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Abstract Magnetosonic waves have been demonstrated as effective for bounce resonant scattering.
Electron scattering rates due to bounce resonance interaction with magnetosonic waves are derived
in a general form, where the effects of the finite Larmor radius, of violation in the first adiabatic invariant,
and of latitudinal wave power distribution are considered. Such bounce resonance diffusion coefficients are
important, but missing, from radiation belt modeling. Additionally, we provide a parametric study on the
electron energy and equatorial pitch angle, magnetosonic wave, and background parameters to identify the
factors that determine effective bounce resonant scattering.

Plain Language Summary Energetic particles, like electrons, emitted from the Sun become
trapped in the Earth’s magnetic field and form a complicated system of plasma currents known as the
magnetosphere. Electrons in the magnetosphere move in ways that are difficult to model. Understanding
the behavior of energetic particles in the plasma of the magnetosphere is important for planning
both manned, and unmanned, space missions. Typically, there are many waves and particles in the
magnetosphere, so identifying and studying each interaction makes modeling a complete magnetosphere
possible. Magnetosonic waves are plasma waves that disturb electrons in ways that previous theories
could not predict, but data have always shown. In this study, we use our own model to look at the spread
of many electrons, bouncing along the magnetic field lines, after encountering multiple magnetosonic
waves. It was found that considering the radius of the gyration of the particle and a realistic geometry
of the wave are important to the outcome of the interaction. The spread of the particles is called diffusion
and can be used in larger-scale models to better predict the dynamics of the magnetosphere as a tool
to help plan future space missions.

1. Introduction

Fast magnetosonic waves (ion Berstein mode waves or equatorial noise) are magnetically compressional
mode electromagnetic waves observed within a few degrees of the geomagnetic equator. They can be
observed over a frequency range of a few hertz to a few hundred hertz but are bounded by the proton gyrofre-
quency (fch) and lower hybrid resonance frequency (fLHR, Russell et al., 1969). Fast magnetosonic waves also
propagate nearly perpendicular to the background magnetic field and are generated at harmonics of the
proton gyrofrequency through ion cyclotron harmonic instability of energetic proton ring distributions with
energy of ∼10 keV (Boardsen et al., 1992; Chen et al., 2010; Horne et al., 2000; Liu et al., 2011). The condition of
transition from discrete to continuous frequency spectra has been investigated thoroughly (Sun et al., 2016a,
2016b). It is also observed that their dominant magnetic component points along the field line and has an
average amplitude of about 50 pT (Ma et al., 2013) and can be as high as 1 nT (Tsurutani et al., 2014).

Both bounce and Landau resonant scattering by magnetosonic waves have been attributed to the formation
of butterfly distributions, which require a depletion in equatorially and near equatorially mirroring electrons
and/or enhancements for lower pitch angled electrons (Li et al., 2016; Ma et al., 2016; Maldonado et al., 2016;
Xiao et al., 2015). Recent attempts to recreate this electron population distribution have involved scattering
by magnetosonic waves through Landau resonance and transients time scattering effects (Li et al., 2016; Ma
et al., 2016) and from the combined acceleration of magnetosonic waves and chorus waves through viola-
tion of the first adiabatic invariant (Xiao et al., 2015). Although these studies found the formation of butterfly
distributions to be on the order of minutes and hours, respectively, such formations were observed to occur
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within seconds and comparable phase space density distributions were produced by simulating Landau and
bounce resonance with fast magnetosonic waves (Maldonado et al., 2016).

Nonlinear bounce resonance of energetic, equatorially mirroring electrons with monochromatic magne-
tosonic waves has been studied in Chen et al. (2015) through test-particle simulations. Diffusion rates of this
interaction are desired for future studies and have been attempted in the past but only for nonequatorially
mirroring pitch angles 𝛼eq < 90∘ (Li et al., 2015; Shprits, 2016). Li et al. (2015) follows the method of Roberts
and Schulz (1968) and Schulz and Lanzerotti (1974) by assuming a guiding center approximation (motion of
the gyrocenter of the particle) and a flat power distribution over a specified magnetic latitude range. Later
studies adapted Li et al.’s (2015) model to explore the effect of multiple waves with normally distributed wave
normal angles (Li & Tao, 2018; Tao & Li, 2016). Two potentially important factors, however, have been ignored
for bounce resonant scattering rate evaluation. The first one is that the wavelength of those magnetic waves
can be comparable to, and shorter than, the gyroradius of energetic electrons, especially for radiation belt
electrons. As a consequence, the first adiabatic invariant can be violated and the net force of magnetosonic
wavefields can be considerably different from using a guiding center approximation, where the gyroradius is
assumed to be much smaller than the wavelength. The second factor is that the observed latitudinal wave
power distribution shows a narrow peak near the equator instead of being flat (Němec et al., 2005). These
factors are valuable for quantifying the effect of magnetosonic waves on electron scattering. In this study, we
put forward a general bounce resonant scattering model, which implements the previously mentioned fac-
tors, and then validate it against test-particle simulation results. A parametric study of various particle, wave,
and background parameters are also presented to explore effective scattering conditions between energetic
electrons and magnetosonic waves.

2. Derivation of Diffusion Coefficients

Formulation of the bounce resonance diffusion coefficients utilizes a set of gyro-averaged relativistic particle
equations from Bortnik and Thorne (2010) and Chen et al. (2015). The set of equations considers a relativistic
guiding center approach, multiple waves, the Larmor radius effect, and a Gaussian latitudinal profile for the
magnetosonic wave amplitude.

dpz

dt
= −

p2
⟂

2𝛾mB
dB
ds

+ g(𝜆)
∑

n

[
ei𝜙n

qEznJ0(𝛽n) + iqv⟂BxnJ+1(𝛽n)
2

+ c.c.

]
(1)

dp⟂

dt
= +

pzp⟂

2𝛾mB
dB
ds

+ g(𝜆)
∑

n

[
ei𝜙n

−iqEyn − iqvzBxn

2
J+1(𝛽n) + c.c.

]
(2)

d𝜙n

dt
= −𝜔n + kznvz (3)

Here m is the electron’s mass, 𝛾 is the Lorentz factor, and pz (vz) and p⟂ (v⟂) are the particle’s parallel and per-
pendicular momentum (velocity), respectively. Our background field B is assumed to be dipolar, and s is the
arc distance along the field line from the geomagnetic equator. Ezn, Bxn, and Eyn are the nth magnetosonic
wavefield components, which are given in the field-aligned coordinate system where z is along the back-
ground field, the x-z plane contains the wave vector k⃗, and y completes the right-handed coordinate system.
The terms J0(𝛽) and J+1(𝛽) are Bessel functions of the first kind with argument 𝛽n = k⟂np⟂

qB
, where n denotes the

nth wave, k⟂ is the perpendicular wave number, and q is the charge (with sign) of an electron. The c.c. terms
represent the complex conjugate of the displayed wave force terms. These Bessel terms arise due to the wave
phase variation along the gyromotion path, which is also known as the finite Larmor radius effect. It should
be pointed out that ||J0(𝛽)|| < 1 and ||J+1(𝛽)|| < 𝛽∕2 produce a smaller driving force than the typical guiding
center approximation which ignores the size of the Larmor radius. Equations (1) and (2) can be reduced to the
guiding center approximation by letting 𝛽 approach 0. The additional factor g(𝜆) = exp(− 𝜆2

Δ𝜆2 ) represents a
realistic latitudinal distribution of the wave amplitude, where 𝜆 is the geomagnetic latitude from the geomag-
netic equator. The term 𝜙n in equation (3) is the nth wave phase seen by the center of the gyromotion, where
𝜔n is the nth wave’s angular frequency and kzn is the corresponding field-aligned wave vector component.

We present a summary of the derivation of diffusion coefficients for our wave model below with a detailed
derivation in Appendix A. We begin by finding the change in the squared momentum, Δp2, and the magnetic
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Figure 1. Comparison of (a) pitch angle and (b) energy diffusion coefficients among our new analytical expression,
Robert and Schulz theory (Li et al., 2015), the formula under the assumption of zero Larmor radius, the formula under
the assumption of the magnetic moment conservation, and lastly the test-particle simulation results.

moment associated with the gyromotion, Δ𝜇, over a bounce period, 𝜏b, which are determined from our start-

ing equations (1) and (2). Note that the magnetic moment is 𝜇 = p2
⟂

2mB
where m is the electron’s mass and B is

the background magnetic field at the particle’s position in space.

Δp2 =
∑

n

𝜏be(i𝜙
′
n0)

∑
l1

∑
k2

Jl1
(kznzm)Ik2

(c0)e−c0 ×
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(−iqEynJ+1p⟂)

1
2
𝛿(l1 − xn ± 2k2)

+(𝛾mzmΩbqEznJ0)
1
4
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]
+ c.c.

(4)
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∑
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−i
𝜇

p⟂
qEynJ+1

)
1
2
𝛿(l1 − xn ± 2k2)

+
(

i
𝜇

p⟂
qzmΩbBxnJ+1

)
1
4
𝛿(l1 − xn ± 2k2 ± 1)

]
+ c.c.

(5)

where c0 = 𝜆2
m∕2Δ𝜆2, xn = 𝜔n∕Ωb, and Ωb is the bounce frequency of the particle. For c0, 𝜆m is the bounce

mirror point as the magnetic latitude. The term 𝛿(l1 − xn ± 2k2) = 𝛿(l1 − xn + 2k2) + 𝛿(l1 − xn − 2k2). Similarly,
𝛿(l1−xn±2k2±1) = 𝛿(l1−xn+2k2+1)+𝛿(l1−xn−2k2+1)+𝛿(l1−xn+2k2−1)+𝛿(l1−xn−2k2−1). From here we
are able to express the equatorial pitch angle change, Δ𝛼eq, and energy change, ΔE, in terms of Δp2 and Δ𝜇.

Δ𝛼eq = 1
2

tan
(
𝛼eq

)(Δ𝜇
𝜇

−
Δp2

p2

)
(6)

ΔE =
Δp2

2𝛾m
(7)

To solve for the diffusion coefficient, Daa (where a can be either 𝛼eq or E), we write the change over a bounce
period in the form Δa = 𝜏b exp

(
i𝜙′

n0

)
A + c.c., where A is a complex number independent of 𝜙n0 and 𝜃0. The

diffusion coefficient is

Daa =
⟨
(Δa)(Δa)

2𝜏b

⟩
=
𝜏b

2
(AA∗ + A∗A) (8)

where ⟨⟩ represents the average over the bounce phases 𝜃0 or wave phases 𝜙n0. Note that the quantity A in
equation (8) is independent of the wave phase, 𝜙n0, and is linearly dependent on the wave’s complex ampli-
tudes Ezn, Bxn, and Eyn and contain the derived harmonic selective terms 𝛿(l1 −xn ±2k2) and 𝛿(l1 −xn ±2k2 ±1).
Since the mirror point

(
𝜆m and zm

)
depends on𝛼eq, D𝛼eq𝛼eq

, and DEE are individually calculated for each desired
equatorial pitch angle.
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Figure 2. Pitch angle (a) and energy (b) diffusion coefficients as a function of equatorial pitch angle 𝛼eq and energy. Pitch angle (c) and energy (d) diffusion
coefficients for selected particle energies of 0.01, 0.1, 0.3, 1, 1.5, 2, and 5 MeV.

3. Test-Particle Simulation and Results

A test-particle simulation was completed using the same model given in the previous section. The simulation
is carried out in a cold plasma contained in a background dipole magnetic field. Our magnetosonic power
distribution follows the model from Horne et al. (2007) where the spectral density is (𝜔) ∝ exp(−(𝜔 −
𝜔m)2∕𝛿𝜔2). We follow Horne et al. (2007) and X. Li et al. (2015)’s wave parameters where Brms = 218 nT,
𝜔m = 3.49 × 10−3Ωe, and 𝛿𝜔 = 8.86 × 10−4. The bounds of the spectral density distribution are between
𝜔LC = 2 × 10−3Ωe and 𝜔UC = 5 × 10−3Ωe, where Ωe is the electron cyclotron frequency. The electron’s kinetic
energy is E = 1 MeV, with a drift shell of L = 4.5 and background plasma density fpe∕fce = 3. This will emulate
electrons in the outer radiation belt outside of the plasmapause. Additionally, we assume that the waves have
the same wave normal angle of 𝜓 = 89∘ and the latitudinal distribution has a latitudinal width of Δ𝜆 = 3∘.

The simulation is performed for 100 × 101 runs over an interval of t = 5 s (∼10 bounce periods) with 101
random wave phases and 100 random bounce phases. For a given 𝛼eq, and E, for each run, we evaluate the
change Δ𝛼eq and ΔE over the simulation time t. We evaluate the equatorial pitch angle diffusion coefficient
through D𝛼eq𝛼eq

=
⟨
(Δ𝛼eq)2

⟩
∕2t, where Δ𝛼eq = 𝛼eq − 𝛼0 is the change in equatorial pitch angle from the

original value, t is the simulation time and ⟨⟩ is an ensemble average over the bounce phases 𝜃 and wave
phases 𝜙n0. Test-particle simulation results are shown as the pink circles in Figure 1, and we refer to the blue
line for our analytical results. One can see that our test-particle simulation (pink circles) is in close agreement
with our theoretical derivation with an exception for pitch angles near 90∘. There are two reasons for the dis-
crepancy. The first is that our assumption of zeroth-order bounce trajectory used in the linear perturbation
analysis fails near 90∘. In other words, for equatorially mirroring electrons, any small perturbation results in a
significant change to the bounce amplitude. This requires nonlinear analysis (e.g., Chen et al., 2015) to cap-
ture the response of equatorially mirroring electrons, where advective transport in the pitch angle and energy
for those electrons should be considered. The second is associated with errors from numerical integration
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Figure 3. Pitch angle (a) and energy (b) diffusion coefficients as a function of equatorial pitch angle 𝛼eq for selected L
values: 4, 4.5, 5, 5.5, and 6. Pitch angle (c) and energy (d) diffusion coefficients for selected values of plasma frequency to
cyclotron frequency ratios (fpe∕fce) of 1, 3, 5, 7, 10, 15, and 20.

in the test-particle simulations. Because of the absence of nonlinear effects in our linear perturbation anal-
ysis, we believe diffusion rates near 𝛼eq = 90∘ to be more reliable for our test-particle simulations than our
analytical result.

For comparison, we also calculate two other analytical diffusion rates (red line and black dashed line) which
both assume magnetic moment conservation, but differ in assuming an absent (red line) and present (black
dashed line) Larmor radius effect. The diffusion rate derivation for the assumption of magnetic moment con-
servation (independent of finite size Larmor radius assumption) is done by letting the wave driving term in
equation (2) vanish. The diffusion rate derivation for the assumption of zero Larmor radius is done by setting
J0(𝛽) = 1 and J+1(𝛽) = 𝛽∕2 in equations (1) and (2). The peak pitch angle scattering rate when including
all effects (blue line) at large pitch angles is lower than those under the assumption of zero Larmor radius
(red line). This is because the Larmor radius effect (J0(𝛽) and J+1(𝛽) in equations (1) and (2) reduces the scatter-
ing of magnetosonic waves on our electron population. Including Bessel functions tend to reduce the strength
of the wave driving force (if 𝛽 > 1, J0(𝛽) < 1 and J+1(𝛽) < 𝛽∕2) and therefore reduce the driving force effect.
A significant difference between our analytical results (blue line) and those with the assumption of mag-
netic moment conservation (dashed black line) exists at small pitch angles (<40∘). This is expected because
those electrons can travel through the wavefield quickly, and thus, the magnetic moment is not expected
to be conserved.

We also make a comparison with the formula obtained from previous studies which do not incorporate the
Larmor radius effect or any driving force to p⟂. Diffusion rates from Roberts & Schulz (1968, flat latitudinal
profile) and Li et al. (2015, square latitudinal profile) are shown as the green line and solid black line in Figure 1,
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Figure 4. Pitch angle (a) and energy (b) diffusion coefficients as a function of equatorial pitch angle 𝛼eq and for selected
values of wave center frequencies. Pitch angle (c) and energy (d) diffusion coefficients for selected values of wave
normal angles. Pitch angle (e) and energy (f ) diffusion coefficients for selected values of latitudinal widths for the wave
power distribution.

respectively. The two follow the same general trend as those from our formulation (the blue line). However,
our formulation predicts a smaller pitch angle diffusion rate peak near high pitch angles (∼70∘) due to the
same reasons mentioned above. One can also see discontinuities in the diffusion rates from Li et al. (2015) as
a result of nonrealistic latitudinal distributions used for the wave’s power.

4. Parametric Analysis

In this section, effective conditions for bounce resonant scattering are explored by examining the depen-
dence of our analytical diffusion coefficient formula on key parameters, which include particle energy, L-shell,
electron plasma-to-gyrofrequency ratio fpe∕fce, spectral wave density distribution center, wave normal angle,
and latitudinal power distribution. The parametric study will be done by changing only one of the parame-
ters at a time and keeping the rest unchanged. Our nominal parameter set, given in the last section, emulates
electrons in the outer radiation belt outside of the plasmapause.

In Figure 2 the dependence of diffusion coefficients on the particle’s energy is shown. Diffusion coefficients for
different energies maximize at similar equatorial pitch angles, which is in part due to the weak dependence of
bounce frequency on particle energy. The diffusion coefficients are significant for a limited range of energy.
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For sufficiently small energy, the wave magnetic mirror force, which is the dominant wave force and is pro-
portional to the magnetic moment, vanishes. For sufficiently high energy, the Larmor radius effect weakens
the wave force strength.

The L-shell in Figures 3a and 3b varies from our nominal value of 4.5 to values of 4, 5, 5.5, and 6. Overall, the
dependence on the particle’s L-shell value is weak. In Figures 3c and 3d, the value of fpe∕fce = 3 was altered
from this nominal value to ratios of 1, 5, 7, 10, 15, and 20. For increasing fpe∕fce, peak diffusion rates shift to
higher pitch angles, which is due to the nature of our Bessel term, Jl1 (equations (4) and (5)), in our derivation
of the diffusion rates which is dependent on the wave vector component (kzn) and magnetic mirror point (zm)
for the particle. In general, for a given order n, Jn(kznzm)maximizes at a fixed value of kznzm. As fpe∕fce increases,
kzn increases (because of increasing refractive index). As a result, zm (corresponding to the peak diffusion rate)
decreases; that is, the pitch angle corresponding to the peak diffusion rate increases. Note that zm decreases
and approaches 0 as 𝛼eq approaches 90∘.

In Figures 4a and 4b, the dependence of diffusion coefficients on the center frequency of the power distribu-
tion is examined. As the center frequency increases, the peak diffusion coefficient shifts toward smaller pitch
angle values. This is because lower harmonics are included in the diffusive interaction (as the center wave fre-
quency decreases) which contributes to greater scattering for higher pitch angled particles, a fact also noted
in Shprits (2016). As a consequence, the diffusion rate magnitude for pitch angles near 𝛼eq = 90∘ becomes
higher for lower centers of the frequency distribution.

In Figures 4c and 4d we examine the dependence on the wave normal angle. As the wave normal angle
decreases from 90∘, the peak diffusion rate becomes greater and shifts to higher pitch angles. Increasing the
wave normal angle effectively reduces the peak diffusion rate which is expected. Wave magnetic mirror force
strength increases with increasing kzn (i.e., decreasing wave normal angle); the magnetic mirror term contain-
ing Bxn is proportional to kznBzn because k⟂nBxn +kznBzn = 0. Decreasing the wave normal angle also increases
the parallel wave vector kzn, leading to a shift of peak diffusion rates to higher pitch angles for the same rea-
son discussed concerning Figure 3c. In other words, decreasing the wave normal angle also leads to increased
scattering for near equatorially mirroring electrons.

In Figures 4e and 4f we show the dependence on the latitudinal width of our wave amplitude distribution
model. As the distribution becomes wider, the diffusion coefficients start to behave as if the wave’s latitudinal
distribution was flat (Figure 1a, green dotted line). This feature is expected since the latitudinal distribution
begins to approach a flat distribution similar to Schulz and Lanzerotti (1974). The peak diffusion coefficient
shifts to smaller pitch angles for the wider distribution. This arises due to the second summation term, Ik2,
in equations (4) and (5) based on its dependence on the latitude width of the wave power. The maximum
value of the modified Bessel factor Ik2

requires a fixed value of c0 = 𝜆2
m∕2Δ𝜆2. As the latitudinal width Δ𝜆

increases, the peak diffusion coefficient corresponds to a greater value of 𝜆m, that is, a smaller equatorial
pitch angle.

5. Conclusions and Discussion

We present a derivation of the bounce resonance diffusion coefficients for the interaction between magne-
tosonic waves and the bounce motion of energetic electrons. Such derivation takes into account the Larmor
radius effect, violation of the magnetic moment, and a physical wave power distribution. The derived formula
is later verified by test-particle simulation results. The dependence of bounce resonance diffusion coefficients
on various parameters is investigated. Our principal conclusions can be summarized as follows:

1. We present a generalized diffusion coefficient formula for the bounce resonance interaction between elec-
trons and magnetosonic waves. The Larmor radius effect reduces the effective pitch angle scattering rate
by magnetosonic waves for large pitch angles. Violation of the magnetic moment 𝜇 is mainly important for
pitch angle scattering of the lower pitch angles. Using a realistic latitudinal distribution of wave power in
our formula also provides a smoother diffusion coefficient curve than the curves produced in Li et al. (2015).

2. The energy and pitch angle regime of the effective bounce resonance scattering by fast magnetosonic
waves is generally controlled by the strength of wave magnetic mirror forces with finite Larmor radius
correction.

3. Peak diffusion coefficients tend to shift toward an equatorial pitch angle of 90∘ as the ratio of fpe∕fce

increases and center frequency, wave normal angle, and latitudinal wave power width decrease.
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Additionally, electron bounce resonant scattering has been shown to be possible with H+ band electromag-
netic ion cyclotron (EMIC) waves and low-frequency hiss (Cao, Ni, Summers, Bortnik, et al., 2017; Cao, Ni,
Summers, Zou, et al., 2017) and could be affected by the Larmor radius effect depending on propagation
angle, plasma density, and other geomagnetic conditions. Our bounce resonance diffusion coefficients are
comparable in magnitude to those due to cyclotron resonance such as chorus waves (Shprits et al., 2006). The
parametric study was presented to reveal key parameters for nearly equatorially mirroring electron bounce
resonant scattering by fast magnetosonic waves (or ion Bernstein mode waves), which can result in the for-
mation of electron butterfly pitch angle distributions. One may expect that such scattering is favored when
encountering the wave with low proton cyclotron harmonics inside the outer plasmasphere (large value of
fpe∕fce), for example, the event reported by Maldonado et al. (2016). The scattering of nearly equatorially mir-
roring electrons is more effective for a smaller value of the incoming wave normal angle and the latitudinal
width of the power distribution. However, one should note that the variation of wave normal angle is related to
the latitudinal extension through wave propagation (Boardsen et al., 1992). As wave normal angle decreases,
the wave can propagate toward higher latitude, which could broaden latitudinal width.

Appendix A: Detailed Derivation of Diffusion Coefficients

Formulation of the bounce resonance diffusion coefficients utilizes a set of relativistic particle equations from
Bortnik and Thorne (2010) and Chen et al. (2015) as follows:

dpz

dt
= −

p2
⟂

2𝛾mB
dB
ds

+ g(𝜆)
∑

n

[
ei𝜙n

qEznJ0(𝛽n) + iqv⟂BxnJ+1(𝛽n)
2

+ c.c.
]

(A1)

dp⟂

dt
= +

pzp⟂

2𝛾mB
dB
ds

+ g(𝜆)
∑

n

[
ei𝜙n

−iqEyn − iqvzBxn

2
J+1(𝛽n) + c.c.

]
(A2)

�̇�n = −𝜔n + kznvz (A3)

Here m is the electron’s mass, 𝛾 is the Lorentz factor, and pz (vz) and p⟂ (v⟂) are the particle’s parallel and
perpendicular momentum (velocity), respectively. Our background field B is assumed to be dipolar and s is
the distance along the background field from the geomagnetic equator. Ez , Ey , and Bx are magnetosonic wave
electromagnetic field components in the field-aligned coordinate system where z is along the background
field, x-z plane contains the wave vector k⃗, and y completes the right-handed coordinate system. The terms
J0(𝛽) and J+1(𝛽) are Bessel functions of the first kind with argument 𝛽n = k⟂np⟂

qB
, where n denotes the nth wave,

k⟂n is the corresponding perpendicular wave number, and q is the charge of an electron. The term “c.c.” is the
complex conjugate of the wave terms. These Bessel terms arise as a consequence of the gyrophase average
over gyromotions of finite Larmor radius, which is also known as the finite Larmor radius effect. The factor
g(𝜆) = exp(− 𝜆2

Δ𝜆2 ) represents a realistic latitudinal profile of the wave amplitude, where Δ𝜆 is the distribution
width of the wave amplitude. The term �̇�n denotes the wave phase seen by the center of the gyromotion,
𝜔n is the wave’s angular frequency, and kzn is the field-aligned component of the wave vector. The set of
equations can be reduced to the typical guiding center approximation by letting 𝛽 → 0. The finite 𝛽 leads
to a weaker electric and magnetic force in the parallel direction (equation (A1)) and also causes the change
in the magnetic moment 𝜇 (equation (A2)), where 𝜇 = p2

⟂∕2mB. It can be shown that p2 (=p2
⟂ + p2

∥) and 𝜇
are conserved without wave forces. The zero-order bounce motion without wave forces can be represented
as z = zm sin 𝜃, and therefore, pz=̃ż𝛾m = 𝛾mzmΩb cos 𝜃 where 𝜃 = Ωbt + 𝜃0 is the particle bounce phase
(�̇� = Ωb), zm is the arc distance of the mirror location to the magnetic equator along the field line, Ωb is the
angular bounce frequency, and 𝜃0 is initial bounce phase of the particle. Similarly, 𝜆 = 𝜆m sin(Ωbt+𝜃0), where
𝜆m is the magnetic latitude of the particle’s mirror point.

Manipulation of equations (A1) and (A2) yields dp2

dt
.

dp2

dt
=
∑

n

[
ei𝜙n

[
qEznJ0(n)(𝛾mzmΩb) cos 𝜃 − iqEynJ+1(𝛽n)p⟂

]
+ c.c.

]
(A4)

and

d𝜇
dt

=
∑

n

ei𝜙n
𝜇

p⟂

(
−iqEyn − iq(zmΩb cos 𝜃)Bxn

)
J+1(𝛽n) + c.c. (A5)

where 𝜙n = −𝜔nt + kznz + 𝜙n0. 𝜙n0 denotes initial wave phase of the nth wave at the equator.
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Using the zero-order motion, we evaluate the change of p2 and 𝜇 (Δp2 and Δ𝜇) up to the first order over a
bounce period 𝜏 due to the presence of waves by integrating equations (A4) and (A5). We note that integrating
equations (A4) and (A5) only require integration of the factors of ei𝜙n g(𝜆) and ei𝜙n g(𝜆) cos 𝜃 over a bounce
period. Making use of the two transformations: exp(iz sin 𝜃) =

∑∞
l1=−∞

Jl1
(z) exp(il1𝜃) and exp(a cos 2𝜃) =∑∞

k2=−∞
Ik2
(a) cos(2k2𝜃), we have the integrals

∫
𝜏b

0
dtei𝜙n g(𝜆) =

∑
n

𝜏be(i𝜙
′
n0)

∑
l1

∑
k2

Jl1
(kznzm)Ik2

(c0)e−c0
1
2
𝛿(l1 − xn ± 2k2) (A6)

and

∫
𝜏b

0
dtei𝜙n g(𝜆)cos𝜃 =

∑
n

𝜏be(i𝜙
′
n0)

∑
l1

∑
k2

Jl1
(kznzm)Ik2

(c0)e−c0 × 1
4
𝛿(l1 − xn ± 2k2 ± 1) (A7)

where c0 = 𝜆2
m∕2Δ𝜆2, (1∕2𝜋) ∫ 2𝜋+𝜃0

𝜃0
d𝜃ein𝜃 = 𝛿(n), xn = 𝜔b∕Ωb, and 𝜙′

n0 = 𝜙n0 + 𝜔n

Ωb
𝜃0. As for c0, 𝜆m is

the magnetic latitude of the bounce mirror point and Δ𝜆 is the latitudinal width of the wave power. The
Jl1

term arises due to the dependence of the wave phase along the bounce path, Ik2
(c0)e−c0 arises due to

the Gaussian latitudinal distribution of the wave’s power, and 𝛿 denotes the selection of bounce resonance
where xn = 𝜔n

Ωb
must be an integer. The term 𝛿(l1 − xn ± 2k2) = 𝛿(l1 − xn + 2k2) + 𝛿(l1 − xn − 2k2). Similarly,

𝛿(l1 − xn ± 2k2 ± 1) = 𝛿(l1 − xn + 2k2 + 1) + 𝛿(l1 − xn − 2k2 + 1) + 𝛿(l1 − xn + 2k2 − 1) + 𝛿(l1 − xn − 2k2 − 1).

After tedious algebra, we find

Δp2 =
∑

n

𝜏b exp(i𝜙′
n0)

∑
l1

∑
k2

Jl1
(kznzm)Ik2

(c0)e−c0

×
[
(−iqEynJ+1p⟂)

1
2
𝛿(l1 − xn ± 2k2) + (𝛾mzmΩbqEznJ0)

1
4
𝛿(l1 − xn ± 2k2 ± 1)

]
+ c.c.

(A8)

and

Δ𝜇 =
∑

n

𝜏b exp(i𝜙′
n0)

∑
l1

∑
k2

Jl1
(kznzm)Ik2

(c0)e−c0

×
[(

−i
𝜇

p⟂
qEynJ+1

)
1
2
𝛿(l1 − xn ± 2k2) +

(
i
𝜇

p⟂
qzmΩbBxnJ+1

)
1
4
𝛿(l1 − xn ± 2k2 ± 1)

]
+ c.c.

(A9)

We now have the tools to derive expressions for the change in equatorial pitch angle, Δ𝛼eq, and energy,
ΔE, which will be used to solve the diffusion coefficients. To solve these, we use expressions for the change
in both magnetically oriented momentum components Δp⟂eq and Δp∥eq. Making note of the fact that

tan
(
𝛼eq

)
= p⟂eq

p∥eq
and ΔE = Δ𝛾mc2, where 𝛾2 = 1 + p2

m2c2 , we have

Δ𝛼eq = 1
2

tan
(
𝛼eq

)(Δ𝜇
𝜇

−
Δp2

p2

)
(A10)

and

ΔE =
Δp2

2𝛾m
(A11)

To solve for the diffusion coefficient, we consider two general variables in the following forms similar to
equations (A8) and (A9): Δa = 𝜏b exp

(
i𝜙′

n0

)
A + c.c., and Δb = 𝜏b exp

(
i𝜙′

n0

)
B + c.c., where A and B are com-

plex numbers independent of 𝜙n0 and 𝜃0, and therefore, 𝜙′
n0. The cross diffusion term between a and b, Dab,

is defined as

Dab =
⟨
(Δa)(Δb)

2𝜏b

⟩
𝜙′n0

=
𝜏b

2

⟨(
A exp

(
i𝜙′

n0

)
+ c.c.

) (
B exp

(
i𝜙′

n0

)
+ c.c.

)⟩
𝜙′n0

= 𝜏b

[
ℜ (AB∗)

] (A12)

where ⟨⟩ represents the average over the initial phase 𝜙′
n0. Note that the quantities A and B in the

equation (A12) are independent of the initial wave phase 𝜙′
n0, linearly dependent on the wave’s complex

amplitudes Ezn, Bxn, and Eyn, and contain the harmonic selective terms 𝛿(l1 − xn ± 2k2) and 𝛿(l1 − xn ± 2k2 ± 1).
These equations allow us to analytically solve for D𝛼eq𝛼eq

, DEE , and, if desired, the cross diffusion term D𝛼eqE .
For example, DEE requires we plug equation (A8) into (A11) to obtain ΔE. Comparing to Δa, A would be the
summation terms over l1 and k2. After plugging into equation (A12), we can finally solve for DEE .
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Němec, F., Santolík, O., Gereová, K., Macúšová, E., de Conchy, Y., & Cornilleau-Wehrlin, N. (2005). Initial results of a survey of equatorial noise
emissions observed by the Cluster spacecraft. Planetary and Space Science, 53, 291–298. https://doi.org/10.1016/j.pss.2004.09.055

Roberts, C. S., & Schulz, M. (1968). Bounce resonant scattering of particles trapped in the Earth’s magnetic field. Journal of Geophysical
Research, 73(23), 7361–7376.

Russell, C. T., Holzer, R. E., & Smith, E. J. (1969). OGO 3 observations of ELF noise in the magnetosphere. 1. Spatial extent and frequency of
occurrence.Journal of Geophysical Research, 74, 755–777. https://doi.org/10.1029/JA074i003p00755

Schulz, M., & Lanzerotti, L. J. (1974). Particle diffusion in the radiation belts, physics and chemistry in space (Vol. 7, chap. II.4, pp. 62–65).
Berlin, Heidelberg: Pringer-Verlag.

Shprits, Y. Y. (2016). Estimation of bounce resonant scattering by fast magnetosonic waves. Geophysical Research Letters, 43, 998–1006.
https://doi.org/10.1002/2015GL066796

Shprits, Y. Y., Thorne, R. M., Horne, R. B., & Summers, D. (2006). Bounce-averaged diffusion coefficients for field-aligned chorus waves. Journal
of Geophysical Research, 111, A10225. https://doi.org/10.1029/2006JA011725

Sun, J., Gao, X., Chen, L., Lu, Q., Tao, X., & Wang, S. (2016a). A parametric study for the generation of ion bernstein modes from
a discrete spectrum to a continuous one in the inner magnetosphere. I. Linear theory. Physics of Plasmas, 23(2), 022901.
https://doi.org/10.1063/1.4941283

Sun, J., Gao, X., Lu, Q., Chen, L., Tao, X., & Wang, S. (2016b). A parametric study for the generation of ion Bernstein modes from a discrete
spectrum to a continuous one in the inner magnetosphere. II. Particle-in-cell simulations. Physics of Plasmas, 23(2), 022902.
https://doi.org/10.1063/1.4941284

Tao, X., & Li, X. (2016). Theoretical bounce resonance diffusion coefficient for waves generated near the equatorial plane. Geophysical
Research Letters, 43, 7389–7397. https://doi.org/10.1002/2016GL070139

Tsurutani, B. T., Falkowski, B. J., Pickett, J. S., Verkhoglyadova, O. P., Santolik, O., & Lakhina, G. S. (2014). Extremely intense ELF
magnetosonic waves: A survey of polar observations. Journal of Geophysical Research: Space Physics, 119, 964–977.
https://doi.org/10.1002/2013JA019284

Xiao, F., Yang, C., Su, Z., Zhou, Q., He, Z., He, Y., et al. (2015). Wave-driven butterfly distribution of Van Allen belt relativistic electrons. Nature
Communications, 6, 8590.

Acknowledgments
No observational data are used for
this study. We acknowledge the NSF
grant 1705079 through the Geospace
Environment Modeling program, the
AFOSR grant of FA9550-16-1-0344,
and NASA grants NNX15AF55G
and NNX17AI52G.

MALDONADO AND CHEN 3337

https://doi.org/10.1029/92JA00827
https://doi.org/10.1029/2010JA015283
https://doi.org/10.1002/2016JA023607
https://doi.org/10.1002/2017GL075104
https://doi.org/10.1029/2015JA021174
https://doi.org/10.1029/2009JA015075
https://doi.org/10.1029/2007GL030267
https://doi.org/10.1029/2000JA000018
https://doi.org/10.1002/2016GL067853
https://doi.org/10.1002/2017JA024506
https://doi.org/10.1002/2015GL066324
https://doi.org/10.1029/2010JA016372
https://doi.org/10.1002/grl.50434
https://doi.org/10.1002/2015JA021992
https://doi.org/10.1002/2016GL068161
https://doi.org/10.1016/j.pss.2004.09.055
https://doi.org/10.1029/JA074i003p00755
https://doi.org/10.1002/2015GL066796
https://doi.org/10.1029/2006JA011725
https://doi.org/10.1063/1.4941283
https://doi.org/10.1063/1.4941284
https://doi.org/10.1002/2016GL070139
https://doi.org/10.1002/2013JA019284

	Abstract
	Plain Language Summary
	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (ECI-RGB.icc)
  /CalCMYKProfile (Photoshop 5 Default CMYK)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.6
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends false
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness false
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Preserve
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
    /Courier
    /Courier-Bold
    /Courier-BoldOblique
    /Courier-Oblique
    /Helvetica
    /Helvetica-Bold
    /Helvetica-BoldOblique
    /Helvetica-Oblique
    /Symbol
    /Times-Bold
    /Times-BoldItalic
    /Times-Italic
    /Times-Roman
    /ZapfDingbats
  ]
  /AntiAliasColorImages false
  /CropColorImages false
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages false
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.00000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages false
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 400
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /ENU ()
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AllowImageBreaks true
      /AllowTableBreaks true
      /ExpandPage false
      /HonorBaseURL true
      /HonorRolloverEffect false
      /IgnoreHTMLPageBreaks false
      /IncludeHeaderFooter false
      /MarginOffset [
        0
        0
        0
        0
      ]
      /MetadataAuthor ()
      /MetadataKeywords ()
      /MetadataSubject ()
      /MetadataTitle ()
      /MetricPageSize [
        0
        0
      ]
      /MetricUnit /inch
      /MobileCompatible 0
      /Namespace [
        (Adobe)
        (GoLive)
        (8.0)
      ]
      /OpenZoomToHTMLFontSize false
      /PageOrientation /Portrait
      /RemoveBackground false
      /ShrinkContent true
      /TreatColorsAs /MainMonitorColors
      /UseEmbeddedProfiles false
      /UseHTMLTitleAsMetadata true
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /BleedOffset [
        0
        0
        0
        0
      ]
      /ConvertColors /ConvertToRGB
      /DestinationProfileName (sRGB IEC61966-2.1)
      /DestinationProfileSelector /UseName
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements true
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MarksOffset 6
      /MarksWeight 0.250000
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PageMarksFile /RomanDefault
      /PreserveEditing true
      /UntaggedCMYKHandling /UseDocumentProfile
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


