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Uniform shear flows over a circular disk of aspect ratio 10 (thickness/diameter) at low Reynolds
numbers are numerically investigated with the main focus on the effect of inlet shear on the wake
evolutions. The Reynolds numbers considered are Re = 140, 160, and 180 based on the inlet center
velocity uc and disk diameter d. The non-dimensional shear rate k(= |∇u|d/uc) is varied from 0 to
0.09. The bifurcations leading to unsteady states with hairpin vortex shedding occur much earlier in
uniform shear. In most cases, wake evolutions occurring as the shear rate increases in uniform shear
are similar to those as the Reynolds number increases in uniform flow. A new wake mode termed as
dragonfly-wings (DW) mode is captured at Re = 180 and k = 0.01 and 0.03. At DW mode, hairpin
vortex structures are shed from diametrically opposite orientations, but with irregularity in strength
and shape, i.e., three different vortex loops are observed in the wake, and produce three peaks at low
frequencies in the frequency spectrum of the drag. The planar-symmetry plane for standing-wave and
zig-zig modes is determined by both the initial conditions and the direction of the uniform shear. It is
found that with increasing inlet shear rate, the non-dimensional shedding frequency remains nearly
constant for the low shear rates (k < 0.1). Time-averaged drag and lift coefficients slightly increase
with increasing inlet shear rate. Finally, the hysteretic property of the DW mode transition is examined
and further investigated using the Landau mode, indicating that DW mode transition is non-hysteretic
(supercritical). Published by AIP Publishing. https://doi.org/10.1063/1.5043518

I. INTRODUCTION

Circular disks are frequently encountered in many related
aero- and hydrodynamic applications, e.g., car side view mir-
rors,1 flame holders,2,3 water spout in aerial bioreactors,4 disk
pumps,5 models for floes,6 and fibers.7 The wake behind a
circular disk is also a typical wake of axisymmetric bodies,
and it informs our understanding of the shear-layer separation,
transition to turbulence, and wake development in the wake of
three-dimensional bluff bodies. However, the study on the flow
over a circular disk is much less than other basic geometries,
e.g., sphere and cylinder.1 Fuchs et al.,8 Roberts,9 Cannon
et al.,10 and Berger et al.11 performed experimental studies
on the wake structures in the disk wakes at the Reynolds
number of 104-105 and found an anti-symmetric coherent
structure which was dominated by helical modes m = ±1.
Lee and Bearman12 conducted an experimental investigation
of the wake structure behind a circular disk using a condi-
tional sampling technique and found that the wake consisted
of lots of irregular vortex loops. Berger et al.11 investigated the
flow instabilities in the turbulent wake of a circular disk, and
found that the wake was dominated by three instability mech-
anisms: axisymmetric pulsation of the recirculation bubble at
very low frequency f1(St1 = f1d/U0 ≈ 0.05); antisymmetric

a)Author to whom correspondence should be addressed: jianzhiy@hfut.edu.cn

fluctuations induced by a helical vortex structure at a natural
frequency fn (Stn = fnd/U0 = 0.135); and a high frequency
instability (St3 = f3d/U0 = 1.62) of the separated shear layer.
Some numerical efforts have been made in order to understand
turbulent flows over a circular disk at high Reynolds numbers.
Yang et al.13 conducted a large eddy simulation of flow over a
circular disk at Re = 104 and interestingly found that a coherent
structure in the turbulent wake shows a strong resemblance to
the instantaneous wake structure at the Reflectional-symmetry
breaking (RSB) mode using conditional averaging. Recently,
Yang et al.14 performed a numerical study on the wake dynam-
ics behind a circular disk using fully three-dimensional proper
orthogonal decomposition (POD) and found that the dynamics
or flow instabilities observed at transitional wake modes at low
Reynolds numbers are still preserved at a higher-Reynolds-
number regime. Therefore, investigation on the wake dynamics
at low Reynolds numbers is helpful to understand the turbulent
wake at high Reynolds numbers.

The flow over a circular disk at low Reynolds numbers has
been extensively investigated. The wake regime varies depend-
ing on the Reynolds number and the aspect ratio, which is
defined as χ = d/w, where d and w are the diameter and the
thickness of the disk, respectively. The first bifurcation was a
regular transition from a steady axisymmetric state leading to
a steady planar-symmetric wake (SS mode), for all the investi-
gated configurations including the flat disk (χ =∞) considered
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by Natarajan and Acrivos,15 Fabre et al.,16 Meliga et al.,17

and Auguste et al.18 and disks of aspect ratios between 2 and
10 considered by Fernandes et al.19 (χ = 2-10), Shenoy and
Kleinstreuer20 (χ = 10), Auguste et al.18 (χ = 3), and Yang
et al.21 (χ = 5). The critical Reynolds number for the first bifur-
cation was found to be between 115 and 117 for the flat disk.
The influence of the disk aspect ratio on the critical Reynolds
numbers for the first two bifurcations was studied by Fernandes
et al.19 It was found that the aspect ratio was related to the
critical Reynolds numbers by functions of Rec1 ≈ 116.5(1 +
χ−1) and Rec2 ≈ 125.6(1 + χ−1). Since the second bifurcation
broke the planar-symmetry to form a three-dimensional wake,
this state was called reflectional-symmetry breaking (RSB)
mode by Fabre et al.16 A third bifurcation leading to a planar-
symmetric wake with hairpin vortex shedding and zero-mean
lift was observed for a flat disk and a thin disk of aspect ratio
χ = 10. The threshold Reynolds number was found at Rec3

≈ 140 and 143 for the flat disk and at Rec3 ≈ 172 for the thin
disk (χ = 10). This state was called standing-wave (SW) mode
in Ref. 16 or “regular shedding of a hairpin vortex with pla-
nar symmetry and zero-mean lift” in Refs. 19 and 21. The
fourth bifurcation was found to lead to an unsteady planar-
symmetric state but with a non-zero mean lift. The critical
Reynolds number was reported at Rec4 ≈ 230 for a disk of
aspect ratio χ = 1.25 and at Rec4 ≈ 248 for a disk of aspect
ratio χ = 5. This state was called Zig-zig (Zz) mode in Ref. 16
or “regular shedding of hairpin vortex with planar symmetry
and non-zero-mean lift” in Refs. 19 and 21. The fifth bifur-
cation was found to lead to a periodic three-dimensional flow
with an irregular rotation of the separation region.20,21 Low-
frequency characteristics were observed in this state.22 The
critical Reynolds number was found at Rec5 ≈ 280. For the
sphere wake, although the whole transition scenario differs
from that of the disk, two bifurcation states similar to those
observed in the disk wakes were also observed: the first bifur-
cation leading to a steady planar-symmetric wake occurred
at Rec1 ≈ 210, as predicted by Natarajan and Acrivos;15 the
bifurcation leading to a periodic vortex shedding through a
Hopf bifurcation took place at Rec2 ≈ 277. Recently, an exten-
sive parametric study dealing with oblate spheroids and flat
cylinders in the range χ ∈ [1, ∞], Re ∈ [100, 300] was car-
ried out by Chrust et al.23 It basically confirmed the bifurcation
scenarios summarized above and delimited the domain of exis-
tence of each state in the (χ, Re) plane. For further detailed
review of wake bifurcations of fixed bodies at low Reynolds
numbers, one can refer to the studies of Chrust et al.23 and
Ern et al.24 As a matter of completeness, we note contri-
bution from Cummins et al.,25 who considered the viscous
flow over a thick permeable circular disk at low Reynolds
numbers.

The above studies on the flow over a circular disk are
all concerned with a disk immersed in uniform flow, and few
cases in which the wake behind a circular disk immersed in
non-uniform flow in such a way that the free-stream velocity
varies in the direction normal to it have been investigated so
far. However, understanding the characteristics of flow over
a circular disk immersed in a non-uniform flow is impor-
tant from an engineering perspective. For example, it is of
practical interest to study the motions of particles in a shear

flow26 or inside a pipe and the hydrodynamic forces acting
on a non-spherical structure located inside a boundary layer
or in a wind-driven ocean current. Thus it is essential to
investigate the wake behind a circular disk immersed in
non-uniform flow.

There have been a few studies on the sphere wake in
such non-uniform flows. Saffman27 performed an analytical
analysis of the lift acting on a sphere for very low Reynolds
numbers (Re = ucd/ν � 1), where uc is the inlet center
velocity, d is the sphere diameter, and ν is the kinematic vis-
cosity. It was found that the lift force on the sphere always
acts toward the high-velocity side in a uniform shear. The ana-
lytical work was then extended by McLaughlin.28 Dandy and
Dwyer29 numerically investigated the drag and lift acting on
a fixed sphere in a uniform shear for 0.1 ≤ Re ≤ 100 and
0 ≤ k ≤ 0.8, where k = |∇u|d/uc is the non-dimensional
shear rate at the inlet. It was found that the direction of lift
force is toward the high-velocity side for all the Reynolds
numbers. Mei30 proposed an approximate expression for the
lift force for these Reynolds numbers. All of these studies
mentioned above are concerned with the drag and lift on the
sphere below the critical Reynolds number where periodic
vortex shedding occurs. Sakamoto and Haniu31 conducted an
experimental investigation on the formation mechanism and
frequency of vortex shedding from a sphere in uniform shear
flow using flow visualization and velocity measurement. It was
found that the critical Reynolds number beyond which vortex
shedding occurred is lower than that in uniform flow. The wake
configuration did not differ substantially from that in uniform
flow, but the detachment point of vortex loops is always located
on the high-velocity side. Kurose and Komori32 performed a
numerical study on the effect of uniform shear on the flow
characteristics over a sphere for 1 ≤ Re ≤ 500 and 0 ≤ k
≤ 0.8 with focus on the drag and lift forces. Recently, Kim
et al.33 numerically investigated the characteristics of lami-
nar flow past a sphere in uniform shear, and the effect of the
uniform shear on the vortical structures, Strouhal number, and
time-averaged drag and lift coefficients in the sphere wake was
investigated.

What is the effect of uniform shear on the wake mode
evolutions in the wake behind a circular disk at low Reynolds
numbers? How does the uniform shear affect the vortex shed-
ding frequency, drag, and lift in the disk wake? In order
to answer these questions and fill the gap in the litera-
ture, the flow over a circular disk of aspect ratio χ = 10
immersed in uniform shear is numerically investigated in the
present work. The aspect ratio chosen lies between 1 and
15, the range which has been considered in most studies.
The Reynolds numbers considered are 140, 160, and 180
based on the inlet center velocity and disk diameter cover-
ing both steady and unsteady flow states, corresponding to
the steady-state (SS) mode, reflectional-symmetry-breaking
(RSB) mode, and standing wave (SW) mode in uniform flow,20

respectively. The non-dimensional shear rate k is varied from
0 to 0.09. The main focus is to investigate the effects of
the uniform shear on the wake evolutions behind a circu-
lar disk. The variations of the vortex shedding frequency,
drag, and lift due to the uniform shear inlet are also carefully
examined.
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II. NUMERICAL DETAILS

The details of the numerical code used in the present
study have been described in Ref. 13. It is originally
developed for simulating incompressible turbulent flows of
practical relevance by large-eddy simulation (LES). The
space-filtered incompressible Navier-Stokes equations are
considered. The equations are solved on a staggered grid in
cylindrical coordinates. The spatial discretization of the dif-
fusive terms is based on a second-order central difference.
The convective terms are discretized using a conservative
second-order central difference scheme,34 and the time deriva-
tives are discretized with a second-order semi-implicit scheme.
The pressure-correction equation is solved using the SIMPLE
algorithm. The discretized equations are solved using Newton-
Raphson iterations. The code has been successfully used for
the studies on flow over a circular disk for low (Re < 103) and
high (Re = 104) Reynolds numbers in uniform flow.13,21,22

Flow over a thin disk of aspect ratio χ = 10 with a uniform
shear inlet is simulated at Re = 140, 160, and 180, respectively.
All models necessary to approximate the non-resolved sub-
grid scales in LES are turned off for the laminar/transitional
simulations in the present work. The computation domain
along with a disk of diameter d is sketched in Fig. 1. The
cylindrical coordinate system is employed, where x, r, and θ
correspond to the streamwise, radial, and azimuthal directions,
respectively. The computational domain is −10 ≤ x/d ≤ 15,
0 ≤ r/d ≤ 10, and 0 ≤ θ < 2π, where (x = 0, r = 0) cor-
responds to the center of the downstream surface of the disk
with the x-axis, which is the disk symmetry axis, in the stream-
wise direction. A Cartesian coordinate system (x, y, z) is also
defined in Fig. 1 in order to present the results. At the inlet, a
uniform shear is prescribed,

ux(y)
uc
=

ky
d

+ 1, ur = 0, uθ = 0, (1)

where the non-dimensional shear rate k(= dux/dy ·d/uc, where
uc is the inlet center velocity and d is the disk diameter) is

FIG. 1. (a) Computational domain and coordinate system and (b) mesh near
the disk.

varied from 0 to 0.09. The inlet flow becomes uniform at
k = 0. At the outlet and the sides of the computational domain,
a convective boundary condition is used,

∂ui

∂t
+ c

∂ui

∂n
= 0 (i = x, r, θ), (2)

where c is the convection velocity. Here, c is changed at each
time step to equal the maximum outflow velocity over the out-
flow boundary, and on the disk surfaces, a non-slip condition
is imposed.

The three-dimensional grid is generated by rotating a two-
dimensional Cartesian grid relative to the disk axis. The grid
points in the azimuthal direction are uniformly distributed.
The grid is refined close to the disk to resolve the primary
features properly in the shear layer and near wake. The num-
bers of grid points used are 336(x) × 128(r) × 72(θ) in the
axial, radial, and azimuthal direction, respectively. To study
the grid resolution independence, a fine mesh of 448(x) ×
168(r) × 90(θ) and a coarse one of 128(x) × 80(r) × 40(θ)
are also performed at Re = 180 and k = 0.01. Table I shows
the time-averaged drag and lift coefficients and Strouhal num-
ber (St = fd

uc
, where f is the frequency) from the simulations

on the three grids. It can be found that the differences between
the results from the modest and fine grids can be negligi-
ble, and thus the modest mesh of 336(x) × 128(r) × 72(θ)
is employed in the present study. The computational time step
is determined based on the Courant-Friedrichs-Levy (CFL)
number, which is ensured to be less than 0.5 for all the
cases.

The Reynolds numbers considered in the present study
are 140, 160, and 180 based on the inlet center velocity and
disk diameter, corresponding to the steady-state (SS) mode,
reflectional-symmetry-breaking (RSB) mode, and standing
wave (SW) mode in uniform flow,20 respectively. In order
to further validate the present numerical methodology and
resolution, flows over a thin disk in uniform flow for the
Reynolds numbers considered were computed and compared
with the results of other authors.19,20 For Re = 160, the present
numerical solution turned out to the RSB mode as expected.
The time histories of drag and lift component coefficients
and corresponding frequency spectra at Re = 160 in uni-
form flow were examined, as shown in Fig. 2. It is found
that the lift component coefficient (Cy) varied periodically at
St = 0.122, and Cd continued to oscillate at 2St = 0.244. The
Strouhal number (St = 0.122) is in excellent agreement with
the result by Fernandes.19 The frequency spectra also com-
pare very well with the results by Shenoy and Kleinstreuer.20

It demonstrates the reliability of the present numerical
simulations.

TABLE I. Time-averaged drag and lift coefficients and Strouhal numbers
from the simulations on the three grids for Re = 180 and k = 0.01.

Grid Grid resolution (Nx × Nr × Nθ ) St Cd Cl

Coarse 128 × 80 × 40 0.114 2.558 0.011
Modest 336 × 128 × 72 0.122 1.237 0.005
Fine 448 × 168 × 90 0.122 1.231 0.005
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FIG. 2. (a) Time histories of drag and
lift component coefficients and (b)
corresponding frequency spectra at
Re = 160 in uniform flow.

III. RESULTS
A. Wake evolutions at Re = 140

The wake structure at Re = 140 in uniform flow (k = 0) is
characterized by a steady two-thread wake with planar sym-
metry, as shown in Fig. 3. It is thus called steady-state (SS)
mode in Ref. 18. It is consistent with the result by Shenoy and
Kleinstreuer.20 Figure 4 shows the instantaneous wake struc-
tures and phase diagram of drag-lift forces in the uniform shear
of k = 0.01. The wake structures are illustrated by iso-surfaces
of streamwise vorticity ωx

(
= ∂uz/∂y − ∂uy/∂z

)
and Q crite-

rion (Q = ‖Ω ‖2−‖S‖2

2 , where Ω and S are the antisymmetric
and symmetric components of the velocity gradient tensor),
as shown in Figs. 4(a) and 4(b), respectively. The wake main-
tains planar symmetry but with vortex shedding periodically
under the effect of uniform shear. It is worth to note that
the head of the hairpin vortex structures is much stronger on
the high-velocity side than that on the low-velocity side. It is
because the rolling up of the shear layer on the high-velocity
side is stronger than that on the low-velocity side, and the
vorticity entraining in the vortex formation region from the
high-velocity side is larger than that from the low-velocity
side.31 It was also reported in the flow over a sphere immersed
in uniform shear.31,33 The Cd – Cy drag-lift diagram [Fig. 4(c)]
shows a butterfly-like attractor, indicating that the maximum
value of the drag varies twice in one oscillating period of the
lift component. The Cy – Cz diagram [Fig. 4(d)] indicates that
the lift force is oscillating around a zero mean value and the
symmetry plane is at the z = 0 plane (Cz = 0). This flow regime
is referred to as the Zig-Zag (ZZ) mode in Ref. 18 or standing
wave (SW) mode in Ref. 16 for the wake behind a circular disk
in uniform flow. It is the third mode occurred at Rec3 = 156 for

FIG. 3. Wake structures depicted by iso-surfaces of streamwise vorticity for
steady state (SS) mode at Re = 140 and k = 0.

a thin disk (χ = 10) in uniform flow, indicating that the critical
Reynolds number for the SW mode becomes lower in uniform
shear. It is because the effect of the shear rate is similar to that
of the increasing Reynolds number at the high-velocity side.
By comparing Figs. 3 and 4(a), one can find that the planar-
symmetry plane is directly changed to the z = 0 plane within
uniform shear. In uniform flow, the planar symmetry plane is
determined by the initial condition, while in the uniform shear,
the planar symmetry plane is determined by the direction of the
uniform shear inlet at this Reynolds number. This is consistent
with the results for the sphere wake in uniform shear.33

When the inlet shear rate k increases to 0.07, the wake
retains the planar-symmetry plane, as shown in Figs. 5(a)
and 5(b). It is observed that the head of the hairpin vortex
structures becomes stronger on the high-velocity side with the
inlet shear rate increasing. But the Cd – Cy diagram shown
in Fig. 5(c) reveals a single loop, and the Cy – Cz diagram
shown in Fig. 5(d) indicates that the lift force is oscillating
about a non-zero mean value along a line located within the
symmetry plane of the wake. With increasing inlet shear rate,
the hairpin vortex structures become stronger due to addi-
tional vorticity provided from the inlet and the magnitude of
lift force increases.33 This wake mode is called Zig-zig (Zz)
mode in Ref. 18 or “Unsteady state with planar symmetry and
non-zero mean lift” in Ref. 20. As the inlet shear rate further
increases to k = 0.09, the wake is still the Zz mode (not shown
here).

B. Wake evolutions at Re = 160

The wake at Re = 160 in uniform flow is characterized
by vortex shedding periodically but with planar symmetry
breaking, as shown in Fig. 6(a). It is thus called reflectional-
symmetry-breaking (RSB) mode, and also termed as the “Yin-
Yang” mode due to the feature of the streamwise vorticity
contours in a cross section of the wake just behind the disk.16

It is consistent with the results by Shenoy and Kleinstreuer.20

The Cy – Cz diagram shown in Fig. 6(b) indicates that the lift
force is no longer oscillating in a straight path due to the break-
ing of planar symmetry in this mode. In the uniform shear of
k = 0.01, the planar symmetry breaking in uniform flow recov-
ers, as shown in Fig. 6(c). The Cy – Cz diagram shows that the
lift force is oscillating around a zero-mean value in a straight
path [see Fig. 6(d)]. It is found that the wake changes from RSB
mode to SW mode under the effect of the very low inlet shear.
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FIG. 4. SW mode at Re = 140 and
k = 0.01: (a) iso-surfaces of streamwise
vorticity (two orthogonal views), (b)
iso-surfaces of Q criterion (two orthog-
onal views), (c) Cd – Cy diagram, and
(d) Cy – Cz diagram.

FIG. 5. Zz mode at Re = 140 and
k = 0.07: (a) iso-surfaces of streamwise
vorticity (two orthogonal views), (b)
iso-surfaces of Q criterion (two orthog-
onal views), (c) Cd – Cy diagram, and
(d) Cy – Cz diagram.

Different from the case of Re = 140, the planar-symmetry plane
is not directly changed to the z = 0 plane at the very low inlet
shear.

As the shear rate increases to k = 0.03, the flow changes
from the SW mode to the Zz mode. Then the Zz mode preserves
for inlet shear rates ranged from 0.03 to 0.09. Figures 6(e) and
6(f) illustrate the wake structures and lift component diagram
at Re = 160 and k = 0.07, respectively. It is also observed
that the head of hairpin vortices on the high-velocity side is
much stronger than that on the low-velocity side. The Cy – Cz

diagram shows that it is oscillating back and forth around a
non-zero mean value. Within the low inlet shear (k < 0.1) at
Re = 160, the planar-symmetry plane is not rapidly changed
to the direction of the inlet shear, but it shows a clear trend
toward the z = 0 plane as the inlet shear rate increases. This
can be more clearly illustrated by the azimuthal angle of the
planar-symmetry plane, as shown in Fig. 7. The azimuthal
angle of the planar-symmetry plane can be determined from
the Cy – Cz phase diagram. Note that the azimuthal angle
θ = 90◦ corresponds to the z = 0 plane. It clearly shows that

there appears a great change for the azimuthal angle of the
planar-symmetry plane when the inlet shear increases to
k = 0.03 and then it then slowly changes to 90◦ (z = 0 plane)
as the shear rate further increases. It suggests that the planar-
symmetry plane is determined by both the initial conditions
and the direction of the inlet shear at Re = 160. It is worth to
be further investigated in future work.

The wake evolutions as the inlet shear increases at
Re = 160 in uniform shear (k < 0.1) are similar to those in
uniform flow as the Reynolds number increases.

C. Wake evolutions at Re = 180

The flow regime at Re = 180 in uniform flow is charac-
terized by vortex shedding periodically with planar-symmetry
preserving and zero-mean lift, namely, the SW mode, as shown
in Figs. 8(a) and 8(b). It is consistent with the results by Shenoy
and Kleinstreuer.20 The flow regime in uniform shear of
k = 0.01 and 0.03 is totally a new mode. This new wake mode
at k = 0.01 is illustrated in Figs. 8(c) and 8(d). The wake
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FIG. 6. Flow patterns at Re = 160 with
a different uniform shear inlet: [(a) and
(b)] k = 0, [(c) and (d)] k = 0.01, and [(e)
and (f)] k = 0.07. (a), (c), and (e): Flow
structures are depicted by iso-surfaces
of streamwise vorticity (two orthogonal
views), and (b), (d), and (f): Cy – Cz
diagram.

structure illustrated by iso-surfaces of streamwise vorticity
shown in Fig. 8(c) is similar to that at RSB mode but with the
planar-symmetry breaking occurring at a more downstream
location. The Cy – Cz diagram reveals an attractor with a com-
plicated structure evoking the shape of dragonfly wings, indi-
cating that the vortex shedding pattern is much more complex.
The new flow regime is thus termed as the dragonfly-wings
(DW) mode. The motion along the attractor can be under-
stood as the superposition of two kinds of movement, namely,
a fast motion along a slender loop and a slow pulsation to
switch between the two slender loops. This new flow regime
is a little similar to Knit-Knot (KK) mode detected for a flat
disk in uniform flow.18 In the KK mode, the wake is also

FIG. 7. Azimuthal angle of the planar-symmetry plane in the disk wake at
Re = 160 with respect to the inlet shear rate in uniform shear flow.

characterized by breaking of planar symmetry, but the Cy – Cz

diagram reveals an attractor with a more complicated structure
evoking the shape of a wool ball.

To further study the flow pattern in this new mode, the
time sequence of wake structures at Re = 180 and k = 0.03
is then examined, as shown in Fig. 9. Three different hairpin
vortex loops marked with “A,” “B,” and “C” are shed in dia-
metrically opposite orientations from the disk. Although the
feature of anti-phase vortex shedding at SW mode for Re = 180
in uniform flow still preserves, the hairpin vortices are peri-
odically shed with irregularity in strength and shape on the
high-velocity side at DW mode. The flow pattern with differ-
ent vortex structures in the wake results in three peaks at low
frequencies in the frequency spectrum of the drag coefficient
[see Fig. 10(f)].

When the inlet shear further increases to k = 0.05, the
flow regime is changed from the DW mode to the Zz mode,
as shown in Figs. 8(e) and 8(f). It is found that the azimuthal
angle of the planar-symmetry plane changes slowly until the
inlet shear rate k increases to 0.09 (not shown).

To summarize, flows over a thin circular disk (χ = 10)
at Re = 140, 160, and 180 within the inlet shear rate from
0 to 0.09 evolve five wake modes: steady-state (SS) mode,
reflectional-symmetry-breaking (RSB) mode, standing wave
(SW) mode, Zig-zig (Zz) mode, and dragonfly-wings (DW)
mode. The flow regimes depending on both the Reynolds
number and inlet shear rate are summarized in Table II. As
illustrated in Table II, for most cases, wake evolutions occur-
ring as the shear rate increases in uniform shear are similar
to those as the Reynolds number increases in uniform flow. It
is because the effect of increasing inlet shear rate is similar
to that of increasing Reynolds number on the high-velocity
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FIG. 8. Flow patterns at Re = 180 with
a different uniform shear inlet: [(a) and
(b)] k = 0, [(c) and (d)] k = 0.01, and [(e)
and (f)] k = 0.05. (a), (c), and (e): Flow
structures are depicted by iso-surfaces
of streamwise vorticity (two orthogonal
views), and (b), (d), and (f): Cy – Cz
diagram.

side. The RSB mode occurring at Re = 160 in uniform flow is
not detected in uniform shear here. In uniform flow, the RSB
mode only occurs at a very small range of Reynolds numbers.
The RSB mode could not be captured here due to that it only
occurs at very limited conditions. A new mode is detected at
Re = 180 and k = 0.01 and 0.03, in which the flow changes from
planar symmetry to asymmetry and returns planar symmetry
with the shear rate further increasing.

FIG. 9. Time sequence of vortical structures visualized by the Q-criterion
isosurface at Re = 180 and k = 0.03. The time interval between two consecutive
pictures is 0.12d/uc. Three different hairpin vortex loops are marked with “A,”
“B,” and “C,” respectively.

D. Vortex shedding frequency and drag
and lift coefficients

For the wake behind a circular disk (χ = 10) within
uniform flow, vortex shedding starts to occur at the second
bifurcation, namely, the RSB mode. However, vortex shed-
ding occurs much earlier under the effect of the uniform shear,
as introduced in Sec. III A. In uniform shear flow, three differ-
ent wake modes are detected at the present Reynolds numbers
and inlet shear rates considered: SW mode, Zz mode, and DW
mode. In this section, the vortex shedding frequency and drag
and lift coefficients in uniform shear will be investigated.

Figure 10 shows the time histories of the drag (Cd) and
lift component (Cy) coefficients and the corresponding fre-
quency spectra for the three different wake modes selected.
For the SW mode, it is found that the drag coefficient oscillates
regularly but with two amplitudes, while the lift component
coefficient oscillates regularly with a constant amplitude, as
shown in Fig. 10(a). It indicates that the maximum value of
the drag varies twice in one oscillating period. This can also
be seen from the phase diagram of Cd – Cy shown in Fig. 4(c).
This is due to that the hairpin vortex structures are periodically
shed with regularity in strength and frequency in diametrically
opposite orientations from the disk.21 The frequency spectra
of drag and lift component coefficients show that the lift oscil-
lates at St = 0.122 and the drag oscillates at St = 0.122 and
2St = 0.244, as shown in Fig. 10(b). The characteristic fre-
quency of oscillation for lift component and drag coefficients
at St = 0.122 matches the vortex shedding frequency. For the
Zz mode, both the drag and lift component coefficients are
found to oscillate with one amplitude and each waveform stays
nearly constant, as shown in Fig. 10(c). It is found that the evo-
lutions of Cd and Cy have equal periods but with nearly half
period difference in phase. It can thus be expected that the
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FIG. 10. Time histories of the drag and
lift component coefficients [(a), (c), and
(e)] and the corresponding frequency
spectra [(b), (d), and (f)] at three differ-
ent wake modes: [(a) and (b)] SW mode
(Re = 140 and k = 0.01), [(c) and (d)]
Zz mode (Re = 140 and k = 0.07), and
[(e) and (f)] DW mode (Re = 180 and
k = 0.01).

frequency spectra of both the drag and lift component coef-
ficients show a dominant peak at St = 0.122, as shown in
Fig. 10(d). For the DW mode, however, the waveforms of
both the drag and lift component coefficients become multi-
periodic, and the amplitude of the waveforms is no longer
constant but slightly modified as time proceeds, as shown in
Fig. 10(e). It can be seen much more clearly in the frequency
spectra of the drag coefficient shown in Fig. 10(f). There exist
other small peaks at lower frequencies, and the lowest peak is
at St ≈ 0.04, which is nearly one-third of the vortex shedding
frequency St = 0.122. It is associated with the different vortex
structures in the wake, as shown in Fig. 9.

The Strouhal number characterizing the vortex shedding
for the three different wake modes captured in the present study
(and also actually the RSB mode) is remarkably constant. In

TABLE II. Flow regimes depending on the Reynolds number and inlet shear
rate.

k

Re 0 0.01 0.03 0.05 0.07 0.09

140 SS SW Zz Zz Zz Zz
160 RSB SW Zz Zz Zz Zz
180 SW DW DW Zz Zz Zz

uniform flow over an infinitesimal thickness disk18 or a thin
disk20 (χ = 10), it was also found that the Strouhal number
is nearly constant for RSB, SW, and Zz modes. It is found
that as the inlet shear rate increases the non-dimensional shed-
ding frequency remains nearly constant for the low shear rates
(k < 0.1) considered in the present work. For the sphere wake
at Re < 600, it was also found that for low values of inlet
shear (k < 0.1) the Strouhal number for shear flow differs lit-
tle from that for uniform flow.31 A very slight increase of the
Strouhal number was reported by Kim33 for the sphere wake at
Re < 425 and low shear rates (k < 0.1). In the laminar flow
(Re < 200) over a circular cylinder in uniform shear, the shed-
ding frequency was also nearly constant for low shear rates
(k < 0.1).35

Figure 11 plots the time-averaged drag and lift coeffi-
cients with respect to the inlet shear rate for Re = 140, 160,
and 180. For Re = 140, the time-averaged drag coefficient in
uniform shear flow becomes much higher than that in uniform
flow since the wake changes from the steady state to unsteady
state with vortex shedding periodically. The time-averaged
lift coefficient in uniform shear flow becomes non-zero and
increases as the shear rate increases. For Re = 160 and 180,
however, the time-averaged drag and lift coefficients increase
very slightly as the shear rate increases. For the sphere wake in
uniform shear flow, the time-averaged drag and lift coefficients
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FIG. 11. Variations of time-averaged
drag and lift coefficients with respect
to the inlet shear rate: (a) Cd and (b)
Cl (Solid line for Re = 140, dashed line
for Re = 160, and dashed-dotted line for
Re = 180).

generally also increase slightly with the increase of the shear
rate at low Reynolds numbers.33 Both the drag and lift coeffi-
cients increase with the Reynolds number increasing. For the
flow around a bulge in a turbulent channel,36,37 it was reported
that the drag increased with respect to that of an equivalent
planar channel, which was due to the form effects induced by
the separation.

E. Hysteresis phenomenon

As introduced in Sec. III C, there are two specific inlet
shear rates at which the wake showing planar symmetry in
uniform flow becomes asymmetric for Re = 180 and then the
planar symmetry recovers at a higher shear rate. Considering
the range of the shear rates is very limited and the flow over a
circular disk is probably sensitive to the initial condition, the
hysteretic property of the wake evolutions is then examined in
this section.

The Reynolds number is fixed at Re = 180 and then the
inlet shear rate is varied (k = 0 ∼ 0.09) to investigate how the
wake changes with gradually increasing or decreasing shear
rate. Figure 12 shows the diagram of the wake states, where
each solid square denotes the wake characteristics (planar sym-
metry or asymmetry). As shown in Fig. 12, when the initial
flow condition for each case is given with an instantaneous
flow at a lower shear rate, i.e., the uniform inlet shear rate
gradually increases, the flow shows planar symmetry at k = 0
and becomes asymmetric at k = 0.01 and 0.03, and then recov-
ers to planar symmetric at k = 0.05 and preserves for k = 0.07
and 0.09. In turn, when the initial flow condition for each case

FIG. 12. Variance of the wake characteristics (planar symmetry or asym-
metry) at Re = 180 when gradually increasing or decreasing the inlet
shear.

is given with an instantaneous flow a higher shear rate, i.e.,
the uniform inlet shear rate gradually decreases, the flow also
shows planar symmetry from k = 0.09 to k = 0.05 and changes
to asymmetric at k = 0.03 and 0.01 with decreasing inlet shear
rate, and finally recovers to planar symmetric at k = 0. It indi-
cates that the wake transition at k = 0.01 and 0.03 for Re = 180
is non-hysteretic (supercritical).

To further investigate this, the Landau model which has
been widely used in describing and classifying bluff-wake
transitions is also employed to investigate the hysteretic prop-
erties of the wake transition here. Landau and Lifshitz38 pro-
posed a model to describe the growth and saturation of the
perturbation post transition. The governing equation is

dA
dt
≈ (σ + iω)A − l(1 + iC)|A|2A, (3)

where A(t) is a complex variable representing the (global) per-
turbation amplitude of some quantity from the base flow. The
right-hand side represents the first two non-zero terms in a
series expansion. Provided l is positive, the first two terms
provide a good description of the non-linear behavior in the
neighborhood of the transition. The coefficient σ is the growth
rate coefficient in the linear regime, and at the transition point
its value changes from negative to positive. Positive l means
the transition is non-hysteretic (supercritical) so that the cubic
term causes the initial linear growth of the perturbation to sat-
urate. While negative l means that it is hysteretic (subcritical)
and then the next terms even higher-order terms are required to
describe the saturation of the mode.ω is the angular oscillation
frequency during the linear growth phase, and the parameter C
is the Landau constant. According to the manipulation of the
Landau model by Dušek et al.,39 it is found that the hysteretic
properties of the transition can be determined by examining the
sign of l and the behavior of |A|2. The parameters σ and l can
be determined by plotting d log |A|/dt versus |A|2. To proceed
further, the variable A needs to be specified. There are different
methods in previous studies. Here, a non-dimensional global
amplitude is defined as follows:

|A|2 =
1

d3u2
c

∫
Ω

uθ
2dV , (4)

where the integral is over Ω, the volume of the domain,
and uθ is the azimuthal velocity component.40–42 To deter-
mine the Landau model coefficients for time-dependent wakes,
the envelope of |A| was captured. For more details on the
application of the Landau model, one can refer to Refs. 40–42.
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FIG. 13. (a) The growth and saturation
of the envelope of the transient in the
flow over a thin disk of χ = 10 at
Re = 180 and k = 0.01. (b) The deriva-
tive of the amplitude logarithm against
the square of the amplitude.

The case of Re = 180 and k = 0.01 is examined here.
Figure 13(a) shows the time history of the amplitude of the
global perturbation mode. The negative slope near the y-axis
in Fig. 13(b) indicates that the wake transition occurs through a
non-hysteretic (supercritical) bifurcation. It is consistent with
the result from the present numerical simulations.

IV. SUMMARY AND CONCLUSION

Flows over a circular disk of aspect ratio χ = 10 immersed
in uniform shear were numerically investigated in the present
work. The Reynolds numbers considered are 140, 160, and
180 based on the inlet center velocity and disk diameter,
corresponding to the steady-state (SS) mode, reflectional-
symmetry-breaking (RSB) mode, and standing wave (SW)
mode in uniform flow, respectively. It is mainly focused on
the effect of the uniform shear on the wake evolutions depend-
ing on the inlet shear. The non-dimensional shear rate k is
varied from 0 to 0.09.

At Re = 140, the flow regime changes from steady-state
(SS) mode to standing-wave (SW) mode with a very low
shear rate k = 0.01 and then becomes Zig-zig (Zz) mode
at k = 0.03 ∼ 0.09. It indicates that the bifurcations lead-
ing to unsteady states with hairpin vortex shedding occur
much earlier in uniform shear. At Re = 160, the flow regime
varies from reflectional-symmetry-breaking (RSB) mode to
standing-wave (SW) mode at k = 0.01 and then becomes Zig-
zig (Zz) mode for k = 0.03 ∼ 0.09. In the case of Re = 180,
the flow regime changes from standing-wave (SW) mode to
a new mode showing asymmetry termed as dragonfly-wings
(DW) mode at k = 0.01 and 0.03 and then becomes Zig-zig
(Zz) mode with planar symmetry recovering for k = 0.05 ∼
0.09. Therefore, for most cases, wake evolutions occurring as
the shear rate increases in uniform shear are similar to those as
the Reynolds number increases in uniform flow. It is because
the effect of increasing inlet shear rate is similar to that of
increasing Reynolds number on the high-velocity side. The
RSB mode is not captured in the uniform shear flow here due
to that it occurs at very limited conditions. For the newly found
mode, DW mode, the hairpin vortex structures are shed with
irregularity in the shape and strength, i.e., three different vor-
tex loops are observed in the wake, and thus three peaks at
low frequencies are captured in the frequency spectrum of the
drag. With increasing inlet shear rate, the non-dimensional

shedding frequency remains nearly constant for the low shear
rates (k < 0.1).

It is found that the planar-symmetry plane for SW and Zz
modes is generally determined by both the initial conditions
and the direction of the uniform shear. For Re = 140, the planar-
symmetry plane is directly changed to the z = 0 plane. While
for cases of Re = 160 and 180, the planar-symmetry plane is
gradually changed to the z = 0 plane with increasing inlet shear
rate. It is worth to be further investigated in future work.

The hysteretic property of the DW mode transition is
examined and further investigated through the Landau mode.
It indicates that the DW mode transition is non-hysteretic
(supercritical).

ACKNOWLEDGMENTS

This work was supported by the Fundamental
Research Funds for the Central Universities, Grant No.
JZ2018HGBZ0106 (J.Y.), the Natural Science Foundation
of China, Grant Nos. 11172296 and 11372302 (M.L.),
and the National Key R&D Program of China, Grant No.
2017YFC0805100 (C.W. and A.Z.).

1M. Kiya, H. Ishikawa, and H. Sakamoto, “Near-wake instabilities and vortex
structures of three-dimensional bluff bodies: A review,” J. Wind Eng. Ind.
Aerodyn. 89, 1219 (2001).

2A. A. Chaparro and B. M. Cetegen, “Blowoff characteristics of bluff-body
stabilized conical premixed flames under upstream velocity modulation,”
Combust. Flame 144, 318 (2006).

3S. Chaudhuri and B. A. Cetegen, “Blowoff characteristics of bluff-
body stabilized conical premixed flames with upstream spatial mix-
ture gradients and velocity oscillations,” Combust. Flame 153, 616
(2008).

4L. Carrion, M. A. Herrada, and V. N. Shtern, “Instability of a water-spout
flow,” Phys. Fluids 28, 034107 (2016).

5B. Herrmann-Priesnitz, W. R. Calderon-Munoz, E. A. Salas, A. Vargas-
Uscategui, M. A. Duarte-Mermoud, and D. A. Torres, “Hydrodynamic
structure of the boundary layers in a rotating cylindrical cavity with radial
inflow,” Phys. Fluids 28, 033601 (2016).

6L. J. Yiew, L. G. Bennetts, M. H. Meylan, G. A. Thomas, and B. J. French,
“Wave-induced collisions of thin floating disks,” Phys. Fluids 29, 127102
(2017).

7D. Kunhappan, B. Harthong, B. Chareyre, G. Balarac, and P. J. J. Dumont,
“Numerical modeling of high aspect ratio flexible fibers in inertial flows,”
Phys. Fluids 29, 093302 (2017).

8H. V. Fuchs, E. Mercker, and U. Michel, “Large-scale coherent struc-
tures in the wake of axisymmetric-bodies,” J. Fluid Mech. 93, 185
(1979).

9J. B. Roberts, “Coherence measurements in an axisymmetric wake,”
AIAA J. 11, 1569 (1973).

https://doi.org/10.1016/s0167-6105(01)00160-x
https://doi.org/10.1016/s0167-6105(01)00160-x
https://doi.org/10.1016/j.combustflame.2005.08.024
https://doi.org/10.1016/j.combustflame.2007.12.008
https://doi.org/10.1063/1.4944524
https://doi.org/10.1063/1.4943860
https://doi.org/10.1063/1.5003310
https://doi.org/10.1063/1.5001514
https://doi.org/10.1017/s0022112079001841
https://doi.org/10.2514/3.50632


083605-11 Yang et al. Phys. Fluids 30, 083605 (2018)

10S. Cannon, F. Champagne, and A. Glezer, “Observations of large-scale
structures in wakes behind axisymmetrical bodies,” Exp. Fluids 14, 447
(1993).

11E. Berger, D. Scholz, and M. Schumm, “Coherent vortex structures in the
wake of a sphere and a circular disk at rest and under forced vibrations,”
J. Fluid Struct. 4, 231 (1990).

12S. J. Lee and P. W. Bearman, “An experimental investigation of the wake
structure behind a disk,” J. Fluid Struct. 6, 437 (1992).

13J. Z. Yang, M. H. Liu, G. Wu, W. Zhong, and X. T. Zhang, “Numerical
study on coherent structure behind a circular disk,” J. Fluid Struct. 51, 172
(2014).

14J. Z. Yang, M. H. Liu, G. Wu, H. L. Gu, and M. Y. Yao, “On the unsteady
wake dynamics behind a circular disk using fully 3D proper orthogonal
decomposition,” Fluid Dyn. Res. 49, 015510 (2017).

15R. Natarajan and A. Acrivos, “The instability of the steady flow past spheres
and disks,” J. Fluid Mech. 254, 323 (1993).

16D. Fabre, F. Auguste, and J. Magnaudet, “Bifurcations and symmetry
breaking in the wake of axisymmetric bodies,” Phys. Fluids 20, 051702
(2008).

17P. Meliga, J. M. Chomaz, and D. Sipp, “Global mode interaction and pattern
selection in the wake of a disk: A weakly nonlinear expansion,” J. Fluid
Mech. 633, 159 (2009).

18F. Auguste, D. Fabre, and J. Magnaudet, “Bifurcations in the wake of a thick
circular disk,” Theor. Comput. Fluid Dyn. 24, 305 (2010).

19P. C. Fernandes, F. Risso, and P. Em, “Oscillatory motion and wake
instability of freely rising axisymmetry bodies,” J. Fluid Mech. 573, 479
(2007).

20A. R. Shenoy and C. Kleinstreuer, “Flow over a thin circular disk at low to
moderate Reynolds numbers,” J. Fluid Mech. 605, 253 (2008).

21J. Z. Yang, M. H. Liu, G. Wu, W. Zhong, and X. T. Zhang, “Numerical study
on instabilities behind a circular disk in a uniform flow,” Int. J. Heat Fluid
Flow 50, 359 (2014).

22J. Z. Yang, M. H. Liu, G. Wu, Q. Liu, and X. T. Zhang, “Low-frequency
characteristics in the wake of a circular disk,” Phys. Fluids 27, 064101
(2015).

23M. Chrust, G. Bouchet, and J. Dusek, “Parametric study of the transition in
the wake of oblate spheroids and flat cylinders,” J. Fluid Mech. 665, 199
(2010).

24P. Ern, F. Risso, D. Fabre, and J. Magnaudet, “Wake-induced oscillatory
paths of bodies freely rising or falling in fluids,” Annu. Rev. Fluid Mech.
44, 97 (2012).

25C. Cummins, I. M. Viola, E. Mastropaolo, and N. Nakayama, “The effect of
permeability on the flow past permeable disks at low Reynolds numbers,”
Phys. Fluids 29, 097103 (2017).

26F. Battista, P. Gualtieri, J. P. Mollicone, and C. M. Casciola, “Application
of the Exact Regularized Point Particle method (ERPP) to particle laden
turbulent shear flows in the two-way coupling regime,” Int. J. Multiphase
Flow 101, 113 (2018).

27P. G. Saffman, “The lift on a small sphere in a slow shear flow,” J. Fluid
Mech. 22, 385 (1965).

28J. B. McLaughlin, “Inertial migration of a small sphere in linear shear flows,”
J. Fluid Mech. 224, 261 (1991).

29D. S. Dandy and A. H. Dwyer, “A sphere in shear flow at finite Reynolds
number: Effect of shear on particle lift, drag, and heat transfer,” J. Fluid
Mech. 216, 381 (1990).

30R. Mei, “An approximate expression for the shear lift force on a spher-
ical particle at finite Reynolds number,” Int. J. Multiphase Flow 18, 145
(1992).

31H. Sakamoto and H. Haniu, “The formation mechanism and shedding fre-
quency vortices from a sphere in uniform shear-flow,” J. Fluid Mech. 287,
151 (1995).

32R. Kurose and S. Komori, “Drag and lift forces on a rotating sphere in a
linear shear flow,” J. Fluid Mech. 384, 183 (1999).

33D. Kim, H. Choi, and H. Choi, “Characteristics of laminar flow past a sphere
in uniform shear,” Phys. Fluids 17, 103602 (2005).

34Y. Morinishi, T. S. Lund, O. V. Vasilyev, and P. Moin, “Fully conservative
higher order finite difference schemes for incompressible flow,” J. Comput.
Phys. 143, 90 (1998).

35S. Kang, “Uniform-shear flow over a circular cylinder at low Reynolds
numbers,” J. Fluid Struct. 22, 541 (2006).

36J. P. Mollicone, F. Battista, P. Gualtieri, and C. M. Casciola, “Effect of
geometry and Reynolds number on the turbulent separated flow behind a
bulge in a channel,” J. Fluid Mech. 823, 100 (2017).

37J. P. Mollicone, F. Battista, P. Gualtieri, and C. M. Casciola, “Turbu-
lence dynamics in separated flows: The generalised Kolmogorov equa-
tion for inhomogeneous anisotropic conditions,” J. Fluid Mech. 841, 1012
(2018).

38L. D. Landau and E. M. Lifshitz, Mechanics, 3rd ed. (Pergramon, 1976).
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