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COMPUTATIONAL MODELING OF FGF10 MEDIATED BUCKLING 

MORPHOGENRSIS WITHIN THE EMBRYONIC AIRWAY EPITHELIUM 

Poornacharanya Rajaguru, MS 
The University of Texas at Dallas, 2021 

ABSTRACT 

Supervising Professor:  Victor Varner 

The embryonic lung is an excellent model system to study mechanisms of branching 

morphogenesis, since the embryonic airways undergo a series of recursive branching events to 

build the bronchial tree. This process involves reciprocal signaling interactions between the 

branching airway epithelium and a surrounding layer of pulmonary mesenchyme. Focal regions of 

fibroblast growth factor (FGF10) expression within the pulmonary mesenchyme are thought to 

provide a biochemical template for the overall airway branching pattern. Recent work, however, 

has shown that mechanical forces can also impact this process, and it remains unclear how patterns 

of FGF10 expression interact with biophysical cues in the developing lung to sculpt incipient 

branches. This is, in part, owing a lack of computational models that incorporate both growth-

factor diffusion and the mechanics of growth and remodeling. Several previous studies have used 

computational modeling to suggest how specific spatial patterns of FGF10 expression might arise 

spontaneously within the pulmonary mesenchyme, while others have used continuum mechanics 

to identify the forces involved in bud initiation, but no computational framework has been 

developed which unite these different approaches. 



 vi 

Here, we developed a finite-element model in COMSOL Multiphysics, which couples growth-

factor diffusion to the mechanics of epithelial morphogenesis. We first consider the axial growth 

of a constrained bar, in which the components of the growth tensor depend on the local 

concentration of a diffusible molecule. This framework is then extended to determine how growth 

factor diffusion from a focal source within the pulmonary mesenchyme elicits patterns of epithelial 

growth and budding morphogenesis along the embryonic airway epithelium. This work highlights 

the importance of both mechanical forces and growth factor diffusion during airway branching 

morphogenesis. 
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CHAPTER 1 
 

INTRODUCTION 

The lung is a good embryological model to study the molecular mechanisms of morphogenesis 

because the development process involves a strong interplay between various signaling pathways, 

cell proliferation and cell – cell and cell- matrix interactions. In recent years, studies have given 

great insight into the development of lung from the embryo as well as the molecular pathways that 

regulate this development.  

Branching morphogenesis (Fig. 1.1) is defined as the process in which the embryonic airway 

begins as a wishbone-like structure and develop into a bronchial tree by undergoing recursive 

branching (Fig. 1.1A) (Metzger et al., 2008a). The branched network is assembled through lateral 

branching, planar and orthogonal bifurcations. Lateral branching occurs when a daughter branch 

extends outward from the parent branch. Planar bifurcations occur when the parent branch splits 

into two daughter branches. Orthogonal bifurcations are like planar bifurcation except that the 

plane rotates 90° at each bifurcation (Fig. 1.1B)(Affolter et al., 2009).  The mammalian lung 

undergoes both lateral branching and bifurcations, but in the avian lung early branching is 

completely characterized by lateral branching (Locy & Larsell, 1916; Metzger et al., 2008a). In 

order to study how lateral branches are initiated, we choose the avian lung model to help eliminate 

the complication of bifurcation branching that is also present in the mammalian lung.  

The most important thing that drives the branching morphogenesis is the epithelium-mesenchyme 

interactions. Over the past few years, studies have been conducted to know about the mechanism 

and the factors of various signaling molecules and their receptors involved. For example, Bellusci 
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and colleagues observed from their experiments that Bone morphogenetic protein 4 (Bmp4) and 

Sonic hedgehog (Shh) are expressed at high levels in the distal epithelium, whereas Wingless-

related Integration sites family member 2 (Wnt2) and the gene 1encoding a SHH receptor, patched 

(Ptc), are expressed in the distal mesenchyme (Fig. 1.1C). Though several fibroblast growth factors 

(FGF) have also been shown to be involved in the lung development, FGF10 pathway is considered 

to be the key regulator (Bellusci et al., 1997). In addition to these biochemical factors, branching 

morphogenesis is also affected by mechanical and geometric factors.  

 

 

 

Fig.1.1. Branching Morphogenesis A) Branching epithelium of developing lung at various stages (E11 
– E16) (Metzger et al., 2008b) B) Various branching modes that determines the patterns of branching in 
the lung (Affolter et al., 2009) C) Various signaling pathways that are important for branching 
morphogenesis (Morrisey & Hogan, 2010) 
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1.1 MORPHOGEN GRADIENTS 

 

The tissue patterning in every class of the animal kingdom, from insects to amphibians to 

mammals, is determined by morphogen gradients, of which the growth factors are part of (Lander 

et al., 2002). The term morphogen is defined as the signaling molecule that are secreted on specific 

regions of a tissue to determine its pattern and growth during branching morphogenesis. The 

morphogens form a gradient by spreading away from a localized source to the remaining regions 

of the tissue through simple diffusion (Lander et al., 2002). The fate of the cells within the region 

are determined by their position within the gradient and the concentration of the morphogen 

gradient (Gurdon & Bourillot, 2001). 

Studies revealed that signals from a group of cells dictated the fate of the neighboring cells as the 

key concept of morphogenesis (Rogers & Schier, 2011). The study of patterning of the sea urchin 

embryo showed that patterning in organs is by gradients of form patterning substances (Wartlick 

et al., 2009). The development of the idea of threshold in morphogenesis and experiments by Klaus 

sander showed that cell fate also depends on the concentration range as well as the signaling level. 

Later the form patterning substances were found to be metabolic gradients (Teleman et al., 2001). 

Turing labeled the term morphogens for the form producing substances that could structure into 

spatial patterns. Two or more morphogens could be responsible for spatial patterning. They can 

activate or inhibit their production depending on signaling and have little difference in their 

diffusion property (Wartlick et al., 2009). This reaction diffusion modelling was used to theoretical 

study about regeneration in hydra (TURING, 1990) and pigmentation of fish (Kondo & Miura, 
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2010). Wolpert formulated the French Flag model (Fig. 1.2) which describes how the position of 

cells influence patterning.  The positional value of the cells with respect to the gradient distribution 

determines the fate of the cells. Different target genes activate depending on the concentration 

threshold of morphogen concentration, thereby, producing various spatial patterns (Wartlick et al., 

2009). Though the French flag model emphasized the influence of morphogen gradients on 

patterning, the formation of the gradient was still under question (Rogers & Schier, 2011). 

In order to understand the morphogen gradient formation, many quantitative models were 

developed. One such model was proposed by Crick known as the ‘source – sink’ model (CRICK, 

1970). According to his model, the cells in which morphogens are produced is called the source 

and the cells to which these morphogens diffuse and degrade are called the sink. The outcome of 

the transportation of morphogens from the source to the sink is the formation of gradients of 

morphogens, with source having the highest concentration while the sink has the lowest 

morphogen concentration(Rogers & Schier, 2011). The theoretical aspect of gradient formation is 

discussed below in section 2.7.  
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1.2 MORPHOGENESIS 

Morphogenesis is derived from two Greek words  morphe and  genesis meaning shape and creation 

respectively. It is the biological process that is responsible for an organism to grow and develop 

its shape. It is responsible for organized spatial distribution of cells during development. It is 

initiated and controlled by mechanical stresses as well as genetic molecules (receptors and 

inhibitors). 

The two basic tissue types involved in the development of an embryo are mesenchyme and 

epithelia. These interact with each other as well as the extra cellular matrix (ECM) differently 

(Bellusci et al., 1997). The mesenchymal cells are embedded to the ECM via focal adhesions and 

 Fig. 1.2. The French Flag model. Source cell where morphogen is secreted is represented by green. 
Cells that are exposed to the morphogens above threshold 1 are represented by blue. Cells formed when 
the morphogen distribution is between threshold 1&2 are shown by white. Cells formed when the 
morphogen is below threshold 2, are shown by red.(Rogers & Schier, 2011). 
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cause deformation of the matrix by exerting strong traction forces. Polarized sheet of cells with 

apex facing toward an inner lumen and base connecting the basal lamina and ECM are known as 

epithelia. In the adherence junctions between the epithelial cells, cell – cell adhesion is regulated, 

and forces are transmitted across and among the cells. The epithelial tissue moves as sheet during 

morphogenesis. Both mesenchyme and epithelia are subject to shape and volume changes by 

means of cellular proliferation, growth, and apoptosis (Wyczalkowski et al., 2012).  

 

1.3 MODELS OF MORPHOGENESIS 

Many models regarding the chemical, physical and mechanical mechanisms were developed in 

order to understand their effects on morphogenesis (Fig. 1.3). In Turing’s reaction-diffusion, 

Wolpert’s French flag and Crick’s ‘source sink’ models, deformation was assumed to be templated 

by biochemical patterns. This led to the development of various reaction-diffusion models which 

help us understand the distribution of growth factor patterns in lung development.  

Hiroshima and colleagues developed a 2D model (Fig. 1.3A) to understand the effect on geometry 

on FGF10 expression in the bud. They developed a model in which they suggest that the bud length 

and shape influence the pattern of FGF10 expression in the bud and its mode of branching. 

However, the boundary conditions and the initial conditions of constant SHH and TGFb is not 

likely to happen in the actual lung development (Hirashima et al., 2009a).  

Then Turing type models were developed to understand the patterns of FGF10 that happens during 

actual lung branching morphogenesis.  However, there are not enough experimental data to support 
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such mechanisms. Therefore, Iber and colleagues developed a reaction-diffusion model (Fig. 1.3C) 

to understand the patterning mechanism while lung bud is growing. But the growth rate defined in 

this model is independent of the distribution of FGF10 (Menshykau et al., 2012a).  

The mechanical models were developed to understand the effect of mechanical forces on 

morphogenesis. In these models, patterns were formed by deformation and stress, and material 

properties became the essential factors to be studied.  Physical models were developed and studied 

for more than a century. One such model was developed by (Varner et al., 2015)to understand the 

branching mechanics of growing epithelium (Fig. 1.3B). They showed that when epithelium is 

constrained, it produces an instability which in turn controls the branching pattern. They also say 

that varying the growth rate influences the wavelength of buckles. However, a physical mechanism 

does not alone constitute for airway branching. Both molecular cues and physical mechanisms 

must be considered together for have a deep understanding on branching morphogenesis. 

 

 

Fig. 1.3. Models on branching morphogenesis A) effect on geometry on FGf10 expression in the bud 
(Hirashima et al., 2009b) B) Mechanical model of airway branching(Varner et al., 2015)  C) Patterning 
of FGF10 in growing lung (Menshykau et al., 2012b) 
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Various models have been developed to understand the mechanism behind branching. They help 

us understand the effect of each factor into the airway branching. However, each model has its 

own limitations. The reaction diffusion models explain how the growth factors affect lung 

development but often neglect the formation of morphogenetic structures. Finally, the mechanical 

models demonstrate how the mechanical principles dictate the lung development but dismiss the 

biochemical cues involved (Varner & Nelson, 2017). However, they are now compensated by 

computational models (Wyczalkowski et al., 2012) that could help us implement the effects of 

signaling pathways, growth mechanics and geometry. 

Here, we develop a computational framework that combines growth factor diffusion with the 

volumetric growth. We then use this framework to model budding morphogenesis within the 

embryonic airway epithelium in response to a focal source of FGF10 in the pulmonary 

mesenchyme. Our results suggest that a focal source of FGf10 elicits buckling morphogenesis 

within the embryonic airway epithelium. 
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CHAPTER 2 

THEORETICAL BACKGROUND 

 
In this section, we investigate theory behind the growth and diffusion model. Our computational 

framework on growth is based on continuum mechanics and here we describe the theoretical 

basis for the mechanics of kinematic growth (Taber, 2020). Our diffusion model follows Fick’s 

second law of diffusion which is discussed below. 

 

2.1 ANALYSIS OF DEFORMATION 

 

Consider an undeformed body 𝐵	undergoes deformation to body 𝑏 (Fig. 2.1). This deformation 

sends a point 𝑃 on the body 𝐵 to a point	𝑏 in the deformed body 𝑏. The position vectors to 𝑷 and 

𝒑 are,        

𝑹 = 𝑋-	. 𝒆- 

             𝒓 = 	𝑥-		. 	𝒆-	    (2.1) 

     

respectively and the inverse mapping from 𝑝 to 𝑃 is defined by  

 

                 𝒓 = 𝒓(𝑹)	 or   𝒙- = 	𝒙-(𝑿-)    

      𝑹 = (𝒓) or   𝑿- = 	𝑿-(𝒙-)   (2.2)  

respectively. 
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The differential line elements are given by, 

𝑑𝑹 = 𝑑𝑿-	 ∙ 	𝒆- (2.3) 

𝑑𝒓 = 𝑑𝒙-	 ∙ 		𝒆-    

The transformation of 𝑑𝑹 into 𝑑𝒓 is defined by the deformation gradient tensor 𝑭 which is given 

by, 

               𝑑𝒓 = 𝑭	 ∙ 		𝑑𝑹 = 𝑑𝑹	 ∙ 		𝑭:   (2.4) 

𝑭: is not symmetric, and it provides information on deformation in addition to rotation. 

Substituting Eq. (2.4) in (2.3) we get, 

 

 𝐹-< = 	
=>?
=@A

                                                             (2.5) 

 

Using the gradient operator in the undeformed body, 

 

 𝛁 = 	𝒆-(
=
=@?
)                                                           (2.6)  

Fig. 2.1. Schematic of a deforming body. The length element 𝑑𝑅 in the deformed body 𝐵 is 
transformed into element 𝑑𝑟 in the deformed body b through the deformation tensor 𝐹 (Taber, 2020) 
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along with Eq. (2.1) will give us, 

    𝛁𝐫 = 	 (𝒆-(
=
=@?
))(𝑥<𝒆<) = (=>A

=@?
)𝒆-𝒆<	 = 	𝑭:      (2.7) 

 

𝑭 =	 (𝛁𝒓):       (2.8) 

Let us assume that the differential line elements 𝑑𝑹 and 𝑑𝒓 are of lengths 𝑑𝑆 and 𝑑𝑠 respectively. 

Then, 

𝑑𝑆H = 𝑑𝑹	 ∙ 		𝑑𝑹   

𝑑𝑠H = 𝒅𝒓	 ∙ 		𝑑𝒓  (2.9) 

 

substituting Eq. (2.3) in Eq. (2.7) gives, 

        𝑑𝑠H = (𝑑𝑹	 ∙ 		𝑭:) 	 ∙ 	(𝑭	 ∙ 		𝑑𝑹) = 𝑑𝑹	 ∙ 		 (𝑭: 	 ∙ 		𝑭) 	 ∙ 		𝑑𝑹 = 𝑑𝑹	 ∙ 		𝑪	 ∙ 		𝑑𝑹 (2.10) 

where, 

                                                 𝑪 =	𝑭: 	 ∙ 		𝑭 (2.11) 

is defined as the right Cauchy-Green deformation tensor. When taken transpose, 𝑪 is a symmetric 

tensor. 

                          𝑪:	 = 	 (𝑭: 	 ∙ 		𝑭): = 	𝑭: 	 ∙ 		 (𝑭:): = 	𝑭: 	 ∙ 		𝑭 = 𝑪 (2.12) 

 

The Lagrangian strain tensor which gives information about pure deformation by neglecting the 

rigid body motion, is defined by, 

𝑑𝑠H − 𝑑𝑆H = 2	(𝑑𝑹	 ∙ 		𝑬	 ∙ 		𝑑𝑹) (2.13) 
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Using Eqs., (2.9) and Eq. (2.10), 

𝑑𝑠H − 𝑑𝑆H = (𝑑𝑹	 ∙ 		 (𝑭: 	 ∙ 		𝑭) 	 ∙ 		𝑑𝑹) − (d𝐑	 ∙ 		d𝐑	) = (𝑑𝑹	 ∙ 		 ((𝑭: 	 ∙ 		𝑭) 	− 	𝑰) 	 ∙ 		𝑑𝑹)  (2.14) 

 

Comparing Eqs. (2.12) and (2.13),   

                                                   𝑬 =	 Q
H
	((𝑭: 	 ∙ 		𝑭) 	− 	𝑰) (2.15) 

 

Consider the displacement vector 𝑢 which is given by, 

                                                          𝒓 = 𝑹 + 𝒖 (2.16) 

 

Substituting Eq. (2.16) in Eq. (2.6) we get, 

                                                    𝑭: = 	𝛁𝑹 + 𝛁𝒖 (2.17) 

 

Using Eq. (2.5) and Eq. (2.1) we can show that,  

                           𝛁𝑹 = U𝒆𝒋
𝝏
𝝏@?
X Y𝑋-𝒆𝒋Z = U𝝏@A

𝝏@?
X 𝒆-𝒆< = 	d𝒊𝒋Y𝒆-𝒆<Z = 𝑰	 (2.18) 

 

Substituting for ÑR from Eq. (2.18) in Eq. (2.17), we get, 

                                                  𝑭: = 	𝐈 + ∇𝒖 (2.19) 

 

Using the above in Eq. (2.15) we get,  

  𝑬 =	 Q
H
	((𝐈 + 𝛁𝒖)𝑻 	 ∙ 		 (𝐈 + 𝛁𝒖) 	− 	𝑰) = 	 𝟏

𝟐
		(𝛁𝐮	 +	(𝛁𝐮): 	+	(𝛁𝐮)	 ∙ 		 (𝛁𝐮):	) (2.20) 
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2.2 ANALYSIS OF STRESS 

Consider an area element 𝑑𝑨 in 𝐵 that deforms into a differential area element 𝑑𝒂 in 𝑏 with unit 

vectors 𝑵 and 𝒏 normal to the respectively. Then, 

                                                            𝑑𝑨 = 𝑵	 ∙ 		𝑑𝐴 (2.21) 

                                                           𝑑𝒂 = 𝑵	 ∙ 		𝑑𝑎  (2.22) 

The force 𝑑𝑷 acting on the deformed area 𝑑𝒂 is called as the true traction vector and is defined as 

                                                            𝑻(𝒏) = 	 h𝑷
hi

 (2.23) 

Since stress is also defined as force per unit area, Eq. (2.23) can be written as, 

                                                          𝑻(j) = 	𝒏	 ∙ 		s	 (2.24) 

where s is called the Cauchy stress tensor. 

The force 𝑑𝒑 acting on 𝑑𝑨 is called as the pseudo traction vector and is given by the relation, 

                                                           𝑻(k) = 	 h𝑷
hl

 (2.25) 

This can also be written as, 

                                                 𝑑𝑷 = 𝑭	 ∙ 		𝑑𝑷m = 𝑑𝑷m 	 ∙ 		𝑭:       (2.26) 
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This is a fictitious force and is same as 𝑑𝑷 acting on da. Hence the pseudo traction vector can be 

written us, 

                                                        𝑇o (k) = 	 h𝑷
m

hl
	 (2.27) 

 

With Eqs., (2.23), (2.25), (2.26), and (2.27), we get, 

                                              𝑑𝑷 = 	𝑻m(k) 	 ∙ 		𝑭𝑻 	 ∙ 		𝑑𝑨 (2.28) 

Also, Eqs., (2.25) and (2.27) can be written as, 

                                                   𝑻(k) = 𝑵	 ∙ 		𝑡 (2.29)

 𝑻m(k) = 𝑵	 ∙ 		𝑠                                                            (2.30) 

where t and s are called the 1st Picola – Kirchhoff and 2nd Picola – Kirchhoff stress tensors. 

Substituting Eqs., (2.24), (2.29) and (2.30) in Eq. (2.28), we can show that 

                                    𝑑𝑷 = 𝑑𝒂	 ∙ 		s	 = d𝐀	 ∙ 		t = d𝐀	 ∙ 		s	 ∙ 		𝑭:		 (2.31) 

The deformed and undeformed areas are related by the equation, 

                                          𝑑𝒂	 ∙ 		s	 = (J	 ∙ 		d𝐀	 ∙ 		𝑭uQ) 	 ∙ 	s		 (2.32) 

where 𝐽 is defined as the ratio of deformed to the undeformed volume. This is called the dilatation 

ratio and is also equal to determinant of 𝑭. 
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 With Eq. (2.31) we can get, 

                                  s	 = 	 (𝐽uQ 	 ∙ 		𝐅	 ∙ 		t) = (𝐽uQ 	 ∙ 		𝐅	 ∙ 		 (s	 ∙ 		𝑭:))	 (2.33) 

Which links all the three stress tensors through the deformation gradient tensor, 𝑭. Note that, s 

and 𝑠 are symmetric tensors, but 𝑡 is not symmetric since F is not symmetric. 

2.3 EQUATIONS OF MOTION 

Since the deformed body is subjected to surface tractions 𝑻(j) and body forces 𝒇, the whole body 

and its constituent particles must obey Newton’s laws of motion. By applying the law of 

conservation of linear momentum we get,  

																																									∫ 𝐓({)	da	 +	∫ 𝐟	d𝓋	 = h
h�
		∫ 𝐯ρ	d𝓋, (2.34) 

Where ρ	is the mass density of the body, 𝐯		is the velocity of the center of the mass of the volume 

element d𝓋. 

With Eq., (2.24) and using divergence theorem we get, 

                                   ∫ 𝑻(j)𝑑𝑎 = 	∫ 𝒏 ∙ 𝝈	𝑑𝑎 = 	∫ 𝛁��ii ∙ 𝝈	 ∙ d𝓋 (2.35) 

Where 𝛁� is the gradient operator in the deformed body.  

Using Eq., (2.35), we can rewrite Eq., (2.34) as, 

                                         ∫ (𝛁� ∙ 	𝝈 + 𝒇 − 𝜌𝑎)	d𝓋 = 0�  (2.36) 
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Because 𝒅𝒗
𝒅𝒕
= 𝒂, where 𝒂 is acceleration.   

As this equation must hold for an arbitrary volume in the deformed body, 

                                                  𝛁� ∙ 	𝝈 + 𝒇 = 𝜌𝑎 (2.37) 

Since the deformation occurs slowly during morphogenesis, we can neglect the initial terms and 

any gravitational force present. Thus, making this equation quasistatic. In Eulerian terms we have, 

                                                  𝛁� ∙ 	𝝈 = 𝟎 (2.38) 

And in Langragian description we have, 

                                                 𝛁 ∙ 	𝑡 = 𝟎 (2.39) 

2.4 CONSTITUTIVE EQUATIONS 

The deformation and stress analysis discussed above holds good for any solid body represented as 

continuum irrespective of the body material. However, they are linked by constitutive relations 

which relates macroscopic behavior to microscopic structure (example, relating stress to 

deformation). These must be experimentally determined for each material type. The tissues are 

considered in general to be pseudo elastic and so the work done on the body is stored as strain 

energy.  
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The strain – energy density function 𝑊 per unit volume, according to thermodynamics principles 

is given by the constitutive relation, 

                                                              𝑠 = =�
=𝑬

 (2.40) 

By substituting Eq., (2.33) in the above equation, we can write it in terms of Cauchy and 1st Picola 

– Kirchhoff stress tensors as, 

                                                s	 = 	 𝐽uQ (𝑭	 ∙ 		U=�
=𝑬
X ∙ 𝑭: ) (2.41) 

                                                        𝑡 = 	 (=�
=𝑬
) 	 ∙ 𝑭: (2.42) 

We can rewrite the above equation in terms of 𝑭 as below: 

                                                   s	 = 	 𝐽uQ 	 ∙ 		𝑭	 ∙ 		U=�
=𝑭�

X (2.43)   

                                                        𝑡	 = 	 U=�
=𝑭�

X (2.44) 

Any material that is characterized by the Eq. (2.41) is considered hyper-elastic. Most soft tissues 

are incompressible. Thus, their constitutive relations are obtained by modifying Eq., (2.42). This 

is done by adding an additional term −𝑝𝑰 to its right-hand side, where 𝑝 is the hydrostatic pressure 

and setting  𝐽 = 1.  

                                                  s	 = �𝑭	 ∙ 		 U=�
=𝑭𝑻
X� − 𝑝𝑰 (2.45) 
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Then the Piola- Kirchhoff stress tensors are obtained using Eq. (2.33) as, 

                                𝑡 = 	 U=�
=𝑬
X 	 ∙ 		 (𝑭: − 𝑝𝑭:) = 	 U=�

=𝑭�
X − 𝑝𝑭u𝟏	 (2.46)  

                                               𝑠 = 	 (U=�
=𝑬
X − 𝑝)𝑭:        (2.47) 

2.5 GROWTH 

The growth observed in soft tissues is volumetric growth. Though there are many mathematical 

theories for growth, we use the finite volumetric growth theory formulated by Rodriguez et al. 

(1994). It deploys zero-stress configurations and breaks down deformation into growth and elastic 

deformation.  

Consider an elastic body 𝐵 with zero initial stress growing into 𝑏 (Fig. 2.2). This mapping is given 

by the total deformation gradient tensor. We are breaking down this process into few stages to 

understand the concept of volumetric growth.  

 
Fig. 2.2. Configuration of a growing body. The overall deformation tensor F is decomposed 
into the growth tensor G and elastic deformation gradient Tensor F* (Taber, 2020) 
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The body 𝐵 is cut into infinitesimal small elements at 𝐵� which then grows uniformly without any 

constraints in stage 𝐵� making it zero stress state. This transformation of 𝐵� to 𝐵� is described by 

the growth tensor 𝑮. The particles in 𝐵� reform into the arrangement in 	𝐵�	 which is defined by 

the elastic deformation tensor 𝑭∗. The configuration in 𝐵� changes to 𝑏 on application of load. 

The three kinematic tenors are related by the following relation, 

                                                            𝑭 = 𝑭∗ ∙ 		𝑮 (2.48) 

We can define the total volume ratio with the above equation as, 

             𝐽 = λQλHλ� = det(𝑭) = det(𝑭∗ ∙ 		𝑮) = det(𝑭∗) 	 ∙ 		𝑑𝑒𝑡(𝑮) = 𝐽∗ ∙ 	 𝐽�	 (2.49) 

where 𝐽∗ = 	 λQ∗λH∗λ�∗  and 𝐽� = GQGHG� represent elastic stretch ratio and growth ratio respectively. 

The constitutive relations are given by, 

                                  s	 = (𝐽∗uQ 	 ∙ 	�𝑭∗ 	 ∙ 		 U=�
∗

=�∗�
X�) − 𝑝𝑰  (2.50) 

                                  𝑡	 = (𝐽	 ∙ 		𝑭) − (1 ∙ 		𝝈) (2.51) 

                                 𝑠	 = ((𝐽 ∙ 	𝑭) − Y(1 ∙ 	𝝈) ∙ 	𝑭Z) − 𝑻 (2.53) 

In mechanobiology, growth influences tissue stress and vice-versa. Hence, we define growth using 

growth law, which is given by, 

                                            h�
h�
= 	𝛼(𝝈	 −	𝝈�)𝐺 (2.54) 

where α is the rate constant and 𝝈𝟎	is the homeostatic or target stress. The above equation can 

also be written in terms of strain as, 

                                             h�
h�
= 𝛼(𝜆	 −	𝜆�)𝐺 (2.55) 

where 𝝀𝟎 is the homeostatic stretch ratio. 
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2.6 THEORETICAL ASPECT OF MORPHOGEN GRADIENT FORMATION 

 

As discussed earlier, Crick’s model was one-dimensional in which morphogen gradient formed in 

a row of cells, which can be used for two – and three-dimensional models as well (CRICK, 1970). 

Here the gradient is assumed to be symmetric around the source. The gradient of the morphogen 

from the source spreading to the sink can be uniform when the process of morphogen production, 

diffusion and degradation are in equilibrium. This establishes a steady state diffusion which is 

given by Fick’s second law, 

                                                  =�
=�
= 𝐷	 =

¡�
=>¡

 (2.56) 

Where 𝐷 is called the diffusion coefficient. Here 𝐶 is the concentration of the morphogen and is a 

function of space and time. The above equation is a one-dimensional equation where diffusion 

occurs only in the x-direction.  

 

The initial condition for gradient formation in the tissue is that the initial concentration is zero 

throughout (i.e., at 𝑡 = 0, 𝐶 = 0). The boundary conditions are based on the fact that the 

morphogen is produced in the source and not available at the target cell at a distance of L from the 

source (i.e., In a 1-D diffusion equation, at 𝒙 = 0, 𝐶 = 	𝐶Q and at 𝑥 = 𝐿, 𝐶 = 	0). 
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CHAPTER 3 

COMPUTATIONAL METHODS 

To study the effects of diffusion of FGF10 on the growth mechanics in the lung branching 

morphogenesis, we need basic lung geometry and modelling FGF10 diffusion and the growth 

mechanics. To develop the above-required model, we first tried out few simplistic finite element 

models using COMSOL Multiphysics (Version 5.5). We developed the models to understand 

growth and diffusion and to verify if the solutions are analytically correct.  To verify this, we had 

solved the problem in MATLAB and compared them with the COMSOL results. 

3.1 GROWTH MODEL 

To understand the fundamental mechanics of growth, we first created a solid mechanics model of 

a 2D rectangular bar (Fig. 3.1) that can be used as a representation of a row of epithelial cells. We 

use the finite volumetric theory by Rodriguez (K.Rodriguez et al., 1994) as discussed in section 

2.3. The total deformation tensor, F depends on G and F*, the deformation due to growth and 

elastic deformation respectively. This can be used to describe the total body deformation in the 

model and is given by 𝑭 = 𝑭∗. 𝑮 . The bar is constrained on both sides and allowed to grow axially 

and so the growth tensor is given by the following relation, 

𝑮 = 	 ¥𝐺> 0
0 1¦                                 (3.1) 

Here 𝑮𝒙	is prescribed as a function of time and is given by 𝐺> = 1 + 0.25 ∗ 𝑡, where t is the time, 

the bar is allowed to grow.  

 



 

 22 

 

 

We assume the bar to be hyperplastic, incompressible and isotropic material which is characterized 

by the following user defined Blatz-Ko strain energy density function, 

𝑊 = 𝐶	 ¥(𝐼Q∗ − 3) +	U𝐼�∗
Yuª QuHª« Z − 1X¦       (3.2) 

where C and n are material constants which are considered as shear modulus and Poisson’s ratio 

in cases of small strain (Taber 2004). We considered n = 0.49 and C = 1 to make the material 

behave as a neo-Hookean material. The Cauchy stress tensor s is given by, 

𝝈 = 𝑱∗u𝟏		𝑭∗. 𝝏𝑾
𝝏𝑭∗𝑻

	           (3.3) 

where F* is the elastic deformation tensor. 

3.2 DIFFUSION MODEL 

We then developed a simplistic 2D transport model to have an insight on diffusion. This was 

implemented using the transport of diluted spices physics in COMSOL.  Here, we have a 2D bar 

of length 1m (Fig. 3.2) that follows steady state diffusion. This is achieved by using Fick’s second 

law of diffusion which relates the curvature of the concentration, C and the diffusion coefficient,  

Fig. 3.1. Growth model. Schematic diagram of a bar with constrained ends with a 
prescribed growth function. 
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D to the rate of change of concentration 𝐷 =¡	�
=>¡

= 	 𝝏𝑪
𝝏𝒕
	.		We assume am one dimensional steady state 

diffusion which means  the diffusion occurs only in x- direction and that it is independent of time. 

Hence, the diffusion equation for our model is as follows, 

=¡	�
=>¡

= 0               (3.4) 

with particles diffusing from the region of higher concentration to the region with concentration 

on the other side.  

3.3 GROWTH LAW IMPLEMENTED USING CUSTOM PDE MODULE 

In order to couple solid mechanics model and the diffusion model, we introduced a custom PDE 

module in COMSOL.  We first developed few simplistic models to see if we could implement 

growth using PDE module.  

 

 

 

Fig. 3.2. Diffusion Model.  Schematic diagram of a bar with steady state. �̅� is the normalized 
concentration which is given by �

�¯°±
. Cmax is 1mol/m3 and C is the concentration at x-direction. 
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In order to achieve this, we use the growth law equation by Dr. Larry Taber, which is given by, 

     �̇±
�±
= 	𝛼(𝝈 − 𝝈𝟎)     (3.5) 

where h�
h�

  is the growth rate, a is the growth constant,  𝝈	is the Cauchy stress and 𝝈𝟎	the 

homeostatic or target stress.  

Firstly, we developed a model same as in section 3.1 (Fig. 3.1) but the growth rate is defined to be 

a constant to check if we could induce simple growth model. Hence, we defined the growth 

function here to be, 

�̇±
�±
= 0.25       (3.6) 

where �̇�>  is the time rate of change of growth. To implement this using the PDE interface in 

COMSOL, we define a dependent variable G1 and the coefficients of the following equation, 

                  𝑑i
=³
=�
+	∇. Γ = 𝐹                                                          (3.7) 

Comparing Eqs., (3.6) and (3.7), we can see that we have only a time derivative component on the 

left-hand side of the equation and a constant on the right-hand side of the equation. Thus, 

coefficient of 𝑑i is 1, the F component is 0.25 and the remaining term is zero. The initial condition 

is zero and no boundary conditions. The model has the same material properties as that in model 

4.1 and is only allowed to grow axially. This model is a replicate of the model 3.1 except that the 

growth is defined using a constant growth rate in the form of a differential equation.  
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Next, in order to check if we could use complex differential equations along with growth in 

COMSOL, we introduced Eq., 3.5 in the previous model and made growth depend on it (Fig. 3.3).  

The implementation of this model is the same as before but with different coefficients for the PDE 

equation. Here the coefficient of 𝑑i is 1, the F component is 𝛼(𝝈 − 𝝈𝟎)𝐺 and the remaining term  

is zero. Here 𝝈 is the stress due to compression in the bar and 𝝈𝟎 is predefined stress of value -1. 

The model has same material and mechanical properties as that of previous models. 

Then to make growth dependent on concentration, we modified eq., 3.5 to the following, 

     �̇±
�±
= 	𝛼𝐶      (3.8) 

Where, 𝐶 is the concentration present and 𝐺>  is the growth ratio.  We then developed a 2D bar 

(Fig. 3.3) which is constrained on both ends with higher concentration on the left end of the bar 

and lower concentration on the other end.  To implement this in the PDE interface, the coefficient 

of 𝑑i was made 1, the F component to  𝛼𝐶𝐺>  and the remaining term zero. The model has same 

material and mechanical properties as that of previous models. 

 

 
Fig. 3.3. Growth model coupled with diffusion model.  Schematic diagram of a bar with constrained 
ends with growth depends on the concentration. �̅� is the normalized concentration which is given 
by �

�¯°±
. Cmax is 1mol/m3 and C is the concentration at x-direction. 
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Further to see how growth is affected if it is dependent on the concentration gradient, we modified 

eq., 3.8 to the following, 

     �̇±
�±
= 	𝜶 𝒅𝑪

𝒅𝒙
      (3.9) 

Where, 𝒅𝑪
𝒅𝒙

 is the concentration gradient. Here, the growth in the model depends on local 

concentration gradient present in it. In order to implement this growth equation into PDE interface, 

we modified the PDE coefficients in model 3.5. The coefficient of 𝑑i was made 1 but the F 

component to 	𝛼 h�
h>
𝐺> and the remaining term was zero. The model (Fig. 3.3) had the same initial 

values and boundary conditions as that of the previous model. It also has same material and 

mechanical properties as that of previous models. 

3.4 DIFFUSION OF FGF10 INTO EPITHELIUM AND MESENCHYME 

Now that, we have successfully implemented concentration dependent growth using toy models, 

we wanted to model diffusion of focal source of FGF10 into mesenchyme and epithelium. As a 

first approximation, we modeled epithelium to be bar that is supported by a box that represents the 

mesenchyme which contains a bead that acts as the focal source of FGF10 (Fig. 3.4). The model 

follows one dimensional steady state diffusion as seen in model 3.2 and is given by, 

    𝝏𝟐𝑪
𝝏𝒙𝟐

	= 	𝟎	                    (3.10) 

where C is the concentration of FGF10. 

Since this is a first approximation model, we consider FGF10 to diffuse into domains of 

mesenchyme and epithelium entirely without degradation or effects due to other growth factors.  
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Adding to that the outer layer of mesenchyme and epithelium are considered to have zero 

concentration of FGF10 except the outer top layer epithelium. This layer acts as a barrier to the 

surrounding cell environment so, we introduce no flux in this region. 

3.5 EPITHELIAL GROWTH DEPENDENT ON FGF10 CONCENTRATION 

The next step in the process is to introduce growth into the previous model (3.4) and make it 

depend on the concentration of FGF10 present in it (Fig. 3.6). To do so, we introduce solid 

mechanics interface into the model (Fig. 3.6A). Here the epithelium is considered as a flat layer 

ignoring the initial curvature due to first approximation. The epithelium is constrained by the 

underlying mesenchyme and is also constrained on both sides and is allowed to grow axially (Fig. 

3.6B).  

A B 

Fig. 3.4.  Diffusion of FGF10 in mesenchyme and epithelium. A) schematic diagram of diffusion in 
epithelium and mesenchyme. B) Boundary conditions of the model. 𝐹𝐺𝐹10¶¶¶¶¶¶¶¶¶ is the normalized 
concentration which is given by ���Q�

���Q�¯°±
. 𝐹𝐺𝐹10·i>	is 1mol/m3 and 𝐹𝐺𝐹10 is the concentration 

at x-direction. 
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The mesenchyme and epithelium are assumed to behave as a hyper elastic, incompressible material 

with a user defined Blatz-Ko strain energy density functions (𝑊·  and 𝑊 ) given by, 

𝑊· = 𝐶· 	¥(𝑰𝟏∗ − 3) +	U𝑰𝟑∗
Yuª QuHª« Z − 1X¦    (3.11) 

𝑊 = 𝐶¸ 	¥(𝑰𝟏∗ − 3) +	U𝑰𝟑∗
Yuª QuHª« Z − 1X¦    (3.12) 

where  𝐶·		and 𝐶¸	are the shear modulus of the mesenchyme and epithelium whose values are 0.1 

and 1 respectively.  

The poison’s ratio of both mesenchyme and epithelium are set to 0.49 making the incompressible. 

The Cauchy stress tensor s is given by, 

𝝈 = 𝐽∗uQ		𝑭∗. =�
=�∗�

	      (3.13) 

where F* is the elastic deformation tensor. As seen in model 3.1, the total deformation depends on 

the elastic deformation and deformation due to growth. As a first approximation, we assume 

uniform growth solely in the epithelium and the growth here is dependent on the concentration of 

FGF10 in it (Fig. 3.7C). This is defined using the growth law as, 

�̇±
�±
= 	𝛼𝐶       (3.14) 

Wherein Gx is the growth ratio and [FGF10] is the concentration of FGF10 in the epithelium.  
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3.6 INTRODCTION OF POINT FORCE 

In order to ensure proper post buckling behavior, we introduce a point force in the constrained 

epithelium (Fig. 3.7) in the previous model, to perturb the buckling instability from unstable 

equilibrium to stable equilibrium. So, we first introduced a point force of 10-5 N/m2 on the top of 

epithelium in the previous model (Fig. 3.7B). The diffusion of FGF10 into the entire domain (Fig. 

3.7C) follows one dimensional steady state diffusion and is given by Eq., 3.10. The strain energy 

density function and growth function are the same as that in model 3.5 (Eqs., 3.11, 3.12 & 3.14). 

The mesenchyme and epithelium are still assumed to behave as a hyper elastic and incompressible 

material.  

 

 

 

 

Fig. 3.5. Growth in epithelium based on FGF10 concentration. A) Schematic diagram of growing 
epithelium that is constrained on both sides and growth depending on the concentration of FGF10. 
B) Mechanical boundary conditions in the model. C) Diffusive boundary conditions in the model. 
𝐹𝐺𝐹10¶¶¶¶¶¶¶¶¶ is the normalized concentration which is given by ���Q�

���Q�¯°±
. 𝐹𝐺𝐹10·i>	is 1mol/m3 and 

𝐹𝐺𝐹10 is the concentration at x-direction. 
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3.7 VARIATION OF THE POINT FORCE 

To test that the point force did not affect buckling in the previous model (Fig. 3.6), we varied the 

point force from 10-4 to 10-7N/m2. The material properties, the physics of the model and the 

meshing were the same in each model. Their stress values, critical buckling point force and growth 

ratio data were plotted and compared against each other. 

   3.8 CHANGING THE SIZE OF MESH ELEMENTS 

In order to ensure that the model is not affected by the elements in COMSOL such as mesh, we 

varied the size of the mesh elements in model 3.6 (Fig. 3.7). The material properties, the physics 

of the model and the same as in the previous model and the value of point force is 10-7. The 

maximum element size of the mesh was changed from 0.03 to 0.0099 and minimum size of mesh 

was varied from 0.1 to 0.134. though the variation in element size is small, the difference in number 

Fig. 3.6. Introduction of point force. A) Schematic diagram of growing epithelium that is constrained 
on both sides and growth depending on the concentration of FGF10. B) Mechanical boundary 
conditions in the model. C) Diffusive boundary conditions in the model. 𝐹𝐺𝐹10¶¶¶¶¶¶¶¶¶ is the normalized 
concentration which is given by ���Q�

���Q�¯°±
. 𝐹𝐺𝐹10·i>	is 1mol/m3 and 𝐹𝐺𝐹10 is the concentration at 

x-direction. 
 

A B C 
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of overall mesh elements in the model was 8000. Their stress values, critical buckling point force 

and growth ratio data were plotted and compared against each other. 

3.9 VARIATION OF THE GROWTH CONSTANT 

In order to see the effect of growth rate on the wavelength of buckling and amount of growth, we 

varied the growth constant from 0.1 to 0.7 in the model 3.6. The material properties, the physics 

of the model and the meshing were the same in each model. The point force value is same as in 

model 3.8 with mesh 2. Their stress values, critical buckling point force and growth ratio data were 

plotted and compared against each other. 

 

 
Fig. 3.7. Different mesh. A) Mesh 1 with minimum element size of 0.03 and maximum element size 
of 0.134. B) Mesh 1 with minimum element size of 0.0099 and maximum element size of 0.1. 
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CHAPTER 4 

RESULTS 

4.1 POSITIVE GROWTH GENERATES COMPRESSION 

As discussed in section 3.1, the computational model consists of a 2D bar with a prescribed 

displacement in the x-direction on both ends (Fig. 3.1), allowing it to grow in the axial direction. 

The  relation 𝐺> = 1 + 0.25 ∗ 𝑡 defines the growth in the bar. The fixed ends exert equal and 

opposite forces to keep the bar in fixed length, thus implying that the total stretch ratio is unit 

(𝜆>	 = 1). As the bar is constrained on both ends, it develops compressive stress, which allows 

the bar to thicken and thus imply positive growth. 

The growth ratio profile (Fig.4.1A) shows constant growth throughout the bar, 

and the Cauchy stress in the x-direction (Fig. 4.1B) at various time points proves that the stress 

remains uniform throughout the bar. The growth ratio increases with time (Fig. 4.1C), indicating 

the bar is growing, and the negative value of the stress (Fig. 4.1D) shows that the bar is 

compressive when Gx >1. This model thus proves that we could model growth using a solid 

mechanics interface in COMSOL multiphysics. 
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Fig. 4.1. Positive growth generates compressive stress. A) Growth ratio profile at various time points.  
B) Profile of Cauchy stress in the x direction at various time points. C) Cauchy stress as a function of 
time. D) Growth ratio as a function of time. 
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4.2 STEADY STATE DIFFUSION 

To determine if we could model steady state diffusion using COMSOL Multiphysics, we 

developed a 2D model that has uniform diffusion throughout. As discussed in section 3.2, the 

model has a higher concentration on one side and a lower concentration on the other side with the 

diffusion coefficient of 1 m2/s (Fig. 3.2). The simulations are run for t = 0 to 1s.  The concentration 

distribution in the bar is linear and remains same throughout the time (Fig. 4.2B). This proves that 

reaction is at steady state as there is uniform liner concentration profile across the model at all time 

points (Fig. 4.2A). Thus, we could achieve modeling steady state diffusion using transport of 

dilutes species interface using COMSOL Multiphysics. 

 

 

 

 

Fig. 4.2. Steady state diffusion achieved. A) Concentration profile at various time 
points. B) Concentration as function of x-coordinate. 
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4.3 IMPLEMENTATION OF GROWTH LAW USING PDE 

In order to couple growth and diffusion, we use the general form PDE physics in COMSOL. As 

mentioned in section 3.3, we first developed a toy model with a growth rate set to a constant of 

0.25. The growth function in this model is the same as that in section 3.1, except it is in the form 

of a differential equation (Fig. 3.1).  

The growth ratio profile (Fig.4.3A) shows constant growth throughout the bar, and the Cauchy 

stress in the x-direction (Fig. 4.3B) at various time points proves that the stress remains uniform 

throughout the bar. The growth ratio increases with time (Fig. 4.3C), indicating the bar is growing, 

and the negative value of the stress (Fig. 4.3D) shows that the bar is compressive when Gx >1. 

Comparing the growth ratio and stress in this model, in model 3.1 and the corresponding analytical 

solution, we find no differences. This model thus proves that we could model growth using solid 

mechanics and PDE interface in COMSOL Multiphysics. 
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Fig. 4.3. Growth is implemented using PDE. A) Growth ratio profile at various time points. 
B) Profile of Cauchy stress in the x direction at various time points. C) Cauchy stress as a 
function of time. D) Growth ratio as a function of time. 
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4.4 GROWTH IN A BAR WITH MECHANICAL FEEDBACK 

To ensure that COMSOL could compute complex PDE equations, we used a complex growth 

equation in a 2D bar that is constrained on both sides (Fig. 3.1). Here, the growth rate 	(�̇±
�±
)	is 

dependent on the difference between the Cauchy stress (s) and the homeostatic or target stress 

(𝝈𝟎) and was given by, 

�̇�>
𝐺>

= 	𝛼(𝝈 − 𝝈𝟎	) 

According to the growth law, when the growth constant,  𝛼 > 0, the growth ratio (𝐺>) increases 

with time, when s > 𝝈𝟎. The model seems to follow this trend as 𝛼 = 1 in this model and with 𝝈𝟎	 

set to -1, the Cauchy stress 𝝈		in the bar is greater than the target stress 𝝈𝟎	. This ensures the positive 

growth in the bar (Fig. 4.4 A & C) and as it constrained, we observe compressive stress (Fig. 4.4 

B & D) throughout the bar.  
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Fig. 4.4. Growth depends on the mechanical feedback. A) Growth ratio profile at various 
time points. B) Profile of Cauchy stress in the x direction at various time points. C) Cauchy 
stress as a function of time D) Growth ratio as a function of time. 
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4.5 GROWTH IN A BAR DUE TO CONCENTRATION 

Now that we have established that complex PDE equations could be implemented in COMSOL, 

we then modified the model in 3.3 by introducing diffusion into the bar and made growth depend 

on the concentration present in it (Fig. 3.3). The concertation profile in Fig. 4.5A shows that the 

diffusion is steady state and that the distribution is linear (Fig. 4.5D).  The growth is uniform 

throughout the bar however, the growth ratio varies according to the concentration present in it 

(Fig. 4.5 B & F). As it is shown, since the bar at x=0 has more concentration (Fig. 4.5A), the value 

of growth ratio (Fig. 4.5B) is higher at this point. And with increasing x the concentration values 

get lower and hence the growth ratio of the bar associated with it (Fig. 4.5A & B). The 

quantification of growth ratio at various time points (Fig. 4.5F) shows that there is positive growth 

in the bar. As we observe a positive growth in this model, the stresses seem to be compressive 

accordingly (Fig. 4.5C & E). This proves that we could couple solid mechanics and transport of 

diluted species interface in COMSOL and make growth in model depend on the concentration 

present in it. 
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Fig. 4.5.  Growth depends on concentration. A) Concentration profile at various time points. �̅� is 
the normalized concentration which is given by �

�¯°±
.  𝐶·i>	is 1mol/m3 and 𝐶 is the concentration 

at x. B) Growth ratio of the bar at various time points. C) Profile of Cauchy stress in the x direction 
at various time points. D) Concentration distribution as a function of the length of the bar. E) Cauchy 
stress as a function of time. F) Growth ratio as a function of x coordinate at all time points.  
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4.6 GROWTH IN A BAR DUE TO THE CONCENTRATION GRADIENT 

Modifying the previous model (Fig. 3.3) by making the growth depend on the concentration 

gradient present in it showed that the growth was influenced by it. The diffusion followed steady 

state making the concentration in the bar remain the same throughout the time (Fig. 4.5A & D). 

Since the growth rate depended on the concentration gradient, there was a negative growth in the 

bar. The constraints on both sides of the bar made the bar reduce it thickness depending on the 

concentration gradient, instead of shortening its length (Fig. 4.6B & E).  Since the growth was 

negative, the bar experienced tensile stress (Fig. 4.5C & F). These results of the model agree with 

our prediction that with degrading concentration, there will be a decrease in growth. 
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Fig. 4.6. Growth depends on concentration gradient. A) Concentration profile at various time points. 	𝐶�  
is the normalized concentration which is given by �

�¯°±
.  𝐶·i>	is 1mol/m3 and 𝐶 is the concentration at 

x. B) Growth ratio of the bar at various time points. C) Profile of Cauchy stress in the x direction at 
various time points. D) Concentration distribution as a function of the length of the bar. E) Cauchy stress 
as a function of time. F) Growth ratio as a function of x coordinate at all time points.  
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4.7 DIFFUSION OF FGF10 IN MESENCHYME AND EPITHELIUM 

We then extended our model to consider diffusion of FGF10 from a focal source within the 

pulmonary mesenchyme (Fig. 3.4). Briefly, we considered an epithelial layer situated atop a 

foundation of mesenchyme, which included a circular domain secreting FGF10 (Fig. 3.4A).  The 

diffusion of FGF10 is higher surrounding the bead, however and in the regions away from the bead 

the diffusion of FGF10 decreases with its distance. This can be observed in both epithelium and 

the mesenchyme (Fig. 4.7A). The diffused concentration of FGF10 remains the same through from 

t=0 to t=1, proving that the diffusion is steady state (Fig. 4.7B). On comparing the concentration 

of FGf10 at various sections of epithelium showed us that diffusion of FGF10 is uniform all over 

it. (Fig. 4.7B). 

 

   

Fig. 4.7. Diffusion of FGF10 in mesenchyme and epithelium is steady state. A) concentration profile 
at various time points. 𝐹𝐺𝐹10¶¶¶¶¶¶¶¶¶ is the normalized concentration which is given by ���Q�

���Q�¯°±
. 

𝐹𝐺𝐹10·i>  is 1mol/m3 and 𝐹𝐺𝐹10 is the concentration at x. B) Concentration as function of x-
coordinate. 
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4.8 GROWTH IN THE EPITHELIUM DEPENDENT ON FGF10 CONCENTRATION 

As discussed in the methods section, our computational model consists of a 2Dbar that acts as 

epithelium, a 2D box that resembles mesenchyme with a bead that acts as a focal source of FGF10 

(Fig. 3.5). The diffusion of FGF10 into the mesenchyme and epithelium is observed as steady state 

(Fig. 4.8A). As a first approximation model, we assume hyper elastic epithelial layer with uniform 

growth supported by a hyper elastic mesenchyme with no growth in it (Fig. 4.8B).  Here, the 

growth in the epithelium is dependent on the FGF10 concentration, as the growth in this model is 

coupled to the diffusion of FGF10 present in it, which is given by the relation,  

�̇�>
𝐺>

= 	𝛼. [𝐹𝐺𝐹10] 

The epithelium grows depending on the concentration with time. We also see that the epithelium 

starts to buckle, this is because the axial forces present in it reaches a critical value (Fig. 4.8B). 

This value is called the critical buckling point force. Though the stress corresponding to the growth 

seems to agree till t=0.9s, the stress seems to be unconventional for the remaining time point 

(Fig4.8C). The buckled regions tend to have both compressive and tensile stress depending on the 

curvature of the region, but they appear irregular after t =0.9s. This is because the epithelium is in 

unstable equilibrium after buckling. However, the branching pattern seems to agree with the 

experimental results.  
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Fig. 4.8. Buckling in epithelium due to focal source of FGF10 A) Concentration profile at various 
time points. 𝐹𝐺𝐹10¶¶¶¶¶¶¶¶¶ is the normalized concentration which is given by ���Q�

���Q�¯°±
. 𝐹𝐺𝐹10·i>	is 1 

mol/m3 and 𝐹𝐺𝐹10	is the concentration at x. B) Growth ratio of the epithelium at various time 
points. C) Profile of Cauchy stress in the x direction at various time points.  
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4.9 INTRODUCING POINT FORCE IN THE GROWTH MODEL 

We introduced point force in the previous model (Fig. 3.6) to ensure proper post buckling behavior. 

We introduced a small point force of the magnitude of 10-5 N that is acting upwards at the 

epithelium (Fig. 3.9B). This allowed the epithelium to buckle in a controlled manner as the stress 

in the epithelium seems to be conventional (Fig. 4.9C). This tells that the point force perturbs the 

epithelium from an unstable equilibrium state to a stable equilibrium state. The diffusion in the 

epithelium and mesenchyme follows steady state diffusion (Fig, 4.9A).  The growth in the 

epithelium depends on the concentration present in it (Fig. 4.9B). 

 

 

 

 



 

 47 

 

 

 

 

 

 

 

Fig. 4.9. Introduction of point force perturbs the epithelium to stable equilibrium. A) Concentration 
profile at various time points. 𝐹𝐺𝐹10¶¶¶¶¶¶¶¶¶ is the normalized concentration which is given by ���Q�

���Q�¯°±
. 

𝐹𝐺𝐹10·i>	is 1mol/m3 and 𝐹𝐺𝐹10	is the concentration at x. B) Growth ratio of the epithelium at 
various time points. C) Profile of Cauchy stress in the x direction at various time points.  
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4.10 BUCKLING UNAFFCETED BY POINT FORCE 

In order to verify that the point force does not affect the magnitude of growth in the epithelium, 

we varied the point force from 10-5 to 10-7 in the previous model (Fig. 3.6). The diffusion in the 

epithelium and mesenchyme follows steady state diffusion (Fig, 4.9A) and remains the same for 

all point forces. The epithelium buckles at the same critical buckling point force ensuring that 

buckling is independent of point force (Fig. 4.10D). The amount of growth in the epithelium is 

also the same throughout (Fig. 4.10B & E) ensuring the introduction of point force in the model 

does not affect buckling morphogenesis. The stress in the epithelium at various point forces also 

remain the same (Fig. 4.10C) ensuring that buckling is not influenced by the point force in the 

system.  
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Fig. 4.10. Varying point force does not affect buckling in the epithelium. A) Concentration profile for 
various point forces. 𝐹𝐺𝐹10¶¶¶¶¶¶¶¶¶ is the normalized concentration which is given by ���Q�

���Q�¯°±
. 𝐹𝐺𝐹10·i>  

is 1mol/m3 and 𝐹𝐺𝐹10 is the concentration at x. B) Growth ratio of the epithelium for various point 
forces. C) Profile of Cauchy stress in the x direction for different point forces. D) Axial force as a 
function of time. E) Growth Ratio as a function of time. 
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4.11 BUCKLING UNAFFECTED BY COMPUTATIONAL COMPONENTS 

To ensure that the model is not affected by the computational components such as mesh elements, 

we used two different meshes for a point force of 10-7 in model 3.6 (Fig. 3.7). Varying the mesh 

does not affect the diffusion of FGF10 into epithelium and mesenchyme (Fig. 4.11A). The stress 

and the growth in the epithelium are also same in both the models (Fig. 4.11B & C). Also, we see 

that there is no growth in the mesenchyme as defined (Fig. 4.11B). The stress patterns are also 

similar in both the models. The buckling point force (Fig. 4.11D) is the same for both the models 

ensuring that the buckling patterning is same and the growth (Fig. 4.11E) in the epithelium does 

not vary between the two models.  

 



 

 51 

 

 

 

 

 

Fig. 4.11. Different mesh does not affect buckling morphogenesis. A) Concentration profile for mesh 
1 and mesh 2. 𝐹𝐺𝐹10¶¶¶¶¶¶¶¶¶ is the normalized concentration which is given by ���Q�

���Q�¯°±
. 𝐹𝐺𝐹10·i>	is 

1mol/m3 and 𝐹𝐺𝐹10	is the concentration at x. B) Growth ratio of the bar for mesh 1 and mesh 2. C) 
Profile of Cauchy stress in the x direction for mesh 1 and mesh 2. D) Axial force as a function of time. 
E) Growth Ratio as a function of time. 
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4.12 EPITHELIAL GROWTH RATE AFFECTS BUCKLING 

We varied the growth constant, 𝛼 in the following equation that couples growth in the epithelium 

to the concentration of FGF10 in it, 

�̇�>
𝐺>

= 	𝛼[𝐹𝐺𝐹10¶¶¶¶¶¶¶¶¶] 

Here, 𝛼	was varied from 0.4 to 0.7 and its effect on growth and buckling was observed. Irrespective 

of the growth constant value, diffusion of FGF10 remains the same (Fig. 4.12A). With lower value 

of 𝛼 = 0.4, we saw the amount of growth in the epithelium was less compared to that growth when 

𝛼 = 0.7	(Fig. 4.12 B & E). However, the stress patterns remained the same in the epithelium     

(Fig. 4.12C). The critical buckling point force is the same irrespective of the growth constant 

showing us that the force required for epithelium is the same independent of the rate at which it 

grows (Fig. 4.12D). 
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Fig. 4.12. Varying growth constant affects growth in the epithelium. A) Concentration profile for various 
values of 𝛼. 𝐹𝐺𝐹10¶¶¶¶¶¶¶¶¶ is the normalized concentration which is given by ���Q�

���Q�¯°±
. 𝐹𝐺𝐹10·i>  is 1mol/m3 

and 𝐹𝐺𝐹10	is the concentration at x. B) Growth ratio of the bar for various 𝛼. C) Profile of Cauchy stress 
in the x direction for different 𝛼. D) Axial force as a function of time. E) Growth Ratio as a function of 
time. 
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CHAPTER 5 

DISCUSSIONS AND CONCLUSION 

To summarize, we first formulated few toy models to verify if we could implement growth and 

diffusion in COMSOL. We first developed a simplistic model where we implemented growth in a 

2D bar that is constrained on two sides. We showed that the positive growth defined in the bar 

allowed it to grow, however, the constraints present in the bar made it to compress instead of 

elongating. This is consistent with the analytical solution we solved for the model. Our model thus 

allows us to execute growth in COMSOL and give us an understanding of the mechanics involved. 

We then formulated a 2D transport model wherein we achieve steady state diffusion in a bar which 

has higher concentration on one side and lower concentration on other side. This allows us to 

model diffusion of FGF10 in our main model.  We then combined these two models and made 

growth depend on the concentration present using PDE module. The growth in the bar was 

proportional to concentration present in it. With these toy models, we show that we could develop 

growth and diffusion models computationally and couple them. We use this as a base model to our 

main model and develop a 2D model to understand buckling morphogenesis. 

Buckling morphogenesis are considered to happen as a result of molecular signaling pathway. 

There are various studies and models that help us understand how the molecular signals interact 

via diffusion reaction kinetic to generate patterns of gene expression that in turn induces growth.  

There are also studies to understand how physical mechanism affect the growth patterns. But there 

are no studies that couple growth to the diffusion reaction kinetics. In this thesis, we developed a 

time-dependent, nonlinear elastic computational model in COMSOL, to recapitulate the growing 

epithelium surrounded by mesenchyme by coupling solid mechanics and transport interfaces.  As 



 

 55 

a first approximation, we modeled the epithelium as a single rectangular bar supported on a 

rectangular box that represent the constraint of the mesenchyme with a focal source of FGF10. 

With certain growth equations and diffusion equations, we see that the epithelium buckles with a 

characteristic wavelength that is like that of the experimental data (data unpublished). 

Additionally, our work suggests that the buckling occurs as a result of instability in the epithelium. 

This model thus seems to be more descriptive of experimental data suggesting the focal FGF-10 

results in growth along the epithelium and can also form supernumerary buds. 

The basic biomechanical approach in previous models was a network of elastic or viscoelastic 

materials that give information about basic mechanical properties and neglect the potential 

behavior. Hence continuum mechanics principles were used to analyze the soft tissue mechanical 

properties, whereby tissue is treated as a continuous material rather than a collection of discrete 

particles. The concepts of stress and strain were considered major in the theory. Murray and Oster 

(Murray & Oster, 1984) proposed a theory of continuum mechanics to stimulate mesenchymal and 

epithelial morphogenesis. Here tissue was treated as a mixture of cells and matrix. The continuum 

equations were modified to allow the active and passive stresses to be exerted and the cells and 

matrix. However, this study used small deformation which is not valid for morphogenetic 

mechanics (Taber, 1995). 

Many morphogenetic processes were stimulated by the nonlinear growth theory proposed by 

Rodriguez (K.Rodriguez et al., 1994)as large deformations were considered in the theory. The 

strain equations of continuum mechanics were modified to include volumetric growth. The basic 

concept is that uniform growth causes volume change without stress generation whereas, stress is 

produced when growth is restricted by surrounding tissues or growth factors. The only limitation 
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is that growth due to cell division and hypertrophy cannot be distinguished (Wyczalkowski et al., 

2012).  

Then, finite element methods were developed as a resolution to the problems associated with 

continuum mechanics where large and complex changes during embryogenesis were posed as 

major challenge. According to the method, a large body is divided into simple subdomains over 

which displacements are approximated by simple functions and the governing equations are used 

to solve for the entire body. These theories have been used to understand various morphogenetic 

processes (Taber, 1995) and is applied to our model.  

Turing mechanisms models (Hirashima et al., 2009a; Menshykau et al., 2012a)were developed 

since branching morphogenesis can be accomplished by collaborating patterning of genes and cell 

differentiation. However, these models are sensitive to the geometry of the models and in order to 

develop a 3-D model we have to consider cell growth, diffusive boundary conditions and diffusion 

of growth factors. They also don’t explain how patterns emerge for a tiny parameter space. Our 

model allows the diffusion of growth factors into the epithelium and hence allows us to see the 

pattern of FGF10 expression and how it influences growth.  

We still cannot understand how epithelial cells react to physical forces by the surrounding cell 

environment. Here we assume that the epithelium is unaffected by the surrounding cells’ elastic 

properties however, they may be affected by these factors. We could input experimentally 

determined data values and observe how it affects buckling. Since this is a preliminary model, 

the stiffness of mesenchyme and epithelium is considered to be arbitrary as we don’t have 

substantial data to validate it. The stiffness value that determined experimentally (unpublished) 
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can be used to provide the young’s modulus of the material. This could be implemented in the 

model to find the actual buckling morphogenesis. Also, by varying the stiffness we expect that 

the branching is affected. 

We can also introduce the effect of fluid pressure in our model and determine how it affects bud 

formation by changing the pressure. The 2D model will be expanded into 3D by representing the 

epithelial airway as a hollow tube that will only undergo growth in a specified region of the tube, 

representative of the elevated proliferation along the epithelium stimulated by a focal source of 

FGF10 and again surrounded by a secondary constraining layer to represent the mesenchyme. 

Through our model, we can observe how changes in pressure along with growth affects buckling. 
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