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PARABOLIC BELLMAN EQUATIONS WITH RISK CONTROL∗

ALAIN BENSOUSSAN† , DOMINIC BREIT‡ , AND JENS FREHSE§

Abstract. We consider stochastic optimal control problems with an additional term representing
the variance of the control functions. The latter one may serve as a risk control. We present and
treat the problem in a purely analytical way via a Vlasov–McKean functional and Bellman equations
with mean field dependence. We obtain global existence and, essentially, optimal global regularity
for the solutions of the Bellman equation and the minimizing control. Surprisingly, the risk term
simplifies the analysis to a certain extend.
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1. Introduction. The present paper is motivated by stochastic control problems
where the usual functional to be minimized is augmented by an additional “risk term.”
The latter penalizes the variance of the controls. In order to explain the problem in
detail, it is convenient to use a purely analytical approach based on the minimization
of Vlasov–McKean functionals. In the classical case these functionals are defined by

J0[v] =

∫ T

0

∫
Ω

mf(·,v) dx dt+

∫
Ω

uT m(T, ·) dx.

Here, the functions v ∈ Lq(0, T ;Lq(Ω,Rs)) are the controls, f is the given payoff
function, and m is the mean field variable. The latter one satisfies the parabolic
equation

∂tm−∆m+ div (g(v)m) = 0, m
∣∣
t=0

= m0,

∫
Ω

m0 dx = 1,(1.1)

subject to Neumann boundary conditions and uT is the end condition for the Bellman
equation (see (1.3) below). Since

∫
Ω
m(t, ·) dx = 1 we can interpret m as probability

distribution. For details we refer to section 2. In the stochastic application g repre-
sents the dynamics and ∆m is related to white noise. We restrict ourselves to affine
linear functions g.

The remarkable well-known fact is that minimizing controls v̂ of J0 satisfy the
pointwise necessary condition

∂vf(·, v̂) +∇u · ∂vg(v̂) = 0.(1.2)
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Here, u is the solution to the backward parabolic equation

−∂tu−∆u = f(·,v) +∇u · g(v), u
∣∣
t=T

= uT ,(1.3)

with Neumann boundary conditions. Under convexity assumptions (1.2) implies a
relation v̂(t, x) = ω(t, x∇u(t, x)), i.e., a feedback formula. Inserting this formula into
(1.3) one obtains Bellman’s equation. Equation (1.3) is exactly the Bellman equation
derived in the stochastic setting.

Now, according to the scope of this paper, we consider the augmented functional

J [v] = J0[v] + σ(m,v).(1.4)

Here, σ maps pairs of functions (m,v) of appropriate Lebesgue spaces into R. Our
motivation arises from the example

σ(v,m) =

√√√√T

∫ T

0

∫
Ω

m|v|4dxdt−

(∫ T

0

∫
Ω

m|v|2 dx dt

)2

,

i.e., the variance of |v|2. In order to avoid the singularity of the square root at 0 we
consider the regular case, where

σ(v,m) = σρ(v,m) =

√√√√ρ2 + T

∫ T

0

∫
Ω

m|v|4dxdt−

(∫ T

0

∫
Ω

m|v|2 dx dt

)2

with ρ > 0. Other examples of σ are discussed in section 2. The minimization
problem for J leads to a condition which differs from (1.2) and a Bellman equation
which differs from (1.3). The new Bellman equation is field dependent, i.e., there
occurs an additional term ∂mσ(m,v) on the right-hand side; cf. (2.10).

Mean field dependent Bellman equations have been studied recently in other sit-
uations; see, e.g., recent results by Porretta [10, 21, 22], [15] as well as [20]. In these
papers the payoff depends in a pointwise way on the mean field variable. Note that
in the case of systems (not treated in this paper), however, a pointwise mean field de-
pendence gives severe technical problems concerning existence and regularity analysis.
For example, up to now, strong growth conditions for the nonlinearity with respect
to the variable m are needed; see, e.g., [9]. Different from that, we have a functional
dependence on the mean field variable in (1.4). For further examples of functionals
with this property we refer to section 2.

Surprisingly, the term σ = σρ has a stabilizing influence in the estimates. The
special structure properties of σ allow a uniform L∞-estimate for the solutions vL
of approximate problems with bounded control ranges in BL(0); cf. section 3. For
classical problems (without the additional term σ) this is usually more difficult and
requires additional assumptions. In fact, a minimizer vL exists due to lower semi-
continuity properties. From the Bellman variational inequality and the growth and
coerciveness properties of σ we obtain a pointwise inequality

|vL| ≤ K |∇uL|1/3 +K,

where uL is the solution of the Bellman equation; cf. (1.3) with v = vL. This implies
that uL solves a subcritical differential inequality

|∂tuL −∆uL| ≤ K|∇uL|β +K
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with β = 4
3 . Now, a bootstrap argument yields a uniform bound for uL ∈ Lq(W 2,q)

and ∂tuL ∈ Lq(Lq) for all q < ∞. Hence, we have a uniform L∞-bound for uL
independent of L. Once having this established, it is simple to obtain the main result
in Theorem 2.1. It states the existence of an optimal control v̂ ∈ L∞(L∞) and the
corresponding Lq(W 2,q)-regularity of the related Bellman equation with mean field
dependence. Note that the additional term σ destroys the convexity properties of
the Bellman equation. So, we are not able to establish a one-to-one correspondence
of v̂(t, x) and ∇u(t, x). As a consequence, a feedback formula is not available in
the general situation of Theorem 2.1. This lack can be overcome if the risk term is
dominated by the payoff. To quantify this effect let us consider instead of (1.4) the
minimization problem

J [v] = J0[v] + βσ(m,v).

If β > 0 remains below a given number (see section 4 for details) we reach the convex
case and can state the existence of a feedback formula; cf. Theorem 4.1.

Stochastic optimal control problems. Let us finally explain the stochastic setup
which motivates minimization problems as in (1.4). Consider a probability space
(O,F ,P) on which a standard n-dimensional Wiener process (Wt)t≥0 is defined. For
simplicity we describe the control problem in Rn instead of a bounded domain Ω
which describes the state space. In Ω the diffusion should be replaced with a reflected
diffusion. Formally, the equation for the state y can be written as

dy = G(t,y,v) dt+
√

2 dW, y(0) = x.(1.5)

Here, G : [0, T ] × Rn × Rs → Rn is the dynamic. The stochastic process v =
(v1, . . . , vs), s ∈ N, is the control variable defined by a feedback on the state. One has

v = v(y(t)).

On account of the initial condition in (1.5) v also depends on x. Note that the reflected
diffusion lies in a bounded domain. Hence, we can assume that G is bounded in Ω. The
Kolmogorov equation, i.e., the equation for the probability density of y(t) depending
on the initial state x, is then given by (1.1). For full details we refer to [8]. In order
to minimize the costs we have to minimize the cost-functional

J[v] = E

[∫ T

0

f(t,y(t),v(t)) dt

]
+

√√√√TE
∫ T

0

|v(t)|4 dt−

(
E
∫ T

0

|v(t)|2 dt

)2

,(1.6)

where f : [0, T ]× Rn × Rs → R is the payoff.

2. Setup and main result. Let Ω ⊂ Rn be a bounded domain with boundary
∂Ω ∈ C2 with unit normal vector field ν, (0, T ) the time interval, and Q = (0, T )×Ω
the parabolic cylinder. We consider control functions v : Q → Rs, where s ∈ N. We
suppose the following (for any v ∈ Rs, t ∈ (0, T ) and x ∈ Ω):

(A1) f(t, x, ·) is continuously differentiable and convex.
(A2) ∂vf satisfies the Caratheodory conditions; that is, the function ∂vf(·,v) is

measurable for any v ∈ Rs and the function ∂vf(t, x, ·) is continuous for
almost every (t, x) ∈ Q.

(A3) f satisfies some coerciveness-type condition, i.e.,

f(·,v) ≥ c0|v|2 −K, ∂vf(·,v) · v ≥ c0|v|2 −K,

for some K ≥ 0 and c0 > 0.
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(A4) f satisfies some growth conditions, i.e., for some C0 > 0

f(·,v) ≤ C0|v|2 +K, ∂vf(·,v) · v ≤ C0|v|2 +K.

For the mean field equation we consider functions g : Q× Rn → Rn with

g(t, x,v) = A(t, x)v + b0(t, x).

In applications to stochastic optimization or game theory, these functions define the
dynamics. We assume that A ∈ L∞(Q,Rn×s) and b0 ∈ L∞(Q,Rn). For a given
v ∈ L∞(Q,Rs) the scalar function m is defined as a weak solution of the field equation

∂tm−∆m+ div (g(v)m) = 0, ∂νm|∂Ω = g(v) · ν m, m
∣∣
t=0

= m0.(2.1)

Here and in the following, all PDEs are considered with respect to Neumann boundary
conditions.

Definition 2.1. Let v ∈ L∞(Q,Rs) and m0 ∈ L2(Ω). A weak solution m =
m(t, x,v) to (2.1) is a function m ∈ L∞(0, T ;L2(Ω)) ∩ L2(0, T ;W 1,2(Ω)) such that

−
∫
Q

m∂tφdx dt+

∫
Q

∇m · ∇ϕdx dt =

∫
Q

mg(v) · ∇ϕdx dt−
∫

Ω

m0 ϕ(0, ·) dx

for all ϕ ∈ C∞([0, T ]× Ω) with ϕ(T, ·) = 0.

As the equation is linear in m, existence, uniqueness, and boundedness for m
follow from standard theory. Moreover, positivity of m0 transfers to m.

Lemma 2.2. Let m0 = m̃0|Ω for some m̃0 ∈ Lq0(0, T ;W 1,q0(Ω)) with q0 > n+ 2.
Let v ∈ L∞(Q;Rs) and let m be the weak solution to (2.1).

(a) There is α > 0 such that m ∈ Cα(Q) together with

‖m‖Cα(Q) ≤ c
(
‖v‖∞, ‖∇m̃0‖Lq0 (Q)

)
.

(b) Let q ∈ (1,∞) and m̃0 ∈ Lq(0, T ;W 1,q(Ω)). Then we have

‖∇m‖Lq(Q) ≤ c
(
‖v‖∞, ‖∇m̃0‖Lq(Q)

)
.

(c) If
∫

Ω
m0 dx = 1, then we have

∫
Ω
m(t, ·) dx = 1 for all t ∈ [0, T ].

(d) Assume in addition m0 > 0 a.e. in Ω. Then m > 0 in Q.

Parts (a), (c), and (d) are a classical result from [17, Chap. III, sect. 7, Thm.
7.1 and sect. 7, Thm. 10.1]. For (b) we refer to [12, Thm. 1.6] and [19, Chap. XII,
sect. 7, Prop. 7.26]. We remark that (a) follows from (b) for q > n+ 2.

We now consider a real-valued functional, denoted by σ(v,m), with functional
dependence defined on L∞(Q,Rs)× L∞(Q) the prototype of which is given in (2.6).
We make the following assumptions:

(B1) The mapping (w,m) 7→ σ(w,m) is lower semicontinuous with respect to the
L∞w∗(Q,Rs)× C0(Q)-topology.

(B2) σ is bounded from below, i.e.,

σ(w,m) ≥ ρ > 0

for some ρ > 0.
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(B3) The functional σ has a Gâteaux derivative with respect to w: there exists a
unique function ∂σ

∂w (w,m) ∈ L1(Q;Rs) such that

σ(w + θw̃,m)− σ(w,m)

θ
−→

∫
Q

∂σ

∂w
(w,m) · w̃ dx dt

as θ → 0 for all w̃ ∈ L∞(Q,Rs).
(B4) The functional σ has an existence Gâteaux derivative with respect to m: there

exists a unique function ∂σ
∂m (w,m) ∈ L1(Q) such that

σ(w,m+ θm̃)− σ(w,m)

θ
−→

∫
Q

∂σ

∂m
(w,m) m̃ dx dt(2.2)

as θ → 0 for all m̃ ∈ L∞(Q).
(B5) The derivatives ∂σ

∂w (w,m) and ∂σ
∂m (w,m) satisfy the following growth con-

ditions. There are nonnegative functions γ1, γ2, β1, β2 : Rs × R → R such
that

∂σ

∂w
(w,m) ·w ≥

(
γ1(w,m)|w|4 − γ2(w,m)

)
m,(2.3)

−β1(w,m) ≤ ∂σ

∂m
(w,m) ≤ β2(w,m)|w|4(2.4)

for all (w,m) ∈ L∞(Q,Rs)×L∞(Q). If (w,m) ∈ L∞(Q,Rs)×L∞(Q) satisfies

σ(w,m) +

∫
Q

|w|2mdxdt ≤ c,

then there are constants c1, C1 > 0 (depending on c) such that

γ1(w,m) ≥ c1 > 0, γ2(w,m), β1(w,m), β2(w,m) ≤ C1.(2.5)

Remark 2.3. The power 4 in (2.3) and (2.4) can be replaced by some other power,
strictly larger than 2. It leads to related calculations.

Remark 2.4. Assumption (B2) is for technical reasons only. Our approach re-
quires dividing by σ. We refer to the computations for the model case below.

The prototype for σ is

σ(v,m) = β

√
ρ2 + T

∫
Q

m|v|4dxdt−
(∫

Q

m|v|2 dx dt
)2

,(2.6)

where β, ρ > 0. Such a functional is motivated by risk management considerations.
We want the energy |v|2 to be not too far from its average

∫
Q
m|v|2 dx dt. In prob-

abilistic terms, we penalize the variance of the energy. We do not know if the map-
ping v 7→ σ(m,v) is convex (for a given m). Nevertheless we can use convexity
of v 7→ σ2(m,v) to conclude the weak lower semicontinuity of σ(m, ·) in L2(Q).
Hence B1 follows. An easy computation leads to

∂σ

∂v
(v,m) =

2

σ(v,m)
mv

(
T |v|2 −

∫
Q

m|v|2 dx dt
)
.(2.7)
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So, we have

∂σ

∂v
(v,m) · v =

2m

σ(v,m)

(
T |v|4 − |v|2

∫
Q

m|v|2 dx dt
)

≥ m

σ(v,m)

(
T |v|4 − 1

T

(∫
Q

m|v|2 dx dt
)2
)
.

Hence, (2.3) is satisfied with

γ1(v,m) =
T

σ(v,m)
, γ2(v,m) =

(
∫
Q
m|v|2 dx dt)2

ρT
.

Similarly, we can state

∂σ

∂m
(v,m) =

|v|2

2σ(v,m)

(
T |v|2 − 2

∫
Q

m|v|2 dx dt
)

(2.8)

and (2.4) is satisfied with

β1(v,m) =

(∫
Q
m|v|2 dx dt

)2

2ρT
, β2(v,m) =

T

2ρ
.

Now we are ready to define the Vlasov–McKean functional as

J [v] =

∫
Q

mf(·,v) dx dt+ σ(v,m) +

∫
Ω

m(T, ·)uT dx(2.9)

with given data uT . The objects of the present paper are existence, regularity, and
further properties of minimizers of J . For v ∈ L∞(Q,Rs) given the corresponding
(pre-)Bellman equation reads as

−∂tu−∆u = f(·,v) +∇u · g(v) +
∂σ

∂m
(v,m) in Q,

∂νu = 0 on (0, T )× ∂Ω,

u(T, ·) = uT in Ω.

(2.10)

Definition 2.5. Let m ∈ L∞(Q), v ∈ L∞(Q,Rs), and uT ∈ L2(Ω). A weak
solution u to (2.10) is a function u ∈ L∞(0, T ;L2(Ω)) ∩ L2(0, T ;W 1,2(Ω)) such that∫

Q

u ∂tφdx dt+

∫
Q

∇u · ∇ϕdx dt =

∫
Q

(f(·,v) +∇u · g(v)) ϕdx dt

+

∫
Q

∂σ

∂m
(v,m)ϕdx dt+

∫
Ω

uT ϕ(0, ·) dx

for all ϕ ∈ C∞([0, T ]× Ω) with ϕ(0, ·) = 0.

We define the Lagrangian L as

L(·,v,p) := f(·,v) + p · g(·,v).(2.11)

We can then derive the necessary conditions of optimality. If v = v̂ is an optimal con-
trol to the Vlasov–McKean functional we call (2.10) a generalized Bellman equation.
One can prove the variational inequality
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mfv(·, v̂) +mAT∇u+

∂σ

∂v
(v̂,m)

)
· (w − v) ≥ 0

for all w ∈ BL(0); see Lemma 3.2. If L is strictly convex in v (which is not the case
here) we have a unique representation,

v̂(t, x) = ω(t, x;∇u(t, x),m(t, x)).

Consequently, we can define the Hamiltonian H as

H(·,m,∇u) := L(·, v̂,∇u) +
∂σ

∂m
(v̂,m).(2.12)

However, in our case there is no one-to-one relation between ∇u and v̂ because of a
nonuniqueness. So, the definition of H is more involved.

Let us state the main result of this paper, which is the global existence and optimal
global regularity for the solutions of the Bellman equation and the minimizing control.

Theorem 2.1. Assume that (A1)–(A4) as well as (B2)–(B5) hold. Let m0 =
m̃0|Ω for some m̃0 ∈ Lq0(0, T ;W 1,q0(Ω)) and u(T, ·) = uT for some uT ∈ Lq0(0, T ;
W 2,q0(Ω)) with ∂νuT = 0 on ∂Ω and ∂tuT ∈ Lq0(0, T ;Lq0(Ω)) for some q0 > n + 2.
Further assume that m0 > 0 a.e. and

∫
Ω
m0 dx = 1. Then there is minimizer v of

the McKean Vlasov functional in (2.9), solution m of the field equation (2.1), and
solution u of the Bellman-type equation (2.10) such that

v ∈ L∞(Q,Rs), m ∈ Lq(0, T ;W 1,q(Ω)) ∩ Cα(Q),

u ∈ Lq(0, T ;W 2,q(Ω)), ∂tu ∈ Lq(0, T ;Lq(Ω)),

for any q <∞ and some α > 0.

Remark 2.6. By an additional selection procedure and a smallness condition on σ
we obtain a unique minimizer in the class of selected minimizers as well as a feedback
formula; see Theorem 4.1.

Remark 2.7. The operator ∆ in the Bellman system and the mean field equation
only serves as a prototype. Theorem 2.1 extends to elliptic differential operators with
Lipschitz coefficients.

3. Proof of the main theorem.

3.1. Necessary condition of optimality. Let v̂ be an optimal control. The
key issue is to show that it will be bounded by a constant that we can compute a
priori. This is obtained by computing the Gâteaux differential of J (v) at point v̂ and
writing the Euler necessary condition of optimality

d

dθ
J (v̂ + θw)

∣∣∣
θ=0

= 0 ∀w ∈ L∞(Q,Rs).(3.1)

We write m̂ = mv̂ for the solution to (2.1) with v = v̂. For any w bounded, we
introduce m̃w (also depending on v̂) as the solution of

∂tm̃−∆m̃+ div((Av̂ + b0)m̃) + div(Awm̂) = 0, m̃(0, ·) = 0,(3.2)

which is well defined since v̂ and w are bounded. An easy calculation shows that
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d

dθ
J (v̂ + θw)

∣∣∣
θ=0

=

∫
Q

(
m̂ ∂vf(·, v̂) +

∂σ

∂v
(v̂, m̂)

)
·w dx dt

+

∫
Q

(
f(·, v̂) +

∂σ

∂m
(v̂, m̂)

)
m̃w dx dt+

∫
Ω

m̃w uT (x) dx.

(3.3)

We then introduce u as the solution of the parabolic problem

−∂tu−∆u = ∇u · (Av̂ + b0) + f(·, v̂) +
∂σ

∂m
(v̂, m̂),

u(·, T ) = uT .
(3.4)

Then the Gâteaux differential can be expressed as∫
Q

(
m̂(∂vf(·, v̂) + AT∇u) +

∂σ

∂v
(v̂, m̂)

)
·w dx dt = 0.

Since w is arbitrary, we immediately obtain the necessary condition

m̂(∂vf(·, v̂) + AT∇u) +
∂σ

∂v
(v̂, m̂) = 0 a.e.(3.5)

3.2. A priori estimates. In this subsection we give a formal proof of the a priori
estimates based on the assumption of sufficient smoothness of v̂. In the following is
meant subsection we will make it rigorous by an appropriate approximation procedure.

Let v̂ be a minimizer of J . Since v̂ is optimal, we have J (v̂) ≤ J (0). Therefore,
taking into account the assumptions (A3) and (A4), the fact that uT is bounded, and
m̂ is a probability density (i.e.,

∫
Ω
m̂(t, ·) dx = 1 for any t), we deduce the estimates

c0

∫
Q

m̂|v̂|2dxdt−K0|Q|+ σ(v̂, m̂) ≤ J (v̂) ≤ J (0)

=

∫
Q

m̂f(·, 0) dx dt+ σ(0, m̂) +

∫
Ω

m̂(T, ·)uT dx

≤ c(1 + ‖uT ‖∞).

(3.6)

Hence
∫
Q
m̂|v̂|2 dx dt+ σ(v̂, m̂) ≤ c. From (2.5) we can assert that γ1(v̂, m̂) ≥ c1 > 0,

and
γ2(v̂, m̂), β1(v̂, m̂), β2(v̂, m̂) ≤ C1.

From the assumptions (2.3) and (2.4) it follows that

∂σ

∂v
(v̂, m̂) · v̂ ≥ (c1|v̂|4 − C1)m̂(3.7)

as well as

−C1 ≤
∂σ

∂m
(v̂, m̂) ≤ C1|v̂|4.(3.8)

From the Euler equation (3.5), we have

m̂(∂vf(·, v̂) · v̂ + AT∇u · v̂) +
∂σ

∂v
(v̂, m̂) · v̂ = 0.

From (3.7) it follows, dropping m̂,

∂vf(·, v̂) · v̂ +∇u ·Av̂ + c1|v̂|4 − C1 ≤ 0.
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Using next (A3), we can assert that

−K +∇u ·Av̂ + c1|v̂|4 − C1 ≤ 0

and thus obtain immediately

|v̂|4 ≤ C(1 + |∇u| 43 ).(3.9)

We turn next to the parabolic equation (3.4). Using the right inequalities (3.8) and
(A4) we obtain

−∂tu−∆u− c|∇u| 43 ≤ K.(3.10)

Using then the left inequalities (3.8) and (A3) we also get

−∂tu−∆u+ c|∇u| 43 ≥ −K.(3.11)

Moreover, we have |u(x, T )| ≤ ‖uT ‖∞. From the maximum principle, which holds
due to the Neumann boundary condition, we obtain

|u(x, t)| ≤ C ∀(t, x) ∈ Q.(3.12)

Additionally, relations (3.10) and (3.11) yield

| − ∂tu−∆u| ≤ K(1 + |∇u| 43 ).(3.13)

On account of∫
Q

|∇u|2 dx dt ≤ 1

2

∫
Ω

|uT (x)|2 dx+

∫
Q

(−∂tu−∆u)u dx dt

we obtain, thanks to (3.12) and (3.13), that
∫
Q
|∇u|2 dx dt ≤ C. Therefore, we deduce

boundedness of −∂tu−∆u in L
3
2 (Q) by (3.13). From the Lp-theory for linear parabolic

equations (see [17]), it follows that ∇2u is bounded in L
3
2 (Q;R2n). Using

div(∇u |∇u|) = ∆u |∇u|+ ∇u
T∇2u∇u
2|∇u|

we obtain
|div(∇u |∇u|)| ≤ C|∇u| |∇2u|.

But then, recalling the Neumann boundary condition, we have∫
Q

|∇u|3 dx dt =

∫
Q

∇u · ∇u|∇u| dx dt

=−
∫
Q

udiv(∇u |∇u|) dx dt

≤C
∫
Q

|∇u| |∇2u| dx dt

≤ ε

3

∫
Q

|∇u|3 dx dt+
2C

3
2

3ε
1
2

∫
Q

|∇2u| 32

(3.14)

for every ε > 0. Choosing ε small enough we gain
∫
Q
|∇u|3 dx dt ≤ C. So we have

improved the estimate on ∇u. It follows from (3.13) that −∂tu − ∆u is bounded in

L
9
4 (Q). Using again Lp-theory, and proceeding with a bootstrap argument, we see

that u is bounded in Lp(0, T ;W 2,p(Ω)) and ∂tu is bounded in Lp(Q), for any finite
integer p. In particular, we have |∇u(x, t)| ≤ C for all (t, x) in Q. Therefore, relation
(3.9) implies |v̂(x, t)| ≤ C, where the constant can be evaluated in terms of the various
constants of the problem.
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3.3. Approximation. In order to obtain an appropriate regularization we min-
imize the functional J with respect to a bounded control range. To be precise we
seek a function vL which solves

J [v]→ min in KL := L∞(Q;BL(0)).(3.15)

Lemma 3.1. Let L ≥ 1 be fixed. Under the assumptions of Theorem 2.1 there is
a solution vL to (3.15).

Proof. Let (vkL) be a minimizing sequence. By definitions it is essentially bounded
and hence there is a (nonrelabeled) subsequence which converges in L∞(Q,Rs) (in
the weak∗ sense). The corresponding mean field mk

L = m(vkL) (solution to (2.1)) is
uniformly bounded in Cα(Q) by Lemma 2.2. The Arcela–Ascoli theorem implies that
mk
L converges uniformly. By assumption (B1) we have lower semicontinuity of σ in

the corresponding topology and the claim follows.

Lemma 3.2. Let the assumptions of Theorem 2.1 be satisfied.
(a) We have that

sup
L≥1
J [vL] <∞.(3.16)

(b) Let u be the solution to (2.10) with v = vL. Then we have a.e. in Q(
mLfv(·,vL) +mLA

T∇uL +
∂σ

∂v
(vL,m)

)
· (w − vL) ≥ 0(3.17)

for all w ∈ BL(0).

Proof. (a) Inequality (3.16) follows from the fact that the mapping L 7→ infKL J
is decreasing.

For (b) we use that

d

dα
J (vL + α(u− vL))

∣∣∣
α=0
≥ 0

for all u ∈ KL. Using the definition of J we have forML := d
dαmL(vL+α(u−vL))|α=0∫

Q

ML

(
f(·,vL) +

∂σ

∂m
(vL,m)

)
dx dt

+

∫
Q

(
mLfv(·,vL) +

∂σ

∂v
(vL,m)

)
· (u− vL) dx dt ≥ 0.

Note that ML satisfies the equation

∂tML −∆M+ div(ML g(vL)) + div(mLA(u− vL)) = 0,

∂νML|∂Ω = 0, ML

∣∣
t=0

= 0.
(3.18)

We test (2.10) with ML and (3.18) with uL. After integration by parts we find that∫
Q

MLf(·,vL) +

∫
Q

∂σ

∂v
(vL,m)ML dx dt ≥

∫
Q

mLA
T∇uL · (u− vL) dx dt
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and hence∫
Q

(
mLfv(·,vL) +mLA

T∇uL +
∂σ

∂v
(v,m)

)
· (u− vL) dx dt ≥ 0.

Now we choose u = (1 − θ)vL + θw, where θ ∈ C∞0 (Q; [0, 1]) and w ∈ BL(0) are
arbitrary. The claim follows by arbitrariness of θ.

The bulk of the proof of Theorem 2.1 is the following maximum estimate for the
Bellmann equation.

Lemma 3.3. Let the assumptions of Theorem 2.1 be satisfied. Let uL be the weak
solution of (2.10) with v = vL. Then we have

‖uL‖∞ ≤ c,(3.19)

where c does not depend on L.

Proof. For the estimate from above we choose w = 0 in (3.17). Rearranging the
terms shows

∂σ

∂v
(vL,mL) · vL ≤ −mLfv(·,vL) · vL −mLA

T∇uL · vL.

As a consequence of the growth conditions (A3), (A4), and (2.3) we obtain

mL

(
γ1(v,m)|v|4 − γ2(v,m)

)
≤ cmL(1 + |vL|2 + |∇uL||vL|).

By positivity of mL (recall Lemma 2.2) we end up with(
γ1(v,m)|v|4 − γ2(v,m)

)
≤ c (1 + |vL|2 + |∇uL||vL|).

Due to the boundedness of J (vL) (recall Lemma 3.2),
∫

Ω
mL(t, ·) dx = 1 for every t,

and uT ∈ L∞(Ω) we have

σ(v,m) +

∫
Q

|v|2mdxdt ≤ J [vL]−
∫

Ω

uTmL(T, ·) dx ≤ c.

Hence, the assumptions on γ1 and γ2 in (2.5) imply that

|v|4 ≤ c (1 + |vL|2 + |∇uL||vL|).

We gain for every ε > 0

|vL|4 ≤ ε|vL|4 + c(ε)(1 + |∇uL|4/3)

by Young’s inequality. Choosing ε = 1/2 yields

|vL|4 ≤ c(1 + |∇uL|4/3).(3.20)

This can be used to estimate the right-hand side of the Bellmann equation. We obtain

−∂tuL −∆uL ≤ c|∇uL|4/3 +K.

This can be written as

−∂tu−∆u ≤ c|∇uL||∇uL|1/3 +K.(3.21)
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Our aim is to apply Corollary A.2 with g = c|∇uL|1/3. So we have to explain why
∇uL ∈ L∞(Q,Rn) (where the norm can be dependent on L). This follows easily from
regularity theory for parabolic equations using boundedness of vL and the growth
assumptions (A1) and (2.4). Consequently, we obtain from Corollary A.2

sup
Q
uL ≤ c.

Using (A1) as well as (2.4), the right-hand side of (2.10) can be estimated from below
such that

−∂tuL −∆uL ≥ −c|∇uL||vL| −K.(3.22)

Now we use Corollary A.1 with g = c|vL| ∈ L∞(Q) for −u such that

inf
Q
uL ≥ −c.

The claim follows by combining the estimate from above and below.

Proof of Theorem 2.1. We follow the computations from subsection 3.2, which
are well-defined now. First, we use that the right-hand side of (2.10) is bounded by
|∇uL|4/3; recall (3.21). Testing with uL and using (3.19) yield∫

Q

|∇uL|2 dx dt ≤ c

∫
Q

(1 + |∇uL|4/3)|uL| dx dt ≤ c

∫
Q

(1 + |∇uL|4/3) dx dt

≤ 1

2

∫
Q

|∇uL|2 dx dt+ c.

Hence, we gain uniform bounds on
∫
Q
|∇uL|2 dx dt and eventually on

∫
Q
|vL|6 dx dt

using (3.20) again. Furthermore, (3.19) implies∫
Q

|∇2uL|3/2 dx dt ≤ c(3.23)

by parabolic Lp-theory; see [17]. Due to (3.19) and Young’s inequality we have as
in (3.14) ∫

Q

|∇u|3 dx dt ≤ 1

2

∫
Q

|∇u|3 dx dt+

∫
Q

|∇2u|3/2 dx dt

on account of ∂νuL = 0. We deduce from (3.23) that∫
Q

|∇uL|3 dx dt ≤ c(3.24)

uniformly. We can use this information to improve the regularity of ∇2uL (and of
∂tuL) by parabolic Lp-theory. Consequently, an iteration of these arguments implies

uL ∈ Lq(0, T ;W 2,q(Ω)), ∂tuL ∈ Lq(0, T ;Lq(Ω))
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for all q <∞ uniformly in L. In particular, we have

∇uL ∈ L∞(Q,Rn)

uniformly in L. Hence the same is true for vL by (3.20). Finally, Lemma 2.2 yields a
uniform bound for mL in Cα(Q). So we can pass to subsequences with limit functions
v,m, u enjoying the claimed regularity properties. Passing to the limit in the equations
for m is obvious. It remains to show that v is indeed a minimizer of J in L∞(Q,Rs).
Then, the Bellman equation for u can be derived from this as in section 3.1. Due to
compactness of mL and lower semicontinuity of J (cf. (B1)), we obtain

J (v) ≤ lim inf J(vL) ≤ J(φ)

for all φ ∈ KM = L∞(Q;BM (0)) and any M � 1. The claim follows by arbitrariness
of M .

4. Feedback controls and uniqueness. In Theorem 2.1 we are not able to
establish a feedback formula

v̂(t, x) = ω(t, x;∇u(t, x),m(t, x)).(4.1)

This is due to the missing unique correspondence between ∇u(t, x) and v̂(t, x) as a
consequence of nonconvexity. The term ∂σ

∂v (v,m) in (2.12) is nonmonotone. This
destroys the unique solvability of (2.12). The lack of a feedback formula also has the
consequence that we had to define the (pre-)Bellmann equation (2.10) via the optimal
control. It is not, as usual, an equation in ∇u and m. However, in the model problem
2.6, for small parameters β, we may state a “quasi-feedback formula.” By this we
mean a representation formula of type (4.1), but with an additional dependence of ω
on two numbers σ0 = σ(v̂,m[v̂]) and v0 =

∫
Q
m[v̂]|v̂|2 dx dt, i.e.,

v̂(t, x) = ω(t, x;∇u(t, x),m(t, x);σ0, v0).(4.2)

To this end we have a look at (3.17) again and write it as(
mfv(·, v̂) +mAT∇u+

2β

σ0
mv̂

(
|v̂|2 − v0

))
· (w − v̂) ≥ 0.

After cancelling m we gain(
fv(·, v̂) + AT∇u+

2β

σ0
v̂
(
|v̂|2 − v0

))
· (w − v̂) ≥ 0.(4.3)

We claim that βv0 → 0 for β → 0. Let us denote by AJβ the class of minimizers of
Jβ . Among the class AJβ we can minimize σ(v,m), where m = m[v]. A minimizer
exists due to the lower semicontinuity of σ assumed in (B1) and the properties of
m; recall Lemma 2.2. Again the minimizer may not be unique due to the missing
convexity of σ. We denote the hence created set of lexicographic minimizers by AσJβ .
Indeed, we have

v0 = v0(β) = inf
AσJβ
J0 ≤ inf

AσJβ
Jβ = inf

AJβ
Jβ ≤ J1[0].

So, v0 is bounded in β. Hence we have βv0 → 0 for β → 0 as claimed. Consequently,
the function
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v 7→ f(·,v) + AT∇u · v +
2β

σ0
|v|2

(
|v|2 − v0

)
is convex provided β is small enough (to be precise if 2βv0

σ0
< c0, where c0 is given in

(A3)) and, in addition to (A1)–(A4), f belongs to the class C2 and satisfies

∂2f(m,v)

∂v2
(ξ, ξ) ≥ c0|ξ|2(4.4)

for all ξ ∈ RN . As a consequence v∗ can be uniquely derived from (4.3) for ∇u given.
This implies the desired uniqueness. We summarize this in the following theorem.

Theorem 4.1. Let σ be given by (2.6). Assume that the assumptions of Theorem
2.1 are satisfied and we have (4.4). Assume in addition that 2βv0

σ0
< c0 holds, where

c0 is given in (A3). Then the quasi-feedback formula (4.2) holds.

The disadvantage of the quasi-feedback formula is that, due to nonuniqueness, the
quantities σ0 and v0 may vary for different optimal controls v̂. There is a possibility to
overcome this lack by considering lexicographic minimizers v̂. As before we consider
the functional

Jβ [v] =

∫
Q

m[v]f(·,v) dx dt+ σ(v,m[v]) +

∫
Ω

m[v](T, ·)uT dx,(4.5)

where σ = σβ is given in (2.6). The minimizer v̂ of (4.5) may not be unique in general.
So, we minimize

J̃ [v] =

∫
Q

m[v]|v|2 dx dt

in AσJβ , where AσJβ is set of lexicographic minimizers introduced above. The existence
of a minimizer follows again from lower semicontinuity and the properties of m. The
so obtained lexicographic minimizer is still not necessarily unique. But the procedure
ensures that two lexicographic minimizer v̂1 and v̂2 satisfy J [v̂1] = J [v̂2] and we
replace σ0 and v0 in (4.2) by

v′0 := J̃ [v̂1] = J̃ [v̂2], σ′0 := σ(v̂1,m[v̂1]) = σ(v̂2,m[v̂2]).

We formulate this in the following corollary.

Corollary 4.1. Under the assumptions of Theorem 4.1 there is a unique lexi-
cographic minimizer of Jβ in the class AσJβ .

Appendix A. Maximum principles. The following maximum principle con-
cerns solutions to parabolic equations where the solution is not in C2. We refer to [9,
Lemma 4.1] for the proof. This theorem is usually proved in a C2 setting, where the
proof is very simple (see, e.g., [2]). However, it is convenient to have it also in a W 2,q

setting which avoids clumsy approximations.

Lemma A.1. Let U ∈ Lq(0, T ;W 2,q(Ω)) be a subsolution to
∂tU −∆U + λU ≤ |∇U |g + f in Q,

∂νU = 0 on (0, T )× ∂Ω,

U(0, ·) = U0 in Ω,

(A.1)

where λ > 0. Assume that g ∈ Lq(Q) for some q > n+2 and f ∈ L∞(Q). Then there
holds U ≤ max{‖f‖∞/λ, ‖U0‖∞} in Q.
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Corollary A.1. Let V ∈ Lq(0, T ;W 2,q(Ω)) be a subsolution to
∂tV −∆V ≤ |∇V |g̃ + f̃ in Q,

∂νV = 0 on (0, T )× ∂Ω,

V (0, ·) = V0 in Ω.

(A.2)

Assume that g̃ ∈ Lq(Q) for some q > n + 2 and f̃ ∈ L∞(Q). Then there holds
V ≤ cmax{‖f̃‖∞, ‖V0‖∞} in Q.

Proof. We set U = e−tV and obtain

∂tU −∆U + U ≤ |∇U |g + f,

where g = etg̃ and f = f̃ . Lemma A.1 with λ = 1 yields the claim.
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