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ABSTRACT

We report on evidence for the generation of an ultra-low frequency plasma wave by the drift-mirror plasma instability in the dynamic plasma
environment of Earth’s inner magnetosphere. The plasma measurements are obtained from the Radiation Belt Storm Probes Ion
Composition Experiment onboard NASA’s Van Allen Probes Satellites. We show that the measured wave-particle interactions are driven by
the drift-mirror instability. Theoretical analysis of the data demonstrates that the drift-mirror mode plasma instability condition is well satis-
fied. We also demonstrate, for the first time, that the measured wave growth rate agrees well with the predicted linear theory growth rate.
Hence, the in-situ space plasma observations and theoretical analysis demonstrate that local generation of ultra-low frequency and high
amplitude plasma waves can occur in the high beta plasma conditions of Earth’s inner magnetosphere.

VC 2019 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (http://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/1.5083629

I. INTRODUCTION

The drift-mirror (DM) plasma instability1 and its significance for
fundamental plasma physics have been discussed for several decades.
The significance of the DM is that while it is recognized as fundamental
in plasma physics, it can only be realized and studied in space and
astrophysical contexts. For example, laboratory plasma confinement
devices are not designed for high beta plasma conditions that are
required for the onset of the DM instability.1,2 The DM is a low fre-
quency plasma mode (below the ion gyro-frequency) and its excitation,
in its simplest form, requires that the plasma pressure times the plasma
temperature anisotropy be larger than the magnetic field pressure.
Mirror modes, on the other hand, are a special case of a DM plasma
wave. That is, mirror modes are pure growing compressional plasma
modes that are non-oscillatory (zero real frequency) but whose instabil-
ity condition is the same as that of the DM modes. The difference
between the two is that a DM mode has a real frequency part equal to
the plasma drift frequency.1,3 This is because by including inhomogene-
ity effects in density and magnetic field, Hasegawa1 showed that the
instability picks up a real frequency part (without changing the imagi-
nary part of the mode) via coupling to drift waves. And so, both modes
have the same instability threshold and growth rate.

A necessary (but not sufficient) condition for the DM instability
is that the plasma beta parameter b? (a ratio of plasma pressure to

magnetic field pressure) in the perpendicular direction be larger than
one.4 Theoretical understanding of the DMmode excitation in the lin-
ear regime is well understood, i.e., DM instability arises due to temper-
ature anisotropy of the plasma. However, unlike the pure mirror
instability the DM instability depends critically on the wave-particle
resonant interactions (see, e.g., Ref. 3, and references therein). The
nonlinear evolution, however, remains an active area of research (see,
e.g., Ref. 5). Analysis and further developments to the theory of the
DM plasma instability are, however, outside the scope of this study.

Ultra-low frequency (ULF) waves in Earth’s magnetosphere can
be generated externally or internally. Internally generated ULF waves
are often associated with plasma instabilities in Earth’s Ring Current.6

Among the plasma instabilities associated with the generation of ULF
waves is the DM plasma instability. The importance of ULF modes in
Earth’s magnetosphere cannot be overstated since lower frequency
modes are much more powerful than high frequency modes in space
plasmas.7,8 It has also been shown that large amplitude low frequency
modes can diffuse particles efficiently (see, e.g., Refs. 6 and 9).

There is reported evidence for the DMmode (i.e., ULF wave gen-
erated by the DM plasma instability) in the Earth’s magnetosphere at
very high altitudes L � req/RE> 8 where L is the L–shell parameter
and req and RE are the equatorial radial distance from Earth and
the Earth’s radius (RE� 6,371 km), respectively. For example, low
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frequency waves attributed to DM modes have been reported in Earth’s
dayside magnetosheath (see, e.g., Refs. 10–12), at bow shock crossings,13

in the dawn side plasma sheet,14–16 magnetospheric flanks,17 However,
in all the aforementioned studies, it has never been possible to simulta-
neously measure the wave growth rate (predicted by the DM linear the-
ory) and to satisfy the condition of the DM plasma instability
successfully.

In Earth’s inner magnetosphere (L< 6), where plasma conditions
can be highly variable, the generation of the DM mode has not been
conclusively demonstrated. The first known report of the likely occur-
rence of the DMmode in space plasmas (in the inner magnetosphere in
fact) was reported by Lanzerotti, Hasegawa, and Maclennan;18 however,
the instability criterion was not satisfied and the growth rate was not
quantified. Later, studies on the generation of ultra low frequency waves
by the DM instability at geostationary orbits were carried out;19,20 how-
ever, the DM instability condition was not satisfied. Because the DM
instability threshold is difficult to satisfy in Earth’s inner magnetosphere,
other modes such as the Drift-Compressional Modes (DCM) have been
proposed to explain some satellite observations.21,22

Recently, Xia et al.23 reported the modulation of magnetosphere
chorus waves (for more on chorus see, e.g., Soto-Chavez et al.,24 and
references therein) by a strong field line resonance mode which shows
signatures of coupling with a DM mode. The signatures of the ULF
wave were qualitatively attributed to a DM mode, but no quantitative
evidence for this attribution was provided.

In this study, we report conclusive evidence of the generation of a
DM mode in the high beta plasma environment of Earth’s inner mag-
netosphere using data from NASA’s Van Allen Probes. By conclusive
evidence, we mean that not only the instability criterion is found to be
satisfied in the present study but also the wave growth rate of the DM
theory agrees well with that obtained from the observation. As men-
tioned above, past studies have often observed wave-particle character-
istics generally consistent with the DM instability, such as anti-
correlations between wave and plasma pressure, but those satellite
observations (in Earth’s inner magnetosphere) have generally failed to
satisfy the instability condition and the wave growth rate has never
been directly measured and corroborated.

Our observations and analysis provide important insights into the
plasma conditions for the development of ULF waves by DM instabil-
ity and confirm predictions of fundamental plasma physics for the gen-
eration of the DM instability. The conditions under which the mode is
established in the deep inner magnetosphere have significant implica-
tions in ring current dynamics, because ULF modes can be involved
with particle energization and diffusion.1,6,9 Importantly, these results
provide fundamental information on the physics of high beta plasmas
that can only be obtained with modern in-situmeasurements.

The present study is organized as follows. In Sec. II, we list the
instrumentation and data used. In Sec. III, we present the observations
and wave-particle characteristics indicative of the DM instability. In
Sec. IV, we evaluate the DM instability condition and growth rate
from the data and compare it to the theory predictions. We conclude
the study with the discussions, Sec. V, and conclusions Sec. VI.

II. INSTRUMENTATION AND DATA

NASA’s two Van Allen Probes satellites were launched on 30
August 201225 with the objective of quantitatively understanding the
radiation environment of the Earth’s magnetosphere, of which the ring

current is an important component. The measurements used in this
study were obtained from the time-of-flight by pulse height low-energy
and high-time resolution (TOF�PHLEHT) proton observations
(�8–50keV) and the time-of-flight by energy (TOF�E) proton obser-
vations (�45–600keV) of the Radiation Belt Storm Probes Ion
Composition Experiment (RBSPICE-B) instrument onboard Van Allen
Probe B. The RBSPICE instrument provides excellent energy and angu-
lar resolution coverage of multi-heavy ion species, i.e., H ions, He ions,
and O ions as well as electrons (Mitchell et al.,26 Soto-Chavez et al.,27

and references therein). Specifically, we used Level 3 Pitch Angle and
Pressure (PAP) data from RBSPICE-B instrument which is sampled at
spacecraft spin resolution �11 s. We also use data from the EMFISIS-B
wave instrument magnetometer at 4 s resolution28 onboard the Van
Allen Probe B which provide the magnetic field measurements. Because
the data, from the different instruments, are sampled at different time
resolutions, we resampled the data to the common time resolution of
the RBSPICE data when needed, e.g., when calculating the cross-phase
coherence analysis between the magnetic field wave and energetic parti-
cle observations. Also, low-pass and band-pass filtering is used to de-
trend the data when needed.

III. MEASUREMENTS AND WAVE-PARTICLE
SIGNATURES OF THE DM INSTABILITY

Recently, a statistical survey of high-beta plasma events (covering
a full orbit precession of NASA’s Van Allen Probes: 9 March 2013–31
December 2014) in Earth’s inner magnetosphere was carried out.29

One of these high beta b (b¼ Pplasma/PB, see Sec. V for pressure defini-
tions) events is shown in Fig. 1. The top panel shows that, on July 6,
2013, during the second orbit of Van Allen Probe B, the b value was
largely > 1 throughout the orbit. The bottom panel shows the energy
spectrogram for the H ions showing injections of energetic ions at
times during the orbit. Note that when the ions are injected from the
tail into the inner magnetosphere, they are usually heated by two pro-
cesses: Fermi and betatron acceleration.30 Fermi acceleration is caused
by conservation of the second adiabatic invariant and betatron acceler-
ation is due to conservation of the first adiabatic invariant. This occurs
when the particles are transported (convectively) into the inner mag-
netosphere experiencing higher magnetic fields and therefore conser-
vation of the aforementioned invariants forces them to gain energy.
The end result of these processes is that the ions will develop higher
perpendicular energies than the parallel. The time scales for the ion
transport to the magnetosphere depend mostly on L–value and energy.
In the inner magnetosphere (L< 6), the timescales are on the order of
the ion drift period31 htDi / E�1L�1, which for the energies (E) here
considered is on the order of 1–10h. For comparison, the ion bounce
drift period for the energies herein considered is tb/ L/E1=2� 20–60 s.

Figures 2 and 3 show an overview of the magnetic field and
plasma parameters between �13:00 and 15:00 UTC. (i.e., within the
second orbit as shown in Fig. 1.) The top panel in Fig. 2 shows the total
magnetic field in GSM coordinates; therein, a wave is seen with maxi-
mum oscillations (the peak to peak amplitude oscillation is�20 nT) at
�13:50–14:20 UTC, though the mode was actually generated at
�13:28–29 UTC (see Sec. IV). The wave period is �150 s or 6.6 mHz,
i.e., a ULF wave (Pc 5 freq. band). The lower left three panels in Fig. 2
show the GSM X, Y, Z components of the magnetic field. The lower
right three panels show a zoom in (�13:20–14:40 UTC) region of the
magnetic field in Mean-Field-Aligned (MFA) coordinates: Bk;B/;Br .

Physics of Plasmas ARTICLE scitation.org/journal/php

Phys. Plasmas 26, 042110 (2019); doi: 10.1063/1.5083629 26, 042110-2

VC Author(s) 2019

https://scitation.org/journal/php


FIG. 1. Top: plasma beta value of H ions
(TOF� E only). Bottom: energy spectro-
gram for H ions only (TOF� E). The hori-
zontal green line indicates b¼ 1. Note
that during much of the second orbit
(�10–16 UTC) b> 1. MLT¼magnetic
local time.

FIG. 2. Top: (unfiltered) total magnetic field (B) in GSM coordinates at 4 s resolution from EMFISIS-B. Bottom left three panels: the GSM X, Y, Z magnetic field components.
The orange-color trace represents (one component) the mean average magnetic field, which is calculated as explained in the text. Right panels: A zoom in region of the mag-
netic field in MFA coordinates.
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It is evident that the Bk is the largest component, and therefore, the
magnetic wave is mostly compressional, consistent with a DM
mode.1,3,6 Bk is calculated by Bk ¼~ek �~B � hBi, where~ek � hBi

�!
=hBi

is a parallel unit vector along the average (smooth) magnetic field hBi.
The average magnetic field is created by low-pass filtering the B field
data with a cut-off frequency fc¼ 1 mHz, as indicated by the orange-
color trace in Fig. 2. The other components are then chosen to be
~e/ �~r �~ek (B/ ¼~e/ �~B), where~r is a radius unit vector of the satel-
lite position and ~er �~ek �~e/ (Br ¼~er �~B) completes the right-
handed orthogonal system (for more on MFA coordinates see, e.g.,
Refs. 32 and 33).

Figure 3 shows an overview of the plasma parameters and fluxes
during the same time interval as in Fig. 2. The top panel shows the
perpendicular P? and parallel Pjj partial plasma pressures (with
respect to the background magnetic field, see Sec. V for pressure defi-
nitions) and the magnetic field pressure PB¼B2/2l0. Here, B is the
magnetic field magnitude and l0 is the vacuum permeability. It can be
seen (especially for P?) that during interval �13:50–14:10 UTC the
pressures oscillate in anti-phase with the PB oscillations. The next
panel shows the H-ion fluxes (�17–31 keV energy range); here, the

flux oscillations (which are in anti-phase with respect to the PB) are
clearly seen at about 13:50 UTC. The following panel shows the fluxes
for the energies �45–67 keV, and finally the last panel shows the
density of H-ions (energy range 17–67 keV). Note that Van Allen
Probe B was right at the magnetic equator, see Fig. 4. However, as
reported in Xia et al.,23 the Van Allen Probe A was trailing B by
>4 h. and missed the wave event completely. The reason is that
the actual spacecraft separation distance between the A–B probes
during 13:28–14:20 UTC time interval varies from 5.85RE to
4.6RE, respectively, which equates to a separation of �6 h MLT.
This distance, as we shall see in Sec. IV, is much larger than the
perpendicular wavelength of the ULF wave.

In Fig. 5, we zoom in further to 13:50–14:10 UTC where the anti-
correlations between the parallel component of the wave in the mag-
netic field Bk, the plasma density (45–600 keV ions), and the H-ion
fluxes at E¼ 55 keV can be seen.

The anti-phase correlations (the Pearson correlation coefficient
between wave and density, at the interval shown in Fig. 5, is �0.65),
which lasted for about 20min., between wave and density and fluxes
are potentially indicative of wave generation by the DM instability,1,18

FIG. 3. Top, partial plasma pressures: P? and Pk, red and black lines (respectively) and magnetic field pressure (blue line). Middle panels: H-ion fluxes (counts � s�1 �
ster�1 � cm�2 �MeV�1) at a 90� pitch angle (PA). Bottom panel: H-ion partial density (particles � cm�3) calculated from the H-ion fluxes (E� 17–67 keV). Note that only the third
panel from the top is shown on a logarithmic scale.
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because according to theory dn ¼ ð1� P?=PkÞBk. Here, dn and Bk
represent the variations of density and parallel magnetic field compo-
nent. Hence, when P? > Pk, the density and magnetic field variations
are in anti-phase, as seen in this event. In Fig. 6, the wave and ion
fluxes at different energies are shown. The correlation coefficients
between wave and fluxes are –0.79, –0.85, and –0.74, for the 45, 55,
and 67 keV energy channels, respectively.

Note that in Figs. 5 and 6, the density and fluxes (for E� 45 keV
only) have been band-pass filtered (with a 3 dB cut-off at frequencies
4mHz and 10 mHz; therefore, the positive and negative flux values are
shown in Figs. 5 and 6) unlike the case for the fluxes with
E� 17–31 keV shown in Fig. 6. The filtered flux data in Figs. 5 and 6
are presented to show further evidence that there are indeed anti-
correlations between the wave, density, and the high energy fluxes at
�45, 55, and 67 keV, which are not obvious in Fig. 3. The same can be
said for the H-ion density, which in Fig. 5 is flux-integrated in the
energy range�45–600 keV.

Finally, in Fig. 7, we present, for completeness, a cross-
correlation wavelet analysis34 between the wave Bk and the �45 keV
H ion fluxes, for a longer time interval, 13:40–14:40 (1 h), than previ-
ously shown in Figs. 5 and 6. We can see that the wavelet analysis tech-
nique of cross-correlation picks a high-coherence region between
fluxes and wave at �150 s. period from 13:50–14:10, just as the above
time filtered analysis indicates. The arrows in Fig. 7 point towards the
left indicating an almost 180� out-of-phase difference, corroborating
the above analysis. Of course, the wavelet analysis gives more informa-
tion such as other coherence regions but these other coherent regions
are at different frequencies of interest and much smaller.

Therefore, as shown above, all the wave-particle interactions indi-
cate that the DM plasma instability is at play. To confirm this, we cal-
culate in Sec. IV the DM instability condition and determine the wave
growth rate.

IV. WAVE GENERATION MECHANISM: DM INSTABILITY
CONDITION AND WAVE GROWTH

The local linear theory instability condition for the DM wave
mode generation in the low frequency and long wave period limits,

FIG. 5. Top: Bk-component of the magnetic field at 4 s resolution from EMFISIS-B.
Middle: Band-pass filtered (as described in text) H-ion (45–600 keV) partial density
(particles � cm�3), from RBSPICE-B. Bottom: Band-pass filtered 90� PA H ion
fluxes, from RBSPICE-B. The fluxes (counts � s�1� ster�1� cm�2� MeV�1) shown
are from the RBSPICE-B 55 keV energy channel only.

FIG. 4. Van Allen Probe B (red dot) and A (blue dot) spacecraft positions at 13:50 UTC. The tick mark (arrow) interval¼ 1 h. The spacecraft A was more than 4 h way from B
missing the wave event.
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i.e., x 	 Xi, and k?v?=Xi 	 1; kjjvjj=Xi 	 1 and kjj 	 k?, with a
particle bi-Maxwellian distribution for the ions (cold electrons) is

P?ðP?=Pjj � 1Þ > PB (1)

or in terms of beta1 ðP?=Pjj � 1Þ > b�1? . Here, b?¼ P?/PB, x and Xi

are the wave and ion angular frequencies, respectively, k is the wave
number, and v?;k are the ion perpendicular and parallel thermal
speeds. The perpendicular and parallel directions are with respect to
the background magnetic field. The extension to multiple ion species s
(cold electrons) is trivial,1 and the instability condition simply becomesP

s bs?ðPs?=Psk � 1Þ > 1. We scanned the data before the time
13:50 UTC (i.e., before the onset of the strong wave-particle anti-phase
correlations) to test for the DM instability condition. We found an
interval in time (during the long interval of b> 1 conditions) where
the DM instability condition was satisfied, at �13:28–29 UTC. With

six energy channels in total, i.e., three energy channels (17, 24, 31 keV)
from TOF�PHLEHT proton rate data and three energy channels
(45, 55, 67 keV) from TOF�E proton rate data, we find that
P?ðP?=Pk � 1Þ ¼ 2:58 nPa and PB¼ 2.21 nPa.

We note that in the above limits (low frequency and long wave
periods), themaximum wave growth35 is given by

cm ¼ Xs= 4
ffiffiffiffiffi
3p
p� �h i

C2
s =ðbs?A

3=2
s P1=2

s Þ
h i

; (2)

where Cs ¼ bs?ðPs?=Psjj � 1Þ � 1; As ¼ Ps?=Psjj is the plasma
anisotropy and Ps ¼ 1þ ðbs? � bsjjÞ=2. Note that the maximum

growth rate cm / C2
s , where Cs> 1. The maximum wave numbers are

km? ¼ ð1=rgsÞ
ffiffiffiffiffiffiffiffiffiffi
Cs=6

p
and kmjj ¼ Cs= 2

ffiffiffi
6
p

rgsP
1=2
s

� �
. Here, rgs is the

species Larmor radius. Now, with the measured plasma data for the
event, shown in Table I, we obtain an analytical maximum growth rate
cm¼ 0.0018 s�1 and a perpendicular wavelength km?¼ 7772 km
or 1.22RE, which approximates to an azimuthal wave number m
� 2pr/k?� 28 (r¼ 5.6RE). The maximum parallel wavelength is
kk ¼ 7:41RE .

To test the theory prediction for the growth rate, we use the
band-pass filtered magnetic field data from �13:28–14:01 UTC, as

FIG. 7. Top panel: 90� PA, 45 keV H-ion fluxes (counts � s�1� ster�1� cm�2� MeV�1).
Middle: Bk-component of the magnetic field, same as in Figs. 5 and 6. Bottom: cross-
phase coherence wavelet analysis between the two time series above. The arrows indi-
cate the phase-angle between the time series, the arrow key is as follows: pointing to
the right 0�, up 90�, left 180�, down 270�. The y-axis in the bottom panel is on a log2
scale.

FIG. 6. Top panel: Bk-component of the magnetic field at 4 s resolution from
EMFISIS-B. Second (from top): unfiltered H-ion fluxes at 90� PA, from RBSPICE-B.
The differential fluxes (counts � s�1� ster�1� cm�2 � keV�1) shown are from the
�17–31 keV TOF� PH energy channels. Third to fifth panels: Band-pass filtered
(as described in text) 90� PA H-ion fluxes (counts � s�1 � ster�1 � cm�2 �MeV�1).
From �45–67 keV TOF� E energy channels.
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shown in the inset in Fig. 8 (note that x� 500, so t¼ 500� 4 s
� 33min). We assume a function of the form f ðxÞ ¼ expðĉxÞ sin ðax
þ cÞ and fit to the data using the Least Absolute Residual (LAR) robust
nonlinear squares method (the LAR method minimizes the absolute
distance of the residuals rather than the square of the residuals).
With this method, we obtain ĉ � 0:005; a � 0:163; c � �4:68, or
c¼ 0.005/4¼ 0.00125 s�1 and T¼ 4� 2p/(0.163)¼ 154.18 s. The
goodness of fit gives an r-square of 0.79 meaning that the parameters
(c, T, c) obtained can explain about 79% of the variance in the mea-
sured wave data (excluding the outliers, here identified as higher fre-
quency components), as shown in Fig. 8. The measurements agree
very well with the theory prediction and vice versa. For completeness,
the fitting results (with 95% confidence bounds) with the outliers
included are ĉ ¼ 4:9� 10�3 ð4:7; 5:0Þ � 10�3, and a¼ 0.162 (0.161,
0.163) and c¼ –4.49 (–4.74, –4.25), with r-square 0.68.

Equation (1) assumes a Maxwellian distribution. In Fig. 9, we plot
the energy spectrum for the H ion omni-fluxes j(E) at the time when the
instability condition is satisfied. The spectrum follows rather well a
Maxwellian distribution. The flux data (black) points were fitted (with a
nonlinear least squares method) to the following Maxwellian formula for
the fluxes:

jðE;T;AÞ ¼ A
E

ðkBTÞ3=2
exp �E=kBTð Þ: (3)

We obtain the following parameters kBT¼ 196 3.1 keV, A ¼ ð1:78
60:19Þ � ðn=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2mHp3
p

¼ 3:7� 108 [counts � s�1� cm�2�MeV�1)].
According to theory,1 the real frequency of the wave, x, is equal

to the plasma diamagnetic drift frequency x
 which is given by

x ¼ x
 � j
k?v2thk

X
; (4)

where j � d lnn=dx is a measure of the density inhomogeneity in the
perpendicular direction (with respect to the local magnetic field).
From the measurements, we know all quantities in the equation for
the frequency except j; therefore, we can estimate what the scale
length of the inhomogeneity is, with the parameters shown in Table I,
we obtain j¼ 1.93� 10�7m�1� 6.8/r (r¼ 5.6RE), which gives an
inhomogeneity length of l?¼ j�1¼ 0.83RE. Corroboration for this
estimate would require, however, multipoint measurements.
Nevertheless, the inhomogeneity length obtained is slightly less than
the typically assumed l?�1.86RE, i.e., j ¼ 3/r in other studies.1

V. DISCUSSION

Data and theory show that DM mode instability is responsible for
the event detected by Van Allen Probe B. In addition to the plasma
instability being satisfied, there is good agreement between the predicted
wave growth rate and the calculated rate from the measurements.

FIG. 8. Top inset: The band-pass filtered
(3 dB at 4 mHz and 10 mHz cutoff frequen-
cies) total magnetic field (from �13:28
–14:01 UTC). Magnified magnetic field
data (black dots), same as the inset,
obtained by the 4 s. resolution EMFISIS-B
instrument. The red line is the fitted func-
tion (see the text) and the green crosses
represent the outliers. The x-label repre-
sents the time elapsed since �13:28 UTC.

TABLE I. Plasma parameters.

AHþ � P?=Pk ¼ 1:24, bjj ¼ b?=AHþ ¼ 3:90, b?¼ 4.84.
P?¼ 10.7 nPa, Pk ¼ P?=1:24 ¼ 8:62 nPa, PB¼ 2.21 nPa.
n¼ 2.96 cm–3, vthk ¼ 1:31� 106 m=s, vth?¼ 1.46� 106 m/s.
x¼ 0.04 rad � s�1, XHþ ¼ 7:23 rad � s�1, rgHþ=RE ¼ 0:032.
C¼ 0.16, k?¼ 8.08� 10–7 rad � m�1, kjj=k? ¼ 0:16.
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Our measurements and calculations herein used are based on the
theoretical results predicted by the DM theory using the WKB approxi-
mation method in the perpendicular direction, and the local theory
instability along the parallel direction.3 So, it is necessary to provide
some justification for this. First, the WKB approximation is valid when

1
k?

���� dk?dx?

����	 k? )
1
l?

k?
2p
	 1: (5)

From our estimations above, we have k?¼ 1.22RE and l?¼ 0.83RE, so
k?/(2pl?)¼ 0.2. Hence, the WKB approximation is justified. Second,
the instability condition Eq. (1), which here we rewrite as C> 0 [recall,
C ¼ b?ðP?=Pjj � 1Þ � 1], is only valid locally. In general, however,
the instability condition is a function of the position along the
magnetic field line, which according to non-local theory3

is s ¼ 1þ ð1=BÞ@P?=@B < 0, where P?¼ P?(w, B) (w is the mag-
netic flux function). Note that in our notation C¼ –slocal. Thus,
the magnetically trapped particles should be considered for the non-
local DM instability, which becomes3 ðskBkk2Þ < 0; here, ð…Þ
¼ ð2=tbÞ

Ð sm
�smð…Þds=vk represents the bounce averaging with mag-

netic turning points 6sm. Nevertheless, local theory is valid when3 the
mode width Dk is

Dk � 1=kk 	 dsm; (6)

i.e., less than the distance between two mirror points, dsm. We note that
dsm is half the distance that a typical particle travels in a full bounce period,
i.e., dsm ¼ vthktb=2. The reason is that tb, see the above expression for the
bounce averaging, is defined as the time it takes for a typical particle
to travel back and forth between mirror points. Therefore, using31 tb
¼ 43:1L=

ffiffiffi
E
p

, we obtain dsm¼5.65RE, whereas Dk ¼ 1=kk ¼ 7:41RE=2p
¼ 1:18RE . Hence, the local instability analysis is also justified.

The partial plasma pressures for the six energy channels (above
indicated) are numerically calculated as follows:

P? ¼ p
X

a

X
E

ffiffiffiffiffiffiffiffiffiffiffiffi
2mHE
p

jðt0;E; aÞsin3aDEDa; (7)

Pk ¼ 2p
X

a

X
E

ffiffiffiffiffiffiffiffiffiffiffiffi
2mHE
p

jðt0;E; aÞsin a cos2aDEDa; (8)

where the first sum in a is over all pitch angles (0�–180�), t0
� 13.28 UTC,mH¼ 938.3MeV/c2 is the proton rest mass, and c is the
speed of light. (Note that all energies used are much less than the pro-
ton rest mass; therefore, the equations and formulae used are non-rela-
tivistic.) The sum in E is over the energy channels shown in Fig. 9.
However, we should like to note that the fluxes for E> 67.1 keV are so
low compared to the first six energy channels (�17–67 keV) that they
do not contribute significantly to the pressures.

Note that we have provided error bars for the fitting formulae
and other calculations except for the pressures. The reason is twofold.
First, we expect the errors on the pressures to be extremely small. This
is because of the high counts in the fluxes, due to the Poisson statistics,
which go into the calculations for the pressures. Second, the RBSPICE
level 3 PAP data used do not currently provide errors for the calcu-
lated moments (pressures and density). The file includes errors for
each flux observation for all pitch angles and energies so we know that
the Poisson statistical error for the 90� PA flux averaged over the time
interval 13:20–14:40 is �4%. Therefore, we expect that these statistical
errors will not have any significant impact on our main results/conclu-
sions. Note as well that the partial pressures calculated here are based
on the hot ion component of the plasma which is justified because the
plasma pressure is dominated by the hot ion component; an estimate
shows that the density of the hot plasma over that of the cold plasma is
nh=nc � 10�1 and their respective temperatures are Th� 10–100keV
and Tc � 10–102 eV, and thus, Pc=Ph � 10�2. This is also consistent
with the theoretical formulations for the DM instability, where it is
assumed that the magnetospheric plasma consists of a cold core ion
component and an energetic hot ion component, where the above order-
ing is needed to simplify the Vlasov-Maxwell system of equations.1,3

It is also important to note that the growth rate, Eq. (2), is valid
for both mirror and drift-mirror modes. This is because, as explained
in the introduction, the imaginary part of the dispersion relation (from
which both the instability threshold and growth rate are obtained) is
the same for both modes, see Hasegawa1 Eqs. (23), (24), and (34).

As mentioned above, past measurements have failed to satisfy the
instability condition Eq. (1). Therefore, much of the theoretical exten-
sions to the theory (see, e.g., Refs. 19 and 20) have been put forward to
lower the instability condition by including additional effects such as
field line curvature effects and mode couplings (though the original
theory of Hasegawa1 did include inhomogeneity effects in density and
magnetic field). The theory extensions are motivated by the fact that
the DM instability threshold is difficult to satisfy in the inner magneto-
sphere, and other theoretical21 and simulations22 studies have concen-
trated on Finite Larmor Radius (FLR) effects for which k?rg � O(1).
They have shown that Drift Compressional Modes (DCM) can
become unstable, for example, when the density gradient and proton
temperature gradient are in opposite directions, i.e., without tempera-
ture anisotropy. However, for the event herein studied, the DM insta-
bility threshold is satisfied and we have that FLR effects are negligible
(k?rg	 1).

Therefore, we stress that this study has been able to corroborate
the DM instability condition in its simplest form, thereby demonstrat-
ing that the DM theory developed by Hasegawa1 captures most of the
physics for this particular event.

Note that the calculated perpendicular wavelength is consistent
with observations of compressional Pc 5 waves observed in the inner
magnetosphere.36 The great advantage of being able to measure and

FIG. 9. Normalized H ion omni-fluxes (solid dots) vs Energy. Here, n=
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2mHp3

p
¼ 3:7� 108 (counts � s�1 � cm�2 �MeV�1). The partial plasma density
n ¼ 4p

Ð Ef
Einit

dE
ffiffiffiffiffiffiffiffiffiffiffi
m=2E

p
jðEÞ � 4p

P
E DE

ffiffiffiffiffiffiffiffiffiffiffi
m=2E

p
jðEÞ ¼ 2:96 cm�3.
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corroborate the growth rate is that one can directly use the theory pre-
diction to estimate the mode wavelength, whereas without the growth
rate multipoint measurements or other techniques are needed.33 We also
checked for the contribution from the heavy ions, i.e., He and O ions.
However, their fluxes are so low in this orbit that their pressure content
is negligible for this particular event (see Cohen et al.,29 Figs. 9 and 10).

VI. CONCLUSIONS

1. We have presented evidence that the DM mode instability was
responsible for generating the ultra-low frequency wave event on
July 6, 2013 observed by Van Allen Probe B.

2. The DM plasma instability theory correctly explains the observed
event. We found that the DM mode instability condition for bi-
Maxwellian H ions is satisfied. The predicted maximum wave growth
rate is 0.0018 s�1. The observed growth rate is �0.0013 s�1.

3. The estimated values for the perpendicular and parallel wavelengths
are consistent with previous observations of internally generated
ULF waves. The estimated inhomogeneity parameter (based on the
wave frequency measured) is also within range of the typical values
assumed in previous studies.

4. The data indicate that the energetic particle distribution from the com-
bined energy channels is well represented by a Maxwellian distribution.

5. This study definitively shows that the ion anisotropy and pressure in
the inner magnetosphere can be enough to generate large amplitude
low frequency waves locally, otherwise thought to be generated by
more extreme global events such as global magnetosphere compres-
sion, Kelvin-Helmholtz instability by the flow of solar wind around
the magnetopause, etc.

6. Heavy ions appear in such sparse amount that they do not have an
important effect on the DM mode instability for this event.
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