimensional

cases really the same? To see this, recall that the purpose of the (in)consistency tests is to see if

we can combine two or more experiments. If there is inconsistency in x seen from the means and

standard deviations, we cannot combine the two experiments and use the joint constraint on x, no

matter in the one-dimensional case or the multi-dimensional case above. One more similar exam-

ple is the inconsistency of the Hubble constant H0 between Planck (Ade, P. A. R. et al., (Planck

Collaboration), 2016) and the local measurements (Riess et al., 2016). If we use the measure C
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to compare the constraints in the standard six ΛCDM parameters6 (or more including all the nui-
sance parameters), we will get a lower (or even vanishing) inconsistency. Obviously such a lower
face-value of inconsistency is not reliable. In contrast, in this case IOI will be the same no matter
you calculate it in the six-parameter space or in only one parameter space (i.e. H0).

Note that the inconsistency measure adopted in (DES Collaboration et al., 2017) is the same
as the Gaussian limit of (the significance of) measure C. Therefore, the method used in (DES
Collaboration et al., 2017) also has the problem mentioned above, which is underestimating the
inconsistency in high parameter dimensions.

6.5 The surprise

Based on relative entropy (or Kullback-Leibler divergence) in information theory, a measure, called
surprise, was introduced in (Seehars et al., 2014, 2016; Grandis et al., 016a). Reference (Zhao
et al., 2017b) used this measure to study the tension between different distance indicators. For two
posterior probability distributions, this quantity S(P

(2)||P (1)
) is defined as the difference between

the relative entropy D(P
(2)||P (1)

) and its average 〈D〉Q2

D(P
(2) ||P (1)

) =

∫
dNλP

(2)

(λ) ln
(P

(2)
(λ)

P
(1)

(λ)

)
, (6.26)

S(P
(2) ||P (1)

) = D(P
(2)||P (1)

)− 〈D〉Q2 . (6.27)

The average above is taken over a probability distribution P (Q
(2) |Q(1)

) of the second data Q(2)

given the first dataQ(1):

〈D〉Q2 =

∫
dQ

(2)

D × P (Q
(2)|Q(1)

) , (6.28)

P (Q
(2) |Q(1)

) =

∫
dNλL(Q

(2) |λ)P(λ|Q(1)

) . (6.29)

The uncertainty of D can also be calculated,

σ2(D) = 〈D2〉Q2 − 〈D〉2Q2
. (6.30)

And the significance of S(P
(2)||P (1)

) is defined as

significance of S =
S(P

(2)||P (1)
)

σ(D)
. (6.31)

6We may use very weak priors on other five parameters for the local measurement
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Figure 6.5: The posterior probability contours of the two experiments described by (6.38) (left
panel) and their marginalized 1D distribution over λ2 (right panel). The surprise before marginal-
ization is S(P

(2) ||P (1)
) = 0, but after marginalization the surprise is S1 = 1 with a significance

0.7. However, we argued in Sec. 5.8 that λ2 should not be relevant to the inconsistency, a measure
of the inconsistency should be preserved after marginalization over λ2.

Two different cases are discussed in (Seehars et al., 2014): one is called “updating data” where
the second experiment is used to updated the constraints from the first experiments as a prior; the
other is called “replacing data” where two experiments are used separately to set constraints on
parameters. Since we are considering the inconsistency between two experiments with similar
constraining powers, it is the second case that is more relevant to our work. The surprise and
σ2(D) for the second case in the Gaussian limit is given in (Seehars et al., 2016), which in our
notation read

S(P
(2) ||P (1)

)

Gaussian−−−−−→ 1
2
δ̄TF

(1)

δ̄ − 1
2
tr(IN + (F

(2)

)−1F
(1)

)

weak prior−−−−−−→ 1
2
δTL

(1)

δ − 1
2
tr(IN + (L

(2)

)−1L
(1)

) ,

(6.32)

σ2(D) = 1
2
tr
[
(IN + (F

(2)

)−1F
(1)

)2
]
, (6.33)

where IN is the N -dimensional identity matrix. The relative entropy (and the surprise) is divided
by ln(2) when being measured in the unit of bits. For example, if the second experiment only gives
a narrower constraint than the first one, D(P

(2)||P (1)
) = 1 bit roughly means that the second

experiment improves and shrinks the constraint to half compared to the first experiment .
Despite its interesting concept, the outcome of the surprise S seems to depend on the choice

of its argument order leading to some ambiguity. For example, let us consider two sets of toy
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experiments described by

Left panel in Fig. 6.4 : µ̄
(2) − µ̄(1)

=

(
1

0

)
, (6.34)

F
(1)

=

(
4 0

0 128

)
, F

(2)

=

(
4 0

0 128

)
, (6.35)

Right panel in Fig. 6.4 : µ̄
(2) − µ̄(1)

=

(
1

0

)
, (6.36)

F
(1)

=

(
4 0

0 128

)
, F

(2)

=

(
128 0

0 4

)
. (6.37)

These two sets of experiments are shown in Fig. 6.4.
The contour plots indicate that the two experiments shown on the left panel seem to have a

smaller inconsistency than those on the right panel. This is, for example, reflected quantitatively
on the respective values of IOI with the right value (i.e. 1.9) being larger than the left one (i.e.
1.0). However, if S(P

(2)||P (1)
) is used, it decreases from 0 on the left to −15 (or −21.6 bits)

on the right, implying a decrease of inconsistency. The significance of S(P
(2) ||P (1)

) also has the
same implication: 0 for the left panel and −0.64 for the right one. Now, since the surprise is not
symmetric about the two experiments, one may choose a different argument order in S. So, if we
instead use S(P

(1)||P (2)
) (i.e., switching the argument order), the surprise and its significance

changes both from 0 on the left panel to ∼ 47 and ∼ 2 respectively on the right panel. It is unclear
what should be a good rationalization to choose the order of arguments in S. It could be argued
that the choice should be physically motivated favoring the more trusted data set with less expected
systematic uncertainties, thus with a prior preference of a given data set which could be viewed as
consistent with a Bayesian statistics approach (Kogut, 2016). It remains unclear though what is the
right choice if both data sets have their own significant systematic errors or when the inconsistency
is rooted into a problem with the model or the theory itself.

Finally, the surprise and its significance are found to increase after parameter marginalization
in, for example, the following toy experiments:

µ̄
(2) − µ̄(1)

=

(
1

0

)
, F

(1)

= F
(2)

=

(
4 0

0 8

)
, (6.38)

which are shown also in Fig. 6.5. We argued in Sec. 5.8 that λ2 should not be relevant to the incon-
sistency, because the two experiments have the same mean of λ2 and there is no correlation between
λ1 and λ2. So after marginalizing over λ2 a measure of inconsistency should be preserved, as is
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the case for IOI. As shown in Fig. 6.5, before marginalizing over λ2, the surprise S(P
(2)||P (1)

)

(and its significance) is 0. After marginalizing over λ2, it becomes 1 with a significance of 0.7.

It can be argued this is a normal behaviour for the surprise because the results of λ2 are more

consistent than expected (Kogut, 2016). So marginalizing over λ2 emphacises the inconsistency in

λ1 and that is reflected by the increase of the marginalized surprise (Kogut, 2016). But then when

going from the right to the left panel, the inconsistencies as indicated by the values of the surprise

and its significance on the left seem to go away. It is unclear if this is really the case since the

inconsistency in λ1 is still present.

6.6 The calibrated evidence ratio

Reference (Grandis et al., 016b) introduced the calibrated evidence ratio (CER hereafter) by cali-

brating the robustness using its average. The level of CER can also be described by its significance.

But different from the case of the surprise, the average here is taken over a probability distribu-

tion of both the first and the second data Q(1) and Q(2) , which is given by the joint evidence

E(Q
(1)
,Q

(2)
),

CER = lnR− 〈lnR〉Q1,Q2 , (6.39)

σ2(R) =
〈(

lnR− 〈lnR〉
)2〉

Q1,Q2
. (6.40)

In Gaussian cases, CER in N dimensions is given by

−CER = 1
2
δ̄T Ḡδ̄ − N

2

weak prior−−−−−−→ 1
2
δTGδ − N

2

= IOI− N
2
,

(6.41)

σ(R) =
√
N/2 . (6.42)

So the opposite of CER is related to IOI in the Gaussian and weak prior limit by an additive

constant, −N/2.

The CER measure did address some of the issues with its predecessors. It is worth noting

though that since IOI is positive definite, −N/2 is the minimum value of −CER. Because of the

term −N/2, −CER can be be more negative with higher dimensional parameter spaces. The sig-

nificance defined as −CER/σ(R) goes as −
√
N/2 when IOI = 0. The term −N/2 (and −

√
N/2

for its significance) seems to suggest that a model with a higher dimension tends to have a smaller

inconsistency. It can be argued that this is normal because a higher dimensional model allows

126



larger scatter of the data, which leads to a larger expected − lnR (Kogut, 2016). Consider though
the following situation: if two experiments have inconsistency on only one parameter (e.g., λ1)
and if all parameters are uncorrelated, a model with a higher dimension will have a smaller−CER.
This seems to underestimate the inconsistency that is due to one particular parameter.

It is also worth mentioning that from Eq. (6.41) we can see, in the Gaussian and weak prior
limit, −CER has a close relation with the Akaike information criterion (Akaike, 1974) for the
following reason. The Akaike information criterion (AIC) is to select a model with a smaller
AIC= −2 lnL + 2N . For a model with N parameters, the corresponding splitting model has 2N

parameters. The AIC difference between the combined and the split models is

1
2
∆AIC = 1

2
AICcomb − 1

2
AICspl

= IOI− 1
2
N

= −CER .

(6.43)

6.7 Level of concordance

Analogous to the robustness, (Joudaki et al., 2017) most recently introduced the level of concor-
dance, defined as exp

[
− 1

2
G(Q

(1)
,Q

(2)
)
]
, to measure experimental (in)consistency. Instead of

using the Bayesian evidence ratio between the combined and the split models, G(Q
(1)
,Q

(2)
) uses

the deviance information criterion (DIC) (see (Spiegelhalter et al., 2002; Liddle, 2007)), and it is
defined as

G(Q
(1)

,Q
(2)

) ≡ DICcomb −DICspl , (6.44)

where DIC= χ2
min+2pD, and pD is the effective number of parameters given by pD = 〈χ2〉−χ2

min.
Jeffreys’ scale was used to interpret this measure.

Since DIC approaches AIC in the Gaussian limit (when parameters are well constrained) (Lid-
dle, 2007), G is equivalent to −CER (see Sec. 6.6 for the connection between −CER and AIC) in
Gaussian limit, i.e.,

1
2
G(Q

(1)

,Q
(2)

) = −CER = IOI− N
2
. (Gaussian) (6.45)

Therefore, level of concordance measure seams to share the points mentioned above for the−CER.

6.8 Is there a connection between IOI, Surprise and −CER

The definitions of the robustness ln(R), tension T , surprise S, −CER and IOI are quite different.
But we have seen in the previous sections that ln(R), T and −CRE are related to IOI by equations
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Table 6.2: Table of measures of discordance in the Gaussian and weak prior limit considered in
this work. δ = µ

(1) − µ(2) andG =
(
(L

(1)
)−1 + (L

(2))−1)−1.

Quantities Relevant concept Gaussian and weak prior limit
IOI ∆χ2

(1)
+ ∆χ2

(2)

1
2
δTGδ (definition)

− lnR 1 Bayesian evidence ratio IOI + 1
2

ln
(

|LP|
|L(1)

L
(2) |

)
− lnRN

2 Bayesian evidence ratio IOI + 1
2

ln
(
|L(1)

+L
(2) |

|2L(2) |

)
ln T 3 Bayesian evidence ratio IOI
σeq

4 Iso-likelihood contour Algorithm provided by Eqs. (6.16)-(6.18)
C 5 Distribution of δ γN(N/2, IOI) then Eq. (6.22)
S(P

(2)||P (1)
) 6 Relative entropy 1

2
δTL

(1)
δ − 1

2
tr
(
IN + (L

(2)
)−1L

(1))
σ(D) 6

√
1
2
tr
[(
IN + (L

(2)
)−1L

(1)
)2]

−CER 7 Bayesian evidence ratio IOI−N/2
σ(R) 7

√
N/2

G(Q
(1)
,Q

(2)
) 8 Deviance information criterion IOI−N/2

1 Robustness, see (Marshall et al., 2006; March et al., 2011).
2 Normalized robustness, see (March et al., 2011).
3 Tension, see (Verde et al., 2013).
4 Discordance, see (MacCrann et al., 2015).
5 Measure C, see (Battye et al., 2015; Charnock et al., 2017).
6 Surprise & deviation σ(D) , (Seehars et al., 2014, 2016; Grandis et al., 016a). Case replacing data is used.
7 Calibrated evidence ratio and its deviation (σ(R)) , see (Grandis et al., 016b).
8 Level of concordance, see (Joudaki et al., 2017).

Table 6.3: Comparison of properties of the measures of discordance considered in this work. In
Gaussian and weak prior limit, ln T = IOI and 1

2
G(Q

(1)
,Q

(2)
) = −CER. Whether or not a mea-

sure reflects the effects of marginalization means whether the measure can describe the hidden
inconsistency after parameter marginalization, which does not apply to the robustness and −CER.

Quantities Symmetric?
Follow
inconsistency?

Give 0
if δ = 0?

Reflect effects of
marginalization? interpretation

IOI 3 3 3 3 Jeffreys’ scales
− lnR 3 7 7 N/A Jeffreys’ scales
− lnRN 7 7 7 7 Not specified
σeq 3 31 3 7 Compared to 100%
C 3 3 31 7 Significance
S 7 ? 2 7 7 Bits|significance
−CER 3 31 7 N/A Significance
1 Tend to underestimate inconsistency in high parameter dimension.
2 Due to the asymmetric behavior, if S has the wrong choice of argument order, the trend will be incorrect.
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(6.6) & (6.7), (6.13) and (6.41). Is there a relation between the surprise S and IOI? We find
that only in one dimension the significance of the surprise is simply related to IOI, and to the
significance of −CER.

In one dimension with Gaussian and weak prior, the surprise given by Eq. (6.32) reduces to

S(P
(2)||P (1)

) = 1
2
δ2/σ2

(1)
− 1

2
(1 + σ2

(2)
/σ2

(1)
), (6.46)

the deviation of reduces to

σ(D(P
(2)||P (1)

)) =
√

1
2
(1 + σ2

(2)
/σ2

(1)
), (6.47)

and the significance is given by

significance of S =
S(P

(2)||P (1)
)

σ(D(P (2) ||P (1)))

=
√

2
[1

2

δ2

(σ2
(1)

+ σ2
(2)

)
− 1

2

]
.

(6.48)

In one dimension, the significance of the surprise becomes symmetric about two experiments. IOI
in this case is given by 1

2
δ2

(σ2
(1)

+σ2
(2)

)
, and from (6.41) and (6.40) we can obtain the significance of

−CER in this case as
√

2
(
IOI− 1

2

)
, for N = 1. Therefore the three quantities are related by

signif. of S = signif. of (−CER) =
√

2
(
IOI− 1

2

)
. (6.49)

In N dimensions, due to the connection of −CER to AIC, the relation between IOI and −CER
(and its significance) remains simple in the Gaussian and weak prior limit, and it is given by
Eq. (6.41), and

significance of (−CER) =
√

2
N

(
IOI− N

2

)
. (6.50)

But it is not obvious to see the relation between IOI and surprise. The surprise and its signifi-
cance become asymmetric for two- or multiple-dimensional parameter spaces, while IOI is always
symmetrical.

Finally in this section, we summarize the measures of inconsistency surveyed in this section in
Table 6.2 and Table 6.3.

6.9 Application of different measure of inconsistency to cosmological experiments: geome-
try vs growth

We now apply the Gaussian limit of the most of the inconsistency measures we have considered,
including IOI, to quantity the inconsistency between the growth and geometry datasets. To test
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Table 6.4: Summary of geometry and growth experiments/data used in testing the model consis-
tency.

Geometry
Supernovae Type Ia (Betoule et al., 2014)

BAO
Six Degree Field Glactic Survey (6dF) (zeff = 0.106) (Beutler et al., 2011)

SDSS main galaxy sample (MGS) (zeff = 0.15) (Ross et al., 2015)
SDSS quasar-Lyman-α forest (zeff = 2.34) (Aubourg et al., 2015)

Planck 2015 High-` CMB temperature (Ade, P. A. R. et al., (Planck Collaboration), 2016)

Growth
Planck 2015 lowTEB (Ade, P. A. R. et al., (Planck Collaboration), 2016)

Planck 2015 CMB lensing (Ade, P. A. R. et al. (Planck Collaboration), 2016)
Sunyaev–Zel’dovich effect (Ade, P. A. R. et al (Planck Collaboration), 2016)

CFHTlens galaxy weak lensing (Heymans et al., 2013)

RSD
WiggleZ Dark Energy Survey (Blake et al., 2010; Parkinson et al., 2012)

SDSS DR12 CMASS and LOWZ catalogs (Alam et al., 2015)

the internal consistency of the ΛCDM and wCDM models, we fit each of them separately to a set
of geometry experiments and a set of growth experiments. This is partly motivated by the fact
that different theories (e.g. modified gravity) have relations between the cosmic expansion back-
ground and the large scale structure growth, e.g. (Ishak et al., 2006). We use the publicly available
Markov Chain Monte Carlo code COSMOMC (Lewis and Bridle, 2002) for parameter constraints.
Note that, in this work, we will not use IOI for multiple experiments [see (5.12) to study the full
experimental inconsistency among them. Rather, we will treat the geometry experiments as one
set of experiments and the growth experiments as the other set, and then apply IOI to measure the
(in)consistency between the two set of experiments [Eq. (5.9)].

6.9.1 Data sets

For the geometry set of experiments, we use the 740 type Ia supernovae catalog compiled in
(Betoule et al., 2014), the baryon acoustic oscillation (BAO) standard ruler from the Six Degree
Field Glactic Survey (6dF) (Beutler et al., 2011), the main galaxy sample (MGS) of data release
seven (DR7) from the Sloan Digital Sky Survey (SDSS) and the SDSS quasar-Lyman-α forest
(Aubourg et al., 2015), and the high-` CMB temperature data from Planck 2015 (Ade, P. A. R. et
al., (Planck Collaboration), 2016). For the growth set of experiments, we use the low-` CMB tem-
perature and polarization data from Planck 2015 (Ade, P. A. R. et al. (Planck Collaboration), 2016),
CMB lensing (Ade, P. A. R. et al. (Planck Collaboration), 2016), thermal Sunyaev-Zel’dovich ef-
fect (Ade, P. A. R. et al (Planck Collaboration), 2016), galaxy weak lensing cosmic shear from the
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Figure 6.6: The marginalized 1D probability distributions and 2D likelihood contour plots for the
ΛCDM model constrained by the geometry versus the growth data sets. Black for the geometry set
and red for the growth set. The two relative measures of one-parameter inconsistency (IOIRel

i and
∆IOIRel

i , see Eq. (5.18) for their definitions) are shown on top of each 1D marginalized plot. While
these relative IOI measures can indicate the parameter(s) most associated with the inconsistency,
the important number here is the value of the full IOI shown at the upper right corner of the
figure. Note that summation of all individual IOIRel

i ’s or ∆IOIRel
i ’s is generally not 1. The full IOI

between the two data sets is 4.34 and indicates a moderate inconsistency on Jeffreys’ scales (see
Table III).

131



0.02 0.04

0.1 0.12 0.14

-1.2 -1 -0.8

1.02 1.04

0.95 1 1.05

3 3.2

0.02 0.04
0.1

0.12c
 h

2

0.0150.0250.035

-1.2

-1

-0.8

w

0.02 0.04
1.02

1.04

10
0

M
C

0.02 0.04

0.95

1

1.05

n
s

0.02 0.04

b
 h2

2.95
3

3.05
3.1

3.15

ln
(1

0
10

 A
s
)

0.1 0.12

-1.2

-1

-0.8

0.1 0.12
1.02

1.04

0.1 0.12

0.95

1

1.05

0.1 0.12

c
 h2

2.95
3

3.05
3.1

3.15

-1.2 -1 -0.8

1.03

1.04

1.05

-1.2 -1 -0.8

0.95

1

1.05

-1.2 -1 -0.8

w

2.95
3

3.05
3.1

3.15

1.02 1.04

0.95

1

1.05

1.02 1.04

100
MC

2.95
3

3.05
3.1

3.15

0.95 1 1.05

n
s

2.95
3

3.05
3.1

3.15

Figure 6.7: Marginalized 1D probability distributions and 2D likelihood contour plots in a trian-
gular displacing diagram for the wCDM model constrained by the geometry and growth sets of
experiments. The structure of this figure is the same as Fig. 6.6. Again, the important number here
is the value of the full IOI shown at the upper right corner of the figure. Note that summation of all
individual IOIRel

i ’s or ∆IOIRel
i ’s is generally not 1. The full IOI between the two data sets is 5.34

for wCDM and indicates a strong inconsistency on Jeffreys’ scales (see Table III).
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Table 6.5: Measures of inconsistency between geometry and growth experiments for ΛCDM and
wCDM models. Measures of inconsistency are obtained by using the Gaussian and weak prior
limits listed in Table 6.2. The weak prior limit of the robustness diverges, so we do not calculate it
in this table. Quantities ln T and G(Q(1),Q

(2)
) are not listed here, since they equal IOI and−CER

respectively in the Gaussian and weak prior limit. The IOI between the two data sets is 4.34 and
5.41 for the ΛCDM and wCDM, respectively. These indicate moderate and strong inconsistency,
respectively, on Jeffreys’ scales. The other measures also indicate an overall moderate to strong
[except S(gm||gr)].

Measures IOI − lnRN σeq S(gr||gm)1 Sig. S(gm||gr) Sig. −CER Sig.
ΛCDM 4.34 11.52 56.9% -340.20 -0.60 3.06 1.46 1.84 1.17
wCDM 5.41 12.96 59.3% -432.20 -0.63 4.05 1.51 2.41 1.39
1 “gm” = “geometry”, “gr” = “growth”.

Canada France Hawaii Lensing Survey (CFHTlens) (Heymans et al., 2013), and the redshift space

distortion from the WiggleZ Dark Energy Survey (WiggleZ MPK) (Blake et al., 2010; Parkinson

et al., 2012) and the SDSS DR12 CMASS and LOWZ catalogs (Alam et al., 2015). Those two sets

of experiments are summarized in Table 6.4. Note that we put high-` CMB temperature data in the

geometry set as in (Bernal et al., 2016), since its acoustic peaks strongly constrain the expansion

history of the Universe.

From Table 6.4 we can see that there are some overlaps between the data sets used in this work

and those used in (Bernal et al., 2016; Ruiz and Huterer, 2015). But there are some differences.

First, for the RSD data from SDSS, while (Bernal et al., 2016) separately used the measurements

of Hrs and fσ8 as geometry and growth sets, we use them all in the growth set because these two

measurements (as well asDA/rs) are correlated. Second, we use the full data catalog of RSD from

WiggleZ, while (Bernal et al., 2016) used its compressed information on BAO and growth. Third,

we use the combined Lyman-α BAO data at zeff = 2.34 from Lyα forest autocorrelation and the

quasar-Lyα cross-correlation (Aubourg et al., 2015), while (Bernal et al., 2016) only used the data

from cross-correlation.

6.9.2 Results from application to data: A moderate to strong inconsistency

For the ΛCDM model, we use the following parameters: Ωbh
2, Ωch

2, θ, ln(1010As), ns, and τ (for

the (wCDM) we add w). We fit each model separately into the geometry set and growth set of

experiments listed in Table 6.4. Since the geometry experiments poorly constrain τ , we set it to the

mean value obtained in (Adam, R. et al., (Planck Collaboration), 2016) τ = 0.058, while we allow

it to vary in the fitting of the growth experiments. The constraints from the two sets of experiments
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are shown in Figs. 6.6 and 6.7. To quantify the inconsistency between the geometry and the growth
experiments, we calculate IOI for the full parameter space (marginalized over τ ). Additionally,
to compare IOI to the other measures of inconsistency, we also calculate other measures in the
Gaussian and weak prior limit, like the normalized robustness lnRN , the discordance, the surprise
S(grow||geom) and S(geom||grow) (and their significance) and the −CER (and its significance).
All results of inconsistency between the geometry and the growth experiments for the ΛCDM and
wCDM models are listed in Table 6.5.

We can see from Table 6.5 that all the measures (except for S(grow||geom)) overall suggest
there are inconsistencies between geometry and growth data sets for ΛCDM and wCDM models.
However, different measures provide different levels of inconsistency. Take, for example, the
ΛCDM model. IOI suggests a moderate experimental inconsistency (in fact not too far from a
significant one on Jeffreys’ scales). We note that the normalized robustness gives an inconsistency
much higher than other measures and ranked as very strong (decisive) if we insist to interpret it in
Jeffreys’ scales. However, this high inconsistency using the normalized robustness is artificial as
we explain. The geometry experiments give much stronger constraints than the growth ones, so that
|Lgeom| � |Lgrow|, |Lgeom + Lgrow| ' |Lgeom| and the term − ln( 2|LgeomLgrow|

Lgeom(|Lgeom+Lgrow|))� 1.
Therefore the apparent inconsistency suggested by lnRN is only due to the unmatched constraining
powers of the two data sets. The quantity −CER is simply related to IOI by Eq. (6.41). It is
suggested in (Grandis et al., 016b) that −CER should be interpreted in terms of its significance.
The significance of −CER gives a confidence level of inconsistency of 1.17σ. For the surprise,
different orders of experiments in its argument lead to different results. While S(geom||grow) is
positive and finite, S(grow||geom) is negative and large. The significance of the surprise also has
such asymmetric problem. While the significance of S(grow||geom) gives no inconsistency, the
significance of S(grow||geom) suggests 1.46σ inconsistency, which seems more consistent with
the one suggested by IOI and Fig. 6.6. The value of discordance is 56.9%. Compared with 100%,
the discordance also seems to suggest some inconsistencies.

Comparing the results between ΛCDM and wCDM models, we can see that all measures (ex-
cept for S(grow||geom)) suggest that the wCDM model has a larger inconsistency regarding the
geometry and the growth experiments. In the language of IOI in nested models (see Sec. 5.11),
we say that the wCDM model is a less consistent extension to the ΛCDM model when comparing
growth versus geometry. The result that the wCDM model has a larger experimental inconsistency
is different from what was found in (Verde et al., 2013). This may not be surprising, because
Ref (Verde et al., 2013) were comparing Planck with local measurement on the Hubble constant
and the age of the Universe, which are different experiments from what we are considering. The
values of inconsistency measures are experiment dependent. Reference (Di Valentino et al., 2017)
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Table 6.6: Two measures of one-parameter inconsistency for the ΛCDM model. The first one is
the residual IOIi (and the relative residual between parentheses) for λi after marginalizing over all
the other parameters. The second one is the inconsistency drop ∆IOIi (and the relative drop be-
tween parentheses) after marginalizing over λi. Both IOIRel

i and ∆IOIRel
i need to be much smaller

than unity for us to safely marginalize over λi to analyze inconsistency. Four different situations
are listed in Table E.1 regarding different values of IOIi and ∆IOIi. It seems that none of the
parameters can be safely marginalized over, although θ and As seem to be least responsible for
the inconsistency. The geometry and the growth experiments give a quite inconsistent result on
ns since both IOIRef

ns and ∆IOIRef
ns are large. The bottom three rows: drops of σeq, S(geom||grow)

and its significance evaluated after marginalizing over one parameter. Note that their drops are not
always positive after parameter marginalization as one would expect.

ΛCDM parameters Ωbh
2 Ωch

2 θ As ns
IOIi (IOIRel

i ) 0.0017 (0.0004) 0.55 (0.13) 0.39 (0.09) 0.39 (0.09) 2.4 (0.55)
∆IOIi (∆IOIRel

i ) 0.64 (0.15) 0.55 (0.13) 0.24 (0.06) 0.19 (0.04) 1.5 (0.33)
∆σeq −10.7% −14.5% −6.6% −13.5% 10.5%
∆S(geom||grow) 0.97 1.03 −0.7 −0.13 1.05
∆(significance of S) 0.62 0.47 −0.32 0.19 0.81

Table 6.7: Two measures of one-parameter inconsistency for the wCDM model. This is similar to
Table 6.6. For the wCDM model, it seems that θ and As are least responsible for the inconsistency,
and we can marginalize over them. The geometry and the growth experiments give a quite incon-
sistent result on ns, as in the case of the ΛCDM model. The bottom three rows are similar to those
in Table 6.6.

wCDM Ωbh
2 Ωch

2 θ w As ns
IOIi (Rel.) 0.003 (0.0005) 1.00 (0.18) 0.19 (0.035) 1.12 (0.21) 0.002 (0.0004) 2.9 (0.54)
∆IOIi (Rel.) 0.77 (0.14) 0.58 (0.11) 0.38 (0.07) 0.18 (0.03) 0.26 (0.048) 1.27 (0.23)
∆σeq −4.2% −7.1% −2.0% −8.1% −8.7% 11.4%
∆S(gm||gw) 1.39 0.66 −0.57 −0.63 0.65 0.2
∆(sig. of S) 0.41 0.03 −0.4 −0.81 0.07 −0.01

also found that the wCDM model is more favored than ΛCDM model when Planck, the local mea-

surement of H0 and BAO datasets are analyzed jointly. Indeed, when IOI is applied to investigate

the inconsistency between Planck and local measurement on H0, we find IOI= 4.0 for ΛCDM and

0.59 for wCDM. These numbers are consistent with those provided in Table 2 in (Verde et al.,

2013) (recall that IOI and the tension are the same in the Gaussian limit). So wCDM does have

a smaller IOI in this case. However, the reason might be simply that Planck data have a poor

constraint on H0 if w is allowed to vary; σH0 ∼ 10 km/s/Mpc. Recall that one of the three factors

affecting IOI is the constraint volume: a larger constraint volume leads to a smaller IOI.
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Finally in this subsection, we briefly investigate the roles of CFHTlens data and SDSS RSD
data on the value of IOI for ΛCDM model. If we remove CFHTlens data alone, IOI drops from 4.3

to 3.2. If we remove SDSS RSD data alone, IOI drops from 4.3 to 3.8. Although the CFHTlenS
data seem to cause more inconsistency, neither removing the CFHTlenS data nor the SDSS RSD
data dramatically drops IOI. Therefore, the inconsistency between the geometry and the growth
experiments does not seem to be caused by one particular data set. Furthermore, if we remove
both CFHTlens and SDSS RSD data, IOI drops from 4.3 to 2.5, but a weak inconsistency still
persists. In a follow-up work, we will systematically explore the internal and cross inconsistencies
between a number of data sets and more applications of IOI.

6.9.3 Relative drop of IOI and relative residual IOI in the geometry vs growth application

We have shown that parameter marginalization can hide experimental inconsistency in Sec. 5.8.
This is reflected by the drop of IOI after marginalizing over each parameter, which is shown in
Tables 6.6 and 6.7. The fact that IOI never increases offers us two ways to see the experimental
inconsistency due to a particular parameter, which we apply here to the geometry and growth
experiments.

The two measures of one-parameter inconsistency IOIi and ∆IOIi described in Sec. 5.9 can
help us zoom into the parameter space, to see experimental inconsistency due to each parameter.
For a given model, if two experiments do not have inconsistency due to λi, both IOIi and ∆IOIi
are small in Jeffreys’ scales. But in some cases, even though IOIi and ∆IOIi are small in Jeffreys’
scales, they are not negligible compared to the full IOI. So more conveniently, we can use the
relative quantities IOIRel

i and ∆IOIRel
i , and compare them to unity to see the role of each parameter

on experimental inconsistency. Only when both IOIRel
i and ∆IOIRel

i are much smaller than 1,
can we safely marginalize over λi to analyze the full inconsistency. We listed the two measures
and their relative measures in Tables 6.6 and 6.7 for the ΛCDM model and the wCDM model,
respectively.

Take the wCDM model for example, the geometry and the growth experiments have a signifi-
cant (full) inconsistency (IOI=5.4). For individual parameters, the 1D marginalized plots in Fig. 6.7
seem to show little inconsistency in Ωbh

2, θ and As, and the corresponding IOIi’s (and IOIRel
i ) are

small. But it does not mean it is safe to marginalize over these three parameters. For example,
∆IOIRel

bh2 is not much smaller than 1, so marginalizing over Ωbh
2 will hide some experimental in-

consistency due to its correlation with the other parameters (specified by C = C
(1)

+ C
(2)). On

the other hand, since both IOIRel
As

and ∆IOIRel
As

are small, the geometry and the growth experiments
give a consistent result on As, and it is safe to marginalize over it to study the full inconsistency.
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Similarly, it is also safe to marginalize over θ. For the ΛCDM model, from Table 6.6 it seems
inappropriate to marginalize any parameter to analyze inconsistency, although θ and As seem to be
least responsible for the inconsistency.

Which parameter have the most inconsistent results given by the geometry and the growth
experiments? From Tables 6.6 and 6.7, we can see that for both the ΛCDM model and the wCDM
model, the results of ns are the most inconsistent. Both IOIRel

ns and ∆IOIRel
ns are large. The next

inconsistent parameter should be Ωch
2, but the inconsistency caused by it is quite small compared

to that due to ns.
The definition of ∆IOIi is based on the fact that IOI never increases after a parameter marginal-

ization. This drop of IOI represents the hidden inconsistency due to a parameter after we marginal-
ize over it. This is a unique feature for IOI. To demonstrate it, we show as examples the drops of
σeq, ∆S(geom||grow) and its significance after marginalizing over each parameter in the last three
rows of Tables 6.6 and 6.7. We can see that their drops are not always positive, suggesting that
they are not able to represent the hidden inconsistency after a parameter marginalization.

It is, however, important to emphasize that although combining ∆IOIi’s and IOIi’s can give us
more insights into the inconsistency due to each parameter, they cannot fully describe the experi-
mental inconsistency. It is the full IOI (recall this is not the summation of ∆IOIi’s or IOIi’s) for
the whole parameter space that should be calculated and used.

6.10 Summary of this chapter

We provided a comparative survey of other measures of inconsistency and their relationships, if
any, with IOI. We found that in Gaussian limit IOI does not have the undesired behaviors of the
other inconsistency measure. This show that, although simple, is more suitable than other measures
in the literature to quantify cosmological inconsistencies.

We then applied IOI and other measures in the Gaussian and weak prior limit to quantify
the inconsistency of the ΛCDM and wCDM models between geometry and growth experiments.
As discussed in the previous section, IOI indicates a moderate to strong inconsistency between
the two data sets when the ΛCDM and wCDM models are used with values of 4.3 and 5.4 on
Jeffreys’ scales. Overall, although different measures use different scales to quantity inconsistency,
most of the measures (except for S(geom||grow)) also suggest that there are moderate to strong
experimental inconsistencies in ΛCDM and wCDM models with the wCDM model having a larger
inconsistency between geometry and growth experiments. As we discussed in the previous section,
this comparison and its results are different from two other works that compared Planck with local
measurement of the Hubble constant and the age of the Universe, finding that wCDM brings some
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reconciliation. As we explained, the values of inconsistency measures are experiment dependent,
as they should.

Finally, we used the IOI measure and found that CFTlenS data, SDSS RSD data and other
growth data all contribute to the inconsistency. So this seems to indicate that the inconsistency
cannot be associated with a single data set. In future work, we will explore in more detail the role
of each data set in the experimental inconsistencies.
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CHAPTER 7

APPLICATION OF THE INDEX OF INCONSISTENCY

The work contained in Chapter 7 originally appears as “Cosmological discordances. II. Hubble

constant, Planck and large-scale- structure data sets.” Reprinted with permission from Weikang

Lin and Mustapha Ishak, Physical Review D, vol. 96, p. 083532, Oct 2017. Copyright (2017) by

the American Physical Society. DOI: https://dx.doi.org/10.1103/PhysRevD.96.083532. Weikang

Lin proposed the algorithmic procedure to use IOI to check inconsistencies between a given set of

observations, and to identify the source of inconsistency - dataset outlier or the breakdown of the

underlying model. All work and writing was done by Lin in collaboration with Ishak.

We examine systematically the (in)consistency between cosmological constraints as obtained

from various current data sets of the expansion history, large-scale structure (LSS), and cosmic mi-

crowave background (CMB) temperature and polarization from Planck. We run (dis)concordance

tests within each set and across the three sets using a recently introduced index of inconsistency

(IOI) capable of dissecting inconsistencies between two or more data sets. First, we compare the

constraints on H0 from five different methods and find that the IOI drops from 2.85 to 0.88 (on Jef-

freys’s scales) when the local H0 measurements is removed. This seems to indicate that the local

measurement is an outlier compared to the others, thus favoring a systematics-based explanation.

We find a moderate inconsistency (IOI=2.61) between Planck temperature and polarization data

sets. We find that current LSS data sets including the WiggleZ power spectrum, SDSS redshift

space distortion, CFHTLenS weak lensing, CMB lensing, and cluster count from SZ effect, are

consistent one with another and also when all combined. However, we find a persistent moderate

inconsistency between Planck and individual or combined LSS probes. For Planck TT+lowTEB

versus individual LSS probes, the IOI spans the range 2.92–3.72 and increases to 3.44–4.20 when

the polarization data is added in. The joint LSS versus the combined Planck temperature and po-

larization has an IOI of 2.83 in the most conservative case. But if Planck low-` temperature and

polarization is also added to the joint LSS to constrain τ and break degeneracies, the inconsistency

between Planck and joint LSS data increases to the high end of the moderate range with IOI=4.81.

Whether due to systematic effects in the data or to the underlying model, these inconsistencies

need to be resolved. Finally, we perform forecast calculations using the Large Sky Synoptic Sur-

vey (LSST) and find that the discordance between Planck and future LSS data, if it persists as

present, can rise up to a high IOI of 17, thus falling in the strong range of inconsistency.
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7.1 Introduction

Astronomical surveys and missions are getting more technologically advanced and sophisticated
providing us with a plethora of observations and data sets. This allows one to require not only
highly precise cosmological constraints but also highly consistent and accurate ones. In addition
to parameter constraint analyses, we are witnessing an interest from the scientific literature in
consistency tests between various data sets (Ishak et al., 2006; Marshall et al., 2006; March et al.,
2011; Verde et al., 2013; MacCrann et al., 2015; Seehars et al., 2014, 2016; Grandis et al., 016a,b;
Joudaki et al., 2017; Lin and Ishak, 2017a; Wang et al., 2007; Ruiz and Huterer, 2015; Bernal et al.,
2016; Shafieloo, 2012; Shafieloo and Hazra, 2017; Anand et al., 2017). Consistency tests have the
potential to identify and localize systematic effects within particular data sets or to signal any issue
with the underlying model; see, for example, a discussion in (Pogosian and Silvestri, 2016; Dossett
et al., 2011; Leauthaud et al., 2017; Huang and Wang, 2016; Aubourg et al., 2015; Di Valentino
et al., 2016c; López-Corredoira, 2017; Ishak et al., 2006; Amendola et al., 2013; Lin and Ishak,
2017a; Verde et al., 2013; Joyce et al., 2015; Dossett et al., 2015; Joyce et al., 2016; Dossett and
Ishak, 2013; Debono and Smoot, 2016; Wang et al., 2007; Ruiz and Huterer, 2015; Dossett and
Ishak, 2012; Di Valentino et al., 2015; Ferreira et al., 2017; Zhao et al., 2017a; Khosravi et al.,
2017; Nicola et al., 2017) and references therein.

In a recent study (Lin and Ishak, 2017a), we reviewed some of the published tensions between
data sets and discussed some of the measures of discordance used in the literature. We showed that
only comparison between full parameter spaces can measure correctly the degree of discordance
between data sets. We introduced a quantity called the IOI to measure such discordance between
two or more data sets and discussed what criteria such a measure must satisfy. We applied there the
two-experiment IOI to investigate the inconsistency between geometry and growth of large-scale-
structure data sets and found that a moderate to strong inconsistency is present, in agreement with
previous works (Ruiz and Huterer, 2015; Bernal et al., 2016; Heymans et al., 2013; Hildebrandt
et al., 2017).

In this paper, we apply the framework developed in (Lin and Ishak, 2017a) to current data
sets in order to have a closer look at some persistent tensions in the literature. We investigate the
concordance between and within various groups of data sets of Planck-CMB, large-scale structure
and measurements of the Hubble constant. To do so, we follow an algorithmic procedure using
IOI measures capable of delineating some possible causes of such inconsistencies.

We organize our paper as follows: In Sec. 7.2, we briefly review our recently proposed IOI,
and discuss how to use it to help identify the cause of inconsistency if presence. In Sec. 7.3, we in-
vestigate the cause of the well-known tension in H0 by comparing five different results, and show
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Table 7.1: Jeffreys’s scales to interpret the values of IOI. We note that we have used an overall
moderate terminology similar to that of (Trotta, 2008) and weaker than that used (Verde et al.,
2013; Heavens et al., 2007; Hee et al., 2016) and the original Jeffreys’s scales (Jeffreys, 1998).
However, we want to note that “moderate” here does not mean “insignificant” or “ignorable,” but
some tension is present and needs to be resolved. We give below the comparison between IOI and
the commonly used confidence level of tension for one-dimensional Gaussian distributions. Note
that such a comparison is valid only in one dimension.

Ranges IOI< 1 1 <IOI< 2.5 2.5 <IOI< 5 IOI> 5

Interpretation
No significant
inconsistency

Weak
inconsistency

Moderate
inconsistency

Strong
inconsistency

Confidence level (only)
in one dimension < 1.4-σ 1.4-σ − 2.2-σ 2.2-σ − 3.2-σ > 3.2-σ
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Figure 7.1: Examples of multiexperiment IOI. As shown above on the left panel, each of the three
data sets is consistent with any other one, which is also shown by the three small two-experiment
IOIs. But the three data sets are actually inconsistent as a whole because there is little common
region simultaneously favored by the three data sets. On the other hand, the three data sets on the
right panel are consistent one with another and also consistent when considered as a whole. The
three-experiment IOI is able to distinguish between the two situations; IOI=5.3 on the left while
IOI=0.21 on the right. It is not difficult to realize that in in an N -dimensional parameter space,
there could be up to N + 1 constraints such that any two of them are consistent with each other but
any three of them are not.
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Figure 7.2: A flowchart illustrating the algorithmic method we follow using the IOI measures to
help identify the cause of inconsistency, if any. Explanations are provided in the text.

mild evidence for a systematic-based origin. In Sec. 7.4, we explore the internal inconsistency

within the Planck temperature and polarization data sets. In Sec. 7.5, discuss an show the consis-

tency between all current LSS data sets. In Sec. 7.6, we examine the inconsistency between Planck

and each LSS data sets. Based on the moderate inconsistency between Planck and LSS data sets,

In Sec. 7.7, we perform a forecast of inconsistency between Planck and LSST shear observation.

Finally, we give a summary in Sec. 7.8.

7.2 Methodology, algorithm to find dataset outlier or breakdown of the model

Our methodology in this work is to compare systematically constraints obtained from various data

sets using an algorithmic approach where we employ the IOI measure and other derived quantities.

We calculate the IOI between each data sets and the full IOI for the ensemble of the data sets

or particular combinations of interest. For various data sets and an underlying model, one can

make the following first assertions: (1) if only one or two data sets, while the other data sets are

consistent one with another, then it is an indication that such one or two data sets are outliers and

(2) if all or most of the data sets are inconsistent with each other, it is an indication that some issues

with the underlying model are present.

However, the real situation is more complicated and other steps are needed. For example, there

are actually two situations in case (1) above, as we explain. If data set A is in tension with others

while the others are consistent with each other, it is possible that (1a) data set A is an outlier and
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(1b) the constraining power of data set A is much stronger than the others. Indeed, it is possible

that the underlying model has problems, but only the constraints from data set A are strong enough

to reveal the inconsistency due to the underlying model. So if data set A does not fit with other data

sets but provides the strongest constraints, we would not have a decisive conclusion. Fortunately, if

constraints from a data set are comparable or weaker than others and they are less consistent with

others, we can conclude that this data set is an outlier. Finding a cosmological outlier in this way

indicate that it suffers from systematic effects that need to be isolated and mitigated. For case (2)

above, there are also two possibilities: (2a) the underlying model is problematic and (2b) all data

sets have their own systematics causing them to be mutually significantly inconsistent with each

other. Fortunately, if we have a large ensemble of data sets to work with, case (2a) is more likely

than case (2b). While the proposed method comes with certain limitations, it will become more

useful and stringent with future more precise data sets.

In (Lin and Ishak, 2017a), we defined a moment-based new quantity called IOI to measure

inconsistencies between two data sets as well as between multiple data sets. The two-experiment

IOI is defined as

IOI = 1
2
δT (C(1) +C(2))−1δ , (7.1)

whereC(i) is the covariance matrix of parameters given by the ith data set, and δ is the difference

of the two parameter means. The multiexperiment IOI is defined as

IOI =
1

N

( N∑
i=1

µ(i) TL(i)µ(i) − µTLµ
)
, (7.2)

where L(i) = (C(i))−1, and L =
∑
L(i).

In (Lin and Ishak, 2017a), we proposed a moderate version of Jeffreys’s scales shown in Table

7.1 as guidelines for the interpretation of values of IOI. Jeffreys’s scales were empirical scales

originally used as suggestive interpretation of Bayesian evidence ratio (Jeffreys, 1998). We also

use these scales as suggestive interpretation of values of IOI because (1) they seem to match well

the inconsistencies shown in our sample plots in (Lin and Ishak, 2017a); (2) some other measures

of inconsistency that reduce or relate to IOI in Gaussian cases also use Jeffreys’s scales (Lin and

Ishak, 2017a), so it is useful to use the same scales for comparison. We note that we use an

overall weaker terminology than in the original Jeffreys’s scales (Jeffreys, 1998) or some other

works (Verde et al., 2013; Heavens et al., 2007; Hee et al., 2016). We adopt an overall moderate

terminology similar the one used in, for example, (Trotta, 2008) which is shown in Table 7.1. But

we note that “moderate” in Table 7.1 does not mean “insignificant” or “ignorable”. Additionally,
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we provide for two one-dimensional Gaussian distributions, a one-to-one relation between IOI and
the commonly used confidence level of tension, i.e.,

n-σ =
√

2 IOI. (7.3)

So in one dimension, a moderate inconsistency means a tension at the 2.2-σ to 3.2-σ confidence
level. A moderate inconsistency is something we should pay attention to, in particular when it is
at the high end of this range.

Given several cosmological data sets, our first step is to calculate the two-experiment IOIs
between every two of them. If the two-experiment IOI between data set A and data set B is small,
we can conclude that data set A is consistent with data set B. From all two-experiment IOIs, we
will be able to see if any particular data set is inconsistent with the others, or if none of them are
consistent with any others.

But even if all two-experiment IOIs are small and every two data sets are consistent, we still
cannot conclude that those data sets are consistent as a whole, especially in a multiparameter space,
as we explain and see also Fig. 7.1 for an illustration. On the left panel of Fig. 7.1, any two of the
three data sets are consistent with each other, but the three data sets are actually inconsistent when
we consider them as a whole. On the other hand, on the right panel of Fig. 7.1, any two of the
three data sets are consistent with each other, as well as the three data sets as a whole. Using the
two-experiment IOI alone cannot distinguish the two situations. But multiexperiment IOI defined
in Eq. (7.2) can help us tell the difference: the multiexperiment IOI for the left panel is larger than
the right. Therefore, besides calculating all the two-experiment IOIs, we also need to calculate the
multiexperiment IOI. If the multiexperiment IOI of group X is small, we can conclude that those
data sets in that group are consistent with each other. From a pure geometrical point of view, in an
N -dimensional parameter space, there could be up to N + 1 constraints such that any two of them
are consistent with each other but any three of them are not.

As an overall summary for the various cases, we show in Fig. 7.2 an algorithmic flowchart
about how to use IOI to help identify the cause of cosmological discordance.
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Table 7.2: List of data sets considered in this work. Probes are added, where necessary, to break parameter degeneracies.

Data sets Description Added probes
1. Background
Local H0 The locally measured Hubble constant (Riess et al., 2016) N/A
H0LiCOW Strong gravitational lensing (Bonvin et al., 2017) N/A
SN Supernovae Type Ia (Betoule et al., 2014) BBN
BAO 4 Six Degree Field Glactic Survey (6dF) (zeff = 0.106) (Beutler et al., 2011)

and SDSS main galaxy sample (MGS) (zeff = 0.15) (Ross et al., 2015)
BBN 5

2. Planck temperature and polarization
TT+lowTEB Planck high-`1 temperature auto correlation6 lowTEB 7

TE+lowTEB Planck high-` temperature-E polarization cross correlation 6 lowTEB
EE+lowTEB Planck high-` E-mode polarization auto correlation6 lowTEB
TTTEEE+lowTEB Planck high-` temperature and E-mode polarization joint data set 6 lowTEB
3. Large scale structure
WiggleZ Power spectrum from WiggleZ Dark Energy Survey 8 SN+BBN+lowTEB
SDSS RSD Sloan Digital Sky Survey DR 12 CMASS and LOWZ catalogs 9 SN+BBN+lowTEB
CFHTlens CFHTlens survey of cosmic shear/weak lensing 10 SN+BBN+lowTEB
CMB lens Planck 2015 CMB lensing 11 SN+BBN+lowTEB
SZ 12 Cluster number count from Planck 2015 Sunyaev-Zel’dovich effect 13 SN+BBN+lowTEB
Join LSS WiggleZ+SDSS RSD+CFHTlens+CMB lens+SZ lowTEB or with priors
1 We do not use the other two BAO data sets at zeff = 0.32 and

0.57 provided by SDSS DR 12 (Gil-Marín et al., 2016) as a
background probes. We use them as one LSS probe, SDSS
RSD, because BAO measurements are correlated with fσ8.

2 Primordial deuterium abundance D/H = 2.547 ± 0.033 ×
10−5 from (Cooke et al., 2016) and helium abundance Yp =

0.2446± 0.0029 from (Peimbert et al., 2016).
3 The Planck low-` (2 ≤ ` ≤ 29) temperature and polarization

(Ade, P. A. R. et al., (Planck Collaboration), 2016)
4 (Ade, P. A. R. et al., (Planck Collaboration), 2016)
5 (Blake et al., 2010; Parkinson et al., 2012)

6 (Gil-Marín et al., 2016)
7 (Heymans et al., 2013)
8 (Planck Collaboration et al., 2016)
9 When we use the above added probes (SN+BBN+lowTEB) to break dengenera-

cies in the SZ data set, we do not include priors on ns, Ωbh
2 or the cluster mass

bias. The cluster mass bias will be marginalized over. In the last line of the table
where we use the joint LSS probes including SZ, priors of ns = 0.9624 ± 0.014

and Ωbh
2 = 0.022 ± 0.002 are used and the mass prior from weighting-the-giant

(Mantz et al., 2015) is applied.
10 (Ade, P. A. R. et al (Planck Collaboration), 2016)
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A final comments is that IOI is a moment-based quantity, and requires the distributions on
model parameters to be Gaussian or nearly Gaussian. Likely, cosmological data sets usually cannot
provide Gaussian distributions alone due to parameter degeneracy that exists with each data set.
In order to obtain nearly Gaussian distributions from every data set, it is then necessary to include
some other probes in each data set to break the degeneracies between parameters. The added
probes should be (1) a minimum set, so that they are just enough to break the degeneracy in
each data set, without strongly influencing the constraints provided by that data set, so that if an
inconsistency if found then it should not be due to the added probes; (2) a similar set through all
data sets, so that the found inconsistency is not due to the different added probes. For example, for
Planck high-` temperature and polarization data, we are adding the Planck low-` temperature and
polarization data (lowTEB). To keep the consistency of the added probes, we also add to LSS data
sets the lowTEB. But adding lowTEB is not enough to break the degeneracies in each LSS data
set; therefore, we additionally include with each LSS data set the supernova (SN) and primordial
element abundance (BBN) data sets. We will show later that those two additional probes to LSS
data sets don’t cause any extra inconsistencies between LSS data sets and Planck. We list in Table
7.2 all the cosmological data sets along with the added probes considered in this work.

We provided a MATLAB code in https://github.com/WeikangLin/IOI_CosmoMC.git and a MAT-
LAB graphic user interface in https://github.com/WeikangLin/IOI_GUI.git. Those codes take the
outputs of CosmoMC and calculate IOIs. Pleas cite arXiv:1708.09813 and arxiv:1705.05303 if
you use or modify one or both codes in your works.

7.3 Hubble constant from five methods

There has been a persistent tension between the local measurement of H0 (local H0 hereafter) and
the one derived from Planck constraints with ΛCDM model (Casertano et al., 2017; Riess et al.,
2016; Bernal et al., 2016; Verde et al., 2013). In order to check whether this inconsistency is
due to any statistics in either of the two results, we additionally obtained constraints on H0 from
three different methods. The first method is by combining type 1a supernova (SN), baryon acoustic
oscillation (BAO) and primordial element abundances from big bang nuclear synthesis(BBN) data.
The second one is by combining some large-scale-structure (joint LSS) data sets. And the last one
is the Hubble constant measured from gravitational strong lensing time delay. All methods assume
a ΛCDM model.

Planck The tightest constraint onH0 is derived from Planck cosmic microwave background (CMB)
observations assuming the ΛCDM model. (Aghanim, N. et al., (Planck Collaboration), 2016)

146

https://github.com/WeikangLin/IOI_CosmoMC.git
https://github.com/WeikangLin/IOI_GUI.git
https://arxiv.org/abs/1708.09813
https://arxiv.org/abs/1705.05303


SN+BBN

SN+BAO+BBN

BAO+BBN

0.2 0.25 0.3 0.35 0.4 0.45

m

30

40

50

60

70

80

90

100

H
0

Figure 7.3: Constraints on H0 vs Ωm plane marginalized over Ωbh
2. Combing SN and BBN (blue)

can constrain Ωm, but not H0. For the constraint from combining BAO and BBN (red), H0 and Ωm

are positively degenerate. Combing SN, BAO and BBN can then set constraint on Ωm and H0, as
the blue and red contours break the degeneracies of each other.

provided H0 = 66.93 ± 0.62 km/sec/Mpc using high-` temperature and polarization data
sets and an updated analysis on Planck low-` CMB polarization data. Note that, in this sec-
tion, we simply call this constraint Planck. But in other sections, we will explicitly indicate
whether Planck temperature or polarization data sets are being used.

SN+BAO+BBN BBN can provide a constraint on Ωbh
2. Given a value of Ωbh

2, the constraints
from SN and BAO have different degeneracy directions; see Fig. 7.3. So combing SN, BAO
and BBN data can break the degeneracy in ΛCDM model at the backgroud level, without
calibrating the distance to supernova or a prior knowledge of the drag sound horizon scale.
This is also pointed out in (Cuesta et al., 2015). But they have used a prior on the drag sound
horizon, while we haven’t and it is not necessary if BBN is used to set prior on Ωbh

2. The
value of Hubble constant obtained from this method is H0 = 65.6 ± 5.2 km/sec/Mpc. As a
check, even if we fix Ωbh

2 = 0.02225 (Planck TTTEEE+lowTEB from (Ade, P. A. R. et al.,
(Planck Collaboration), 2016)) instead of using BBN to constraint it, we still obtain almost
the same result H0 = 65.3± 5.2 km/sec/Mpc. This is because the correlation between Ωbh

2

and H0 is small (i.e. ρ(Ωbh
2, H0) = 0.06).
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Joint LSS Combining all the LSS data sets (with prior) is enough to break the degeneracy in each
data set alone. We shall see that all the LSS data sets are so far quite consistent with each
other (see Sec. 7.5), so we can jointly analyze them. The Hubble constant obtained from this
method is H0 = 66.48± 3.99 km/sec/Mpc.

Local H0 The Hubble constant can be locally measured by ladder distance observation. Different
results have been reported, and all have tension with the Planck result to different extents.
References (Riess et al., 2016, 2011) reported thatH0 = 73.24±1.74 km s−1/Mpc−1, which
is higher than the Planck result at the 3.4-σ confidence level. (Efstathiou, 2014) used a
different outlier rejection criteria in the Cepheid samples and found that the high value of
locally measured Hubble constant in (Riess et al., 2011) may be due to a systematic error
in the calibration. But in (Riess et al., 2016), the authors used more Cepheid variables
calibrated type Ia supernova and confirmed their earlier high value of (Riess et al., 2011).
Also, (Casertano et al., 2017) used Gaia Data Release 1 and reported a similar high value of
the Hubble constant (H0 = 73.0 km s−1/Mpc−1), different from the Planck measurement at
2.5 − 3.5 σ level. In this work, we use H0 = 73.24 ± 1.74 km s−1/Mpc−1 as reported in
(Riess et al., 2016).

Gravitational time delay The Hubble constant can be measured based on the joint analysis of
multiple-imaged quasar systems with measured gravitational time delays. For the ΛCDM
model, (Bonvin et al., 2017) found H0 = 71.9+2.4

−3.0 km/sec/Mpc (see, H0 Lenses in COS-
MOGRAIL’s Wellspring (H0LiCOW) (Bonvin et al., 2017)). This result is more consistent
with the local measurement than the derived result from Planck. They also found that fixing
Ωm = 0.32 from the Planck result makes their constraint onH0 even higher,H0 = 72.8±2.4

km/sec/Mpc. In this work we the result without fixing Ωm. But since IOI is a moment-based
quantity, we take the average of the upper and the lower uncertainties and useH0 = 71.9±2.7

km/sec/Mpc as the constraints from H0LiCOW.

The constraints on H0 from the above five different methods are summarized in Table 7.3. We
can see that the results obtained from SN+BAO+BBN and joint LSS are closer to the one obtained
from Planck than to the local measurement of H0 or the ones from HOLiCOW. We also calculate
the two-experiment IOIs and multiexperiment IOIs for the five data sets, which are shown in Table
7.4 and Table 7.5.

From the two-experiment IOIs shown in Table 7.4, we can see that there is a strong inconsis-
tency (IOI=5.83) between the Planck result and the local H0 and a weak inconsistency between
Planck and H0LiCOW. Using the relation between IOI in one dimension and the commonly used
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Table 7.3: A summary of the constraints on H0 obtained from five different methods. The
constraint from joint LSS is with priors, see Sec. 7.5 for explanation. For H0LiCOW, we take
the average of the upper and lower uncertainties reported in (Bonvin et al., 2017) and use
H0 = 71.9 ± 2.7 km/s/Mpc. Considering the nonaveraged uncertainties on H0 from H0LiCOW
would only strengthen our conclusion; see the text for discussion.

Methods Planck SN+BAO+BBN Joint LSS Local H0 H0LiCOW
H0 (km/sec

Mpc
) 66.93± 0.62 65.6± 5.2 67.94± 1.64 73.24± 1.74 71.9± 2.7

Table 7.4: The two-experiment IOIs for H0 obtained from five different methods. There is a strong
inconsistency between Planck and local measurement of H0, and a weak inconsistency between
Planck and H0LiCOW. The constraint from SB+SN+BBN is relatively wide and consistent with
Planck, local H0 and H0LiCOW, but are more consistent with the Planck results than with the two
others. The constraint from Joint LSS is consistent with Planck and H0LiCOW, but show some
small inconsistency with local H0. Planck has much stronger constraint on H0 rendering it more
demanding for (in)consistency tests than any other probes, but it is still provides a constraint on
H0 that is more consistent with SB+SN+BBN and LSS compared to the local measurement of H0.

Planck SB+SN+BBN Joint LSS Local H0 H0LiCOW
Planck — 0.03 0.17 5.83 1.61
SB+SN+BBN 0.03 — 0.09 0.98 0.58
Joint LSS 0.17 0.09 — 2.46 0.79
Local H0 5.83 0.98 2.46 — 0.09
H0LiCOW 1.61 0.58 0.79 0.09 —

Table 7.5: Multiexperiment IOIs for constraints on H0 obtained from five different methods. The
multiexperiment inconsistency for all data sets is mainly caused by the inconsistency between
Planck and local H0. This is reflected by the fact that IOI drops after removing either the local
measurement of H0 or Planck, and that IOI increases after removing any of the other three data
sets. We find that removing local H0 leads to the smallest multiexperiment IOI. And since the
constraint from the local measurement on H0 is not the strongest, one can conclude that the local
measurement of H0 is likely to be an outlier as discussed in the text.

Data sets All
Removing
Planck

Removing
SB+SN+BBN

Removing
LSS

Removing
Local H0

Removing
H0LiCOW

Multiexperiment IOI 2.85 1.52 3.51 3.56 0.88 2.96
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confidence level of tension, i.e. Eq. (7.3), the strong inconsistency IOI=5.83 corresponds to a ten-
sion at the 3.4-σ confidence level which has been reported in (Riess et al., 2016). For the other two
methods SN+BAO+BBN and joint LSS, due to their weaker (large) constraints on H0, their results
are overall consistent with Planck, the local H0 and H0LiCOW. However, they are more consistent
with the Planck result than the local H0 or H0LiCOW as reflected on the various values of IOIs.

The inconsistency within the five results ofH0 is also shown by the multiexperiment IOI shown
in Table 7.5. The multiexperiment IOI for the five results is 2.86. This inconsistency is mainly
caused by the inconsistency between the Planck and local measurements of H0. That is because if
we remove either Planck or the local H0 and recalculate the multiexperiment IOI for the remaining
four results, we get a much lower IOI (i.e. IOI=1.52 after removing Planck and IOI=0.85 after
removing the local H0). Also if we remove any one of the other three results, IOI rather increases.
So it tends to suggest that either Planck or local H0 measurement is an outlier; see the further
discussion below.

Our analysis favors that the local measurement of H0 is an outlier. This follows our reasoning
described in Sec. 7.2, and the facts that the multiexperiment IOI drops the most after removing the
local measurement of H0, and that the constraint from the local measurement is not the strongest.
Therefore, there is an indication that the local H0 is an outlier. Removing Planck also drops
the multiexperiment IOI, but not as much as the case of removing the local measurement. Also
Planck’s constraint is the strongest among all the five results, it renders Planck the most demanding
one in (in)consistency tests. Is it possible that there is problem with the underlying model? Proba-
bly not, because removing Planck would have led to the lowest multiexperiment IOI if it were the
case.

We note that for H0LiCOW we have taken the average of its upper and lower constraint limits
ofH0 since IOI is a moment-based quantity. But we consider the actual constraint from H0LiCOW,
our conclusion will only be strengthened. That is because the actual constraints from H0LiCOW
has a larger lower uncertainty than upper uncertainty. So H0LiCOW is actually slightly more
consistent with Planck and less consistent with local H0 than what is shown in our analysis. This
would support further that the local measurement of H0 is an outlier. Also, as pointed out in
Ref (Wilson et al., 2017), the value of H0 can be overestimated due to convergence bias. This may
imply that the estimation of H0 should have been closer to the Planck constraint.

There are studies suggesting that some extension of the ΛCDM model can resolve the tension
on H0 between Planck and the local measurement; see for examples (Huang and Wang, 2016;
Di Valentino et al., 2016c; Yang et al., 2017). Our analysis, however, shows that the local mea-
surement of H0 is likely an outlier, favoring a systematic-based explanation for such a tension.
Our result is consistent with the analysis by the authors in (Gott et al., 2001; Chen et al., 2003;
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Chen and Ratra, 2011; Chen et al., 2017). The authors in (Chen and Ratra, 2011) used median
statistics on 553 measurements of H0 and found H0 = 68± 5.5 km/sec/Mpc at the 95% statistical
and systematic errors. The authors in (Chen et al., 2017) used 28 Hubble parameters at different
redshifts (0.07 ≤ z ≤ 2.3) and found that H0 = 68.3+2.7

−2.6 km/sec/Mpc in the ΛCDM model. The
results of those analyses are more consistent with the Planck result.

It is interesting that despite moderate inconsistencies between Planck and joint LSS (to be
explored in Sec. 7.6), their constraints on H0 are found consistent here, IOI=0.17. But as we
explained in (Lin and Ishak, 2017a) that for a multidimensional model, even if we see consistency
on a parameter in a marginalized space, there can still be inconsistency due to that parameter. We
introduced in (Lin and Ishak, 2017a) two single-parameter measures: the residual IOIi and the
drop ∆IOIi. If two data sets have no inconsistency due to one particular parameter, both measures
should be small. That small value of 0.17 is actually IOIH0 . And we found that ∆IOIH0 = 0.07,
which is also small. Since both single-parameter IOIs (here IOIH0 and ∆IOIH0) are small, it
is justified to conclude that Planck and joint LSS are consistent on H0, even though there are
inconsistencies between them in the full parameter space. Those inconsistencies reside in other
parameters.

It is worth pointing out that previous studies have shown that the wCDM model can resolve the
tension on H0 between Planck and the local measurement; see (Zhao et al., 2017a; Di Valentino
et al., 2017, 2016c) and also Sec.XI.B in our previous work (Lin and Ishak, 2017a). However as
we pointed out in (Lin and Ishak, 2017a) that such a lower tension in the wCDM model is mainly
caused by degraded uncertainty on H0.

In sum, we conclude, in this section, that by comparing the above constraints on H0 obtained
from five different methods, there is some indication that the constraints on H0 is an outlier.

7.4 Internal (in)consistency between Planck temperature and polarization data sets

The CMB temperature and polarization observations from Planck provide powerful constraints
on cosmological parameters. Reference (Shafieloo and Hazra, 2017) used a technique called cross
statistics to investigate the internal (in)consistency between Planck CMB temperature and polariza-
tion data sets. They found that the temperature best fit in ΛCDM is consistent with the EE+lowTEB
data, while EE+lowTEB best fit is not consistent with that of the temperature data. They pointed
out that this is due to the large uncertainty in the polarization data. In this section, we will use IOI
to examine the level of (in)consistency between the Planck temperature and polarization data sets.

For CMB temperature and polarization observations, Planck provides three high-` correlation
data sets: temperature auto correlation (high-` TT), temperature and E-mode polarization cross cor-
relation (high-` TE), and E-mode polarization auto correlation (high-` EE). Since the temperature
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Table 7.6: IOIs between Planck temperature and polarization data sets. We can see that the
Planck EE+lowTEB data set has a moderate inconsistency with the Planck TT+lowTEB data set,
IOI=2.61. The multiexperiment IOI for the Planck TT+lowTEB, TE+lowTEB and EE+lowTEB is
even higher, IOI=3.34.

Planck TT+lowTEB TE+lowTEB EE+lowTEB
TT+lowTEB — 0.94 2.61
TE+lowTEB 0.94 — 1.93
EE+lowTEB 2.61 1.93 —
Multiexperiment IOI = 3.34

data set cannot constrain the reionization optical depth, we include in those three correlation data

sets the low-` temperature and polarization data (lowTEB). We provide here the two-experiment

IOIs for the three data sets, along with their multiexperiment IOI. We calculate IOIs with with the

standard ΛCDM cosmological parameters: Ωbh
2, Ωch

2, θ, log10(As), ns and τ .

From Table 7.6, we can see that there is a moderate inconsistency between TT+lowTEB and

EE+lowTEB data sets. The TE+lowTEB data set is more consistent with the TT+lowTEB data

set than with the EE+lowTEB data data set. But this is probably because of the fact that the

TT+lowTEB data set has stronger constraints than the EE+lowTEB data set, so that the TE+lowTEB

cross correlation is closer to the TT+lowTEB data set. The multiexperiment IOI is 3.33, which

again tells us there would be a moderate inconsistency among the three data sets.

For the high-` EE data set, we do not need to include lowTEB to break the degeneracy. If we

constrain the six ΛCDM parameters using high-` EE data set without lowTEB, the IOI between it

and TE+lowTEB with lowTEB becomes slightly larger, IOI = 3.38. This slight increased IOI is

mainly caused by the increased difference in the constraints on τ .

Recently, authors in (Addison et al., 2016) pointed out that there is tension within the TT data

set between the higher multiple power spectrum (1000 ≤ ` ≤ 2508) and the lower multiple power

spectrum (2 ≤ ` < 1000). They also show that a lensing anomaly parameter Alens greater than

unity can resolve such a tension. It is possible that the tension between the higher and the lower TT

multiple power spectra is responsible for the internal moderate inconsistency within Planck both

temperature and polarization data set found in this work. Further investigations will be devoted to

find the real causes of the internal inconsistencies within Planck.

We conclude in this this section that there is a moderate inconsistency between Planck temper-

ature (TT) and polarization (EE) data. But this does not tell us which data set is (or both are) biased

by systematics. This agrees with what was found in (Shafieloo and Hazra, 2017) that there is a

mild amplitude difference between Planck temperature and polarization data sets. Our conclusion
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Table 7.7: Two-experiment IOIs for LSS data sets. We recall that we also add to each LSS data
set the lowTEB+SN+BBN to break degeneracies; see Table 7.2. All IOIs are below unity (i.e. not
significant on Jeffreys’s scales), which means any two of the current LSS data sets are consistent
one with another.

WiggleZ SDSS RSD CFHTlens CMB lens SZ
WiggleZ — 0.25 0.60 0.49 0.33
SDSS RSD 0.25 — 0.21 0.92 0.45
CFHTlens 0.60 0.21 — 0.69 0.66
CMBlens 0.49 0.92 0.69 — 0.42
SZ 0.33 0.45 0.66 0.42 —

Table 7.8: Multiexperiment IOIs for LSS data sets. The multiexperiment IOI for the five LSS data
sets shows again the consistencies between the LSS data sets. Considering the results from this
table and those from the two-experiment IOIs shown in Table 7.7, we conclude that the LSS data
sets are all consistent one with another and also consistent when considered as a whole.

Data sets All
Removing
WiggleZ

Removing
SDSS RSD

Removing
CFHTlens

Removing
CMB lens

Removing
SZ

Multiexperiment IOI 0.96 0.99 0.83 0.87 0.54 1.00

about the Planck internal inconsistency, which is based on the full parameter space, is however
slightly stronger than that in (Shafieloo and Hazra, 2017).

7.5 Consistency between Large-scale-structure data sets

In this section, we investigate the consistencies among LSS data sets. Exploring the mutual in-
consistencies among LSS data sets is an important step before we use them jointly to constrain
cosmological parameters. In Table 7.2, we list the five probes categorized as LSS data sets in-
cluding: the Power spectrum from WiggleZ Dark Energy Survey (WiggleZ) (Blake et al., 2010;
Parkinson et al., 2012), Sloan Digital Sky Survey data release 12 CMASS and LOWZ catalogs
(SDSS RSD) (Gil-Marín et al., 2016), CFHTlens survey of cosmic shear/weak lensing with the
most conservative priors (CFHTlens) (Heymans et al., 2013), Planck 2015 CMB lensing (Planck
Collaboration et al., 2016) and Cluster number count from Planck 2015 Sunyaev-Zel’dovich effect
(Ade, P. A. R. et al (Planck Collaboration), 2016). Differently from Planck CMB temperature and
polarization observations, LSS data sets probe the late-time structure growth. For these reasons,
we categorize CMB lens and SZ into LSS data sets.

We show the two-experiment IOIs between every two LSS data sets in Table 7.7. We can see
that every two LSS data sets are consistent one with another as all the two-experiment IOIs are
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below unity (no significant inconsistency on Jeffreys’s scales). But as we discussed in Sec. 7.2,
for multiparameter model, even if every two data sets are consistent one with another, there is
still possible inconsistencies when we consider all the data sets together as a whole. We therefore
calculate the multiexperiment IOIs and show them in Table 7.8. The multiexperiment IOI for all
LSS data sets is also found to be below unity. This again leads us the conclusion that current LSS
data sets are all consistent.

In Sec. 7.3 we have already used the joint constraint onH0 from LSS data sets. But it is actually
the consistency among current LSS data sets found in this section that allows us to safely set joint
constraints on cosmological parameters from various LSS data sets. Finally, to explore further, we
successively remove one LSS probe at a time and recalculate the multiexperiment IOI as shown in
Table 7.8. We do not find any significant drop of multiexperiment IOI by removing any of LSS
probes. This means again no particular LSS probe is significantly inconsistent with the rest.

We conclude, in this section, that the current LSS data sets are all consistent in constraining
cosmological parameters.

7.6 Planck vs Large-scale-structure data sets

Several inconsistencies between Planck and LSS data sets have been pointed out in the literature;
see, for examples, (Heymans et al., 2013; Hildebrandt et al., 2017; Blake et al., 2011; Bernal et al.,
2016; Reid et al., 2014; Ade, P. A. R. et al (Planck Collaboration), 2016). In this section, we use
IOI measures to explore these inconsistencies between Planck and individual LSS data set as well
as the joint LSS data sets.

We show the results of two-experiment IOIs in Table 7.9. The inconsistencies between Planck
TT+lowTEB and each LSS data set are moderate to the high end of moderate with IOI ranging from
2.92 to 3.72 on Jeffreys’s scales. For the TE+lowTEB and EE+lowTEB data sets, IOIs between
them and LSS data sets are smaller than that for TT. Such smaller inconsistencies may be only
due to the weaker constraints from TE+lowTEB and EE+lowTEB data sets. The inconsistencies
between Planck (TT, TE or EE) and each LSS data set are larger than those between any two LSS
data sets. However, this does not necessarily mean Planck (TT, TE or EE) data sets are outliers
since they provides the strongest constraints on cosmological parameters, which makes them most
demanding in (in)consistency tests. If we combine the Planck temperature and polarization data
sets (TTTEEE+lowTEB) and compare individual LSS probes then IOI increases to 3.44-4.20.

One could question if part of the weak to moderate inconsistencies between Planck (temper-
ature and polarization) and each LSS data set may partially be caused by the inconsistencies be-
tween Planck and the added probes (lowTEB, SN and BBN) to each LSS data set. In particular,
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Table 7.9: Two-experiment IOIs for Planck temperature and polarization vs LSS data sets. Com-
pared to Table 7.7, we can see that the inconsistencies between Planck data sets and LSS data
sets are generally larger than those between the LSS data set themselves. We also note that
in order to break the degeneracy in each LSS data sets, we include in each of them the probes
lowTEB+SN+BBN.

Planck vs LSS+lowTEB+SN+BBN
WiggleZ SDSS RSD CFHTlens CMB lens CMB SZ

TT+lowTEB 3.09 3.72 3.53 2.92 3.07
TE+lowTEB 1.38 1.87 1.57 0.99 1.34
EE+lowTEB 2.01 2.30 2.03 1.51 1.95
TTTEEE+lowTEB 3.44 4.20 4.05 3.76 3.46

Table 7.10: Similar to Table 7.9, but here Ωbh
2 is fixed to 0.02222. We do so to see how the small

inconsistency between Planck and BBN is affecting the inconsistencies found between Planck and
LSS data sets. IOIs here are calculated in a five-parameter space without Ωbh

2. Compared to
Table 7.9, inconsistencies of similar level still persist between the Planck and LSS data sets even
if slightly smaller after fixing Ωbh

2.

Planck vs LSS+lowTEB+SN+(fixed Ωbh
2 = 0.02222)

WiggleZ SDSS RSD CFHTlens CMB lens CMB SZ
TT+lowTEB 2.59 3.10 3.53 2.50 2.51
TE+lowTEB 1.15 1.62 1.67 0.91 1.18
EE+lowTEB 1.64 2.14 1.19 0.66 1.18
TTTEEE+lowTEB 2.87 3.50 4.00 3.27 2.81

Table 7.11: Two-experiment IOIs between Planck (temperature and polarization) and CMB lens
(+SN+BBN+lowTEB). Different from the [CMB lens] column in Table 7.9, here the constraints
from CMB lens are obtained by additionally varying Alens besides the six standard ΛCDM param-
eters. The two-experiment IOIs here are larger to those of the [CMB lens] column in Table 7.9.
This means varying Alens in the CMB lens data set increases the inconsistency between Planck
(temperature and polarization) and CMB lens.

TT+lowTEB TE+lowTEB EE+lowTEB TTTEEE+lowTEB
CMB lens 3.37 1.56 2.13 3.83

Table 7.12: Two-experiment IOIs between Planck temperature and polarization+lowTEB+BAO
and LSS data sets calculated in the ΛCDM+Alens model. Compared to the last row in Table 7.9,
IOIs are reduced. Compared to Table 7.13 below, the IOI between Planck and joint LSS (with
lowTEB) is also lowered. However, weak to moderate inconsistencies still remain.

WiggleZ SDSS RSD CFHTlens CMB lens CMB SZ joint LSS (lowTEB)
Planck+BAO 2.38 2.65 2.72 2.11 2.45 3.04
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Table 7.13: Two-experiment IOIs between the joint LSS (with lowTEB or with priors) and Planck
(temperature and polarization). In the case of joint LSS+lowTEB, the five LSS data sets are com-
bined with lowTEB added to break degeneracies and to constrain τ . A moderate inconsistency
(high end of moderate on Jeffreys’s scales) exists between joint LSS (with lowTEB) and Planck
TTTEEE+lowTEB. In the case of joint LSS+priors, the lowTEB is not used, but τ is fixed to 0.078
and priors of Ωbh

2 = 0.022 ± 0.002 and ns = 0.9624 ± 0.014 are used. Then the inconsistency
between joint LSS (with priors) and Planck TTTEEE+lowTEB becomes smaller but still in the
moderate range on Jeffreys’s scale.

TT+lowTEB TE+lowTEB EE+lowTEB TTTEEE+lowTEB
Joint LSS (with lowTEB) 3.85 1.58 1.13 4.81
Joint LSS (with priors) 1.93 0.80 0.64 2.83

the constraint on Ωbh
2 from BBN is somehow inconsistent with that from Planck TT+lowTEB or

TTTEEE+lowTEB. Indeed, the constraint on Ωbh
2 from BBN is 0.0226± 0.0004, which is differ-

ent from 0.02222± 0.00023 obtained from Planck high-`+lowTEB at about 1-σ confidence level.
To address this, we additionally do the analysis with Ωbh

2 fixed to 0.02222 in each LSS data set
instead of using BBN to constrain it. Then we calculate again the two-experiment IOIs in a param-
eter space without Ωbh

2, and show them in Table 7.10, by fixing Ωbh
2 for LSS data sets, we obtain

only slightly smaller IOIs for most of LSS data sets but the moderate inconsistencies still persist.
Therefore adding BBN to each LSS does not significantly affect the inconsistency between Planck
and each LSS.

In an earlier study, authors in (Calabrese et al., 2008) found a lensing anomaly in WMAP
data set with a parameter Alens = 3.1+1.8

−1.5 at the 2-σ confidence level. But in the recent analysis
of Planck 2015 data sets, this anomaly reduced to Alens = 1.22 ± 0.1 at 1-σ confidente level
(Ade, P. A. R. et al., (Planck Collaboration), 2016). We have seen in Table 7.9 that there are
moderate inconsistencies between Planck TT+lowTEB or TTTEE+lowTEB data sets and Planck
CMB lensing data set. In this work, we investigate in particular whether varying the parameter
Alens in the analysis of CMB lens data set is able to reduce such inconsistencies. We first obtain
constraints on the ΛCDM +Alens model from CMB lens (+SN+BBN+lowTEB), and then calculate
the IOI between Planck (temperature and polarization) and CMB lens with the standard six ΛCDM
parameters. We list the results in Table 7.11. Releasing Alens makes the constraints on the standard
six ΛCDM parameters weaker due to the degeneracies between Alens and other parameters. This
should make the IOI smaller. However, the IOIs in Table 7.11 are generally larger than those in
the “CMB lens” column in Table 7.9. The reason is that varying Alens in the analysis of CMB lens
(+SN+BBN+lowTEB) makes the means of the six ΛCDM parameters located slightly further from
those obtained from Planck (temperature and polarization). Therefore, the constraints from CMB
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lens (+SN+BBN+lowTEB) with a varying Alens are slightly more inconsistent with those from

Planck (temperature and polarization). Reference (Ade, P. A. R. et al., (Planck Collaboration),

2016) showed that Alens is slightly above unity when constrained jointly by Planck temperature

and polarization along with CMB lensing data sets. One might think that varying A should have

reduces the tension between Planck temperature and polarization data sets. This is not necessarily

the case, because it is possible that the moderate inconsistency between Planck (temperature and

polarization) and CMB lens is what makes Alens greater than unity when the two data sets are

jointly analized. Also it is shown in (Addison et al., 2016) that, although a nonstandard value

of Alens ' 1.4 can resolve the tension between the higher- (1000 ≤ ` ≤ 2058) and the lower-

(2 ≤ ` ≤ 1000) multiple of power spectra of Planck temperature data, it can not resolve the

tension between Planck temperature and CMB lens data sets.

Authors in (Di Valentino et al., 2015) studied cosmological constraints in an extended cold

dark matter (eCDM) model for a number of data set combinations. Their eCDM model consists

of 12 cosmological parameters including Alens. They pointed out that the value of σ8 can be low-

ered in this eCDM model as constrained by, e.g., Planck (temperature and polarization)+BAO,

which could potentially resolve the tensions between Planck and LSS data sets. While we repro-

duced their constraints on the 12 cosmological parameters with Planck+BAO, we would like to

know whether varying only Alens in addition can resolve the tensions between Planck and LSS

data sets. To do so, we first obtain the constraints on the ΛCDM+Alens model from Planck TT-

TEEE+lowTEB+BAO (Planck+BAO). We then calculate the IOIs between Planck+BAO and LSS

data sets in the five-parameter space (ΛCDM without ). We show the results in Table 7.12. Com-

pared to the last row in Table 7.9 (also Table 7.13 to be described in the next paragraph), IOIs are

now lowered. But weak to moderate inconsistencies still remain.

Now let us investigate whether Planck (TT, TE and EE) data sets are consistent with the joint

LSS data sets. In Sec. 7.5 we have shown that the current LSS data sets are consistent with each

other, so that we can combine them to jointly constrain cosmological parameters. By combining

all LSS data sets we do not need SN or BBN, but lowTEB is still needed to break degeneracies

and to constrain τ . We combine the five LSS data sets (joint LSS) with lowTEB added to constrain

the six cosmological parameters, and then calculate the IOI between Planck (TT, TE and EE)

and joint LSS (lowTEB). We list the IOIs between Planck and joint LSS (with lowTEB) in Table

7.13. The IOI between Planck TT+lowTEB and joint LSS (with lowTEB) is 3.85, which is in the

high end of moderate inconsistency. The joint LSS (with lowTEB) is more consistent with Planck

TE+lowTEB (IOI=1.58) and EE+lowTEB (IOI=1.13) than with Planck TT. Bu this is probably due

to their weaker constraints. The joint Planck TTTEEE+lowTEB is more inconsistent with the joint
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LSS (IOI=4.81) than TT+lowTEB alone. Taking this 4.81 at face value, we have an inconsistency
at the very high end of the moderate range on Jefferey’s scale.

Alternatively, for the joint LSS, we can fix τ = 0.078 without using lowTEB and include
priors of Ωbh

2 = 0.022 ± 0.002 and ns = 0.9624 ± 0.014 (which can be included in the SZ like-
lihood). In this case, we also include the weighting-the-giant mass bias (Mantz et al., 2015) in the
SZ likelihood. We name this combination as joint LSS (with priors). Without using lowTEB, the
constraints (now in a five-parameter space) from joint LSS become weaker. We then expect the
inconsistencies between Planck and joint LSS (with priors) become smaller. We also list the IOIs
between Planck and joint LSS (with priors) in Table 7.13, and they are indeed so. All the IOIs with
Planck (temperature or polarization) for joint LSS (with priors) are larger than those for joint LSS
(with lowTEB). For example, the IOI between Planck TTTEEE+lowTEB and joint LSS (with pri-
ors) is 2.83, which is a moderate inconsistency on Jeffreys’s scale. So even, without using lowTEB
(but with priors in Ωbh

2 and ns), an moderate inconsistency between Planck TTTEEE+lowTEB
and joint LSS exists.

It is worth to point out that an updated mean value of τ = 0.058 is reported in (Adam, R. et
al., (Planck Collaboration), 2016). We however use the earlier mean value of τ = 0.078 reported
in Ref (Ade, P. A. R. et al., (Planck Collaboration), 2016) for two reasons as follows. First, our
likelihood analysis on the Planck data set is the same as Ref (Ade, P. A. R. et al., (Planck Collab-
oration), 2016), so we use τ = 0.078 to match the constraint obtained from the Planck data set
here. Second, the choice of the τ value would not significantly affect the constraint obtained from
joint LSS (with priors), because it can only affect the likelihood of CMB lens among the five LSS
probes. So, we expect that using τ = 0.058 would only slightly change the results.

Recently, the authors of (Charnock et al., 2017) have investigated the (in)consistency between
Planck and LSS data sets. They worked with two sets of LSS combinations calling one as strong
set and the second as weak set. Mainly, the strong set contained CFHTLenS (with strong prior
on astronomical uncertainties (Heymans et al., 2013)), Planck CMB lensing, SDSS RSD (DR12)
and SZ galaxy cluster counts with the mass bias from Planck CMB lensing (Planck Collaboration
et al., 2016). The weak set contained the same data sets as the strong one but with the most
conservative assumptions in CFHTlens (Heymans et al., 2013) (that is also what we have used in
this analysis) and the weighting-the-giant mass bias (Mantz et al., 2015) instead of Planck lensing.
They used various measures and found, for example, that the tension, i.e. log T , which is equivalent
to our IOI in the Gaussian limit, indicates a strong tension (log T = 7.56) for the strong joint
LSS data set and moderate tension (log T = 2.59) for the LSS weak set. We comments on the
similarities and differences between our work and (Charnock et al., 2017) in three aspects. (1)
Our joint LSS (with priors) data sets combination is similar with their weak joint LSS case. The
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only difference is that we also included WiggleZ in our joint LSS. Our IOI is in this case 2.83

between Planck TTTEEE+lowTEB and joint LSS (with priors), which is more consistent with their

log T = 2.59 result. Our joint LSS (with lowTEB) combination additionally has lowTEB added to

break degeneracies and to constrain τ . Our IOI between Planck TTTEEE+lowTEB and joint LSS

(with lowTEB) lays between their weak and strong results. (2) Our method and steps in this work

are different from (Charnock et al., 2017). Beside testing the (in)consistency between different

groups of data sets, we use an algorithmic procedure to search for outliers among these groups. So

before combining LSS data sets, we first investigate their inconsistency one with another. After

confirming the consistency between all LSS data sets, we then compare the joint LSS to Planck. (3)

Although (Charnock et al., 2017) applied different concordance measures, they seemed to focus

their discussion mainly on the difference vector qunatitity introduced in (Battye et al., 2015). But

when they used the tension (log T ) then our results using the IOI measure are found between their

two cases with their weak-set results being close to ours considering almost the same data sets.

We conclude in this section: (1) There are moderate inconsistencies between the Planck CMB

baseline data sets and LSS data sets (individual or joint). Including lowTEB in joint LSS data

sets to break degeneracies leads to higher inconsistency between Planck and joint LSS data sets.

(2) Planck CMB polarization data sets (TE+lowTEB and EE) are more consistent with LSS data

sets than the temperature (TT) data set, but probably because of their weaker constraints; (3) If

we combine CMB temperature and polarization data sets, the inconsistencies between Planck TT-

TEEE+lowTEB and LSS data sets (individual or joint) become even stronger than the inconsisten-

cies between Planck TT+lowTEB and LSS data sets (individual or joint). (4) So far, we cannot

determine whether Planck CMB observation is an outlier, or the underlying model is problematic,

but only Planck’s constraints are strong enough to reveal it.

7.7 Forecasting the level of tension between Planck and LSST cosmic shear

In this section, we forecast the level of possible inconsistency between Planck and future cosmic

shear observation by the Large Synoptic Survey Telescope (LSST) 2 and the ΛCDM as the un-

derlying cosmological model. We use the Fisher matrix formalism to forecast the constraints that

will be obtained by LSST cosmic shear observations, taking the fiducial cosmological parameters

as the mean values obtained from the current joint LSS (with lowTEB) data sets. We made this

choice of fiducial parameter values because current LSS observations (include cosmic shear) are

2For the scientific goals and technical specifications of the large synoptic survey telescope, please see:
http://www.lsst.org/lsst.
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Table 7.14: Specification of LSST; see http://www.lsst.org/lsst

Specifications fsky σε ngal/arcmin2 z0
3 zmax

Values 0.436 0.26 26 0.5 3.5

found consistent with each other. Then we estimate the inconsistency between Planck and future
LSST cosmic shear by calculating IOI between them. If the best fits of the ΛCDM parameter from
future LSST cosmic shear truly locates at such fiducial values, the inconsistency between Planck
and LSST cosmic shear would become significantly strong.

The Fisher matrix for cosmic shear tomography reads (Hu, 1999)

Fαβ =
∑
`

(`+ 1/2)∆`fskytr[R
−1Cshear

,α R−1Cshear
,β ] (7.4)

whereCshear(`) is the tomographic cosmic shear angular power spectra, andR = Cshear+N . The
element of noise power spectra is Nij = σ2

ε

ni
δij , with σε the rms intrinsic shear and ni is the source-

galaxy number density per steradian in photometric-redshift bin i. We choose 12 logarithmically
separated ` bins centered from ` = 20 to ` = 5000. We divide a range of photometric-redshift
from zph = 0 to zph = 3.5 into five bins, with bin width ∆zph = 0.4 for the first four bins
and 1.6 < zph < 3.5 for the last. The specifications of LSST are listed in Table 7.14. We
do not consider marginalizing over photometric-redsift systematic parameters, or the impact of
intrinsic alignment; see (Krause et al., 2016; Yao et al., 2017; Troxel and Ishak, 2015; Kirk et al.,
2015; Troxel and Ishak, 2014) for discussions on impact of intrinsic alignment. So the estimated
constraints for LSST cosmic shear are based on an ideal situation. If photometric-redshift error and
intrinsic contamination were considered, the estimated constraints for LSST cosmic shear would
be larger (see, for example, (Krause et al., 2016)), and the resulting IOI would be smaller. So our
estimates of IOIs are conservative. After calculating the Fisher matrix, the estimated covariance
matrix of cosmological parameters is obtained as

C = F−1 . (7.5)

We compute the shear power spectra using COSMOSIS (Zuntz et al., 2015). We fix Ωb to
0.0483, since LSST cosmic shear can only poorly constrain it. We then use the covariance matrix
from Eq. (7.5) and take the fiducial model parameters as the mean values in order to calculate
the IOI between Planck and LSST cosmic shear. We do that in the four-dimensional parameter
space: Ωm, σ8, H0 and ns. We find a very high IOI of 17 indicating a very strong inconsistency on
Jeffreys’s scales.
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As we discussed in Sec. 7.6, there is currently an inconsistency on the high-moderate end on

Jeffreys’s scales between Planck and joint LSS data sets with IOI=4.81. We find here that if the

best fit cosmological parameters from LSST cosmic shear are those obtained from the current LSS

data sets, then there would be a very strong inconsistency between Planck and LSST cosmic shear

with an IOI=17.

7.8 Summary of this chapter

We proposed and used a systematic procedure employing the two- and multiexperiment IOI in

order to investigate (in-)consistencies between various data sets of Planck, Large-Scale Structure

and the Hubble parameter measurements. The algorithmic method can delineate the cause of the

inconsistencies in some cases. We applied the tests within and across the three groups of data

sets. The detailed results, discussions and implications are provided in the sections above while

we provide here a short summary.

1. We compared the constraints on H0 from five different methods. We found a significant

drop of the multiexperiment IOI when removing the local measurement of H0. This pro-

vides some indication that the local measurement of H0 is an outliers. More explicitly, the

multiexperiment IOI drops from 2.85 for all five constraints to 0.88 when the local measure-

ment of H0 is removed . Thus the tension in H0 between Planck and the local measurement

of H0 is likely due to systematics in the local measurement. We however note that this is a

moderate indication and that more precise future constraints onH0 should be able to confirm

if this is the indeed the case.

2. We found a moderate inconsistency (IOI=2.61) between the temperature (TT) and the po-

larization (EE) data sets within Planck that needs to be resolved. This is in agreement with

(Shafieloo and Hazra, 2017) which found a mild amplitude difference comparing tempera-

ture and polarization data.

3. We found that the current LSS data sets, such as WiggleZ power spectrum, SDSS redshift

space distortion, CFHTLenS weak lensing, CMB lensing and cluster count from Sunyaev-

Zel’dovich effect are consistent one with another and also when all combined together. This

means we can safely use them to jointly constrain cosmological parameters and rely on their

joint results.
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4. When the full parameter space in the ΛCDM model is considered, there are moderate in-
consistencies between Planck TT+lowTEB and LSS individual or joint data sets, with IOIs
ranging from 2.92 to 3.72. Planck polarization data sets (TE+lowTEB and EE+lowTEB)
have smaller inconsistencies with LSS data sets than the TT+lowTEB, because they have
weaker constraining powers. Planck joint TTTEEE+lowTEB and individual LSS data sets
have IOIs ranging from 3.44 to 4.20. We found IOI=4.81 between Planck TTTEEE+lowTEB
and joint LSS (+lowTEB), which is an inconsistency on the high end of the moderate range
(on Jeffreys’s scales) and must be resolved with future precise data sets. If priors on Ωm

and ns are used with τ fixed to 0.078 instead of adding lowTEB , the inconsistency between
Planck TTTEEE+lowTEB and joint LSS becomes smaller although it persists with an IOI of
2.83.

5. We finished the analysis with a forecast study on how LSST cosmic shear measurement
will be able to constrain the degree of possible inconsistencies between large-scale structure
(LSS) and Planck. We found that if the best fit of LSST cosmic shear is similar to that of the
current joint LSS (+lowTEB) data sets, we would have a very strong inconsistency (IOI=17)
between LSST and Planck. Future LSS surveys such as LSST will provide us with highly
decisive answers on the level of (dis)concordance between Planck and LSS. Also, future
CMB experiments, e.g. (Challinor, A et al. (the CORE Collaboration), 2017; Wu et al.,
2014; Kogut et al., 2011), will provide more constraining powers and will have a say into
this as well.

Some of these inconsistencies seems to persist. They can be due to systematic effects in the
data or to the underlying model. One way or the other, they need to be resolved as we keep moving
toward precise and accurate cosmology.
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CHAPTER 8

ULTRA FAINT DWARF GALAXIES: AN ARENA FOR TESTING DARK MATTER

VERSUS MODIFIED GRAVITY

The work contained in Chapter 8 originally appears as “Ultra faint dwarf galaxies: an arena for
testing dark matter versus modified gravity,” Weikang Lin and Mustapha Ishak, Journal of Cosmol-
ogy and Astroparticle Physics, vol. 10, p. 025, Oct. 2016. c© SISSA Medialab Srl. Reproduced
with permission. All rights reserved. DOI: 10.1088/1475-7516/2016/10/025. Mustapha Ishak sug-
gested to find a new test of modified gravity versus dark matter scenarios. Weikang Lin proposed
to use dynamical and photometrical properties of ultra-faint dwarf to perform such a test. Weikang
Lin collect all data from the literature. All work and writing was done by Lin in collaboration with
Ishak.

The scenario consistent with a wealth of observations for the missing mass problem is that of
weakly interacting dark matter particles. However, arguments or proposals for a Newtonian or
relativistic modified gravity scenario continue to be made. A distinguishing characteristic between
the two scenarios is that dark matter particles can produce a gravitational effect, in principle, with-
out the need of baryons while this is not the case for the modified gravity scenario where such an
effect must be correlated with the amount of baryonic matter. We consider here ultra-faint dwarf
(UFD) galaxies as a promising arena to test the two scenarios based on the above assertion. We
compare the correlation of the luminosity with the velocity dispersion between samples of UFD
and non-UFD galaxies, finding a significant loss of correlation for the UFD galaxies. For example,
we find for 28 non-UFD galaxies a strong correlation coefficient of−0.688 which drops to−0.077

for the 23 UFD galaxies. Incoming and future data will determine whether the observed stochas-
ticity for UFD galaxies is physical or due to systematics in the data. Such a loss of correlation (if
it is to persist) is possible and consistent with the dark matter scenario for UFD galaxies but would
constitute a new challenge for the modified gravity scenario.

8.1 Introduction

Very early, observations of clusters of galaxies and galaxies seemed to infer a dynamical mass
much larger than the observed luminous mass. The evidence from observations for such a mis-
match only continued to grow over the decades leading to the well established problem of dark
matter, see for example a partial list of reviews (Primack, 1997; Strigari, 2013; Porter et al., 2011;
Feng, 2010).
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The presence of weakly interacting dark matter particles has been so far a consistent scenario to

explain various observations. These include the galactic velocity dispersions in clusters (Zwicky,

1933; Smith, 1936), the flat rotation curves in spiral galaxies (Zhytnikov and Nester, 1994), the

gravitational lensing observations (Van Waerbeke et al., 2013; Planck Coll. et al., 2015), the cosmic

microwave background anisotropy profile (Ade, P. A. R. et al., (Planck Collaboration), 2016), the

small fraction of the baryonic matters inferred from primordial deuterium abundance after big bang

nuclear synthesis (Kirkman et al., 2003), the bottom-up cosmological structure formation scenario

(Primack, 2015), the lensing and X-ray images separation in the bullet cluster (Clowe et al., 2006),

and (assuming at least some of the dark matter are WIMP particles) the excess of γ-ray radiation

from the Galactic center and Reticulum II (Daylan et al., 2014; Geringer-Sameth et al., 2015;

Hooper and Linden, 2015). There is also a weak signal of γ-ray excess from the direction of

Tucana III which may have a dark matter annihilation origin (Li et al., 2016).

Problems associated with the dark matter scenario such as the missing satellites and the ‘too-

big-to-fail’ problem have been attributed in the literature with the need of a better understanding

of the dynamics of the dark matter and baryonic matter at dwarf galaxy scales (Primack, 2015;

Simon and Geha, 2007; Bullock et al., 2000; Boylan-Kolchin et al., 2011; Chan et al., 2015).

Similarly, problems with density profile cusps at the center of spiral galaxies have been associated

with limitations in numerical simulations (de Blok, 2010).

On the other hand, it was put forward that the missing mass problem could be an indication

of modified gravity1 (Famaey and McGaugh, 2012; Milgrom, 1983; Bekenstein, 2004; Moffat,

2006). In such a scenario, either the gravitational force or the law of dynamics is modified so

that, for example, the rotation curves appear to be flat at large radii. Although strong constraints

and criticism have been put over the years against modified gravity scenarios for the missing mass

problem, renewed arguments and proposals continue to appear in the scientific literature (Famaey

and McGaugh, 2012). In addition, recently the mimetic gravity approach that was first studied in

(Chamseddine and Mukhanov, 2013) is able to explain the flat rotation curves (Myrzakulov et al.,

2015).

In order to test the dark matter particle scenario, a plethora of experiments have been de-

signed and operating over the years in order to detect such particles if they are to weakly interact

with baryonic matter (Feng, 2010; Halkiadakis et al., 2014; Barreto et al., 2012). Although good

progress has been made in narrowing the dark matter parameter space, no detection have been

made so far. Furthermore, it is possible that, besides gravitational interaction, dark matter particles

1Here we use modified gravity to refer to gravity theories proposed toward the dark matter problem.
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are self-interacting and that has been also probed indirectly by studying any resulting radiation
(Porter et al., 2011; Daylan et al., 2014; Geringer-Sameth et al., 2015; Hooper and Linden, 2015).

Another approach to the question is to examine the dark matter as a source of gravity which can,
in principle, be segregated from baryonic matter, leading to gravitational effect without baryonic
matter. This is in contrast with the modified gravity scenario which require a consistent presence
of baryonic matter in order to exhibit gravitational phenomena. The bullet cluster result belongs to
this type (Clowe et al., 2006), in which two clusters collided and the dark matter are ahead of the
hot gas, leading to a separation of the lensing and X-ray image. The bullet cluster is then thought
to be a strong evidence for the existence of the dark matter. However, the velocities of the colliding
clusters have been questioned in the bullet cluster system as being too fast by (Lee and Komatsu,
2010; Mastropietro and Burkert, 2008).

In this paper, we propose a test of the second type above. We show that the ultra-faint dwarf
(UFD) galaxies can provide a stringent test and evidence for dark matter instead of a modification
to gravity. This could be in part motivated by the peculiar chemical and star formation history of
UFD galaxies (Brown et al., 2014a,b). For examples, according to (Bullock et al., 2000; Brown
et al., 2014a,b) the star formation in the ‘fossil’ dwarf galaxies are ‘quenched’ by reionization via
suppressing the gas accretion or even ‘boiling out’ the gas, making those ‘fossil’ dwarf galaxies
ultra-faint. Such a small scale could be the new laboratory for testing our understanding of dark
matter and models of stars formation (Strigari and the others, 2008). Using the currently avail-
able data, we find that the gravitational dynamics in UFD galaxies appear to be independent of
the amount of baryonic matter compared to the non-ultra-faint dwarf galaxies, which would be
consistent with rather the dark matter scenario.

8.2 Possible difference between the dark matter and modified gravity scenarios in UFDs

In the dark matter scenario, it has been shown in (Strigari and the others, 2008; Geha et al., 2009)
from a maximum likelihood analysis that the dwarf galaxies they analyzed roughly share a common
dynamical mass within 0.3 kpc ofM0.3kpc ∼ 107M� despite the fact that their luminosity spans five
orders of magnitude. Similarly, according to (Wolf et al., 2010), most of the dwarf galaxies might
have the same total mass of 3×109M� and the less luminous dwarf galaxies do not necessarily have
less total masses. Also, it was stressed in (Sawala et al., 2015; Wheeler et al., 2015; Brown et al.,
2014a) that baryon physics is important for halo and galaxy formation at the scale of dwarf galaxies
and below. For example, the high-resolution simulation with consideration of the reionization
suppression and supernova feedback show that the method of abundance matching needs to be
corrected for low-mass haloes (∼ 3 × 109M�) because only a fraction of low-mass haloes host
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galaxies (Sawala et al., 2015), and the fraction decreases with the halo mass. From their Fig. 4,
we can see that the stellar masses are more scattered for the low-mass haloes. In the simulations of
(Wheeler et al., 2015), the very low-mass haloes show scattered stellar amounts, but as they state,
it is not sure if such a stochasticity is physical or due to the poor resolution in the simulations of
those small systems. Not all simulations reveal stochastic baryonic amount in dwarf galaxies. For
example, the simulation in (Oman et al., 2016) found that the baryonic mass correlates strongly
with the maximum circular velocity for dwarf galaxies, although the resolved systems are not as
small as UFDs. Nonetheless, from the above, it is at least possible in the dark matter scenario that
a loss of correlation between the stellar mass (which can be inferred from the luminosity) and the
total dynamical mass for the small mass halos can occur for the low-mass haloes and we explore
this here using currently available UFD galaxy data.

On the other hand, modified gravity scenario will have a clear prediction where the luminosity
is well-correlated to the total mass. Indeed, in this scenario, the amount of baryonic matter is
responsible for both the total mass and the luminosity. Moreover, UFD galaxies are poor in gas
as we discussed above (Strigari, 2013; Brown et al., 2014a) which makes the link between the
luminosity and the baryonic mass stronger.

This leads us to consider what quantity can be a reliable and model-independent tracer of
the total mass. We first recall some of the basic observed (intrinsic) quantities of dwarf galaxies
consisting of the luminosity L or the (absolute) magnitude M (calculated from distance modulus
and apparent magnitude) , the (2D projected) half-light radius rh, the ellipticity ε, the luminosity
weighted stellar velocity dispersion σv and the metallicity [F/H] (McConnachie, 2012). Some
other quantities can be constructed from these basic quantities. For example, in Newtonian grav-
ity, it has been shown that the dynamical mass within the 3D unprojected half-light radius r1/2 can
be simply calculated from σv and rh by M1/2(≤ r1/2) = 930 × rh

1pc
× σ2

v

km2/s2
(Wolf et al., 2010).

This M1/2 is widely used since it doesn’t depend on the dispersion anisotropy for a wide range of
models. And it has been shown in (McConnachie, 2012) that M1/2 for all dwarf galaxies demon-
strate a good power law relation with their luminosity L. However, M1/2 doesn’t tell us the total
mass since we don’t know the extent of the dark matter halo (Strigari, 2013). Also, we want to
use a model independent quantity to be the total mass tracer. We choose to use the stellar velocity
dispersion. In a system with only baryonic matter the stellar velocity dispersion and the total mass
should be positively correlated whether in Newtonian gravity or in modified gravity. This logic is
not strictly right if dark matter is present, since it has been shown that most dwarf galaxies might
share the same total mass while their velocity dispersions are different (Wolf et al., 2010). Even for
systems only with baryonic matter, other factors like the concentration and dispersion anisotropy
also affect the velocity dispersion. However, baryonic-matter-only systems with larger total masses
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Table 8.1: Table of properties and references of the ultra-faint dwarf
galaxies used in this work.

names MV σv (km/s) rh (pc)

Segue − 1.5 ± 0.8 3.9 +0.8
−0.8 29+8

−8

1

Ursa Major II − 4.2 ± 0.6 6.7 +1.4
−1.4 149+21

−21

Bootes II − 2.7 ± 0.9 10.5 +7.4
−7.4 51+17

−17

Segue II − 2.5 ± 0.3 3.4 +2.5
−2.1 35+3

−3

Willman I − 2.7 ± 0.8 4.3 +2.3
−1.3 25+6

−6

Coma Berenices − 4.1 ± 0.5 4.6 +0.8
−0.8 77+10

−10

Bootes III − 5.8 ± 0.5 14 +3.2
−3 —–

Bootes − 6.3 ± 0.2 2.4 +0.9
−0.5 242+21

−21

Ursa Major − 5.5 ± 0.3 7.6 +1
−1 319+50

−50

Herules − 6.6 ± 0.4 3.7 +0.9
−0.9 330+75

−75

Leo IV − 5.8 ± 0.4 3.3 +1.7
−1.7 206+37

−37

Canes Venatici II − 4.9 ± 0.5 4.6 +1
−1 74+14

−14

Leo V − 5.2 ± 0.4 3.7 +2.3
−1.4 135+32

−32

Andromeda XII − 6.4 ± 1.2 2.6 +5.1
−2.6 304+66

−66

Andromeda X − 7.6 ± 1 3.9 +1.2
−1.2 265+33

−33

Andromeda XIII − 6.7 ± 1.3 9.7 +8.9
−4.5 207+23

−44

Pisces II − 5.0 ± 0.5 5.4 +3.6
−2.4 58+7

−7
2

Reticulum II − 3.6 ± 0.1 3.3 +0.7
−0.7 55+5

−5
3

Horologium I − 3.4 ± 0.1 4.9 +2.8
−0.9 30+4.4

−3.3
4

Triagullum II − 1.8 ± 0.5 5.1 +4
−1.4 34+9

−8
5

Tucana II − 3.8 ± 0.1 8.6 +4.4
−2.7 165+28

−19 6

Grus I − 3.4 ± 0.3 2.9 +6.9
−2.1 62+30

−14

Draco II − 2.9 ± 0.8 2.9 +2.1
−2.1 19+8

−6
7

1 (McConnachie, 2012)
2 (Kirby et al., 2015; McConnachie, 2012)
3 (Simon et al., 2015)
4 (Koposov et al., 2015)
5 (Kirby et al., 2015; Laevens et al., 2015a)
6 (Walker et al., 2015)
7 (Martin et al., 2015; Laevens et al., 2015b)
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Figure 8.1: Stellar velocity dispersion (in logarithmic scale) vs. magnitude for non-UFD galaxies
on the left and UFD galaxies on the right. LEFT: A negative correlation is found for the 28
available non-ultra-faint dwarf galaxies with a correlation coefficient of −0.684 (for log10(σv)).
RIGHT: The correlation between the stellar velocity dispersion and magnitude is lost for the 23
available UFD galaxies with a correlation coefficient dropping to −0.015 (for log10(σv)). The
results are summarized in table 8.2 and table 8.3.

should be more likely to have larger velocity dispersion. In other words in baryonic-matter-only

systems, total masses and the velocity dispersions should be positively correlated, no matter in

which gravity model.

It follows that in the dark matter scenario, it is not unexpected to see for UFD galaxies a pos-

sible loss of correlation between the stellar velocity dispersion and the luminosity (or magnitude).

However, in the modified gravity scenario the stellar velocity dispersion must be correlated with

the luminosity (or magnitude).

8.3 Results - loss of correlation for UFD

We analyzed the stellar velocity dispersion versus the magnitude for 28 (non-ultra-faint) dwarf

galaxies as summarized in (McConnachie, 2012) (see references therein) and compared the results

to those of 23 UFD galaxies as available in current published data (McConnachie, 2012; Kirby

et al., 2015; Simon et al., 2015; Kirby et al., 2015; Martin et al., 2015; Walker et al., 2015; Ko-

posov et al., 2015). In order to search for the loss of correlation mentioned above (if it exists),

it is important to filter out the bright dwarf galaxies since such a loss of correlation should be

present only at small enough systems. Our selection rule for UFD galaxies is MV > −8 which is
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roughly the definition used in the literature. We use −16 < MV < −8 for the non-UFD galaxies
so the magnitude range is of the same width as the one for the available UFD galaxies. Among
our 23 selected UFD galaxies are Segue I, Ursa Major II, Bootes II, Segue II, Willman I, Coma
Berenices, Bootes III, Bootes, Ursa Major, Herules, Leo IV, Canes Venatici II, Leo V, Andromeda
X, Andromeda XII and Andromeda XIII from (McConnachie, 2012), Pisces II from (Kirby et al.,
2015), Reticulum II from (Simon et al., 2015), Horologium I from (Koposov et al., 2015), Trian-
gulum II from (Kirby et al., 2015), Draco II from (Martin et al., 2015), and Tucana II and Grus
I from (Walker et al., 2015). The properties of those UFD galaxies are summarized in table 8.1.
Thus we included all UFDs for which spectroscopy is available, but the luminosity cut MV > −8

filters out the two brightest UFDs, namely, Canes Venatici I and Leo T. This is reasonable, because
we expect the loss of correlation to occur only for faint and small galaxy systems where stochastic
processes like the supernova explosion and the reionization quenching become important.

The results of our analysis using the stellar velocity dispersion are summarized in Fig.8.1, table
8.2 and table 8.3. In Fig.8.1, we plot the stellar velocity dispersion versus magnitude for the non-
ultra-faint galaxies on the left and UFD galaxies on the right. We can see a negative correlation
for the non-ultra-faint galaxies, which is expected for larger galaxies in both Newtonian dynamics
and modified gravity. But on the right of the figure, we find that such correlation is lost for the 23

UFD galaxies. This is quantitatively confirmed in table 8.3 in terms of the correlation coefficients
between the magnitude MV and the stellar velocity dispersion σv or its logarithm.

We recall here that the magnitude and luminosity in V-band are related by

MV = −2.5 log10(L/L�) + 4.83 . (8.1)

So a linear relation between MV and σv means σv ∝ log10(L) up to an additional constant, while
a linear relation between MV and log10(σv) means a power law σv ∝ Lp with a constant p. To
quantify the correlations, we use the standard definition of the correlation coefficient ρcorr = σxy

σxσy

of quantities x and y, where σx and σy are the standard deviations of x and y, respectively, and σxy
is their covariance.

In order to analyze the dependence of the correlation coefficients on the luminosity cuts, we
gradually lower the cuts in table 8.2 and see how the coefficients change. We find that lower
luminosity cuts give smaller correlation coefficients. In particular, at the MV ∼ −8 there is a
significant drop (loss) in the correlation. This is also the rough cut used in the literature for UFDs
(Brown et al., 2014b; Martin et al., 2008). Next, comparing the correlation coefficients for the 28

non-UFD galaxies and the 23 UFD galaxies in table 8.3, we find that it drops from−0.69 and−0.68

for the non-UFD galaxies (for the linear and logarithmic proportionality respectively) to −0.077
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MV (>) Ngal.
Correlation coefficient

MV vs. σv MV vs. log10(σv)

−16 51 −0.70 −0.70

−14 47 −0.57 −0.60

−12 41 −0.53 −0.55

−10 35 −0.46 −0.48

−9 29 −0.27 −0.28

−8 23 −0.077 −0.015

−7 22 −0.13 −0.055

−6 18 −0.29 −0.27

−5 13 −0.10 −0.14

−4 10 −0.12 −0.069

Table 8.2: In order to find the magnitude location where a significant drop of correlation occurs,
we compute the correlation coefficients for the MV vs. σv and MV vs. log10(σv) for all 51 dwarf
galaxies with available spectroscopy (including non-UFD and UFD galaxies) with decreasing lu-
minosity cuts. The correlation coefficients for lower luminosity cuts are smaller compared to the
ones with higher luminosity cuts. A significant loss of correlation shows up when we have a magni-
tude cut∼ −8, which is also the rough cut for UFD definition in the literature (Brown et al., 2014b;
Martin et al., 2008). After this point, all correlation coefficients, such as those of the last five rows,
are very small. We therefore find that the loss of correlation roughly happens at MV ∼ −8. We
comment in the text on the temporary rise of the correlation coefficient at MV,cut = −6. The con-
trast between the correlation coefficient for the non-UFDs and UFDs is shown in table 8.3 further
below.

Category Ngal.
Correlation coefficient

MV vs. σv MV vs. log10(σv)

non-UFD galaxies 28 −0.69 −0.68

UFD galaxies 23 −0.077 −0.015

Table 8.3: Comparison of the correlation coefficients for the 28 non-UFD galaxies and the 23 UFD
galaxies. The coefficient drops from −0.69/−0.68 for the non-UFD galaxies to −0.077/0.015 for
the UFD galaxies. This loss of correlation between MV and σv appears to indicate uncorrelated
amounts of the baryonic matter and the total mass of the UFD galaxies. This loss of correlation
(if it persists in incoming and future data) is consistent and not unexpected within the dark matter
scenario in UFD galaxies but would be inconsistent with the modified gravity scenario.
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and −0.015 for the UFD galaxies. This loss of correlation between the luminosity L� (related to
the baryonic matter) and σv (related to the total dynamical mass) in the UFD galaxies seems to
indicate stochasticity in the amounts of baryonic matter within the UFD galaxies compared to their
total masses, which is not consistent with modified gravity scenarios but consistent with the dark
matter scenario. Finally, the correlation coefficients rises temporarily at MV,cut = −6, but this is
because such a magnitude cut happens to take out some UFD galaxies at the lower-left corner and
makes the data somehow less scattered. However, we can see that the correlation coefficients drop
again.

It worth verifying that this loss of correlation is not due to the large uncertainties associated
with the UFDs data. To do so, we calculate the probability distribution P (ρcorr) using Monte-Carlo
simulations. We associate each data point with an uncorrelated Gaussian distribution Pi(MV,i, σv,i)

where MV,i and σv,i are treated as parameters with mean values given by the data point and the
deviation given by its uncertainty. For each realization, each parameter value is picked randomly
from a range of 4σ around the mean. The total probability distribution function is then given by
P (MV, σv) =

∏
Pi(MV,i, σv,i). We use the Monte-Carlo Markov-Chain software COSMOMC

(Lewis and Bridle, 2002) as a generic sampler and treat ρcorr as a derived parameter to calculate
P (ρcorr). The resulting mean value and 1σ uncertainty for ρcorr are −0.05 ± 0.17 (or −0.22 ≤
ρcorr ≤ 0.12). This result is consistent with the −0.077 calculated above directly from the data
without taking into account the uncertainties. The correlation coefficient is thus again found to be
small (and consistent with 0), indicating that the loss of correlation is likely not due to the large
uncertainties associated with the data.

It is worth contrasting our result for dwarf galaxies with those of globular clusters which are
considered to be dominated by stars, so their luminosity and stellar velocity dispersion should be
correlated no matter how low the luminosity cut is. we plot in Fig.8.2 the stellar velocity dispersion
versus the magnitude of 62 globular clusters obtained from 2. The range of magnitude in Fig.8.2 is
roughly from −11 to −3. This magnitude range corresponds to that of some small non-ultra-faint
dwarf galaxies and some large ultra-faint dwarf galaxies. Throughout this magnitude range, σv and
MV stay correlated very well for globular clusters. We can also see from table 8.4 that the sudden
drop of correlation coefficients does not occur in the globular clusters, and instead they remain
well correlated regardless of the decrease of the magnitude cut.

In view of our results, it is worth addressing the claims of (McGaugh and Wolf, 2010) that tidal
effects are the cause of deviations from MOND expectations in the Baryonic Tully-Fisher Relation
(BTFR) for low mass dwarf galaxies. (McGaugh and Wolf, 2010) uses for MOND the relation

2See http:physwww.physics.mcmaster.ca/ harris/mwgc.dat.
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Figure 8.2: Stellar velocity dispersion (in logarithmic scale) vs. the magnitude for 62 globular
clusters obtained from http:physwww.physics.mcmaster.ca/ harris/mwgc.dat

MV (>) Nglob.
Correlation coefficient

MV vs. σv MV vs. log10(σv)

all 62 −0.78 −0.86

−9 52 −0.76 −0.83

−8 38 −0.74 −0.80

−7.5 30 −0.69 −0.76

−7 16 −0.57 −0.64

−6.5 10 −0.65 −0.66

Table 8.4: Correlation coefficients for the MV vs. σv and MV vs. log10(σv) for globular clusters.
We can see that the velocity dispersion and the luminosity keep correlated well regardless of the
magnitude cut. This feature is clearly in contrast with the ultra-faint dwarf galaxies.

Mb = AV 4
c , where Mb is total baryonic mass, Vc is the circular velocity and A is a constant.

They find that the faint end of the BTFR is observed to deviate significantly from the prediction
of MOND, as shown in their Fig. 1. It is then claimed there that those deviations are not random.
To try to show that, they first define a quantity called the residual as Fb = Mb/(AV

4
c ). So Fb = 1

means the observation of Mb matches the prediction of MOND, but if Fb is greater or smaller than
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1 then the observation deviates from MOND’s prediction. This Fb is found significantly different

from 1 for low-mass dwarf galaxies, but is found to be "correlated" with some other quantities that

are qualitatively related to how severely the dwarf galaxies experience tidal disruption from their

hosts. Those correlations are then claimed to suggest: "fainter, more elliptical, and tidally more

susceptible dwarfs deviate farther from the BTFR", disfavoring stochastic processes and in favor

of tidal disruption.

We don’t agree with the analysis and conclusion in (McGaugh and Wolf, 2010) for two reasons

as follows. First, some quantities they used are automatically correlated with Fb by construction,

and consequently the corresponding correlations can’t be used as evidences for the presence of

tidal effects (or evidences for anything) as we explain. Indeed, their definition of Fb is directly

related to Mb. For gas poor dwarf galaxies Mb = ΥV
∗ L where ΥV

∗ is the mass-to-light ratio, so

lnFb = lnL + ln( ΥV∗
AV 4 ) is by construction correlated with lnL. When AV 4 is proportional to

L, the linear dependence of lnFb on lnL will be canceled out. For UFDs, the AV 4 is no longer

proportional to L 3. The dependence of lnFb on lnL is not canceled out by lnAV 4 especially for

UFDs. Therefore, if we plot lnFb vs lnL we will find a very strong correlation, as shown in the

upper left panel of their Fig. 2.

And since the luminosity is usually correlated with the effective radius Re, Fb is consequently

also correlated with it as well by construction (shown in the upper right panel of their Fig. 2). Also,

the definition of the susceptibility to tidal influences FT,D ≡ M
m

(
r
D

)3
= r3

GAV 2D2
1
Fb

is inversely

related to Fb. It is then not surprising that lnFb and lnFT,D are anti-correlated with each other

(shown in the lower right panel of their Fig. 3). These explain some of the correlations found

in (McGaugh and Wolf, 2010) without involving tidal effects, such as lnFb with lnL, lnRe and

lnFT,D.

Second, the elipticity and Fb are not expected to be correlated with each other, but they are

found to be correlated in (McGaugh and Wolf, 2010). However this correlation shown in (Mc-

Gaugh and Wolf, 2010) is not very strong in comparison to the other ones, and in fact does not

hold for the 23 UFDs as shown in our Fig. 8.3. To calculate Fb, we however use a constant stellar

mass to light ratio ΥV
∗ = 1.5, but the change of correlation caused by the uncertainty of ΥV

∗ is min-

imized in a logarithmic scale lnFb. Since the conclusion in (McGaugh and Wolf, 2010) is mainly

based on the above correlations, we argue that their analysis and interpretation are incorrect. For

more details, see Appendix F.

3One may found that the regression slop is approximately unity when treating L as y and AV 4 as x, as what is
found in (McGaugh and Wolf, 2010). But treating AV 4 as y and L as x makes regression slope significantly different
from unity due to to the small correlation between L and AV 4 for the faint end of dwarf galaxies.

173



0.0 0.2 0.4 0.6 0.8 1.0
10-4

10-3

10-2

10-1

100

101

F b

ellipticity

Figure 8.3: Plot of the BTFR residual parameter Fb and the ellipticity ε. The correlation found in
(McGaugh and Wolf, 2010) is lost for the 23 UFDs listed in table 8.1.

8.4 Summary of this chapter

The results found here indicate a loss of the correlation between magnitude/luminosity of UFD

galaxies and their stellar velocity dispersion compared to the non-UFD galaxies. We verified that

the results are not due to large uncertainties using Monte-Carlo simulations. Incoming and fu-

ture UFD galaxy data and higher resolution simulations will be able to determine whether this is

physical or simply due to systematics in the data and limitations in the resolution of simulations.

However, if these results persist with more data, this will be a new challenge for the modified

gravity scenario to address the dark matter question and will constitute a new test for this problem.

In this work we only have 23 available UFD galaxies so one should monitor how these results

will evolve as more future UFD galaxy data becomes available and explore if any systematics in

the data or bias can alter the interpretation of these results. One needs to be cautious about any

bias associated with structural and kinematic properties obtained from observations. For example,

the low surface brightness makes UFD galaxies hard to be distinguished from the foreground and
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gives incorrect estimation of the structural properties, but the consistent results yielded by different
groups could be comforting for now (Walker, 2013). The bias on the velocity dispersion can be
caused by the rotation, binary stars and external tidal field, all of which can ‘inflate’ the velocity
dispersion (Walker, 2013). However, only two of our selected UFD galaxies are potentially suf-
fering tidal disruption (i.e.,Bootes III and Hercules, see (Sand et al., 2009; Carlin et al., 2009)),
and most of the dwarfs systems are pressure supported rather than rotation (Walker, 2013). The
bias from binary stars can be significant for UFD galaxies since it is of the same order of magni-
tude with UFD galaxies’ velocity dispersion. One more possible concern is that whether this loss
of correlation is caused by observational selection bias. For example, as pointed out in (Bullock
et al., 2010), the inferred common mass M0.3kpc of dwarf galaxies is possibly due to the fact halos
with smaller M0.3kpc have surface brightness too faint to be detected. However, such a selection
bias is unlikely to be responsible for the loss of correlation found here as we explain. Indeed, if
the loss of correlation is due to such a selection bias, one would require that on the right panel
of Fig. 8.1 some luminous UFDs with larger velocity dispersions have evaded detection. This is
not likely, because as shown in the right panel of Fig. 2 in (Bullock et al., 2010), more luminous
galaxies have larger velocity dispersion detection limit. So if some luminous UFDs with larger ve-
locity dispersion truly exist, they should have been detected and present in the top-left of the right
panel of our Fig. 8.1. Finally, it is worth noting that about a dozen of UFD candidates are found
but are still waiting for spectroscopically confirmed and analyzed (DES Collaboration et al., 2015;
Koposov et al., 2015; Kim et al., 2015; Laevens et al., 2015b; Kim and Jerjen, 2015), and one is
even found outside the local group (Jang and Lee, 2014). So, fortunately for the test performed
here, more UFD galaxies are expected to be found in ongoing and future surveys and will allow us
to investigate further this finding.
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CHAPTER 9

A SUMMARY AND CONCLUDING REMARKS

This dissertation aims to study and extend some of the current tests and to propose new tests of

cosmological models of modified gravity theories versus the dark sector. In the near future, we

will enter the era of precision cosmology, and will provided a plethora of precise data. The work

done in this dissertation is therefore timely, and provides some new avenues and tools to further

test of cosmological models.

The first part of this dissertation focused on extending current tests using tensor-mode pertur-

bations. Unlike scalar-mode perturbations that are related to density inhomogeneity and easier to

be detected, tensor-mode perturbations (or primordial gravitation waves) are more difficult to ob-

serve. But they are expected to provide powerful probes for the early unverse and gravity theories.

They are naturally produced during the era of early-time inflation, and their amplitude is directly

related to the energy scale of inflation. They gave a special polarization pattern called B-mode in

CMB, which can not be produced by scalar-mode perturbations without any secondary effects.

Chapter 3 studied the parameterization of the PGW propagation in MG. In mG theories, PGWs

can propagate differently from the standard case, which will change the power spectrum of the

CMB B-mode polarization. We have proposed four parametrization schemes on the modified wave

propagation equation corresponding to different MG effects including a modified friction, nonstan-

dard speed, graviton mass, and small-scale dispersion-relation deviation. We also investigated the

observational impacts on the CMB B-mode polarization. So far, the primordial CMB B-mode

polarization have not been detected yet. Obstacles include the contamination from foregrounds

and CMB lensing. To estimate the future CMB constraints on the MG tensor-mode parameters,

it is important to take into account the foreground subtraction and calculate the foreground resid-

ual contamination. For future CMB experiments (e.g., PIXIE, COrE and Stage-IV), We applied

the Fisher-matrix formalism with an elaborate foreground-subtraction method, to forecast the de-

tectability of those MG properties.

Chapter 4 focused on the impacts from our MG tensor-mode parameterization on the primordial

gravitational waves during inflation. During inflation, the background is treated classically, while

perturbations including tensor modes are treated as quantum fluctuations. The spectrum of PGWs

serves as the initial condition for their later-time evolutions are taken to be that at the end of the

inflation when relevant modes exit the horizon. By studying PGWs during inflation with the above

parameterized propagation equation, we found that the standard inflation consistency relation is

modified in MG. More explicitly, we found that beside being related to the tensor-to-scalar ratio,
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the tensor spectral index nT is also related to the MG friction parameter. Based on the forecast

method described in Chapter 3, we found that in some situations we will be able the distinguish

between the usual and the MG inflation consistency relations with near-future CMB experiments.

This thus constitutes a new test of modified gravity theories.

Future work can be done to extend to the framework developed in this dissertation. For exam-

ple, some modified gravity theories, like the bi-metric massive gravity, lead to additional source

term to the PGWs propagation equation. This dissertation has ignored such a possibility. It will

be interesting to investigate the parameterization of such a source term. For another example,

modified gravity theories theories, like the Horndeski theories, have correlated MG scalar- and

tensor-mode parameters. It is therefore important to study MG in both scalar- and tensor-mode

perturbations.

The second part of this dissertation focused on the consistency tests. This is different from

the type of tests discussed in the first part, which assume all data considered are correct. Given

a number of different observations, our proposed procedure of consistency test are able to find

observational outliers or the breakdown of the underlying model. Consistency tests will be com-

plementary to other tests of cosmological models. Some inconsistencies among cosmological ob-

servations have been reported in the literature. In the near future, we will be in the era of precision

cosmology. This will allow us to observe new phenomena such as the B-mode CMB polarization.

This is also a challenge, because precision (small error bars) alone is not good, we also need ac-

curacy (obtaining true values). Developing tools to properly check consistency between different

cosmological observations is a timely task.

Chapters 5 and 6 discussed the development of the index of inconsistency (IOI). Quantifying

cosmological inconsistencies is an important step to identify their causes. Motivated from the ∆χ2

and some logical reasonings, we have developed a moment-based quantity - IOI. It is supposed

to describe inconsistencies of two or multiple experiments that give nearly Gaussian constraints,

which is usually the case for cosmological constraints. It is sensitive to the parameter mean separa-

tion, the volume and the orientation of the two constraints. IOI is different from the pure ∆χ2 since

it takes to first and the second moments (parameter means and covariance matrices) of the resultant

constraints, which may not be Gaussian. It will account for the shifts of means and changes of co-

variance matrices due to any mild non-Gaussianity of the constraints. During the introduction and

the development of IOI and the comparison to other inconsistency measures in the literature, we

also explained the purpose of inconsistency tests and the criteria of a proper inconsistency measure.

These standards for (in)consistency measures between different cosmological constraints have re-

mained vague in the literature. In addition, we extensively investigate other properties of IOI, such
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as its capability of describing the loss of information on inconsistency after parameter marginal-
ization, the eigenmodes decomposition, and the associated two singled-parameter inconsistency
measures. We have shown that IOI is simple and effective. It is expected to open a new avenue of
cosmological inconsistency tests.

Chapter 7 used IOI to systematically study the (in)consistencies of some available datasets, and
develop a algorithmic procedure to find dataset outliers or the breakdown of the underlying models.
Compared to the first type of test that based on a parameterization, our newly proposed procedure
for consistency tests do not assume all data are correct. Indeed, given a number of independent
datasets, we are able to find outliers among them if some of them are particularly inconsistent with
the others. This procedure takes the advantage of that fact that IOI is both simple and effective,
which makes it the only measure so far that can quickly calculate all the required inconsistencies
in our procedure with multiple datasets, not to mention the problems of other measures pointed
out in Chapter 6. Our algorithm is useful for Bayesian parameter estimation in cosmology, in
which models are usually multi-dimensional. We applied IOI and such an algorithm to test the
(in)consistencies between a number of currently available cosmological experiments. In particu-
lar, we found a mild indication that the local measurement of the Hubble constant is an outlier
compared to the other four constraints considered in this dissertation.

IOI has opened a new avenue for consistency tests in cosmology. It will be more and more
useful in the future when more data become available. It can be used to study, e.g., which intrinsic
alignment model best reconcile the constraints between CMB and large-scale-structure observa-
tions. It also can be used to test internal (in)consistencies between different probes within a cos-
mological surve, such as LSST, and the external (in)consistencies again other observations. On the
theoretical side, the work on IOI is not complete. Based on IOI, future work will need to find an
inconsistency measure that are reparameterization invariant (including non-linear parameter trans-
formations) and that are capable of describing inconsistency for non-Gaussian distribution.

The third part of this dissertation talked about the new test of modified gravity versus dark mat-
ter scenarios. The idea is to study the phenomenological difference between modified gravity and
the dark matter hypothesis, and use it to compare observations. Ultra-faint dwarf galaxies (UFDs)
are the smallest and “darkest” galaxies ever found, and are ideal astrophysical laboratories. There
is a missing satellite problem: the observed satellite galaxies of our Milky Way-Andromeda lo-
cal group are much fewer than that predicted by any dark-matter-only cosmological simulations.
The local group should host around a thousand of satellite galaxies, but we only observed tens
of them so far. But we have a lot of uncertainties about the role of baryon effects in galaxy for-
mations. One hypothesis is that, under obstacles like stochastic supernova-exploration feedbacks
and reionization-quenching effects, the gravitational potentials of the smallest subhalos are too
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shallow to maintain the gas, from which stars form. As a result, there are a lot subhalos around
our local group that rarely or do not contain baryons. UFDs are thought to inhabit in subhalos
that do not allow sufficient star formation. Motivated by this picture, and assuming that the above
processes might lead to stochastic amounts of baryonic matter, we investigated the dynamical and
photometrical properties of the current available UFDs. We found that there is a significant drop
of correlation between the luminosity and the stellar velocity dispersion for UFDs compared to the
brighter dwarf galaxies. Since the stellar velocity dispersion should be correlated with the total
mass, and the luminosity should be correlated with the baryonic mass, logically there is a loss of
correlation between the amounts of baryonic matter and dark matter. Such a loss of correlation
favors the dark matter scenario over the modified gravity scenario and Modified Newtonian Dy-
namics (MOND). This is because in the modified gravity scenario baryonic matter is causing the
gravitational effects. It is difficult, if not impossible, to get such a loss of correlation in the modified
gravity scenario. More data should be able to confirm (or not) our findings. A follow up more im-
mediate project is to redo the analysis with incoming UFD galaxies from DES, Magellan/IMACS,
GIANO, DESI, and others.
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APPENDIX A

METRIC SIGNATURE, SIGN CONVENTION AND UNITS

Thorough this dissertation, the following conventions are adapted,

• The unit where c = 1 is adapted, but some quantities will be converted into SI unit if necessary.
The planck constant ~ or the Newtonian gravitational constant G will be sometimes set to 1

individually in different sections to be stated in the text.

• The coordinates are dimensionless, and the metric gµν has a dimension of length−2.

• The partial derivative of a function f with respect to coordinate xµ will be denoted as f,µ,
∂f

∂xµ
and ∂µf , while the covariant derivative is denoted as f;µ and ∇µ.

• The metric signature is (-,+,+,+).

• Riemann curvature tensor is defined as,

Rα
βµν = Γαβν,µ − Γαβµ,ν + ΓαµρΓ

ρ
βν − ΓανρΓ

ρ
βµ , (A.1)

so that the Einstein’s equations with a cosmological constant read ,

Gµν + Λgµν = 8πGTµν . (A.2)

In our convention, the above Einstein equations are dimensionless.

• Spacetime component indexes are denoted by Greek letters like µ, ν, α, · · · and go from 0 to
3 in four dimension, while spatial component indexes by alphabetic letters i, j, k, · · · . The 0

components are the time components.

• Einstein’s summation convention is adapted (e.g. AµAµ = A1A1 + A2A2 + A3A3 + A4A4),
otherwise specified.

• The Minkowski’s metric is denoted as ηµν = diag(−1, 1, 1, 1), while the general metric is
denoted as gµν .

• The covariant d’Alembertian is �f ≡ gµνf;µ;ν .
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APPENDIX B

DISTANCES IN COSMOLOGY

In this appendix, we describe in details the commonly used distances in cosmology. Discussions

will be extended to general FRW universe models.

B.1 The radial co-moving distance and the transverse co-moving distance:

One common distance used in cosmology is the radial co-moving distance DC, it is defined as the

proper separation of two co-moving points today. If the universe suddenly stops expanding today,

the radial co-moving distance would be the distance between two point that we measure with a

ruler (no one wants to do that). An associated quantity is the transverse co-moving distance 1 DM,

which in the spatially flat case is equal to the radial co-moving distance DC. But they differ from

each other in a spatially curved case; see a discussion later in this subsection. In the spatially flat

case, the radial co-moving distance from us to a co-moving source emitted a photon that we receive

with a redshift z is 2

DC = DM = a0r(z) = a0

∫ t0

tz

dt

a(t)
=

1

H0

f(z; Ωm, · · · ) , (B.1)

with f(z; Ωm, · · · ) given by

f(z; Ωm, · · · ) =

∫ z

0

dx

E(x)
, (B.2)

and

E(x) =
√

ΩΛ + Ωm(1 + x)3 + ΩR(1 + x)4 , in flat ΛCDM. (B.3)

The function f(z; Ωm, · · · ) can be thought as a distance in the unit of Hubble distance (1/H0). It

depends on a cosmological model. Bearing the cosmological-model dependence in mind, we will

from now on suppress the cosmological parameters, e.g. Ωm, in the function f(z; Ωm, · · · ). The

radiation term ΩRx
−4 inside the square root can be safely ignored within a redshift of 10. Eq. (B.3)

does not consider massive neutrinos, which can be safely ignored within a redshift of 10 as well.

From Eq. (B.2) and (B.3) we can see that f(z) is monotonically increasing with z. At a low

redshift, it is easy to find that f(z) = z to the first order. From Eq. (B.1) we can see that this

1Sometimes called the structure distance.

2This comes from the equation of motion of a photon dt = a(t)dr, which follows from setting ds = dθ = dφ = 0
in Eq. (2.1).
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reduces the Hubble’s law z = H0 × DC. Also note that f(z) converges at high redshift. This is
because the integrand 1/E(x) is proportional to (1 + x)−3/2 when the Ωm term dominates and to
(1 + x)−2 when the ΩR term dominates (converges even faster). So, as z → ∞, f(z) → fmax.
This corresponds to a (particle) horizon in the unit of the Hubble distance; see (Rindler, 2006).
This horizon is a boundary in the co-moving space beyond which no information has reached us
yet. If we change the lower limit of the integral (B.2) from 0 to z1, f(z) converges to another
limit fmax(z1). This fmax(z1) has a similar meaning as fmax: the horizon in the unit of the Hubble
distance by the time that corresponds to a redshift z1

3. The statement about the convergence of
f(z) would be not correct if some energy form with ρx ∝ a−s and s ≤ 2 dominates the background
evolution in the past, as is the case of the early-time inflation.

Although we have not discussed the case with a spatial curvature, it is useful to give the general
expressions of the radial co-moving distance and the transverse co-moving distance. The general
FLRW metric reads,

ds2 = −dt2 + a2(t)

(
dr2

1−Kr2
+ r2dΩ2

)
(B.4)

where K = 0,+1 or −1 for a spatially flat, closed or open universe. Note the r is dimensionless,
and when K = +1 we have r < 1. In a spatially curved universe, the radial co-moving distance
DC and the transverse co-moving distance DM are different. While the radial co-moving distance
still still has the meaning mentioned above, the transverse distance has the following meaning: if
the universe suddenly stops expanding, the circumference of a circle defined as points of the same
distance4 to us has a circumference of C = 2πDM. This means DM = a0r. Since the radius of the
circle is DC and DC 6= DM, the usual relation between the radius and the circumference of a circle
breaks down. The situation is like a circle on a sphere, only here it is in three dimension. Similar
to Eq (B.1) the flat case, both DC and DM can be written as

DC =
1

H0

fC(z) , and DM =
1

H0

fM(z) , (B.5)

where fC is given by (similar to Eq. (B.2) and (B.3) but with an additional term due to the curvature)

fC(z) =

∫ z

0

dx

E(x)
, (B.6)

with, E(x) =
√

ΩΛ + ΩK(1 + x)2 + Ωm(1 + x)3 + ΩR(1 + x)4 , (B.7)

3This gives a so-called the horizon problem. Two points with a radial co-moving distance larger than the horizon
should not yet have been in casual contact. However, the homogeneous scale as observed in the CMB temperature
map is much larger than horizon by the time of the last scattering. Photons at two different regions should not have the
same temperature if there was no casual contact between them. One explanation is that there was an epoch of inflation
before the radiation dominated era, in which the energy is roughly constant so that Eq. (B.1) is effectively unbounded

4the definition of a circle can use any kind of distance mentioned here.
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and fM is related to fC by

fM(z) = Ω
−1/2
K sinh

[
Ω

1/2
K fC(z)

]
, (B.8)

with the constraint ΩK = 1 − Ωm − ΩΛ − ΩR, and a convention
√
−1 = i. Note that Eq. (B.8)

covers all cases, which can be see from the definition ΩK = − K
a2

0H
2
0

5 where K = 0,+1,−1 for a

flat, closed or open universe. The flat universe case is covered by taking the limit ΩK → 0. Even

in the curved cases, both fC and fM converge at a high z. Note that the difference between the

radial and transverse co-moving distance is due to the possible spatial curvature, but not to the fact

that our universe is expanding. We will see later that it is the transverse co-moving distance that

relates to the luminosity distance and the angular diameter distance.

From the definition of the radial co-moving distance, we can see that it is additive in the fol-

lowing sense. The radial comvoing distances between redshift z2 and us, z1 and us, and z2 and z1

have the relation below (assuming z2 > z1)

fC(z2, z1) = fC(z2)− fC(z1) , (B.9)

where fC(z1, z2) is given by the integral Eq. (B.6) with a lower limit z1 and a upper limit z2. Recall

that fC is the radial co-moving distance in the unit of 1/H0, we can replace fC’s in the above

equation by the corresponding DC’s. From Eq. (B.8) we can obtain the following relation among

the transverse co-moving distances fM(z1), fM(z2) and fM(z1, z2),

fM(z1, z2) = fM(z2)
√

1 + ΩK [fM(z1)]2 − fM(z1)
√

1 + ΩK [fM(z2)]2 . (B.10)

Note that the above relation is not linear in fM’s, so we can not replace fM’s by the corresponding

DM’s. Also note that Eq. (B.10) does not depend on any form of dark energy or modification of the

Einstein field equations. It only depends on the spatial geometry of the background. Simultaneous

determinations of fM(z1), fM(z2) and fM(z1, z2) provide us an independent way to measure the

spatial curvature of our universe; see an application of this in (Denissenya et al., 2018). The

relation of the radial and the transverse co-moving distances are further illustrated in Fig. 2.1,

which demonstrate the geometrical relation described by Eq. (B.8) with ΩK < 0.

5The minus sign in ΩK = − K
a20H

2
0

can be understood as following. In a spatially closed universe, the “velocity”
represented by the Hubble constant H0 is not larger enough, so that the universe recollapses (without a cosmological
constant). This is like the situation where an object with a velocity smaller than the escaping velocity of the Earth

will eventually comes back. The critical density ρc =
3H2

0

8πG
is then smaller than the total density and hence the spatial

curvature counterpart need to be negative to meet the balance. Vise versa. We can also see why we did not set a0 = 1
from the definition of ΩK with K being ±1 in the curved case. This is because a0 has been fixed once ΩK is known.
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B.2 The luminosity distance:

With the transverse co-moving distance DM defined, we have the position to talk about the lumi-

nosity distance DL and the angular diameter distance DA. The luminosity distance is defined such

that the apparent luminosity ` of an object with absolute luminosity L is observed to be ` = L
4πD2

L
,

just like the usual case. From the metric (2.1) we know that the area of a sphere with the same

r at present is 4πa2
0r

2. In the usual case, if a source release some total energy of light, the flux

integrated over the area of a sphere centers at the source will be the same amount of energy. But

since the universe is expanding, the energy of each photon drops as∝ a−1. When a photon reaches

us, its energy decreases by a factor of 1
1+z

. So the total energy passing the sphere center at the

source decreases by the same factor. Also because of the expansion of the universe, suppose the

source emit a certain number of photons in a duration of ∆te, it will take ∆tr = (1 + z)∆te for all

the photons to pass through the sphere 6. The above discussion then leads to the following relation

between ` and L,

` =
L

4π(1 + z)2 a2
0 r

2(z)
. (B.12)

We can then identify the luminosity distance as

DL = (1 + z)DM , (B.13)

with the transverse co-moving distance DM given by Eq. (B.1) in the flat case and (B.5) in the

curved case.

From Eq. (B.13) we can see that the luminosity distance is larger than the transverse co-moving

distance as it should be, because an object looks fainter as the universe expands and then further

away (if we insist our common sense). At a low redshift, since DM already approximates z/H0,

the luminosity distance approximates DL = z/H0 = DM to the first order. At a high redshift, DM

approaches a constant, so the luminosity distance roughly goes as DL ∝ (1 + z). But since DM

converges slowly in the matter dominated era, our observation about the high-redshift asymtoptic

behavior of DL is not very useful. This is because current situations where we use the luminosity

6This can be seen by differentiating Eq. (B.1) as

0 = ∆r =

∫ t0+∆tr

tz+∆te

dt

a
=

∆tr
a0
− ∆te

ae
⇒ ∆tr =

a0

ae
∆te = (1 + z)∆te . (B.11)

∆r = 0 because both the source and us are co-moving. The redshift of a photon can actually be deduced from this
reasoning. But we are not double counting the effect of time stretching. The first effect is on each photon, while the
second is on a collection of them.
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distance, like in the type-1a supernova observation (Betoule et al., 2014), do not reach a very high

redshift.

An object with a known absolute luminosity will look dimmer at a redshift z in a universe with

a cosmological constant than in one without. We can see this from Eqs. (B.12) and (B.2). For

redshift z < 10, only the Ωm and ΩΛ terms dominate in Eq. (B.2) (assuming spatially flat). Since

ΩΛ = 1− Ωm, we have E(Ωm < 1) > E(Ωm = 1) and f(z; Ωm < 1) > f(z; Ωm = 1), and hence

`(z; Ωm < 1) < `(z; Ωm = 1). The distant Type 1A supernova are observed to be dimmer than

expected, which is an evidence for the cosmological constant (Riess et al., 1998).

B.3 The angular diameter distance:

The angular diameter distance DA is defined such that the angular size θ of an object with a

physical length l perpendicular to the line of sight is observed to be θ = l/DA, again just like

the usual case. At the time te when the object emitted light, it spans an amount of co-moving

coordinate of ∆x = l/ae. Since light propagates from the source to us with no change in angular

position (at the background level), this ∆x corresponds an angular size of θ = ∆x/r. So, we have

θ =
l

ae r(z)
= (1 + z)

l

a0 r(z)
. (B.14)

We can then identify the angular diameter distance as

DA =
DM

1 + z
, (B.15)

with DM again given by Eq. (B.1). We see that the angular diameter distance is smaller than

the transverse co-moving distance as it should be, because an object looks larger as the universe

expands and then closer (if we insist our common sense). An interesting remark is that the angular

diameter distance is not a monotonic function of z. At a low redshift, DA = DM to the first order

as in the case of the luminosity distance. At a high redshift, sinceDM converges (although slowly),

DA decreases due to the factor 1
1+z

. Therefore, there is a turn-around redshift 7, within (beyond)

whichDA increases (decreases)with z. With the current cosmological parameters, this turn-around

redshift is about z ∼ 1.6. The dependences of the co-moving distance, the luminosity distance and

the angular diameter distance on the redshift are illustrated in Fig. 2.2. Note that the difference

7Not to be confused with the redshift at which the Λ term becomes important in cosmic evolution. Note that this
turn-around redshift of angular diameter distance is a different concept of the transition between a matter dominated
to a dark energy dominated universe.
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between the luminosity distance, angular diameter distance and transverse co-moving distance is
due to the fact that our universe is expanding, but not to the possible spatial curvature.

One may say that depending on what we mean by distance, a higher redshift does not nec-
essarily means a further distance. This is true. But the usual concepts of distance can be even
abandoned, especially in more general situations. The important point is that we know how to find
the relations between direct observables in a given model. It is the relations like Eq. (B.12) and
Eq.(B.14) that are important to us, not Eq (B.13) or Eq. (B.15).

B.4 The co-moving volume:

To discuss the co-moving volume, it will be more meaningful to switch to a general case which
includes a spatial curvature. The small co-moving volume dVC at some redshift z with an solid
angular size dΩ and small span of radial co-moving distance dDC is

dVC = dA× dDC = D2
M dΩ dDC . (B.16)

Using Eqs. (B.5) and (B.6) we obtain

dVC

dΩ dz
=

D2
M

H0E(z)
=

1

H3
0

[
fM(z)

]2
E(z)

. (B.17)

The above is the differential co-moving volume, or co-moving volume per unit solid angle per unit
redshift at a redshift z. The case shown here is a spatially flat ΛCDM universe, with the radiation
contribution to the distances ignored. Note that the differential co-moving volume has a dimension
of (distance)3, it is proportional to (1/H0)3. The total co-moving volume within a redshift z is then

VC(z) =
4π

H3
0

∫ z

0

[
fM(z)

]2
E(z)

dz . (B.18)

For the spatially flat case with fM(z) = fC(z) = f(z) given by Eq. (B.2), we have

V flat
C (z) =

4π

3

[
f(z)

H0

]3

. (B.19)

This is just the volume of a sphere with a radius f(z)/H0 in a flat space.
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APPENDIX C

ADDITIONAL REMARKS ON THE COSMOLOGICAL CONSTANT

C.1 Geometrical interpretation of the cosmological constant

We should not be satisfied even if further observations confirmed the validity of the ΛCDM model.
We should ask, what does it mean? If Λ is a constant, there must be a meaning associated with
it. Actually there have been already an answer to this question - without any matter the spacetime
will be the de Sitter instead of a flat one (Minkowski), see for example (Rindler, 2006, chapter
14.3-14.5), (Misner et al., 1973, chapter17.3) and (Ishak, 2007).

If we set ρ = 0 and P = 0 in both (2.6) and (2.7), we can get the solution for the scale factor,

a(t) = e
√

Λ
3
t , (C.1)

normalized to a(0) = 1. And the line element (2.1) becomes,

ds2 = −dt2 + e
√

Λ
3
t(dx2 + dy2 + dz2) . (C.2)

This is the de Sitter spacetime 1. More inspiringly is that this spacetime can be isometrically
mapped into a four dimensional hyperboloid imbedded in a five dimensional Lorentzian spacetime
(Rindler, 2006), which is described by

− T 2 +X2 + Y 2 + Z2 +W 2 =
3

Λ
, (C.3)

in a spacetime metric,
ds2 = −dT 2 + dX2 + dY 2 + dZ2 + dW 2 , (C.4)

which means the ‘radius’ of the hyperboloid is

√
3

Λ
. Like a sphere is the maximally symmetrical

object in three dimensional Euclidean space, the four dimensional hyperboloid is the maximally
symmetric in five dimensional Lorentzian spacetime. And like the earth is a sphere instead of a
plane and mountains and valleys are perturbations of the round landscape, our spacetime is de Sitter
instead of Minkowski and matters are pushing the spacetime away from maximally symmetric
state. Contracting (2.5) we get ricci scalar,

R = 4Λ . (C.5)

1The original form of de Sitter spacetime is static but not co-moving, and it is described by ds2 = −(1− 1
3Λr2)dt2+

(1 − 1
3Λr2)−1dr2 + r2dΩ2 (Rindler, 2006, chapter 14.5). Both forms are physically equivalent because they can be

transformed into each other by a coordinate transformation.
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Using eq. (10.77) in (Rindler, 2006), we get the constant curvature of the de Sitter spacetime to be
(a different signature has been used),

K =
1

12
R =

Λ

3
. (C.6)

So just like the curvature of a sphere is the inverse of its squared radius, the curvature 2 of the de
Sitter spacetime is inverse its squared ‘radius’. People usually accept the spatial curvature can be
nonzero, then why not accept the four dimensional spacetime to be de Sitter instead of flat in the
absence of matter?

If further observations confirm that the ΛCDM model to be correct, is the problem solved by
interpreting its meaning as the above? In my opinion, no! The above interpretation is only an
improvement of the understanding. Other fundamental constants, like the Planck constant ~ and
the speed of light c, usually correspond to some physical laws. One interesting question is that, if
there is the cosmological constant Λ, does it point to some other physical laws?

An associated problem: There is a problem associated with the problem of the accelerating
universe, that is the coincidence problem. This problem can be phrased as why ΩΛ and Ωm are of
order same order of magnitude. In the language of ΛCDM , it means why the value of Λ is such a
value that makes ΩΛ and Ωm so close. It is true that it can’t be too large because of the fact that we
exist, but this fact doesn’t require it not to be much smaller3. In the language of dark energy that
will be discussed about in section 2.4, it means why the energy density of the dark energy and the
matter is roughly the same. One philosophical issue is that if Λ or the dark energy density is much
smaller than what we observed today, the university would then be not accelerating and we would
not know Λ or dark energy exists. Some other independent requirement of this very existence is
key to the coincidence problem. For more details about the coincidence problem and the proposed
solutions, see for example (Steinhardt et al., 1999).

C.2 The cosmological constant problem in quantum field theory

It is necessary to take a detour and point out the cosmological constant problem in particle physics
to clear out some confusions. See for example (Weinberg, 1989) for a review. Actually before the

2There are 14 curvature invariance to describe the curvature of a four dimensional spacetime (Zakhary and McIn-
tosh, 1997). The Riemann curvature tensor Rµναβ has 20 non-vanishing components, but they are not all physical.
This is because the physical description need to be Lorentz invariance, a general Lorentz transformation contains six
independent functions. And this takes 6 out of 20 degrees of freedom in the Riemann curvature tensor, resulting in
only 14 degrees of freedom. This is analogous to the situation that the gauge invariance in electrodyanmics reducing
the physical degrees of freedom in the vector potentials Aµ. For maximally symmetric de Sitter spacetime, only the
Ricci curvature scalar is independent.

3Is it a hint, or a puzzle?
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discovery of the accelerating universe, we already had a cosmological constant problem in quan-

tum field theory (the old cosmological problem), which may be relevant to the new cosmological

constant problem and really a puzzle, or another ‘biggest blunder’. The old cosmological constant

problem is rather simple to introduce - it is only the summation of all the ground state energies of

all oscillation modes of a scalar field, as I will explain. The simplest scalar field is a Klein-Gordon

field 4. Let’s consider Fourier modes instead of the field value at each point. In Fourier modes, a

dispersion relation is the relation between the wavenumber and the frequency, which is set by the

Klein-Gordon equation and is ω2 = k2 + m2. After the second quantization 5, the lowest energy

of each mode is 1
2
~ω, just like the ground state energy of a harmonic oscillator with a frequency ω,

but here the it means no particle is occupying this mode. The density of modes 6 is
V

(2π)3
, where V

is the total real spatial volume. Then the total ground state energy density is, (Note the following

discussion in this section will use the units ~ = 1)

ρv =
E0,total

V

=
1

V

∫ kmax

0

d3k
V

(2π)3
× 1

2

√
k2 +m2

=
1

2

∫ kmax

0

d3k

(2π)3

√
k2 +m2

=
1

(4π)2

∫ kmax

0

k2
√
k2 +m2

(C.7)

Note that the spatial volume V has been canceled out 7. Just like the cut-off frequency of phonon

corresponds to the inverse of the size of a prime cell within which the concept of the continuous

field of oscillation breaks down, the cut-off or upper limit kmax in (C.7) here is the inverse of the

minimal spatial scale for continuous fields. Presumably space-time would be quantized at about

4Readers can refer to (H. Goldstein, 2002, chapter 13) for a introduction to classical field theory and (Schroeder,
1995, chapter 2) for the second quantization of the Klein-Gordon field

5For example, the canonical quantization scheme is to impose the commutation relations [φ(x), φ(y)] = 0,
[π(x), π(y)] = 0 and [φ(x), π(y)] = iδ(x − y), where φ and π are the scalar field and its canonical momentum
operators. Equivalently one can impose commutation relations on the creation and annihilation operators.

6Numbers of modes per a wavenumber k space volume element.

7Actually it is relevant in a subtle way, a smaller spatial volume makes the modes less “continuous". Or we can
say a smaller size eliminates some modes of oscillation, and this is claimed to give rise the Casimir effect (Mohideen
and Roy, 1998)
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the Planck scale kplanck, so we can take kmax ∼ kplanck. If we assume kplanck � m the integral

becomes,

ρv ≈
k4

planck

16π2
≈ 1074(GeV )4 (C.8)

Converting to the SI unit,

ρv ≈
1

16π2

c5

~G2
≈ 3× 1094kg/m3 . (C.9)

Recall that the critical density inferred from the Hubble constant is ρc = 2.2 × 10−26kg/m3. The

ground state energy density of a Klein-Gordon field is 120 orders of magnitude higher than the

critical density. This is the old cosmological constant problem in the quantum field theory. We can

convert ρv to a corresponding cosmological constant Λv = 8πGρv
8. Now we know the universe is

accelerating, the problem becomes: 1.why the cosmological constant in the quantum field theory

is so small, 2. and/or why the universe is accelerating, and accelerating in the way we observe?

One way out is to include Einstein’s proposed cosmological constant. Since now we have

two cosmological constants, it is good to give them different names. In this dissertation if the

cosmological constant problem in the quantum field theory is involved, Einstein’s cosmological

constant is called geometrical cosmological constant and labelled as Λ, the one in quantum field

theory is called the vacuum cosmological constant and labelled as Λv. For the most parts of the

dissertation, Λv is not involved and the cosmological constant is referred to the geometrical one

Λ. With two cosmological constants, the huge vacuum Λv can be largely canceled out by the

geometrical Λ. And the summation of them is a effective cosmological constant,

Λeff = Λ + Λv (C.10)

is responsible for the acceleration of the universe. This gives rise to a fine tuning problem in the

sense that Λ and Λv need to cancel each other 120 digits to get the correct Λeff and account for

cosmic acceleration 9. Even it is possible, the question that why Λeff is or likely is the value

observed remains unanswered.

The cosmological constant in quantum field theory remains a mystery. This dissertation will

not explore the solutions of it, instead it will be ignored for the most parts. Potential solutions

8Not every energy can be converted into a cosmological constant. Apparently we cannot do so to dark matter,
baryonic matter or light. The energy density need to be independent of the spatial volume. This is true for ρv . Recall
that the upper limit of the integral in (C.7) is independent of the volume and the volume has been canceled out.

9In general, a fine tuning problem refers to any cancellation method to reduce the magnitude of the vacuum energy.
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involve supersymmetry 10, higher dimension 11, some modified gravity 12, quantum cosmology
that first proposed in (Hartle and Hawking, 1983), etc.

10Supersymmetry is a continuous symmetry connecting Bosons and Fermions, see for example (Pauli, 1977) and
(Schroeder, 1995, chapter 3). The ground state energy of a quantized Dirac field is negative. Then supper symmetry
can natural bring down the vacuum energy. The problem is, we haven’t found evidences for supersymmetry yet.

11Higher dimension can bring down the vacuum energy , see for example (Clifton et al., 2012, section 5).

12For example, the traceless Einstein equation. Since the vacuum energy can be represented by a trace part of
stress-energy tensor. The vacuum energy never enters into the traceless Einstein’s equations. In other word, vacuum
energy doesn’t contribute to gravity, see (Weinberg, 1989) for an old review.
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APPENDIX D

DETAILED CALCULATIONS OF MG TENSOR PERTURBATION DURING

INFLATION

This short chapter is about the details of the calculation of MG tensor mode perturbation during
inflation. The evolution of the perturbations around the FLRW universe needs initial conditions.
There are two type of initial conditions. The first type is the initial evolution of a given perturbation
mode when it is outside the horizon (e.i. k/a � H), and is like the initial speeds of a lot of
harmonic oscillators. This type of initial condition can be provided by assuming the perturbation
to be in adiabatic and/or isocurvature mode. The second type of a initial power spectrum of the
perturbations, and is like the initial amplitudes of all harmonic oscillators. Inflation can both
naturally provide the second type of initial condition, and the reason that whether adiabatic or
isocurvature mode is preferred.

Let’s begin with the modified tensor mode perturbation in conformal time with a non-standard

friction term
2g′

g
, where g′ ≡ dg

dη
and η is the conformal time,

h′′k +
2g′

g
h′k + k2hk = 0 . (D.1)

If we further parameterize the friction term as g = a1+ν̃0 for a constant ν̃0, (D.1) becomes,

h′′k + 2(1 + ν̃0)
a′

a
h′k + k2hk = 0 , (D.2)

where a is the scale factor. In order to move on, we need to know the background evolution, e.i.
the scale factor as a function of the conformal time. In the slow-roll inflation, the background is
approximately de Sitter, and some feature of the tensor mode power spectrum depends on the slow-
roll parameters. For example, the tensor spectral index depends on one of the slow-roll parameters
nT = −2ε, and ε ≡ −Ḣ/H2 (Weinberg, 2008, chapter 10). In order to isolate the effect of
slow-roll parameters, we assume that the background is exactly de Sitter, and a = a0e

Ht. The
relation between the cosmic time and the conformal time is dt = adη. We can integrate this and
get t = − 1

H
ln
(
− Ha0(η − η0)

)
. Substituting it into the scale factor as a function of the cosmic

time, we get,

a = − 1

H

( 1

η − η0

)
. (D.3)

The conformal time is usually shifted to be negative so that, η = 0 is the roughly the end of the
inflation and the scale factor goes very large comparing to the beginning of the inflation. When
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considering the process during the inflation that is not close to the end of it, the scale factor can be

described by,

a = − 1

Hη
, (D.4)

where η goes from −∞ to 0. Then
a′

a
= −1

η
and (D.2) becomes,

h′′k −
2(1 + ν̃0)

η
h′k + k2hk = 0 . (D.5)

We can make the k dependence of the above differential equation disappear by dividing it by k2

and let x = −kη,

d2hk
(−k)2dη2

− 2(1 + ν̃0)

−kη
dhk
−kdη

+ hk = 0

⇒ d2hk
dx2

− 2(1 + ν̃0)

x

dhk
dx

+ hk = 0 .

(D.6)

Further, we can change the variable and let hk = xνy, then the two derivatives of hk with respect

to x become,

dhk
dη

= xν
dy

dx
+ νxν−1y , (D.7)

d2hk
dx2

= xν
d2y

dx2
+ 2νxν−2 dy

dx
+ ν(ν − 1)xν−2y . (D.8)

Substituting (D.7) and (D.8) into (D.6) we get,

xν
d2y

dx2
+ 2νxν−1 dy

dx
+ ν(ν − 1)xν−2y − 2(1 + ν̃0)

x

(
xν
dy

dx
+ νxν−1y

)
+ xνy = 0 , (D.9)

⇒ xν
d2y

dx2
+ 2
(
ν − (1 + ν̃0)

)
x
dy

dx
+
[
ν(ν − 1)− 2ν(1 + ν̃0) + x2

]
y = 0 . (D.10)

If we let ν =
3

2
+ ν̃0, the coefficients in (D.10) become,

2
(
ν − (1 + ν̃0)

)
= 1 ,

ν(ν − 1)− 2ν(1 + ν̃0) = −ν2 .

Then (D.10) becomes,

x2 d
2y

dx2
+ x

dy

dx
+ (x2 − v2)y = 0 . (D.11)

193



This is the Bessel differential equation of order ν. The general Solution of (D.11) is a linear
combination of the first type and the second type Hankel functions, H(1)

ν (x) and H(2)
ν (x). At the

early time of inflation when a→ 0, the solution of (D.1) is normalized as followed,

hk(η)→
√

16πG

(2π)3/2
√

2kg(η)
exp(−ikη) , (D.12)

this is obtained by replacing a with g in eq. (10.2.7) in (Weinberg, 2008). The conjugate of it is
also an solution, and the general solution of at the early time of inflation is a linear combination
of them. Now we assume the state of the universe during inflation was in |0〉 so that only the
positive frequency mode remained when a → 0. This means we need to find a solution y as a
linear combination of the two Hankel functions H(1)

ν (x) and H(2)
ν (x) so that the tensor mode hk

meets the initial condition (D.12).
As H(1)

ν (−kη) goes like exp(−ikη) when −kη → ∞ (and a → 0) and since hk = (−kη)νy,
we infer that,

hk(η) = A
(
− kη

)ν
H(1)
ν (−kη) , (D.13)

for some function A(k) of k. Using H(1)
ν (−kη)

∣∣∣
−kη→∞

=
√

2
π(−kη)

exp[−i(ν+ 1/2)π
2
] exp(−ikη)

to match (D.13) and (D.12) when −kη →∞, we get,

A
(
− kη

)ν
H(1)
ν (−kη) =

√
16πG

(2π)3/2
√

2k
(−Hη)ν−

1
2 exp(−ikη) , (D.14)

where we have used g = a1+ν̃0 = aν−
1
2 = (−Hη)−(ν− 1

2
). Then the function A(k) can be identified

as,

A(k) =

√
G

2π

Hν− 1
2

kν
exp[i(ν + 1/2)

π

2
] . (D.15)

This gives,

hk =

√
G

2π
Hν− 1

2 · (−η)ν exp[i(ν + 1/2)
π

2
]H(1)

ν (−kη) . (D.16)

The tensor mode outside the horizon at the late time (−kη → 0) of inflation serves as the initial
condition of the evolution after the inflation. Using the following property of the first type Hankel
function,

H(1)
ν (−kη)

∣∣∣
−kη→0

= −i2
νΓ(ν)

π
(−kη)−ν , (D.17)

we obtain,

hk(η)
∣∣∣
−kη→0

=

√
G

2π
Hν− 1

2 · (−η)ν exp[i(ν + 1/2)
π

2
] ·
(
− i2νΓ(ν)

π

)
(−kη)−ν , (D.18)
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which can be simplified into,

h0
k ≡ hk(η)

∣∣∣
−kη→0

= −i
√
G · Γ(ν)(2H)ν−1/2

π3/2 · kν
exp[i(ν + 1/2)

π

2
]

= −i
√
G · Γ(3/2 + ν̃0)(2H)1+ν̃0

π3/2 · k3/2+ν̃0
exp[i(1 + ν̃0/2)π] .

(D.19)

For ν̃0 = 0, Γ(3/2 + ν̃0) =
√
π

2
, and h0

k = i
√
G·H

πk3/2 reduces to the GR value in a de Sitter background.
And the amplitude of the tensor mode is,

∣∣h0
k

∣∣2 =
G · (2H)2(1+ν̃0)

(
Γ(3/2 + ν̃0)

)2

π3 · k3+2ν̃0
. (D.20)

Since the amplitude
∣∣h0
k

∣∣2 ∝ k−3−2ν̃0 , we can identify the tensor spectral index as,

nT = −2ν̃0 . (D.21)

Note that the role of the friction parameter on the tensor spectral index is exactly the same as the
slow-roll parameter ε, (see eq. (10.3.25) in (Weinberg, 2008)), which indicates the degeneracy be-
tween the inflaton and the MG scenario in the effect of nT . If the inflation is solely due to modified
gravity, (D.21) also provides us a consistency relation when tensor mode data are available. To use
such a modified gravity consistency relation, a rough assumption is made here: the friction param-
eter is the same during inflation and the evolution after that. If the assumption is not satisfied, it
will be meaningless to use such a consistency relation.
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APPENDIX E

DERIVATIONS AND PROOFS IN THE DISCUSSION OF IOI, AND SEMI-ANALYTIC

PARAMETER SPLITTING

E.1 Derivations and proofs

This appendix provides the calculations and derivations used in this work, including those used in
the definition of IOI and its relationship to other measures of inconsistency.

E.1.1 IOI for arbitrary numbers of experiments

We consider combination of likelihoods that do not correlate with each other. A Gaussian likeli-
hood for the ith experiment reads

L(i)

= exp
[
− 1

2
χ2

(i)
(λ)
]

= L(i)

max exp
[
− 1

2
∆χ2

(i)
(λ)
]

= L(i)

max exp
[
−1

2
(λ− µ(i)

)TL
(i)

(λ− µ(i)

)
]
.

(E.1)

For arbitrary number of experiments, the likelihood of a joint analysis is defined as

L =
∏
i

L(i)

=
(∏

i

L(i)

max

)
exp

[∑
i

−1

2
(λ− µ(i)

)TL
(i)

(λ− µ(i)

)
]
. (E.2)

Note that µ(i) is the mean of the ith likelihood, not the ith component of µ. The sum in Eq. (E.2)
can be reduced to ∑

i

(λ− µ(i)

)TL
(i)

(λ− µ(i)

)

=
∑
i

λTL
(i)

λ− 2µ
(i) TL

(i)

λ+ µ
(i) TL

(i)

µ
(i)

=λTLλ− 2
(∑

i

µ
(i) TL

(i)
)
λ+

∑
i

µ
(i) TL

(i)

µ
(i)

=λLλ− 2
(∑

i

µ
(i) TL

(i)
)
L−1Lλ+

∑
i

µ
(i) TL

(i)

µ
(i)

=λTLλ− 2µTLλ+
∑
i

µ
(i) TL

(i)

µ
(i)

=λTLλ− 2µTLλ+ µLµ− µLµ+
∑
i

µ
(i) TL

(i)

µ
(i)

=(λ− µ)TL(λ− µ) +
∑
i

µ
(i) TL

(i)

µ
(i) − µTLµ ,

(E.3)
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where,

L ≡
∑

L
(i)

, (E.4)

µ ≡ L−1
∑

L
(i)

µ
(i)

, (E.5)

and we have used the fact that
(
L

(i))T
= L

(i) . Since the last two terms do not depend on λ, we
can combine them with

∏
L(i)

max, and Eq. (E.2) becomes

L = Lmax exp
[
− 1

2
(λ− µ)TL(λ− µ)

]
, (E.6)

where,
Lmax = (

∏
i

L(i)

max) exp
[
− 1

2

(∑
i

µ
(i) TL

(i)

µ
(i) − µTLµ

)]
. (E.7)

So the likelihood of a joint analysis is also Gaussian [Eq. (E.6)], with its parameter means, Fisher
matrix and maximum value given by Eqs. (E.4) - (E.7). The above result is also applicable to the
case where one of the likelihoods is replaced by a Gaussian prior, where one of the likelihoods is
replaced by a prior with L(i)

max = Pmax = |P |1/2
(2π)N/2

and set L(i)
= P .

Note that we have defined IOI as

1

N

∑
i

∆χ2
(i)

(µ)
Gaussian−−−−−→ IOI . (E.8)

The maximum value of the joint likelihood L is

Lmax = L(µ)

=
(∏

L(i)

max

)
exp

(
− 1

2

∑
i

∆χ2
(i)

(µ)
)

Gaussian−−−−−→
(∏

L(i)

max

)
exp

(
− N

2
IOI
)
,

(E.9)

By comparing Eq. (E.7) and Eq. (E.9) we have

IOI ≡ 1

N

(∑
i

µ
(i) TL

(i)

µ
(i) − µTLµ

)
, (E.10)

for multiple experiments.
It is important to emphasize that, 1

N

∑
∆χ2

(i)
is only a motivation for our definition of IOI.

It is true that IOI and 1
N

∑
∆χ2

(i)
are the same for Gaussian likelihoods, but for non-Gaussian

cases, we define IOI as a moment-based quantity [Eq. (E.10)], with L(i) given by the inverse of the
covariance matrix and µ(i) given by the parameter mean of the ith likelihood.
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E.1.2 Special cases: Two likelihoods

More often we will compare two experiments to see their inconsistency. For the case of two

experiments (i = 1, 2), the right-hand side of Eq. (E.10) becomes∑
i

µ
(i) TL

(i)

µ
(i) − µTLµ

= µ
(1) TL

(1)

µ
(1)

+ µ
(2) TL

(2)

µ
(2)

− (µ
(1) TL

(1)

+ µ
(2) TL

(2)

)L−1L L−1(L
(1)

µ
(1)

+L
(2)

µ
(2)

)

= µ
(1) TL

(1)

µ
(1)

+ µ
(2) TL

(2)

µ
(2)

− (µ
(1) TL− δ TL(2)

)L−1L L−1(L
(1)

δ +Lµ
(2)

) ,

= µ
(1) TL

(1)

µ
(1) − µ(1) TL

(1)

δ + µ
(2) TL

(2)

µ
(2)

+ δTL
(2)

µ
(2)

− µ(1) TLµ
(2)

+ δTL
(2)

L−1L
(1)

δ

= µ
(1) TL

(1)

µ
(2)

+ µ
(1) TL

(2)

µ
(2) − µ(1) TLµ

(2)

+ δTGδ ,

= δTGδ ,

(E.11)

where δ ≡ µ(1) − µ(2) and in the second last row we have used L(2)
L−1L

(1)
= L

(1)
L−1L

(2)
=[

(L
(1)

)−1 + (L
(2)

)−1
]−1 ≡ G. So the above derivation [Eq. (E.11)] shows that Eq. (5.12) for IOI

of multiple experiments reduces to Eq. (5.9) for two experiments. We will use

IOI ≡ 1
2
δTGδ (E.12)

as the definition of IOI for two experiments.

E.1.3 Integrals of joint Gaussian distributions

The integral of a single Gaussian likelihood gives

∫
dNλL(i)

max exp
(
−1

2
(λ− µ)L

(i)

(λ− µ)
)

=
(2π)

N
2 L(i)

max√
|L(i)|

. (E.13)

With the combined likelihood given by Eq. (E.6), we immediately obtain,

∫
dNλL =

(2π)
N
2 Lmax√
|L|

=
(2π)

N
2
∏
L(i)

max√
|
∑
L

(i)|
exp

(
− 1

2
IOI
)
. (E.14)
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A useful case is to integrate the product of two normalized posteriors (as is used in Sec. 6.2),

with P
(i)

= |F (i) |1/2
(2π)N/2

exp
[
− 1

2
(λ − µ̄(i)

)TF
(i)

(λ − µ̄(i)
)
]
, where F (i)

= L
(i)

+ P and µ̄(i)
=

(F
(i)

)−1(L
(i)
µ

(i)
+Pµ

(p)
). By setting L(i)

= F
(i) and µi = µ̄

(i) , we obtain from Eq. (E.14) that∫
P

(1)

P
(2)

dNλ =

√
|F (1)

F
(2) |

|F (1)
+ F

(2) |
exp

(
− 1

2
δ̄T Ḡ

)
=|Ḡ|1/2 exp

(
− 1

2
δ̄T Ḡ

)
,

(E.15)

where, Ḡ =
(
(F

(1)
)−1 + (F

(2)
)−1
)−1 and δ̄ = µ̄

(1) − µ̄(2) . Then in the weak prior limit, we just
have to take those bars off.

E.2 Marginalization never increases IOI

E.2.1 Proof

We first prove that IOI never increases after parameter marginalization. We will adopt the following
notations. The element of the matrix C is denoted as lowercase Cij , while C̃ij stands for a matrix
obtained by taking out the ith row and the jth column of C and multiplied by (−1)i+j . Then˜Cij,mn = C̃mn,ij is a matrix obtained by taking out the ith & mth rows and jth & nth columns of
C and multiplied by (−1)i+j+m+n. |C| is the determinant ofC. Then |C̃ij| is the (i,j) cofactor of
C. Let δ̃i be the vector resulting from deleting the ith component from δ.

Suppose we are to marginalize over λ1. The IOI in the full parameter space is 1
2
δTGδ, and

the IOI after marginalizing over λ1 is IOImar,1 = 1
2
(δTGδ)mar,1. The quantity (δTGδ)mar,1 is

calculated as follows: (1) delete the first element of δ to get δ̃1; (2) delete the first row and the first
column in C = Cone +Ctwo to get C̃11; and (3) evaluate (δTGδ)mar,1 = δ̃1

(
C̃11

)−1
δ̃1. What

we are going to show is IOI ≥ IOImar,1, that is, δTGδ ≥ (δTGδ)mar,1.
We first make a linear parameter transformation that keeps λ1 unchanged. More explicitly, we

let λ→ λ′ = Mλ with a transformation matrix of the form

M =


1 0 0 · · ·

0 m22 m23 · · ·

0 m32 m33 · · ·
...

...
... . . .


symbolic−−−−−→M =

1 0

0 M̃

 , (E.16)

where M̃ ≡ M̃11. Then the new deviation vector δ′ reads

δ =

δ1

δ̃1

 → δ′ =

 δ1

δ̃1
′

 =

 δ1

M̃δ̃1

 . (E.17)
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Similarly, the new matrix C ′ reads,

C =

C11 V T
1

V1 C̃11

 → C′ =

 C11 V T
1 M̃

T

M̃V1 M̃T C̃11M̃

 , (E.18)

where
(
V1

)
i

= C1i for i 6= 1. So under the transformation M , δ1 and C11 stay the same, δ̃1 and

V1 transform as vectors, and C̃11 transforms as a rank-2 tensor. To simplify the proof, we further

let C ′ take the following form,

C =


C11 C12 C13 · · ·

C21 C22 C23 · · ·

C31 C32 C33 · · ·
...

...
... . . .

 → C ′ =


C11 C ′12 C ′13 · · ·

C ′12 C ′22 0 0

C ′13 0 C ′33 0
... 0 0

. . .

 . (E.19)

We have used the fact that Cij = Cji. In other words, we transform the parameter space alone

the direction of λ1, so that the other (new) parameters are the eigenmodes of C̃11 in the projected

(N -1)-dimensional parameter subspace orthogonal to λ1. For the proof, we will work in the new

parameter space and drop the primes. In this new parameter space, we have

δTGδ =
1

|C|

(∑
i,j

|C̃ij|δiδj
)

=
1

|C|

(∑
i 6=1

|C̃ii|δ2
i +

∑
i 6=1

∑
j 6=1,i

|C̃ij|δiδj + 2
∑
i 6=1

|C̃1i|δiδ1 + |C̃11|δ2
1

)
.

(E.20)

With our new matrix C of the form (E.19), we can calculate those determinants above explicitly,

(let
∏
i 6=1

Cii = A, and i, j 6= 1)

|C̃11| = A ,

|C̃1i| = −
C1i

Cii
A ,

|C| =
(
C11 −

∑
i 6=1

C1i

Cii

)
A ,

|C̃ii| =
(
C11 −

∑
j 6=1,i

C1j

Cjj

) A
Cii

,

|C̃ij|j 6=i = −C1iC1j

CiiCjj
A .
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After we substitute the above determinants into Eq. (E.20) and cancel out A, δTGδ reads

δTGδ =
1

C11 −
∑
i 6=1

C2
1i

Cii

(∑
i 6=1

C11

Cii
δ2
i −

∑
i 6=1

∑
j 6=1,i

C2
1j

CiiCjj
δ2
i

−
∑
i 6=

∑
j 6=1,i

C1iC1j

CiiCjj
δiδj − 2

∑
i 6=1

C1i

Cii
δiδ1 + δ2

1

)
.

(E.21)

In our new parameter space, the IOI after marginalizing over λ1 is rather easy to calculate and it
is 2IOImar,1 = (δTGδ)mar,1 =

∑
i 6=1

δ2
i

Cii
. Taking the difference between δTGδ and

(
δTGδ

)
mar,1

,

considering only the numerator of it, and rearranging terms, we have

The numerator of
(
δTGδ −

(
δTGδ

)
mar,1

)
=
∑
i 6=1

C11

Cii
δ2
i −

∑
i 6=1

C11

Cii
δ2
i +

∑
i 6=1

∑
j 6=1

C2
1j

CiiCjj
δ2
i −

∑
i 6=1

∑
j 6=1,i

C2
1j

CiiCjj
δ2
i

−
∑
i 6=

∑
j 6=1,i

C1iC1j

CiiCjj
δiδj − 2

∑
i 6=1

C1i

Cii
δiδ1 + δ2

1

=
∑
i 6=1

C2
1i

Cii
δ2
i −

∑
i 6=

∑
j 6=1,i

C1iC1j

CiiCjj
δiδj − 2

∑
i 6=1

C1i

Cii
δiδ1 + δ2

1

=
∑
i,j 6=1

C1iC1j

CiiCjj
δiδj − 2

∑
i 6=1

C1i

Cii
δiδ1 + δ2

1

=
(∑
i 6=1

C1i

Cii
δi − δ1

)2

≥ 0 ,

(E.22)

So δTGδ ≥
(
δTGδ

)
mar,1

and marginalization never increases IOI.
The condition for IOI = IOImar,1 (called the equality condition from now on) is

∑
i 6=1

C1i

Cii
δi = δ1.

Since we have transformed the parameter space along the λ1 axis, this equality condition is not
generic. To find the generic equality condition, we first note that the right-hand side of the equality
condition δ1 is invariant under the linear transformation M . Therefore we can generalize the left-
hand side to a quantity that is: (1) invariant under the transformation specified by Eq. (E.16), and
(2) reduces to

∑
i 6=1

C1i

Cii
δi in the case when C takes the form of C ′ in Eq. (E.18). An easy guess of

that quantity is
∑(

C̃11

−1)
ij
C1iδj . And if we are marginalizing over the kth parameter, the generic

equality condition becomes,∑
i,j 6=k

(
C̃kk

−1)
ij
Ckiδj = δk . (Equality Condition) (E.23)
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Figure E.1: An example of situation which satisfies the equality condition (E.23). Left: A two-
parameter model constrained by two experiments shown in black and red. Middle: The constraint
of λ1 marginalized over λ2. Right: The constraint of λ2 marginalized over λ1. In this particular
example, the condition C12

C11
δ1 = δ2. If we marginalize over λ2, IOI remains the same, i.e., IOI=IOI1

even though IOI2 6= 0.

We have tested and verified that if the above equality condition is satisfied, we indeed have IOI =

IOImar,k. An intuitive subset of the equality condition (E.23) is that Cki = δj = 0, which repre-

sents the two conditions mentioned in Sec. 5.8: if the two experiments do not have a conflict on a

particular parameter, and if that parameter does not have correlation between the other parameters

(specified byC = C
(1)

+C
(2)), experimental inconsistency will be preserved after marginalizing

that parameter.

E.2.2 The analytic expression for the drop of IOI

In Sec. 5.9, we have defined the drop of IOI after marginalizing over λk (∆IOIk) as a supplemen-

tal measure of the one-parameter inconsistency in a multiparameter model. From the proof in

Sec. E.2.1, especially from Eq. (E.22) and Eq. (E.21), we can obtain ∆IOIk analytically and it is,

∆IOIk =

(
δk −

∑
i 6=k

Cki
Cii
δi

)2

Ckk −
∑
i 6=k

C2
ki/Cii

. (E.24)

The above expression is not generically right, since it is not in an invariant form under a linear

transformation along the λk axis. To generalize the result [Eq. (E.24)], we only need to find an

invariant quantity that reduces to Eq. (E.24) in the case when C takes the form of C ′ in Eq (E.18).
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Table E.1: The four situations and effects of marginalizing over a parameter λi. Only when both
∆IOIi and IOIi are small can we safely marginalize over λi without losing any information about
the inconsistency of the model.

Cases Effect
Both ∆IOIi and IOIi are small Safe to marginalize over λi to analyze the inconsistency for

the whole model
IOIi is small, but ∆IOIi is large Marginalization will hide the inconsistency due the corre-

lation (specified byC = C
(1)

+C
(2)) between λi and some

other parameters
∆IOIi is small, but IOIi is large Marginalization over λi will get a similar IOI as the whole

model, but ignore the shape of the original probability dis-
tribution

Both IOIi and ∆IOIi are large Marginalization over λi will not be good for the analysis of
the inconsistency

We find that the general expression of ∆IOIk is

∆IOIk =

[
δk −

∑
i,j 6=k

(
C̃kk

−1
)
ij
Ckiδj

]2

Ckk −
∑
i,j 6=k

(
C̃kk

−1)
ij
CkiCkj

Symbolically−−−−−−−→

(
δk −Vk

T
(
C̃kk

−1)
δ̃k

)2

Ckk −Vk
T
(
C̃kk

−1)
Vk

,

(E.25)

where (Vk)i = Cki for i 6= k. We have tested and verified that Eq. (E.25) is the same as the
definition ∆IOIk ≡ IOI − IOImarg,k.

E.2.3 A discussion on different situations in parameter marginalization

In general, the equality equation can be satisfied without Cki = 0 or δj = 0. An example is shown
by the three panels in Fig. E.1. It is a coincidence there for IOI to be the same after marginalizing
over λ2. The reason is as follows. If δ2 = 0, we will have IOI>IOI1 because marginalizing over
λ2 hides some inconsistency due to the correlation between λ1 and λ2 specified by C. In Fig. E.1,
δ2 6= 0, and the red ellipse is shifted a little downward compared to the case where δ2 = 0. As a
result, the joint mean is located at a point which is more easily “supported” by the two experiments,
and consequently IOI becomes smaller. Meanwhile, IOI1 does not depend on the vertical shift of
both distributions. For a particular amount of vertical shift, IOI becomes the same as IOI1.
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If the drop of IOI is small after parameter marginalization, we may be able to marginalize
over the corresponding parameter to analyze the inconsistency for the whole model. If so, we can
analyze the model in a low parameter dimension. And hopefully it can be reduced to two or three
dimensions so that we can graphically show the full inconsistency. That is one of the motivations
for us to propose the supplemental measure of the inconsistency for one parameter (∆IOIi) in
Sec. 5.9. However, even when the drop is small, we still need to pay attention to whether it is a
special case such as the one shown in Fig. E.1. In such a special case, marginalization over λ2

ignores the original probability distributions, although we get the same IOI. Fortunately, it is easy
to check whether it is a special case. For example, if the drop of IOI after marginalizing over λ2

(i.e., ∆IOI2) is small, we can check whether the IOI after marginalizing over all other parameters
but λ2 (i.e., IOI2) is also small. If both ∆IOI2 and IOI2 are small, we can safely marginalize
over λ2 and analyze the inconsistency for the whole model. If not, marginalizing over λ2 will
either hide some inconsistencies or ignore the original shape of the probability distribution. Table
E.1 summarizes the four situations regarding different combinations of ∆IOIi and IOIi and the
corresponding effects of marginalizing over the λi. In the right panel of Fig. E.1, IOI2 is not 0 so
the example shown in Fig. E.1 is a special case. Combining IOIi and ∆IOIi, we can get a lot of
information about the full distribution.

E.3 Semi-analytical method of parameter splitting

Here we talk about a semi-analytical method for the technique of parameter splitting. The so-called
parameter splitting technique has been used to explore the self-consistency of the dark energy
model in the literature (Wang et al., 2007; Ruiz and Huterer, 2015; Bernal et al., 2016). In such
technique a parameter (or some parameters), like w, is split into two meta-parameters wgeom and
wgrow, so that the equations governing the expansion use wgeom while the perturbation equations
use wgrow. These two parameters, along with the other unsplit parameters, constitute a model with
N + 1 parameters and are fitted into several cosmological experiments at the same time. It has
been noticed that some experiments only or mainly constrain the geometry split parameter(s) and
some mainly constrain the growth parameter(s) (Ruiz and Huterer, 2015). This technique has a
variation in (Bernal et al., 2016) where the meta parameters are not entering different equations,
but are fitted separately into a geometry set and a growth set of experiments (at the same time).
Here we are going to show that in the case of Gaussian distribution and where the experiments can
be separated into geometry set and a growth set, the goal of parameter splitting technique can be
equivalently achieved by fitting the wCDM model one by one into the geometry and the growth
sets of experiments. This semi-analytical method has the advantages of not having the risks of
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modifying the existing codes, and much less computation time since less parameter dimensions

are involved.

Consider a model with N parameters consisting of λ, and λs to be split. In the technique of

parameter splitting λs is split into λgeom and λgrow, and the total likelihood consists of two parts,

lnL(λ, λgeom, λgrow) = lnL1(λ, λgeom) + lnL2(λ, λgrow) . (E.26)

The above equation is not correct in general. More explicitly if an experiment can constrain both

λgeom and λgrow equally well, we can’t separate the total likelihood into a summation of two parts.

But since we are assuming experiments of concern mainly constrain either λgeom or λgrow, we can

approximately do so. In the case of Gaussian likelihoods, the inverse of the covariance matrix is

given by the fisher matrix,

(
C−1

)
ij

= Lij = − ∂
2 lnL
∂λi∂λj

= −∂
2 lnL(1)

∂λi∂λj
− ∂2 lnL(2)

∂λi∂λj
. (E.27)

For Gaussian likelihoods, the second derivative doesn’t depend on the location of parameters, so it

is not necessary to specify the point to evaluate. Since lnL(1) doesn’t depend on λgrow and lnL(2)

doesn’t depend on λgeom, the components of the Fisher matrix reads (with Lij = Lji),

Lij = −∂
2 lnL(1)

∂λi∂λj
− ∂2 lnL(2)

∂λi∂λj
=



L
(1)

ij + L
(2)

ij , for i, j 6= geom or grow.

L
(1)

i geom , for i 6= grow , j = geom.

L
(2)

i grow , for i 6= geom , j = grow.

0 , for i = geom , j = grow.

(E.28)

Since the second derivative doesn’t depend on the parameter location in the case of Gaussian

distribution, L1 and L2 can be obtained by individually fitting the model (λ, λs) into the geometry

and the growth experiments. Now L1 and L2 are both N ×N dimensional, but according to (E.28)

we can obtain the (N + 1) × (N + 1) Fisher matrix L by extending L1 to L1,ext and L2 to L2,ext
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by filling 0′s,

L
(1)

=

i 6=geom λs
x · · ·

... . . .

 x
...

x · · · x

 → L
(1)

ext =

i 6=geom g
eo

m

g
ro

w

x · · ·
... . . .

 x 0
...

...

x · · ·

0 · · ·

x 0

0 0



L
(2)

=

i 6=grow λs
x · · ·

... . . .

 x
...

x · · · x

 → L
(2)

ext =

i 6=grow g
eo

m

g
ro

w

x · · ·
... . . .

 0 x
...

...

0 · · ·

x · · ·

0 0

0 x



(E.29)

Then we can combine the two extended Fisher matrices to get the total one L = L
(1)

ext + L
(2)

ext, and
inverse F to get the covariance matrix. The peak of the combined and extended likelihood is now
given by (5.13) with the Fisher matrices replaced by the extended ones, that is,

µ = L−1
(
L

(1)

extµ
(1)

+L
(2)

extµ
(2))

. (E.30)

The matrix form of L(1)

ext and L(2)

ext (E.29) implies µgeom = µ
(1)

geom and µgrow = µ
(2)

grow. The result of
this semi-analytical process is obtained without additional numerical computation and is shown in
Figure E.2. This result is to be compared with figure 6 in (Ruiz and Huterer, 2015). The similarity
of the semi-analytical method here and the plots in (Ruiz and Huterer, 2015) demonstrate that
both methods can yield similar results in special cases. But our semi-analytical method leads to
very different result comparing to those in (Bernal et al., 2016), in which a significant correlations
between the splitting parameters (e.g. wgeom and wgrow) are present. In our semi-analytical method,
the correlation between the splitting parameters is normally weak (but can be large in principle).
There is no direct correlation between the splitting parameters in the sense that the corresponding
combined Fisher matrix off diagonal elements are absolutely zero. The weak correlation between
the splitting parameters is through their correlations with other parameters, so that after taking the
inverse of combined Fisher matrix their off diagonal elements of the covariance matrix is not zero.
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Figure E.2: The result of the semi-analytical method of parameter splitting. We are using the same
sets of experiments as in section 6.9. Here we only split the dark energy equation of state w.
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APPENDIX F

ON “CORRELATED ” DEVIATIONS FROM BARYONIC TULLY-FISHER RELATION

IN LOCAL GROUP DWARF SPHEROIDALS

Baryonic mass and lumninosity of faint dwarf galaxies have been known to deviate from the em-
pirical Baryonic Tully-Fisher Relation (BTFR) and to exhibit a significant scatter, see for example
(Brook et al., 2016; Simons et al., 2015; McGaugh and Wolf, 2010). In a well-known paper, i.e.
(McGaugh and Wolf, 2010), McGaugh and Wolf (hereafter MW2010) found that those deviations
are not random, but correlated with luminosity, ellipticity, size, metallicity and susceptibility of the
dwarf galaxies to tidal disruption and effects. They interpreted and concluded from those corre-
lations that “fainter, more elliptical, and tidally more susceptible dwarfs deviate farther from the
BTFR; these correlations disfavor stochastic processes and suggest a role for tidal effects.” Since
then, MW2010 paper has been often cited in the literature as photometric evidence for local group
(LG) dwarf satellites as being tidally stripped and/or governed by Modified Newtonian Dynam-
ics (MOND) (see, for examples, (Dabringhausen and Kroupa, 2013; McGaugh, 2016; Lüghausen
et al., 2014; Kroupa, 2012)).

In this note, we analyze closely the high correlations reported in MW2010 and find that they
have been set by construction. Indeed, in order to represent the deviations from BTFR, MW2010
defined a quantity they called the residual Fb. We analytically expand here the definition of this
residual and find that the high correlation between Fb and the luminosity LV is driven by the
fact that the expression of Fb directly involve LV , which is the important term in the correlation.
MW2010 also found that Fb correlates with several other quantities but we find that those quantities
are either already known to correlate with LV , or constructed to be proportional to it. As a result
all those other quantities also correlate with Fb from its definition.

It is worth clarifying that the goal of this note is not to question the possible roles of tidal and
other environmental effects on the LG satellites. There have been studies suggesting that some
LG satellites are being or have been tidally disrupted (e.g., (Munshi et al., 2017; Collins et al.,
2016; Carlin et al., 2009; Sand et al., 2009)). Especially, authors in (Munshi et al., 2017) found
that, mainly due to tidal stripping effects, there could exists a larger scatter between the stellar
mass and the halo mass for low-mass satellite galaxies. (Casas et al., 2012) suggested that the
LG dwarf satellites have high mass-to-light ratios possibly because they are in quasi-equilibrium
states. Besides tidal forces, the literature is also abundant on stochastic effects, such as supernova
feedback, reionization quenching and/or other baryonic effects (Sawala et al., 2015; Wheeler et al.,
2015; Brown et al., 2014a).
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Figure F.1: Reproducing the plot of logFb ("residual" to BTFR) vs logLV (luminosity) from
MW2010 (see the upper-left panel of Fig. 2 in (McGaugh and Wolf, 2010)). We add here the
correlation coefficient and a linear regression between logFb and logLV to serve for our discus-
sion.

We rather show problems in the analysis of MW2010 that invalidate the correlations claimed
there as evidence for tidal effects to be responsible for the significant scatter in BTFR for faint
dwarfs and ultra-faint-dwarf galaxies.

Based on some of their earlier work, (Stark et al., 2009; Trachternach et al., 2009; McGaugh
et al., 2010), the authors of MW2010 used the following BTFR relation:

Mb = AV 4
c , (F.1)

where Mb is the total baryonic mass predicted by the empirical BTFR, A is a constant, Vc is the
circular velocity inferred from Vc =

√
3σlos with σlos the light-of-sight stellar velocity dispersion.

They used A = 45 ± 10M� km−4s4 from (Stark et al., 2009; Trachternach et al., 2009), which
is obtained by calibrating BTFR to gas-rich dwarf galaxies. The actual Mb may deviate from the
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prediction of BTFR, i.e., from AVc. For faint and gas-poor LG dwarf galaxies, MW2010 used

Mb = ΥV
∗ LV , (F.2)

with ΥV
∗ the stellar mass-to-light ratio. They used different values of ΥV

∗ ranging from 1.0 to

1.8 for different LG dwarf galaxies, and assigned an uncertainty of 0.4 dex. They found that Mb

deviates from AV 4
c significantly for LG dwarf galaxies. So to quantify the observational deviation

from BTFR, MW2010 defined a quantity called the residual, Fb, which is the ratio of the observed

Mb from Eq. F.2 to the one determined from Eq. F.1 as predicted by BTFR, i.e.,

Fb ≡
Mb

AV 4
c

. (F.3)

So if Mb follows the prediction of BTFR then Fb = 1, otherwise the departure of Fb from unity

will quantify the deviations from the BTFR. When using the data, Fb is indeed found to deviate

significantly from unity for the local group dwarf satellites, and MW2010 found that the deviations

are correlated with luminosity, ellipticity, size, metallicity and “susceptibility” to tidal disruption.

They further argued that those correlations are evidences for these deviations to be caused by tidal

effects and in disfavor of stochastic processes. We do not agree with such interpretations.

To start our discussion, we reproduce the upper-left panel of their Fig. 2 in our Fig. F.1. We

can see in Fig. F.1 that Fb differs from unity for most of the dwarf satellites, and that Fb and LV
are highly correlated. We also add to Fig. F.1 our calculated correlation coefficient and a linear

regression between logFb and logLV using the same data as MW20101. However, by analyzing

closely the definition of Fb, we show below in some details that the correlations are simply results

of the definition. The exact values of the data correlation coefficient and the regression parameters

all follow precisely from the definition (F.3) itself.

To see it explicitly, let us substitute Eq. (F.2) into Eq. (F.1) and take the logarithm of Fb:

logFb = logLV + log ΥV
∗ − 4 log Vc − logA . (F.4)

The high correlation between logFb and logLV is driven by the fact the definition of logFb con-

tains the term logLV and that term is the important term in the correlation. If the BTFR [Eq. (F.1)]

tightly holds, for example for the gas-dominated disks (McGaugh et al., 2010), the dependence

of logFb on logLV would be subtracted out by the term 4 log Vc in Eq. (F.4). But for faint dwarf

1For the linear regression, we do not take into account the uncertainties associated with the data since not needed
to make our point.
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galaxies, especially for the ultra-faint dwarf galaxies, the correlation between luminosity and cir-

cular velocity becomes weak (Lin and Ishak, 2016b). In such a case, the term does not go as logLV

any more. Thus the dependence of logFb on logLV is not canceled by 4 log Vc, and remains in the

definition of logFb. Then logFb is then constructed to be correlated with logLV .

To be more precise, we will show that the regression slop b and the correlation coefficient ρ

between logFb and logLV can be reproduced by treating logLV as the dominate term and 4 log Vc

as a non-significant term in the calculation of b and ρ. Let us consider first the slope. From the

data regression (with equation y = a + b x) shown in Fig. F.1, we see that the slope is b = 0.68

which is close to +1 but not exactly +1. This can be explained precisely from the RHS terms of

equation Eq. (F.4). Indeed, if logLV is the only (numerically) important term on the right hand side

of Eq. (F.4), the slope would be exactly +1. The difference between b and +1 is mainly caused by

the third term, −4 log Vc. We can treat the term −4 log Vc as small, and see if we can reproduce

the regression slop b. Recall that the slope between two quantities (logFb and logLV here) can be

calculated explicitly as (see for example (Kutner et al., 2004)),

b =
Cov(logFb, logLV )

Cov(logLV , logLV )
, (F.5)

where Cov(x, y) is the covariance between x and y 2.

Now, since A in Eq. (F.4) is a constant [so Cov(logA, logLV ) = 0] and the numerical value of

ΥV
∗ is close to 1 [so log(ΥV

∗ ) ' 0], and since the covariance is bilinear, then it follows that putting

Eq. (F.4) into Eq. (F.5) gives

b '1− 4
Cov(log Vc, logLV )

Cov(logLV , logLV )

=0.69.

(F.6)

This is very close to the actual regression slope 0.68 obtained from the data as expected. The first

term (i.e., 1) in the first line of Eq. (F.6) is due to the term logLV in Eq. (F.4), while the difference

between b and 1 is mainly caused by term−4 log Vc in Eq. (F.4). So we have demonstrated that the

slop being close the +1 (but not exactly +1) is caused by the presence of logLV in the definition

of Fb.

2We adapt Cov(x, y) = 1
N

∑
(xi − x̄)(yi − ȳ), where ‘x̄’ denotes the average of x. A frequently used alternative

definition of the (unbiased) covariance is Cov(x, y) = 1
N−1

∑
(xi − x̄)(yi − ȳ). But the regression slop or the

correlation coefficient do not depend on the definition of the covariance, since the factor of 1
N or 1

N−1 drops out.
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Table F.1: List of the correlations between the residual Fb and other quantities shown in MW2010.
Since LV has been correlated to Fb by definition then all quantities correlated either by construction
in MW2010 or physically known to be correlated to LV are also by transitivity found correlated
with Fb. Since Fb and LV are positively correlated with each other by construction, a quantity that
positively (negatively) correlates with LV will be expected to positively (negatively) correlate with
Fb as well. In the table, ‘+’ (‘−’) stands for a positive (negative) correlation. All the correlation
directions shown in MW2010 match those expected. This fact shows that the correlations between
Fb and the quantities listed bellow are caused merely by construction. We refer readers to MW2010
for detailed definitions of those quantities.

Quantities Reasons for
correlation with Fb

Expected
correlation
directions

Correlation
directions
in MW2010

Figures in
MW2010

Effective radius, Re Correlates with LV ,
see Fig. 6 in
(McConnachie, 2012)

+ + Fig. 2,
upper right

Surface brightness,
〈Ie〉

Correlates with LV ,
see Fig. 7 in
(McConnachie, 2012)

+ + Fig. 2,
lower left

Metallicity, [Fe/H] Correlates with LV ,
see Fig. 12 in
(McConnachie, 2012)

+ + Fig. 2,
lower right

Ellipticity, ε Correlates with LV ,
see data provided in
MW2010.

− − Fig. 3,
upper left

|MV |+ 6.4 log(D) Correlates with LV by
definition,
|MV | = 2.5 logLV + C

+ + Fig. 3,
lower left

Tidal susceptibility,
FT,D

Correlates with Fb by
definition,
FT,D = M

m

(
r
D

)3

− − Fig. 3,
lower right

MOND tidal radius,
r1/2
rt,M

Correlates with Fb by
definition,
r1/2
rt,M

=
r1/2
D

(
3M
m

)1/3

− − Fig. 6,
right

Normalized stellar
orbit rate, γ

Correlates with Fb by
definition,
γ =

(
D
r

)3/2 (m
M

)1/2

+ + Fig. 7,
left
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Now let us consider the correlation coefficient between logFb and logLV . The high correlation
between them is driven as well by the presence of logLV in Eq. (F.4). Recall that the correlation
coefficient can be calculated as (Kutner et al., 2004)

ρ =
Cov(logFb, logLV )√

Cov(logLV , logLV )× Cov(logFb, logFb)
. (F.7)

Again, if we ignore the last three terms in Eq. (F.4), ρ will be identically +1. The difference
between ρ and +1 is caused by a small contribution from Cov(log Vc, logLV ). To see this, let us
substitute Eq. (F.4) into Eq. (F.7) with again ignoring log ΥV

∗ and treating −4 log Vc as a small
term. We obtain:

ρ ' Cov(logLV , logLV )− 4Cov(log Vc, logLV )√
[Cov(logLV , logLV )− 8Cov(log Vc, logLV ) + 16Cov(log Vc, logLV )

' 1− 8× Cov(log Vc, logLV )

Cov(logLV , logLV )

' 0.890 .

(F.8)

Again, the first term (i.e. 1) in the second line of the above equation is due to the term logLV in
Eq. (F.4), while the small second term is due to the term log Vc. This analytic correlation coefficient
is very close to the actual coefficient 0.893 from the data. So the high correlation coefficient ρ is
driven to be close to +1 by the fact that logFb contains the term logLV that is the important term in
the correlation, and the small difference between ρ and +1 is due mainly due to the term 4 log Vc.

The above discussions shows precisely that the high correlation between logFb and logLV

is caused by the facts that the definition of Fb directly involves LV itself, and that due to weak
correlation between LV and Vc the term logLV is the dominating term in the correlation.

MW2010 also found that Fb correlates with some other quantities, such as the effective radius,
surface brightness, ellipticity and tidal susceptibility. However, these other quantities are actually
known or constructed there to be correlated with LV . As a consequence, they also correlate with
Fb. For example, the tidal susceptibility FT,M is defined in MW2010 following (Bellazzini et al.,
1996) as

FT,M =
FT
FB

=
M

m

( r
D

)3

, (F.9)

where M is the mass of the host galaxy, m and r are the mass and the size of the satellite, and
D is the distance to the host. By the construction of Fb, this FT,M is anti-correlated with Fb

because the mass m in Eq. (F.9) has been set to m = Mb by MW2010 (this setting has other
additional issues3). The anti-correlation is observed as expected from the definition. Quantities

3The mass m in Eq. (F.9) should be the total mass of the satellites. In dark matter scenario, setting m = Mb is
problematic, as the LG dwarf satellites are dark matter dominated (Strigari, 2013).
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such as the MOND tidal radius defined in MW2010 as r1/2
rt,M

(where r1/2 is the half-light radius

and rt,M = D
(
m

2M

)1/3 is the tidal radius in MOND,) as well as the normalized stellar orbit rate
defined as γ =

(
D
r

)3/2(m
M

)1/2, were found to be correlated with Fb. Since their definitions contain
m = Mb, their correlation with Fb are also expected to be caused by their definition.

Similarly, other quantities, such as the effective radius, Re; the surface brightness, 〈Ie〉; the
metallicity, [Fe/H]; and the ellipticity, (ε); have already been found to be correlated with the lu-
minosity for dwarf galaxies, see for example (McConnachie, 2012). As a consequence, those
quantities are correlated with Fb by transitivity. So their correlations with Fb there can not be
interpreted as evidence for tidal effects.

In fact, the correlations between some of those quantities and LV and the construction Fb

are actually weaker for smaller dwarf galaxies, especially for the ultra-faint dwarf galaxies. In
particular, we have shown in Chapter 8 that the correlation between the “residual” Fb and ellipticity
is weak (with a corralation coefficient ρ = 0.24). This serves as an example that the empirical
correlations Fb vs Re, 〈Ie〉, [Fe/H] and ε seem to not hold for ultra-faint dwarf galaxies. Again,
from the definition of Fb, if the correlation between LV and other quantities is weak, the correlation
between Fb and those quantities is weak.

Finally, Table F.1 lists all the quantities that were found in MW2010 to be “correlated” or
“anticorrelated” with Fb, along with the simple construction associated with the reason for each
correlation or anti-correlation. All the correlation directions shown in the graphs from MW2010
match the expected analytical ones by definition.

We showed that the correlations claimed in MW2010 between deviations from the BTFR and
the luminosity, ellipticity, size, metallicity and susceptibility to tidal disruption of the local group
dwarf galaxies have been set by construction in their analysis. Their definition of the residual Fb
and other quantities involve directly or indirectly the luminosity LV , which is the important term
in the correlation. Other quantities are already known to correlate or anti-correlate with LV . As a
result, Fb is expected to correlate/anti-correlate with all those quantities by definition. It follows
that those correlations as claimed there cannot serve as evidences for the role of tidal disruption
or as supports for MOND dynamics as interpreted in that analysis. We are not opposing whether
those local group satellites are experiencing tidal disruption or other environmental effects, but we
simply find that the method used in MW2010 and the conclusions drawn from it are in error.

214



APPENDIX G

DESCRIPTION OF CODES

G.1 Modification in Camb for tensor mode

The modification of scalar modes due to modified gravity have been explained and added to CAMB

via the package ISITGR. The discussions on scalar mode involves the variable transformation
between the conformal gauge to the synchronous gauge, see the following references for details
(Dossett et al., 2011; Dossett and Ishak, 2012).

Given the modified tensor propagation equation (3.3), we need to modify the evolution equation
of the tensor mode in CAMB. The equation is located in the file equations.f90, in the subroutine
derivst. And the modification for the flat spatial curvature is from,

aytprime(3)=-2*adotoa*shear+k*Hchi-rhopi/k , (G.1)

to
aytprime(3)=-(2+3*nu_0)*adotoa*shear+WT2*k*Hchi-rhopi/k . (G.2)

We don’t consider spatial curvature in this work. In the above equations, those variables are used
in CAMB, and they are aytprime(3) = shear′, adotoa = a′/a, Hchi = hk, rhopi is a2 times the right
hand side of (3.2) and we assume the change of it is not necessary or negligible, nu_0=ν0 and
WT2= w2

T

k2/a2 . The derivative is taken with respect to conformal time. Before this equation in CAMB,
nu_0 needs to be assigned a value and WT2 has to be evaluated as,

WT2 = 1.0 + ε0 + εh × (k/a/1E4)2 + εnl × (a/k)2 , (G.3)

with ε0, εl and εh assigned values. We take n = 4, and the number 1E4 is inserted because
we let K0 = 104Mpc−1, while µ0 = 1Mpc−1. In this work, we vary each modified parameter
individually, although they can be varied simultaneously.

G.2 CMB foreground subtraction and Fisher matrix for forecast

Readers can access to a series MATLAB codes that calculate the residual contamination for B-mode
polarization after a foreground subtraction. The repository is located at:

https://github.com/WeikangLin/CMB-foreground-residuals.git
If you are using those codes or modified versions based on them, please cite (Lin and Ishak, 2016a).
There are four separate codes, each of which does different thing(s).
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Table G.1: A summary of the foreground subtraction codes. Each individual code performs
different functions. Note that there is a successive dependency among those code. They are kept
separated for practical reasons. See Sec. 3.5.1 for details of foreground subtraction formalism.

Codes Inputs Outputs
Noise.m Specification of a CMB experiment

which includes the frequency band cen-
ters and widths, FWHM and RJ limit
uncertainties.

Reduced noises due to a component
separation.

syn_dust_cov.m Run Noise.m first, and component
maps of synchrotron and dust from,
e.g., Planck

intermediate process.

param_uncert.m Run after syn_dust_cov.m. The uncertainties of dust and syn-
chrotron profile parameters.

frg_res_cl.m Run after param_uncert.m. The angular power spectra of of
foreground residuals, the inputs of
CMB Fisher matrix code.

After calculate the reduced noise and the foreground residuals, readers can use the CMB Fisher

matrix code to calculate the projected covariance matrix for cosmological parameters including the

tensor-to-scalar ration r. The repository is located at:

https://github.com/WeikangLin/Fisher-matrix-forecast-for-CMB-B-mode.git

Description of how to use the Fisher code is provided in README.md in the repository.

G.3 The code and graphic user interface for the calculation of IOIs

A MATLAB code and graphic user interface are provided separately at

https://github.com/WeikangLin/IOI_CosmoMC.git

https://github.com/WeikangLin/IOI_GUI.git

to calculate the two-experiment IOIs between two or multiple constraints obtained from different

datasets. These codes are supplementary to COSMOMC. If you are using those codes or modified

versions based on them, please cite (Lin and Ishak, 2017a,b). To use those codes, an users uses

COSMOMC to obtain constraints from different datasets. Then specifies directory containing the

constraints produced by COSMOMC. The codes will search the files they need to calculate IOIs.

The outputs of those codes are file containing all the two-experiment IOIs in a matrix form.
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G.4 Calculating the distribution of the correlation coefficient for UFDs

Both the absolute magnitude (MV) and the stellar (σv) velocity dispersion of UFDs have uncer-
tainties. We therefore can not just use the mean values of those data to calculate the correlation
coefficient. But we can ask the following question: given the distribution of each pair of abso-
lute magnitude and stellar velocity dispersion, what is the distribution of correlation coefficient
between the two? Here, we present the algorithm to do so for independent data that have uncor-
related Gaussian distributions. This algorithm can be generalized into independent data that have
general distributions in the MV − σv space.

For each luminosity and stellar velocity dispersion data point, we can in general find the mean
values the uncertainties of them. We then impose an uncorrelated two-parameter Gaussian distri-
bution on them, Pi(M i

V, σ
i
v) = N (M i

V,mean, σ
i
v,mean; δiMV

, δiσv
), with the parameter means (M i

V,mean

and σiv,mean) and uncertainties (δiMV
and δiσv

) match the given one in each data point. For general
cases, some reported results can be correlated or one-sided constraints, but the idea can be gener-
alized to cover those situations. For N data points, there should be 2N variables. The probability
density for a specific set {MV, σV} ≡ {M1

V, σ
1
v;M2

V, σ
2
v; . . . ;MN

V , σ
N
v } is then given by

P ({L,σV}) =
∏
i

Pi(L
i, σiV) . (G.4)

For each set of {L,σV}, the correlation coefficient can be calculated by

ρ =

∑
(M i

V −MV)(σiv − σv)√∑
(M i

V −MV)2
√∑

(σiv − σv)2

. (G.5)

Then the ρ can be treated as a derived variable depending on {L,σV}. The distribution of ρ can
be obtained by sampling P ({L,σV}) over the 2N parameter space. This can be easily done with
COSMOMC and consider P ({L,σV}) as a generic “likelihood” and treat ρ as a derived parameter.
A marginalized distribution, as well as the mean value and uncertainty, of ρ can be obtained at the
end.

To generalize the idea to more general cases, we can modify Pi accordingly. If some results
are reported as correlated data, we can use a generalized multivariate Gaussian function as Pi. For
one-sided data, one can use the step functions (normalized or not).
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