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S U M M A R Y
Separating compressional and shear wavefields is an important step in elastic reverse-time
migration, which can remove wave-mode crosstalk artefacts and improve imaging quality. In
vertical (VTI) and titled (TTI) transversely isotropic media, the state-of-the-art techniques for
wavefield separation are based on either non-stationary filter or low-rank approximation. They
both require intensive Fourier transforms for models with strong heterogeneity. Based on the
eigenform analysis, we develop an efficient pseudo-Helmholtz decomposition method for the
VTI and TTI media, which produces vector P and S wavefields with the same amplitudes,
phases and physical units as the input elastic wavefields. Starting from the elastic VTI wave
equations, we first derive the analytical eigenvalues and eigenvectors, then use the Taylor
expansion to approximate the square-root term in the eigenvalues, and finally obtain a zero-
order and a first-order pseudo-Helmholtz decomposition operator. Because the zero-order
operator is the true solution for the case of ε = δ, it produces accurate wavefield separation
results for elliptical anisotropic media. The first-order separation operator is more accurate
for non-elliptical anisotropy. Since the proposed pseudo-Helmholtz decomposition requires
solving an anisotropic Poisson’s equation, we propose two fast numerical solvers. One is based
on the sparse lower-upper (LU) factorization, which can be repeatedly applied to the input
elastic wavefields once computing the lower and upper triangular matrices. The second solver
assumes the model parameters are laterally homogeneous within a given migration aperture.
This assumption allows us to efficiently solve the anisotropic Poisson’s equation in the z − kx

domain, where kx and z denote the horizontal wavenumber and depth, respectively. Using the
coordinate transform, we extend the pseudo-Helmholtz decomposition to the TTI media. The
separated vector wavefields are used to produce PP and PS images by applying a dot-product
imaging condition. Several numerical examples demonstrate the feasibility and applicability
of the proposed methods.

Key words: Numerical solution; Computational seismology; Seismic anisotropy.

1 I N T RO D U C T I O N

In elastic media, compressional (P) and shear (S) waves are intrinsically coupled during propagation. Taking advantage of both wave modes,
elastic migration can accurately resolve reservoir structures and provide important lithology information, in comparison to acoustic imaging
methods (Stewart et al. 2003). Successful applications of elastic migration include imaging the gas chimney zone in the Tommeliten field
(Caldwell 1999; Granli et al. 1999) and detecting sweet spots in unconventional tight-sandstone reservoirs (Tang et al. 2009).

One critical step in elastic reverse-time migration (RTM) is to separate pure P and S wavefields, which helps to remove wave-mode
crosstalk and improve imaging quality (Stewart et al. 2003; Sun et al. 2006; Yan & Sava 2008). In isotropic media, elastic wavefield separation
can be implemented using the divergence and curl operators (Dellinger & Etgen 1990; Yan & Sava 2008). Since this approach produces three
PS images for 3-D models, and suffers from the polarity reversal issue for the PS images, it has limited applications (Du et al. 2012; Duan &
Sava 2015). To mitigate this problem, Zhang & McMechan (2010) develop a vector wavefield separation method in the wavenumber domain,
which produces vector wavefields with the same amplitude, phase and physical unit as the input elastic wavefields. Recently, Zhu (2017)
proposes an equivalent method in the space domain, which requires solving a vector Poisson’s equation. Based on the P- and S-wave dispersion
relations, Yang et al. (2018) utilize a phase and amplitude correction strategy to avoid solving the Poisson’s equation and significantly improve
computational efficiency. Xiao & Leaney (2010) introduce an auxiliary P-wave equation in vertical seismic profile imaging and compute
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Figure 1. Wave propagation and polarization directions in a 2-D anisotropic homogeneous medium. θ is the phase-velocity angle, and ψ is the group-velocity
angle. Note that the P- and S-wave polarizations are neither parallel nor perpendicular to the wave propagation directions.

the S wavefield by subtracting the P wavefield from coupled elastic wavefields. Wang & McMechan (2015) and Du et al. (2017) apply this
wavefield separation strategy to elastic RTM for reflection survey.

Unlike isotropic media, the polarization directions of P and S waves in anisotropic materials (Fig. 1), such as vertical (VTI) and titled
transverse isotropy (TTI), are neither parallel nor perpendicular to the wave propagation vectors (Tsvankin 2012). Therefore, the Helmholtz
decomposition cannot be used to accurately extract pure-mode wavefields in anisotropic media. To tackle this problem, Dellinger & Etgen
(1990) first compute the polarization direction in the wavenumber domain by solving the Christoffel equation and transform the normalized
polarization vectors to the space domain to calculate the wave-mode separators. Yan & Sava (2009) extend this approach to heterogeneous
VTI media by constructing a series of non-stationary filters at different locations. With large number and space size for the non-stationary
filter, the computational cost of this method is prohibitively high, especially for 3-D models. To improve efficiency, Yan & Sava (2011)
utilize a phase-shift plus interpolation strategy to optimize the anisotropic wavefield separation workflow. Similar to the divergence and curl
operators in isotropic media, this method produces scalar P and vector S wavefields and suffers from the polarity reversal problem for the PS
images, making it difficult to be applied for the elastic RTM in production.

Zhang & McMechan (2010) propose the concept of vector wavefield decomposition for anisotropic media and develop a corresponding
numerical algorithm in the wavenumber domain. Although this approach produces vector P and S wavefields with correct amplitudes and
phases, the implementation in the Fourier domain requires the model parameter to be homogeneous, which limits its applications for complex
structures. Using the low-rank approximation, Cheng & Fomel (2014) simplify the mixed-domain (spatial and wavenumber domain) wavefield
separation operator to the multiplication of three small matrices. This approximation reduces the cost of the Fourier transform from the number
of grid points to the rank number of a small matrix. Sripanich et al. (2017) extend this approach to anisotropic media with low-order symmetry,
including orthorhombic (ORT), monoclinic and triclinic media, and propose an analytical condition to sort S waves at singularities. Given
a specified error, the low-rank algorithm can automatically select several representative wavenumbers and locations, which gives a good
approximation to the separation operator. The separation errors are obtained only from the numerical approximation of the low-rank solver for
the solution of the Christoffel equation. Using a domain-decomposition strategy, Wang et al. (2018) develop a local low-rank approximation
algorithm to implement anisotropic wavefield separation in a parallel way. Wang et al. (2016) apply the low-rank-based wavefield separation
algorithm to anisotropic elastic RTM. Their numerical examples demonstrate that the anisotropic wavefield separation can reduce wave-mode
crosstalk artefacts and help to produce clear PP and PS images. Even though the low-rank approximation improves computational efficiency
in comparison to the non-stationary filter approach, it still requires N times Fourier transform at each time-marching step, where N is the rank
number. This cost is still higher than the Helmholtz decomposition in isotropic media, making it difficult to be widely used in anisotropic
elastic RTM for production.

In this study, we apply the eigenform analysis (Kauffman 2005) to anisotropic elastic wave equation and develop a pseudo-Helmholtz
decomposition method for vector wavefield separation and RTM. Starting from the elastic VTI wave equation, we first derive the analytical
eigenvalues and eigenvectors in the wavenumber domain. Then, based on the Taylor expansion, we simplify the square-root term in the
eigenvalues using the zero-order and first-order approximations. Since the zero-order formula is the true solution for elliptical anisotropy
(i.e. Thomsen parameters ε = δ), the corresponding pseudo-Helmholtz decomposition operator can accurately extract P and S wavefields.
For non-elliptical anisotropy, the first-order pseudo-Helmholtz decomposition operator produces more accurate separation results. Because
the proposed pseudo-Helmholtz decomposition requires solving an anisotropic Poisson’s equation, we develop two faster numerical solvers.
The first one discretizes the anisotropic Poisson’s equation using a central finite-difference scheme and solves the discretized equation using
lower-upper (LU) factorization. Once computing the lower and upper triangular matrices before wavefield extrapolation, this solver can
be repeatedly applied to elastic wavefields at different time-marching steps. The other solver assumes the lateral homogeneity for model
parameters within a given migration aperture. This assumption enables us to efficiently solve the anisotropic Poisson’s equation in the depth
and horizontal wavenumber (z − kx) domain. Using the coordinate transform, we extend the pseudo-Helmholtz decomposition to the TTI
media. With the separated vector P and S wavefields, a dot-product imaging condition is used to produce PP and PS reflectivity images (Wang
et al. 2016; Du et al. 2017; Zhu 2017).

This paper is organized as follows. First, we review the Helmholtz decomposition for isotropic media. Next, we apply the eigenform
analysis for the 2-D VTI wave equation, and derive the zero- and first-order pseudo-Helmholtz decomposition operators. Then, we extend the
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pseudo-Helmholtz decomposition to TTI media and apply it to the elastic RTM. Finally, several numerical examples are used to illustrate the
performance of the proposed method.

2 T H E O RY

2.1 Review of the Helmholtz decomposition for isotropic media

In isotropic media, elastic wavefield u can be decomposed into curl-free P wave and divergence-free S wave (Aki & Richards 2002):

u = uP + uS, (1)

where uP and uS are the vector P and S wavefields, and they are coupled during propagation. Using the property of the Laplacian operation,
Zhu (2017) propose the following wavefield separation expression:

uP = ∇ (∇ · w) , uS = −∇ × (∇ × w) , (2)

where ∇, ∇ · and ∇ × are the gradient, divergence and curl operators, respectively. w is an auxiliary wavefield and satisfies the following
Poisson’s equation:

∇2w = u, (3)

where ∇2 = ∂2
x + ∂2

y + ∂2
z , and ∂2

xi
(xi = x, y, z) is the second-order spatial derivative. The wavefield separation using eqs (2) and (3) is

equivalent to the wavenumber-domain approach proposed by Zhang & McMechan (2010). To reduce the computational costs, Yang et al.
(2018) use the P- and S-wave dispersion relations to avoid solving the Poisson’s equation and propose an efficient wavefield separation
strategy. In anisotropic media, the P- and S-wave polarizations are neither parallel nor perpendicular to their propagation directions (Fig. 1).
The Helmholtz decomposition (eqs 2 and 3) cannot accurately extract pure-mode wavefields. In the following sections, we will derive a
pseudo-Helmholtz decomposition formula for wavefield separation in the VTI and TTI media.

2.2 Eigenform analysis for the 2-D VTI wave equation

An eigenform is a modular form, which is an eigenvector for a differential operator (Kauffman 2005; Koblitz 2012). Particularly, one
eigenform for the elastic equation corresponds to one type of wave modes, such as P, SV and SH waves (Dellinger 1991; Tsvankin 2012). In
this section, we first apply the eigenform analysis to the 2-D elastic VTI wave equation to derive P- and SV-wave eigenvalues and eigenvectors,
and then utilize the Taylor expansion to approximate the square-root term in the eigenvalues to obtain a simplified result. The 2-D elastic VTI
wave equation can be written as

∂2
t ux (x, t) = 1

ρ(x)

{[
c11(x)∂2

x + c55(x)∂2
z

]
ux (x, t) + [c13(x) + c55(x)] ∂x∂zuz(x, t)

}
,

∂2
t uz(x, t) = 1

ρ(x)

{
[c13(x) + c55(x)] ∂x∂zux (x, t) + [

c55(x)∂2
x + c33(x)∂2

z

]
uz(x, t)

}
,

(4)

where x denotes the Cartesian coordinate for a given subsurface location, ux (x, t) and uz(x, t) are the horizontal and vertical displacements,
∂2

x and ∂2
z are the second-order spatial derivatives, ∂x∂ z is the mixed spatial derivative, and ρ(x) is the density. c11(x), c33(x), c13(x) and c55(x)

are the elements of the stiffness matrix. Neglecting the spatial index, they can be expressed using the Thomsen parameters ε and δ (Thomsen
1986) as

c33 = ρvp
2, c55 = ρvs

2, c11 = (1 + 2ε)ρvp
2,

c13 = ρ

√[
(1 + 2δ)vp

2 − vs
2
] [

vp
2 − vs

2
] − ρvs

2,
(5)

where vp and vs are the P- and S-wave velocities along the symmetrical axis.
Transforming eq. (4) into the frequency-wavenumber domain results in the Christoffel equation, which can be formulated in a matrix

form as

ρω2

[
Ûx

Ûz

]
=

[
c11k2

x + c55k2
z (c13 + c55)kx kz

(c13 + c55)kx kz (c55k2
x + c33k2

z )

] [
Ûx

Ûz

]
, (6)

where Ûx and Ûz are the Fourier pairs of ux and uz, kx and kz are the horizontal and vertical wavenumbers, and ω is the angular frequency.
Defining

A =
[

c11k2
x + c55k2

z (c13 + c55)kx kz

(c13 + c55)kx kz (c55k2
x + c33k2

z )

]
, and Û =

[
Ûx

Ûz

]
, (7)
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eq. (6) can be rewritten as

1

k2
AÛ = ρ

ω2

k2
Û, (8)

where k = √
k2

x + k2
z is the norm of wavenumber.

Mathematically, ρ ω2

k2 and Û are the eigenvalue and eigenvector of the matrix A
k2 (eq. 8). Each pair of eigenvalue and eigenvector

corresponds to one eigenform of elastic wavefields. Physically, ω2

k2 is the square of the phase velocity for P or S waves, and Û are the
polarization directions (Dellinger 1991). Therefore, the basic eigenforms of elastic wavefields are the compressional and shear waves, which
have the large and small eigenvalues, respectively. As recognized by Dellinger & Etgen (1990) and Zhang & McMechan (2010), the P- and
S-wavefield separation can be implemented by projecting the elastic wavefields to the eigenvector directions. The eigenvalues of matrix A
can be written as (the detailed derivation is given in the Appendix)

λ1,2 = ρ

[
(1 + 2ε)vp

2 + vs
2
]

k2
x + [

vp
2 + vs

2
]

k2
z

2
± ρ

[
(1 + 2ε)vp

2 − vs
2
]

k2
x + [

vp
2 − vs

2
]

k2
z

2

×
√

1 + 8(ε − δ)vp
2(vp

2 − vs
2)k2

x k2
z[(

(1 + 2ε)vp
2 − vs

2
)

k2
x + (

vp
2 − vs

2
)

k2
z

]2
, (9)

and the corresponding eigenvectors are

â1 =
[

λ1 − ρ
[
vs

2k2
x + vp

2k2
z

]
ρ

√[
(1 + 2δ)vp

2 − vs
2
] [

vp
2 − vs

2
]
kx kz

]
,

â2 =
[

ρ

√[
(1 + 2δ)vp

2 − vs
2
] [

vp
2 − vs

2
]
kx kz

λ2 − ρ
[
(1 + 2ε)vp

2k2
x + vs

2k2
z

]
]

,

(10)

where subscripts 1 and 2 denote P (fast) and S waves (slow), respectively.
For elliptical anisotropy, that is, ε = δ, the eigenvalues in eq. (9) reduces to

λ1 = ρvp
2
[
(1 + 2ε)k2

x + k2
z

]
,

λ2 = ρvs
2
[
k2

x + k2
z

]
.

(11)

Inserting eq. (11) into eq. (10) yields the eigenvectors for elliptical anisotropy

â1 =
[ [

(1 + 2ε)vp
2 − vs

2
]

kx√[
(1 + 2δ)vp

2 − vs
2
] [

vp
2 − vs

2
]
kz

]
,

â2 =
[ √[

(1 + 2δ)vp
2 − vs

2
] [

vp
2 − vs

2
]
kz

− [
(1 + 2ε)vp

2 − vs
2
]

kx

]
.

(12)

Eqs (11) and (12) indicate that in elliptical anisotropic media, the phase velocity of the P wave is associated with both the model parameters
(vp and ε) and wave propagation directions (kx and kz). Whereas the phase velocity of the S wave is only determined by the model parameter
vs as in isotropic media. These two phase velocities can be expressed as

α =
√

λ1

ρk2
=

√
(1 + 2ε)k2

x + k2
z

k2
vp,

β =
√

λ2

ρk2
= vs,

(13)

where α and β denote phase velocities to distinguish the velocities vp and vs along the symmetrical axis. The eigenvectors in eq. (12) show
that P- and S-wave polarizations are neither parallel nor perpendicular to the propagation vector (kx, kz), but they can be constructed using the
scaled wavenumber components. In addition, the dot product of â1 and â2 equals zero, indicating P- and S-mode waves are still orthogonal
as in the isotropic media. Mathematically, the simplified expressions in eqs (11) and (12) can be considered as the zero-order approximation
for the eigenvalues and eigenvectors in eqs (9) and (10) with respect to the elliptical case.

For non-elliptical anisotropy, different approximation methods can be used to simplify the square-root term in the eigenvalues (Fowler
2003; Fomel 2004; Liu et al. 2009; Chu et al. 2011, 2012; Sripanich & Fomel 2015; Farra et al. 2016; Hao & Stovas 2016). Here we utilize
the first-order Taylor expansion with respect to ε − δ around zero, which gives the following approximated eigenvalues

λ1 = ρ
[
(1 + 2ε)vp

2k2
x + vp

2k2
z

] + ρ
2(ε − δ)vp

2(vp
2 − vs

2)k2
x k2

z[
(1 + 2ε)vp

2 − vs
2
]

k2
x + (

vp
2 − vs

2
)

k2
z

,

λ2 = ρvs
2
(
k2

x + k2
z

) − ρ
2(ε − δ)vp

2(vp
2 − vs

2)k2
x k2

z[
(1 + 2ε)vp

2 − vs
2
]

k2
x + (

vp
2 − vs

2
)

k2
z

.

(14)
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Figure 2. Comparisons of the true and approximated P- and S-mode eigenvalues for a homogeneous medium with vp = 3.0 km s−1, vs = 1.5 km s−1, ε =
0.2 and δ = 0.1. Panels (a) and (b) are the true and approximated P-mode eigenvalues, and panel (c) shows their differences. Panels (d) and (e) are the true
and approximated S-mode eigenvalues, and panel (f) shows their differences. The relative errors of P- and S-mode eigenvalues are 0.11 and 0.47 per cent,
respectively.

Figure 3. Comparisons of the true and approximated P- and S-mode eigenvalues for a homogeneous medium with vp = 3.0 km s−1, vs = 1.5 km s−1, ε = 0.5
and δ = 0.1. The panel settings are the same as Fig. 2. The relative errors of P- and S-mode eigenvalues are 0.83 and 3.37 per cent, respectively.

Figs 2 and 3 compare the true and approximated eigenvalues in a homogeneous medium with two different anisotropic parameters. The
relative errors of these two experiments are 0.11 and 0.47 per cent for P waves, and 0.83 and 3.37 per cent for S waves, respectively. This
indicates that even for cases with large differences between ε and δ, the first-order approximation still has good accuracy. In addition, the
numerical errors are mainly distributed in high-wavenumber areas, where elastic wavefields normally have no effective energies (Figs 2c and
f, and 3c and f). To illustrate the approximation accuracy in more general cases, we generate a uniformly distributed ε from 0.0 to 0.5 and
δ from 0.0 to 0.3 with a spacing 0.02, and compute the relative errors for each pair of ε and δ (Fig. 4). 95 percentage of P-wave eigenvalue
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Figure 4. Histogram of the relative errors of P- (a) and S-wave (b) eigenvalues for different ε and δ values. ε is uniformly sampled in the range of [0, 0.5] with
an interval of 0.02. δ is uniformly sampled in the range of [0, 0.3] with an interval of 0.02.

errors are less than 1 per cent, and 97 percentage of S-wave eigenvalue errors are less than 5 per cent. These results suggest that the first-order
Taylor expansion is accurate enough for many combinations of anisotropic parameters.

Plugging eq. (14) into eq. (10), we obtain the first-order approximation for the eigenvectors

â1 =

⎡
⎢⎣

[
(1 + 2ε)vp

2 − vs
2
]

kx + 2(ε − δ)vp
2(vp

2 − vs
2)kx k2

z[
(1 + 2ε)vp

2 − vs
2
]

k2
x + (

vp
2 − vs

2
)

k2
z√[

(1 + 2δ)vp
2 − vs

2
] (

vp
2 − vs

2
)
kz

⎤
⎥⎦ ,

â2 =

⎡
⎢⎣

√[
(1 + 2δ)vp

2 − vs
2
] (

vp
2 − vs

2
)
kz

− [
(1 + 2ε)vp

2 − vs
2
]

kx − 2(ε − δ)vp
2(vp

2 − vs
2)kx k2

z[
(1 + 2ε)vp

2 − vs
2
]

k2
x + (

vp
2 − vs

2
)

k2
z

⎤
⎥⎦ .

(15)

Different from the zero-order approximation, the eigenvalues and eigenvectors in eqs (14) and (15) have an additional high-order term. This
term enables us to approximate P- and S-wave phase velocities and polarization directions more accurately for cases with ε �= δ, which helps
to reduce crosstalks in elastic wavefield separation.

2.3 Pseudo-Helmholtz decomposition operators for the VTI media

In heterogeneous media, projecting elastic wavefields to the polarization directions based on eqs (12) and (15) can be implemented using
either the non-stationary filter (Yan & Sava 2009, 2011) or the low-rank approximation (Cheng & Fomel 2014; Sripanich et al. 2017;
Wang et al. 2018). Since these two approaches require intensive Fourier transform at each time-marching step, it is still difficult to apply
them to anisotropic elastic RTM in production. To reduce computational costs, we derive a zero-order and a first-order pseudo-Helmholtz
decomposition operator for VTI wavefield separation based on the approximation introduced in the previous section.

According to the property of the Fourier transform, we have the following relations in the space and wavnumber domains

ikx → ∂x , ikz → ∂z, (16)

where ∂x and ∂ z are the first-order spatial derivatives along the x and z directions, respectively. Using eq. (16), the eigenvectors in eq. (12) can
be transformed to the space domain as

a1(x) =
[ [

(1 + 2ε(x))vp
2(x) − vs

2(x)
]
∂x√[

(1 + 2δ(x))vp
2(x) − vs

2(x)
] [

vp
2(x) − vs

2(x)
]
∂z

]
,

a2(x) =
[ √[

(1 + 2δ(x))vp
2(x) − vs

2(x)
] [

vp
2(x) − vs

2(x)
]
∂z

− [
(1 + 2ε(x))vp

2(x) − vs
2(x)

]
∂x

]
,

(17)

where vp(x) and vs(x) are the local P- and S-wave velocities along the symmetrical axis, ε(x) and δ(x) are the local Thomsen anisotropic
parameters. Defining a scaled derivative operator

∇ =
[

r1(x)∂x

r2(x)∂z

]
, (18)
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and considering the wave polarization directions in eq. (17), we can obtain a zero-order pseudo-Helmholtz decomposition operator as

uP (x) = ∇ (∇ · w0(x)
)
, uS(x) = −∇ × (∇ × w0(x)

)
. (19)

Here uP and uS are the separated P and S wavefields, “·” and “×” denote the dot-product and cross-product operations, respectively. r1(x)
and r2(x) are the coefficients associated with model parameters:

r1(x) = [1 + 2ε(x)] vp
2(x) − vs

2(x),

r2(x) =
√[

(1 + 2δ(x))vp
2(x) − vs

2(x)
] [

vp
2(x) − vs

2(x)
]
.

(20)

w0(x) is the auxiliary wavefield and satisfies the following anisotropic Poisson’s equation:[
r 2

1 (x)∂2
x + r 2

2 (x)∂2
z

]
w0(x) = u(x), (21)

where u is the input elastic wavefields. Note that when ε and δ equal zero, r1(x) and r2(x) reduce to
[
v2

p(x) − v2
s (x)

]
, and eqs (19)–(21)

are simplified to the Helmholtz decomposition for isotropic media (eqs 2 and 3). This illustrates the difference and connection of wavefield
separations in anisotropic and isotropic media.

Similarly, for the approximated eigenvectors in eq. (15), we define the following first-order pseudo-Helmholtz decomposition operator
as

uP (x) = ∇
(
∇ · w1(x)

)
, uS(x) = −∇ ×

(
∇ × w1(x)

)
, (22)

where the scaled derivative ∇ has the following form

∇ =
⎡
⎣ r1(x)∂x + r4(x)∂x∂

2
z

r1(x)∂2
x + r3(x)∂2

z

r2(x)∂z

⎤
⎦ , (23)

the coefficients r1(x) and r2(x) have the same notations as eq. (20), r3(x) and r4(x) are given by

r3(x) = vp
2(x) − vs

2(x),

r4(x) = 2 [ε(x) − δ(x)] vp
2(x)

[
vp

2(x) − vs
2(x)

]
.

(24)

To produce vector P and S wavefields with correct amplitudes and phases, the auxiliary wavefield w1(x) is computed by solving the following
partial differential equation[(

r1(x)∂x + r4(x)∂x∂
2
z

r1(x)∂2
x + r3(x)∂2

z

)2

+ r 2
2 (x)∂2

z

]
w1(x) = u(x). (25)

Directly discretizing the spatial derivatives at the left-hand side of eq. (25) and computing its inverse is expensive. To reduce the cost, we
propose to solve an approximated anisotropic Poisson’s equation[(

r1(x) + r4(x)

r1(x) + r3(x)

)2

∂2
x + r 2

2 (x)∂2
z

]
w1(x) = u(x). (26)

In theory, only when ∂2
x /∂

2
z = 1 (i.e. k2

x = k2
z ), eq. (26) is equivalent to eq. (25). But because the value of r4(x)/

[
r1(x)∂2

x /∂
2
z + r3(x)

]
is far less

than r1(x), eq. (26) is a good approximation for eq. (25). Numerical examples in the following sections demonstrate that the approximated
solution w1 by solving eq. (26) can produce separated wavefields with accurate phases as well as amplitudes.

Comparing eqs (2), (19) and (22), we observe that with the media complexity increasing, the wavefield separation operators become more
complex. In terms of computational costs, except for calculating the spatial derivatives using finite-difference, the Helmholtz decomposition
(eqs 2 and 3) requires solving the isotropic Poisson’s equation. In VTI media, the zero- and first-order pseudo-Helmholtz decompositions
(eqs 19, 21, 22 and 26) require solving the anisotropic Poisson’s equation (the detailed numerical algorithms can be found in the next section).
In addition, different from the isotropic case, the faster Poisson solvers (Fuka (2015; Zhu 2017; Yang et al. 2017) based on the Fourier
transform are not applicable for the anisotropic Poisson’s equation due to spatially varying coefficients r1(x), r2(x), r3(x) and r4(x). In the
following section, we will introduce two numerical methods to solve the anisotropic Poisson’s equation.

2.4 Numerical solvers for the anisotropic Poisson’s equation

For a general anisotropic Poisson’s equation such as[
a(x)∂2

x + b(x)∂2
z

]
w(x) = u(x), (27)

it can be discretized using the central finite-difference scheme as

ai, j

�2
x

(
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3
(wi−1, j + wi+1, j ) − 5

2
wi, j

)
+ bi, j

�2
z

(
− 1

12
(wi, j−2 + wi, j+2) + 4

3
(wi, j−1 + wi, j+1) − 5

2
wi, j

)
= ui, j , (28)
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Figure 5. Multicomponent elastic wavefields in an elliptical VTI homogeneous medium with vp = 3.0 km s−1, vs = 1.5 km s−1, ρ = 1.0 g cm−3, ε = 0.5 and
δ = 0.5. A vertical single force is located in the centre of this model, and a Ricker wavelet with the peak frequency of 15 Hz is used as the source time function.

where �x and �z are the horizontal and vertical grid spacings; i and j denote the grid node indices along the x and z axes, respectively.
Storing the finite-difference coefficients in a sparse form, we can compute wi, j using the multifrontal LU factorization, which can be easily
implemented in a parallel way. The detailed algorithm can be found in Davis & Duff (1997) and Davis et al. (2014). Because of using a nested
dissection permutation and sparse accumulator, sparse LU reduces the flop cost from O(N2) to O(N3/2), and memory requirement from O(N3/2)
to O(Nlog N), related to traditional band LU algorithm (Demmel 1997; Yang et al. 2017). N is the total number of grid points. But because
the lower and upper matrices are pre-computed before wavefield extrapolation and migration, they can be repeatedly applied to the elastic
wavefields at different time-marching steps. Numerical examples in Yang et al. (2017) show that the total computational cost for solving the
Poisson’s equation using the sparse LU approach is similar to that of one fast Fourier transform (FFT) per time-marching step. For large
3-D models, the memory cost for storing the LU factorization coefficients is still expensive. One optimization strategy is to take advantage
of advanced parallel computation methods. For instance, the 3-D wavefields can be decomposed into small cubes on memory-distributed
clusters. For each cube, we can solve a small-scale anisotropic Poisson’s equation using one computer core (Wang et al. 2018). This helps to
relax the memory requirement for single cores and reduce total computational time.

When the lateral variation of model parameters is not significant within the migration aperture, the coefficients a(x) and b(x) in eq. (27)
can be considered as horizontally homogeneous. Based on this assumption, the coefficients a and b are only depth dependent, that is, a(z) and
b(z), and eq. (27) can be discretized in the z − kx domain as

− a j k
2
x ŵ j + b j

�2
z

(
ŵ j−1 − 2ŵ j + ŵ j+1

) = û j , (29)

where û and ŵ are the Fourier transform of u and w with respect to x, and kx is the horizontal wavenumber. Reordering eq. (29), we obtain

− b j

�2
z

ŵ j−1 +
[

a j k
2
x + 2

b j

�2
z

]
ŵ j − b j

�2
z

ŵ j+1 = −û j . (30)

Eq. (30) is a diagonal-dominant tridiagonal system and can be efficiently solved using the Gaussian elimination method.
With these two numerical solvers, elastic wavefield separation in VTI media using the zero-order pseudo-Helmholtz decomposition can

be summarized as follows. First, we compute wavefields w0(x) by solving the anisotropic Poisson’s eq. (21) for each component of the elastic
wavefield u(x). Then, we apply the scaled divergence and curl operations according to eq. (19). The implementation of the first-order operator

is similar to the zero-order operator, except for the term with high-order derivative r4(x)∂x ∂2
z

r1(x)∂2
x +r3(x)∂2

z
in eq. (23). This term can be implemented by

first solving another anisotropic Poisson’s equation[
r1(x)∂2

x + r3(x)∂2
z

]
w′

1(x) = w1(x), (31)

and then taking a third-order mixed derivative r4(x)∂x∂
2
z w′

1(x), where w1(x) is the solution of eq. (26). This high-order derivative term works
as a correction and helps to produce more accurate separation results.

Figs 5–7 illustrate a numerical experiment for wavefield separation using different operators in an elliptical VTI homogeneous medium.
The model parameters are vp = 3.0 km s−1, vs = 1.5 km s−1, ρ = 1.0 g cm−3, ε = 0.5 and δ = 0.5. We discretize this model with a grid of
600 × 600 and a spatial spacing of 10 m. Elastic VTI wavefields (Fig. 5) are computed using the staggered-grid finite-difference scheme
with eight-order accuracy in space and second-order accuracy in time. A vertical single force is deployed in the centre of this model, and
a Ricker wavelet with the dominant-frequency of 15 Hz is used as the source time function. Because the polarization of P and S waves in
anisotropic media is neither parallel or perpendicular to their propagation directions, the Helmholtz decomposition (eq. 2) cannot accurately
extract pure-mode wavefields (Figs 6a–d). It is notable that although the separation results using the Helmholtz decomposition have crosstalk
artefacts, the differences (Figs 6e and f) between the input and reconstructed wavefields are quite small. This is because the P- and S-wave
separation operators are orthogonal, that is, their dot product equals zero, and therefore have no energy leakage after wavefield separation.
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Figure 6. A wavefield separation experiment for the elliptical VTI homogeneous model using the Helmholtz decomposition (eqs 2 and 3). Panels (a) and
(b) are the separated horizontal and vertical P wavefields. Panels (c) and (d) are the separated horizontal and vertical S wavefields. Panels (e) and (f) are the
horizontal and vertical errors between the input and reconstructed wavefields. The reconstructed wavefields are computed by summing the decomposed P and
S modes. Note that there are strong crosstalk artefacts in the separated results. Relative errors for x and z components are 0.31 and 0.98 per cent, respectively.

The separated wavefields using the pseudo-Helmholtz decomposition have no crosstalk (Figs 7a–d). Their amplitudes and phases are the same
as the input wavefields. The small separation errors (Figs 7e and f) are caused by the numerical implementation for eq. (19). These results
indicate that the zero-order pseudo-Helmholtz decomposition has a good performance for elastic wavefield separation in elliptical VTI media.

Figs 8–10 illustrate another wavefield separation experiment for a non-elliptical VTI medium with ε = 0.5 and δ = 0.2. The model size,
grid discretization and finite-difference scheme are the same as the previous example. Due to the large difference of ε and δ, the dispersion of
the S wave is not spherical (Fig 8). In comparison with the isotropic Helmholtz decomposition (Figs 9a and b, and 10a and b), the zero-order
pseudo-Helmholtz decomposition operator reduces most wave-mode crosstalk artefacts (Figs 9c and d, and 10c and d). Due to the inaccurate
approximation of the eigenvalues and eigenvectors for the ε �= δ case, the zero-order separation operator produces weak remnant crosstalk
energy. By adding another correction term (eq. 22), the first-order pseudo-Helmholtz decomposition removes remnant crosstalk and produces
more accurate separation results (Figs 9e and f, and 10e and f). In addition, similar to the Helmholtz decomposition for the isotropic media,
the proposed P- and S-wave decomposition operators are orthogonal to each other, and there is no energy leakage after wavefield separation.



Anisotropic wavefield separation 1299

Figure 7. A wavefield separation experiment for the elliptical VTI homogeneous model using the zero-order pseudo-Helmholtz decomposition (eqs 19 and 21).
The panel setting is the same as Fig. 6. LU factorization is used to solve the anisotropic Poisson’s equation. Relative errors for x and z components are 0.74
and 0.33 per cent, respectively.

Figure 8. Multicomponent elastic wavefields in a non-elliptical VTI homogeneous medium with vp = 3.0 km s−1, vs = 1.5 km s−1, ρ = 1.0 g cm−3, ε = 0.5
and δ = 0.2. A vertical single force is located in the centre of this model, with a 15 Hz Ricker wavelet as the source time function.
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Figure 9. Vector P wavefields separated using different methods for the non-elliptical VTI homogeneous model (eqs 2 and 3). Panels (a) and (b) are the results
using the Helmholtz decomposition. Panels (c) and (d) are the results using the zero-order pseudo-Helmholtz decomposition (eqs 19 and 21). Panels (e) and
(f) are the results using the first-order pseudo-Helmholtz decomposition (eqs 23 and 26).

2.5 Extension to TTI media

Extension of the pseudo-Helmholtz decomposition from VTI to TTI media can be implemented using the coordinate transform. For a given
strata with the titled angle θ , the 2-D coordinate transform can be expressed as

[
x ′

z′

]
=

[
cos θ sin θ

− sin θ cos θ

][
x
z

]
, (32)

where (x
′
, z

′
) denotes the new coordinate after rotation. With this notation, the spatial derivatives in the new coordinate can be expressed as

∂x ′ = cos θ∂x + sin θ∂z,

∂z′ = − sin θ∂x + cos θ∂z .
(33)
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Figure 10. Vector S wavefields separated using different methods for the non-elliptical VTI homogeneous model. The panel setting is the same as Fig. 9.
Relative errors for x and z components for these three methods are 0.44 and 0.79 per cent, 0.57 and 0.26 per cent, and 0.15 and 0.16 per cent, respectively.

Inserting eq. (33) into eqs (18) and (23), we obtain the scaled derivative operators for the TTI media as

∇ =
[

r1(x) (cos θ∂x + sin θ∂z)
r2(x) (− sin θ∂x + cos θ∂z)

]
,

∇ =
⎡
⎣ r1(x) (cos θ∂x + sin θ∂z) + r4(x)(cos θ∂x + sin θ∂z)(sin2 θ∂2

x + sin 2θ∂x∂z + cos2 θ∂2
z )

e1(x)∂2
x + e2(x)∂x∂z + e3(x)∂2

z

r2(x) (− sin θ∂x + cos θ∂z)

⎤
⎦ ,

(34)

with

e1(x) = r1(x) cos2 θ + r3(x) sin2 θ,

e2(x) = sin 2θ [r1(x) − r3(x)] ,

e3(x) = r1(x) sin2 θ + r3(x) cos2 θ.

(35)

The pseudo-Helmholtz decomposition operators for TTI media can be constructed as eqs (19) and (22), except by replacing the scaled
derivatives using eq. (34).

Figs 11–13 present an example of wavefield separation using different methods for a homogeneous TTI medium. The model parameters
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Figure 11. Elastic wavefields in a homogeneous TTI medium with vp = 3.0 km s−1, vs = 1.5 km s−1, ρ = 1.0 g cm−3, ε = 0.5, δ = 0.2 and θ = 30◦. A vertical
single force is located in the centre of this model, with a 15 Hz Ricker wavelet as the source time function.

Figure 12. Vector P wavefields separated using different methods for the homogeneous TTI model. Panels (a) and (b) are the results using the Helmholtz
decomposition (eqs 2 and 3). Panels (c) and (d) are the results using the zero-order TTI pseudo-Helmholtz decomposition (the first set of eq. 34). Panels (e)
and (f) are the results using the first-order TTI pseudo-Helmholtz decomposition (the second set of eq. 34).
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Figure 13. Vector S wavefields separated using different methods for the homogeneous TTI model. The panel setting is the same as Fig. 12. Relative errors for
x and z components for the three methods are 1.8 and 0.58 per cent, 2.2 and 0.19 per cent, and 2.0 and 0.19 per cent, respectively.

are vp = 3.0 km s−1, vs = 1.5 km s−1, ρ = 1.0 g cm−3, ε = 0.5, δ = 0.2 and θ = 30◦. Without considering anisotropy and titled angle effects,
the separation results using the Helmholtz decomposition not only consist of crosstalk artefacts but also have incorrect scattering pattern for
the expected wave modes (Figs 12a and b, and 13a and b). The zero-order TTI pseudo-Helmholtz decomposition reduces most crosstalk and
produces separated wavefields with correct phases and amplitudes (Figs 12c and d, and 13c and d). The first-order operator further removes
remnant crosstalk and produces more accurate separation results (Figs 12e and f, and 13 e and f).

2.6 The elastic RTM workflow in the anisotropic media

After separating elastic wavefields into P and S modes, we can compute PP (IPP) and PS (IPS) images using the following dot-product imaging
conditions (Wang et al. 2016; Zhu 2017; Du et al. 2017)

I P P (x) =
∫ T

0 SP (x) · RP (x)dt∫ T
0 SP (x) · SP (x)dt

, I P S(x) =
∫ T

0 SP (x) · RS(x)dt∫ T
0 SP (x) · SP (x)dt

, (36)

where x denotes the imaging location in the subsurface, S(x) and R(x) are the source and receiver wavefields, superscripts P and S denote the
separated P and S modes, and T is the record duration. With the pseudo-Helmholtz decomposition and dot-product imaging condition, the
anisotropic elastic RTM workflow can be summarized as follows.

(1) Computing elastic source wavefield S(x) by solving the anisotropic elastic wave equation.
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Figure 14. Velocity and anisotropic parameters for a two-layer TTI model. The yellow star denotes the source location, and the blue triangles are selected
receivers in every 60 geophones.

(2) Separating the source wavefield S(x) into P (SP ) and S modes (SS) using the zero- or first-order pseudo-Helmholtz decomposition.
(3) Computing elastic receiver wavefield R(x) by solving the adjoint anisotropic elastic wave equation, using multicomponent records as

the boundary condition.
(4) Separating the receiver wavefield R(x) into P (RP ) and S modes (RS) using the pseudo-Helmholtz decomposition.
(5) Applying the dot-product imaging conditions (eq. 36) to produce PP and PS reflectivity images.

3 N U M E R I C A L E X A M P L E S

In this section, three synthetic examples are used to illustrate the performance of the proposed wavefield separation and the elastic RTM
workflow. The first example is a two-layer TTI model (Fig. 14). A horizontal reflector is located at the depth of 2.4 km, and the model
parameters are vp = 2 km s−1, vs = 1 km s−1, ρ = 1 g cm−3, ε = 0.3, δ = 0.2 and θ = 20◦ for the upper layer, and vp = 3 km s−1, vs = 1.5 km
s−1, ρ = 1 g cm−3, ε = 0.2, δ = 0.1 and θ = 20◦ for the bottom layer. We discretize this model with a grid of 600 × 400 and a spatial interval
of 8 m. An explosive source with 15 Hz Ricker wavelet is deployed at the distance of 2.4 km and the depth of 16 m. 600 receivers (blue
triangles in Fig. 14) are evenly distributed at the surface. Multicomponent records are computed by solving the TTI elastic wave equation
using a central finite-difference scheme with sixteen-order accuracy in space and second-order accuracy in time.

Fig. 15 compares the elastic RTM results from four different workflows. One is the isotropic elastic RTM (Zhu 2017; Yang et al. 2018),
which extrapolates wavefields by solving the isotropic wave equation and separates extrapolated wavefields using the Helmholtz decomposition.
The other three workflows extrapolate wavefields by solving the TTI elastic wave equation and use the Helmholtz decomposition, the zero-order
and first-order pseudo-Helmholtz decomposition for wavefield separation, respectively. Since anisotropy causes different phase velocities
along different propagation directions, the isotropic elastic RTM with anisotropic data produces incorrect traveltimes during extrapolation and
results in inaccurate reflector locations (Figs 15a and b). By solving the TTI wave equation, the anisotropic RTM yields correct traveltimes and
accurate reflector positions (Figs 15c–h). As analysed in the previous sections, the separated wavefields using the Helmholtz decomposition
have wave-mode crosstalks, and these crosstalks introduce strong migration artefacts in PP and PS images (arrows in Figs 15c and d).
In contrast, the zero-order pseudo-Helmholtz decomposition enables us to reduce most crosstalk artefacts (Figs 15e and f). The artefacts
denoted by the black arrows in Figs 15(e) and (f) are caused by the inaccurate approximation of the zero-order operator for the eigenvectors
(Figs 11–13). By adding a high-order term, the first-order pseudo-Helmholtz decomposition enables us to remove residual crosstalk and
produce clear PP and PS images (Figs 15g and h).

The second example is a VTI graben model (Fig. 16), which is discretized using a grid of 1801 × 522 and a spacing of 10 m. Migration
velocities and anisotropic models are built by smoothing the true models with a triangle filter of 100 m × 100 m. The elastic data set is
computed using the staggered-grid finite-difference scheme. 130 shots are evenly deployed on the surface with a 100 m spacing. For each
shot, 500 receivers are used to record multicomponent wavefields within a split-spread aperture of 5 km. A 15 Hz Ricker wavelet is used as
the explosive source time function.

Before applying elastic RTM to the data set, we first perform a wavefield separation experiment for the graben model. Fig. 17 shows a
snapshot of multicomponent wavefields at 1 s, which contain direct, transmitted and reflected P and S waves. An explosive source is located
at the distance of 9 km and the depth of 2 km. Figs 18 and 19 are the separated P and S wavefields using different methods. Because P
and S waves are neither parallel nor perpendicular to their propagation directions in anisotropic media, the Helmholtz decomposition cannot
accurately separate pure-wave modes, leading to some crosstalks in the separation results (black arrows in Figs 18a and b, and 19a and b). By
modifying the spatial derivatives, the zero-order pseudo-Helmholtz decomposition significantly reduces the crosstalk artefacts, especially for
vector P-wavefields (Figs 18c and d, and 19c and d). Using more accurate approximations, the first-order pseudo-Helmholtz decomposition
helps us to remove crosstalk completely and produce correct separation results (Figs 18e and f, and 19e and f).

Fig. 20 shows PP and PS images migrated using the isotropic and anisotropic elastic RTM. Due to incorrect extrapolation traveltimes,
the isotropic elastic RTM introduces a lot of imaging artefacts, especially for the PS image (Figs 20a and b). Horizontal reflectors have a poor
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Figure 15. Migration results of the two-layer TTI model using different methods. The left-hand column is for the PP image and the right-hand column is for
the PS image. Panels (a) and (b) are the results from isotropic RTM. Panels (c) and (d), (e) and (f), and (g) and (h) are the results from anisotropic RTM using
the Helmholtz decomposition (eqs 2 and 3), the zero-order (the first set of eq. 34) and first-order (the second set of eq. 34) pseudo-Helmholtz decomposition
for wavefield separation, respectively. The anisotropic Poisson’s equation is solved using the z − kx solver.

Figure 16. Velocity and anisotropic parameters for a VTI graben model.
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Figure 17. Horizontal (a) and vertical (b) elastic wavefields at 1 s for the graben model. The source is located at the depth of 3 km and the distance of 13.5 km.

Figure 18. Separated vector P wavefields for the graben model using different methods. Panels (a) and (b) are the results using the Helmholtz decomposition
(eqs 2 and 3). Panels (c) and (d), and (e) and (f) are the results using the zero-order (eqs 19 and 21) and first-order (eqs 22 and 26) pseudo-Helmholtz
decomposition, respectively.
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Figure 19. Separated vector S wavefields for the graben model using different methods. The panel setting is the same as Fig. 18. The anisotropic Poisson’s
equation in the zero- and first-order pseudo-Helmholtz decomposition is solved using the LU factorization.

spatial resolution, for example, the bottom reflector in the PP image and the top reflector in the PS image, scattering waves generated by the
graben corner are not focused, and the images due to interbedded multiples have comparable amplitudes as primary reflections. In contrast,
the anisotropic elastic RTM removes most migration artefacts that occur in the isotropic RTM images and produces clear PP and PS images.
Reflections and scatterings are focused to correct locations. In addition, the anisotropic RTM images using the zero-order and first-order
wavefield separation operators are similar. This indicates that with sufficient stacking folds, the remnant crosstalks caused by the inaccurate
approximation of the zero-order operator, for example, Figs 15(e) and (f), can be effectively suppressed, leading to similar migrated PP and
PS images as the first-order operator.

In the final example, the Hess VTI model is used to test the adaptability of the proposed approach for complex structures. P-wave
velocity, density, ε and δ models are shown in Fig 21. S-wave velocity is generated by scaling P-wave velocity with a factor of 1/2. Migration
velocity and anisotropic parameter models are built by applying a triangle filter of 125 m × 125 m to the true models. Multicomponent
seismograms are computed using the same staggered-grid finite-difference scheme as the previous example. A 15 Hz Ricker wavelet is used
as the source time function. 1206 receivers are evenly distributed at the surface with a depth of 12.5 m. 180 explosive sources are uniformly
deployed at the surface with a spacing of 125 m. The maximum offset is 15 km and the maximum data frequency for migration is 50 Hz.

Migration results using the isotropic and anisotropic elastic RTM are shown in Figs 22 and 23. The first-order pseudo-Helmholtz
decomposition is used to separate pure-mode wavefields in the anisotropic elastic RTM. Without considering the anisotropic effects, the
isotropic elastic RTM produces incorrect traveltimes during source and receiver wavefield extrapolation. This leads to inaccurate reflector
locations and unfocused stacking results, especially for areas close to the salt flank and with strong anisotropy (Fig. 23). In addition, because
an S wave is more sensitive to anisotropy than a P wave, the PS image has more imaging artefacts (Figs 22b and 23b). In contrast, the
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Figure 20. Migration results for the graben model using different methods. Panels (a) and (b) are the PP and PS images using isotropic RTM. Panels (c) and
(d), and (e) and (f) are the PP and PS images for anisotropic RTM using the zero-order (eqs 19 and 21) and first-order (eqs 23 and 26) pseudo-Helmholtz
decomposition, respectively.

Figure 21. P-wave velocity (a), density (b), ε (c) and δ (d) parameters for the Hess VTI model.
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Figure 22. Migration results for the Hess VTI model using isotropic (a, b) and anisotropic elastic RTM (c, d). The first-order pseudo-Helmholtz decomposition
(eqs 23 and 26) is used in (c) and (d) in which case the anisotropic Poisson’s equation is solved using the LU factorization.

Figure 23. Zoomed views of migrated results for the Hess VTI model. The panel setting is the same as Fig. 22.

anisotropic elastic RTM produces clear PP and PS images with correct kinematic information and focused reflectors (Figs 22c and d). Since
there are no shear waves in the source, the PP-mode reflection is dominant in the multicomponent records, and the PP image has higher
signal-to-noise ratio than the PS image, especially near the salt flank (Figs 23c and d). But due to smaller wavelength of S waves, the PS
image has higher resolution than the PP image, and therefore better resolves the spatial locations of geological structures.
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4 D I S C U S S I O N

The proposed pseudo-Helmholtz decomposition for anisotropic wavefield separation can be considered as an extension for the Helmholtz
decomposition for the anisotropic media. Since P and S waves in the anisotropic media are neither parallel nor perpendicular to their
propagation directions, divergence and curl operators cannot accurately produce pure compressional and shear wave modes. Based on the
eigenform analysis, we derive the analytical eigenvalues and eigenvectors for the 2-D VTI wave equation and use the Taylor expansion to
simplify the square-root term in the eigenvalues. This approximation enables us to implement anisotropic wavefield separation using the scaled
spatial derivatives. The separated vector wavefields have the same amplitudes, phases and physical units as the input coupled wavefields. Since
the proposed wavefield separation method requires solving an anisotropic Poisson’s equation, we develop two fast numerical solvers. The
first solver discretizes the anisotropic Poisson’s equation using a central finite-difference scheme and uses sparse LU to compute its inverse.
The second solver is based on the lateral homogeneity assumption of model parameters in given migration apertures. This assumption allows
us solving the anisotropic Poisson’s equation in the z − kx domain, which is more efficient than the sparse LU solver. Since the proposed
method uses scaled spatial derivatives to approximate the polarization direction, which does not require intensive multidimensional Fourier
transform, it is relatively cheaper with losing certain precision related to the non-stationary filter (Yan & Sava 2009, 2011) and the low-rank
approximation methods (Cheng & Fomel 2014; Sripanich et al. 2017; Wang et al. 2018).

When using the proposed wavefield separation and corresponding elastic RTM workflow, we should be careful about the following
aspects. First, in contrast to the isotropic case, the pseudo-Helmholtz decomposition operators involve model parameters, for example, vp, vs,
ε and δ. To avoid separation artefacts at strata interfaces, smoothed velocity and anisotropic parameter models should be used in the wavefield
separation and RTM. Second, if using the staggered-grid finite-difference scheme in the wavefield modelling, we should also use the same
scheme to implement the partial derivatives in the pseudo-Helmholtz operators. Third, since the z − kx domain Poisson’s solver is based on the
assumption of lateral homogeneity, it is applicable for areas with simple structures. The LU solver is more accurate for complex structures with
strong lateral variations. But the LU solver is relatively expensive in terms of memory requirement and computation time. One optimization
strategy is to decompose the input model into small regions and assign each region one computer core. This domain-decomposition parallel
method can relax memory burden, and reduce total computational time.

The methodology and numerical examples presented in this paper are for 2-D models. Corresponding 3-D expressions can be derived
using the eigenform analysis for the 3-D wave equation. Physically, because wave behaviours are similar along the x and y directions in the
VTI media, we can write the 3-D zero-order VTI pseudo-Helmholtz decomposition operator as

uP (x) = ∇(∇ · w0(x)), uS(x) = ∇ × (∇ × w0(x)), ∇2
w0(x) = u(x), (37)

with

∇ =

⎡
⎢⎣ (c11(x) − c55(x))∂x

(c11(x) − c66(x))∂y

(c11(x) + c13(x))∂z

⎤
⎥⎦ , (38)

where c11(x), c55(x), c66(x) and c13(x) are the 3-D stiffness matrix coefficients. Fig. 24 illustrates a wavefield separation experiment using
eq. (37) for a 3-D elliptical anisotropic homogeneous model. The separated P and S wavefields have the same amplitudes and phases as the
input elastic wavefields, which verifies the feasibility of eq. (37). Even though the transverse isotropy model is a useful approximation for
anisotropic strata in exploration seismology, more complex cases, such as the ORT model, may need to be considered in some places. The 3 ×
3 Christoffel matrix for the ORT anisotropy has more complex eigenvalues and eigenvectors than VTI and TTI cases. It is difficult to use the
Taylor expansion to accurately approximate the phase velocities around an ellipsoidal background in three symmetric planes (Sripanich et al.
2017; Hao & Stovas 2016). Therefore, extending the pseudo-Helmholtz decomposition to the ORT media might not be straightforward, which
requires further investigations. In addition, another way to improve the computational efficiency of wavefield separation is to incorporate it
into the anisotropic elastic wave modelling using the low-rank approximation method (Sun et al. 2017).

5 C O N C LU S I O N

In this paper, we propose a practical elastic wavefield separation approach for anisotropic media. Through the eigenform analysis for the 2-D
VTI wave equation, we first derive the analytical expression for eigenvalues and eigenvectors. Based on the Taylor expansion, we develop a
zero-order and a first-order pseudo-Helmholtz operator, which allow us efficiently implementing elastic wavefield separation. The zero-order
operator is the true solution for elliptical anisotropy and produces accurate separation results for cases with ε = δ. For non-elliptical anisotropy,
the first-order operator is more accurate. Based on the coordinate transform, we extend the pseudo-Helmholtz decomposition operators to
the TTI media. The separated source and receiver wavefields are used to produce PP and PS reflectivity images by applying a dot-product
imaging condition. Three synthetic examples demonstrate the feasibility and robustness of the proposed method for complex structures.
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Figure 24. A wavefield separation experiment for a 3-D elliptical VTI homogeneous medium with vp = 3.0 km s−1, vs = 1.5 km s−1, ρ = 1.0 g cm−3, ε =
0.3, δ = 0.3 and γ = 0. A vertical single force is located in the centre of this model, with a 15 Hz Ricker wavelet as the source time function. Panels (a), (d) and
(g) are the x, y and z components of the input elastic wavefields. Panels (b), (e) and (h) are the separated P wavefields. Panels (c), (f) and (i) are the separated S
wavefields.
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A P P E N D I X : D E R I VAT I O N O F E I G E N VA LU E S A N D E I G E N V E C T O R S F O R T H E 2 - D
V T I WAV E E Q UAT I O N

Assuming the eigenvalue of matrix A is λ, and the corresponding eigenvector is (x1, x2), we have

(
c11k2

x + c55k2
z

)
x1 + (c13 + c55) kx kz x2 = λx1

(c13 + c55) kx kz x1 + (
c55k2

x + c33k2
z

)
x2 = λx2,

(A1)

where c11, c33, c13 and c55 have the same notations as eq. (5), kx and kz are the horizontal and vertical wavenumber components, respectively.
For the first part of eq. (A1), if setting x2 = 1, we obtain

x1 = (c13 + c55) kx kz

λ2 − (
c11k2

x + c55k2
z

) . (A2)

Then, the corresponding eigenvector can be written as

â2 =

⎡
⎢⎣

√
(c13 + c55)kx kz

λ2 − (
c11k2

x + c55k2
z

)
1

⎤
⎥⎦ . (A3)

Similarly, for the second part of eq. (A1), we can obtain another eigenvector

â1 =

⎡
⎢⎣ 1√

(c13 + c55)kx kz

λ1 − (
c55k2

x + c33k2
z

) .

⎤
⎥⎦ . (A4)

The eigenvalues λ1 and λ2 in eqs (A3) and (A4) are determined by the following quadratic equation:

λ2 − (
c11k2

x + c55k2
z + c55k2

x + c33k2
z

)
λ + (

c11k2
x + c55k2

z

) (
c55k2

x + c33k2
z

) − (c13 + c55)2 k2
x k2

z = 0. (A5)

http://dx.doi.org/10.1190/1.1444576
http://dx.doi.org/10.1108/03684920510575780
http://dx.doi.org/10.1111/1365-2478.12482
http://dx.doi.org/10.1190/1.1543193
http://dx.doi.org/10.1093/gji/ggx386
http://dx.doi.org/10.1190/1.1442051


Anisotropic wavefield separation 1313

Solving eq. (A5) and reordering the solution yield

λ1,2 = (c11 + c55) k2
x + (c55 + c33) k2

z

2
± (c11 − c55) k2

x + (c33 − c55) k2
z

2

×
√√√√1 + 4

(
c11c55 − c11c33 + c33c55 + c2

13 + 2c13c55

)
k2

x k2
z[

(c11 − c55) k2
x + (c33 − c55) k2

z

]2
. (A6)

Replacing the stiffness coefficients in eqs (A3)–(A6) with the Thomsen parameters (eq. 5) and reordering the numerator and denominator for
the eigenvectors lead to eqs (9) and (10).




