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ABSTRACT

In tunnel field-effect transistors, trap-assisted tunneling (TAT) is one of the probable causes for degraded subthreshold swing.
The accurate quantum-mechanical (QM) assessment of TAT currents also requires a QM treatment of phonon-assisted tunneling
(PAT) currents. Therefore, we present a multi-band PAT current formalism within the framework of the quantum transmitting
boundary method. An envelope function approximation is used to construct the electron-phonon coupling terms corresponding
to local Fröhlich-based phonon-assisted inter-band tunneling in direct-bandgap III-V semiconductors. The PAT current density
is studied in up to 100 nm long and 20 nm wide p-n diodes with the 2- and 15-band material description of our formalism.
We observe an inefficient electron-phonon coupling across the tunneling junction. We further demonstrate the dependence of
PAT currents on the device length, for our non-self-consistent formalism which neglects changes in the electron distribution
function caused by the electron-phonon coupling. Finally, we discuss the differences in doping dependence between direct
band-to-band tunneling and PAT current.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5044256

I. INTRODUCTION

The tunnel field-effect transistor (TFET) is one of the
favorable candidates as an energy efficient device, promising
a sub-60mV/decade subthreshold swing (SS) for future
low power technology nodes.1–3 For Si TFETs, the large
indirect-bandgap results in low drive-currents, thereby
prompting the pursuit of other possible device structures
and materials.4–10 Because of the lower effective bandgap,
the direct band-to-band tunneling (BTBT) in heterostructure
III-V TFETs offers higher drive currents.11 Despite promising
predictions, experimental devices suffer from a degraded SS,
which is presently associated with leakage currents like
trap-assisted tunneling (TAT),12–14 phonon-assisted tunneling
(PAT),15 tunneling via Auger-recombination,16 and high
doping-induced band-tail states.17,18

However, TAT is seen as one of the most probable causes
for SS degradation in TFETs,14,19 and therefore it requires an

in-depth study in order to improve the device performance.
A fundamental mechanism underlying TAT in a semiconductor
device is phonon-assisted tunneling (PAT).20,21 Moreover, recent
advances have shown the need to include electric-field induced
effects on the quantized trap levels into a robust TAT model.22

Therefore, as a first step toward an accurate TAT description in
a semiconductor device, the quantum-mechanical (QM) model-
ing of PAT is required. Such modeling of PAT has been done in
small devices, but in large-size semiconductor devices, it
demands enormous computational resources and so far has
received little attention.15 Hence, we present a multi-band
single-phonon based PAT formalism suitable for direct-bandgap
semiconductor devices and optimized for low computational
efforts. The content of this paper is organized as follows. In Sec.
II, we derive the PAT current density formalism and discuss the
numerical implementation by applying it to an In0:53Ga0:47As
p-n diode for which the PAT current density is expected to be
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observable.23 The inefficiency of the electron-phonon coupling
strength across the tunneling junction is detailed in Sec. III.
Section IV discusses the impact of the device length on the PAT
current density. The comparison between the BTBT and PAT
current density for different doping concentrations is discussed
in Sec. V. Finally, we conclude this paper in Sec. VI.

II. FORMALISM

To allow for simulations of the PAT current in homo-
structure III-V devices, we follow the framework of Zener
tunneling in indirect-bandgap semiconductors24 (Sec. II A),
while using a k:p-based envelope function approximation to
calculate the electron-phonon coupling strength (Sec. II B).
We implement the formalism (Sec. II C) as an extension to an
existing k:p-based full-zone (30-bands) QM simulator Pharos
used for calculating direct-BTBT currents (Sec. II D). Note that
PAT calculations will only be shown for a 2-band and 15-band
model. This implementation choice is based on Pharos’ ability
to simulate large device structures, while efficiently filtering
the spurious solutions through spectral decomposition and
demanding low computational efforts.25

In this article, we study the devices with an infinite size
in the y-direction. A quantum transmitting boundary method
(QTBM)26 is employed along the transport x-direction, whereas
confinement is present along the z-direction (see Fig. 1).

A. PAT current equation

For a non-interacting boosted electron system, the
many-electron Hamiltonian Hel in the framework of the
second quantization is defined by

bHel ¼
ð
dr bψy(r)Helbψ(r), (1)

where Hel represents the one-electron Hamiltonian, which
includes external electrostatic potential profiles. The electron
field operators bψ(r) in Eq. (1) are defined as

bψy(r) ¼
X
j

ĉyjψ
�
j(r); bψ(r) ¼X

j

ψ j(r)ĉ j, (2)

where ĉyj and ĉ j are the creation and annihilation operators
for an electron in the jth state, respectively, and ψ j(r) is the

jth state one-electron wavefunction. The following anti-
commutation relations apply for the fermionic electron crea-
tion and annihilation operators of Eq. (2):

ĉi, ĉ
y
j

n o
¼ δij; ĉi, ĉ j

� � ¼ 0; ĉyi , ĉ
y
j

n o
¼ 0, (3)

where the indices i and j can denote any one-electron state.
In the QTBM, an electron state consists of a mode which

is injected from either of the two contacts (Fig. 1) into the
active region, combined with all the corresponding reflected
and transmitted modes. Here, a single-electron state j is iden-
tified by the following quantum numbers: the wave vector k j

and spin σj of the injection mode. The complete set of elec-
tron states of the non-interacting electron system is then
split up into an α-set and a β-set which correspond to the
electron states identified with, respectively, the right-going
and the left-going injected modes, whereby the injected
modes are electron plane waves in the x-direction, modulated
by a function in the y- and z-directions.

Substituting Eq. (2) in Eq. (1) and including all possible state
combinations while keeping in mind that all electron states
identified with injected modes from the same contact are
orthonormal27 and identified with injected modes from different
contacts are orthogonal, results in the following description:bHel ¼

X
kασα

Ekασα
ĉykασα

ĉkασα
þ
X
kβσβ

Ekβσβ
ĉykβσβ

ĉkβσβ

¼ bHα þ bHβ ,

(4)

where Ekασα
and Ekβσβ

are the energies for which a contact
eigenvalue problem is solved in the left contact and the right
contact, respectively, resulting in the determination of the
injected modes. Note that a continuous range of energy values
Ekασα

and Ekβσβ
is available. Note also that the electrons in each

of the two contacts are in equilibrium and can be exchanged
with an external reservoir, thereby fixing the chemical potential
of these contacts.26,28

For the free phonon system, the second quantization
Hamiltonian is described [similar to Eq. (4)] bybHph ¼

X
qν

�hωqν âyqν âqν , (5)

where q is the phonon wave vector and the index ν specifies
the phonon branch (acoustic or optical) as well as the polari-
zation (longitudinal or transverse). The commutation rules for
phonons are

âq1ν1 , â
y
q2ν2

h i
¼ δq1q2

δν1ν2 ; âq1ν1 , âq2ν2

� � ¼ 0;

âyq1ν1
, âyq2ν2

h i
¼ 0:

(6)

The second quantization Hamiltonian for the system of both
non-interacting electrons and free phonons is then

bH0 ¼ bHel þ bHph: (7)

Since PAT currents result from a time-dependent perturba-
tion, as will be discussed later, we also describe the density

FIG. 1. Simulated homostructure In0:53Ga0:47As p-n diode configuration. Dopant
profiles are abrupt and uniform. The device dimensions are Lx and Lz in x- and
z-directions, respectively. Translational invariance is assumed in the y-direction.
The origin of the xyz-coordinate system is indicated in the figure.
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matrix of the electron and phonon system. The density matrix
allows one to readily determine the statistical average of a
time-dependent observable. In the framework of the grand
canonical ensemble, the density matrix of the system of non-
interacting electrons and free phonons, in which the phonon
system has zero chemical potential, is given by

bϱ0 ¼
exp � bH0 � μbN� �

=kBT
h i

Z , (8)

where kB is the Boltzmann constant, T is the temperature,
μ and bN correspond to the chemical potential and the electron
number operator, respectively, and Z is the grand canonical

partition function defined by Tr exp � bH0 � μbN� �
=kBT

h in o
in

which “Tr” represents the trace operation. The electron
number N can be separated into the sum of the left (Nα) and
the right (Nβ ) contact electron numbers, which are character-
ized by their respective number operators and respective
density matrices with chemical potentials μα and μβ . Using

Eqs. (4), (5), and (7), the density matrix of Eq. (8) reduces to
the direct product of the electron and phonon density matri-
ces and is written as

bϱ0 ¼ bϱα � bϱβ � bϱph: (9)

The electron-phonon interactions are introduced, in the
framework of perturbation theory, by adding an electron-
phonon interaction Hamiltonian to bH0 of Eq. (7), which
is defined in the second quantization by

bHint ¼
X

kασαkβσβqν

gkασαkβσβqν ĉ
y
kβσβ

ĉkασα
âqν þ ây�qν

� �h i
þ h:c:, (10)

where gkασαkβσβqν denotes the electron-phonon coupling
strength related to interband transitions mediated by
electron-phonon interactions (see Sec. II B) and “h.c.” stands
for hermitian conjugate. The corresponding time-dependent
electron-phonon interaction Hamiltonian in the interaction
picture is represented by24

eHint(t) ¼
X

kασαkβσβqν

gkασαkβσβqν ĉ
y
kβσβ

ĉkασα
âqνexp

i Ekβσβ
� Ekασα

� �hωqν
� 	

t
�h

 !"(
þ ây�qνexp

i Ekβσβ
� Ekασα

þ �hωqν
� 	

t
�h

 !#)
þ h:c: (11)

The steady-state phonon-assisted current can then be cal-
culated by taking the statistical average of the rate of change
of the number of electrons in either of the contacts. The
number of electrons is derived from the number operatorbNα(β) ¼

P
kασα (kβσβ ) ĉ

y
kασα (kβσβ )

ĉkασα (kβσβ ). In the framework of the
density matrix approach, the current is then

Iph ¼ �e lim
t!1

d
dt

Tr bNαeϱ(t)� �h i
 �
, (12)

with e the elementary charge and eϱ(t) representing the time-
dependent density matrix, which is constructed by a recursive
expansion of the von-Neumann equation combined with itera-
tive time integrations.24 The perturbative approximation con-
sists of taking the first-order expansion of eϱ(t),29 which is24

eϱ 1ð Þ(t) � ϱ̂0 � i
�h

ðt
0
dt1 eHint(t1), ϱ̂0
h i

: (13)

Inserting Eq. (13) in the PAT current equation (12) while remov-
ing the first term, as it corresponds to the direct-BTBT
current, and applying cyclic permutations under the trace
operation results in24

Iph ¼ e

�h2 limt!1

ðt
0
dt1Tr bNα, eHint(t)

h i
, eHint(t1)

h ibϱ0� �
: (14)

Equation (14) is simplified in a similar way as in Vandenberghe
et al.24 For example, the double commutator in Eq. (14) results in
numerous terms associated with various interband transitions,
which can be brought together efficiently after identifying
the non-zero terms. The trace of one such combination is

Tr(ĉykβσβ
ĉkασα

âqν â
y
q0 ν0

ĉy
k
0
ασ

0
α

ĉk0
βσ

0
β

bϱ0), and it is evaluated by making

use of Eq. (9), while remembering that the density matrix bϱ0
describes the system of non-interacting electrons and
phonons and subsequently, applying Eqs. (3) and (6),

Tr(ĉykβσβ
ĉkασα

âqν â
y
q0 ν0

ĉy
k
0
ασ

0
α

ĉk0
βσ

0
β

bϱ0)
¼ Tr(ĉykβσβ

ĉk0
βσ

0
β

bϱβ )Tr(ĉkασα
ĉy
k
0
ασ

0
α

bϱα)Tr(âqν âyq0 ν0
bϱph) (15)

¼ δkβσβk
0
βσ

0
β
fβ(Ekβσβ

)δkασαk
0
ασ

0
α
1� fα(Ekασα

)
� �

δqq0 δνν0 υ(�hωqν)þ 1
� �

:

(16)

The individual traces in Eq. (15) are the statistical averages
of the single particle occupation number characterized
by the Fermi-Dirac statistics f(α,β)(E) for electrons and the
Bose-Einstein statistics υ(E) for phonons, defined as

f(α,β)(E) ¼ 1

1þ exp E� μ(α,β)

� �
=kBT

h i ;
υ(E) ¼ 1

exp E=kBTð Þ � 1
:

(17)

Under steady state condition, the time-dependent exponen-
tial factors in the PAT current equation are approximated
with an energy-conserving delta function, resulting in the
following expression:24,30
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Iph ¼ 2πe
�h

X
kασαkβσβ

X
qν

gkασαkβσβqν
�� ��2:

{ fα(Ekασα
)[1� fβ (Ekβσβ

)] υ(�hωqν) �fβ (Ekβσβ
)[1� fα(Ekασα

)] [υ(�hωqν)þ 1]} δ(Ekβσβ
� Ekασα

� �hωqν)

þ { fα(Ekασα
)[1� fβ (Ekβσβ

)] [υ(�hωqν )þ 1] �fβ (Ekβσβ
)[1� fα(Ekασα

)] υ(�hωqν)} δ(Ekβσβ
� Ekασα

þ �hωqν)

" # (18)

The first term in Eq. (18) corresponds to the current
contribution due to the excitation of an electron from an
α state in the left contact to a β state in the right
contact, mediated by phonon absorption. The second
term refers to the phonon-emission current contribution
running in the opposite direction between the same α
and β states.

B. Electron-phonon coupling strength

For a given electron state from the α-set and a given
electron state from the β-set, the electron-phonon coupling
strength in Eq. (18) is defined by

gkασαkβσβqν ¼ Mqν

ð
Ω
dr ψ�

kβσβ
(r)eiqxxeiqyy

ffiffiffi
2

p
sin qzz
� 	

ψkασα
(r), (19)

where Mqν refers to the bulk electron-phonon coupling
strength, where each phonon wave vector q consists of its indi-
vidual components q ! qx, qy, qz

� 	
and Ω is the device volume.

For the phonons, box normalization is assumed with periodic
boundary conditions over large lengths Lx,ph � Lxð Þ and
Ly,ph ¼ Ly (representing a large uniform vibrational system in
x and y) and with Dirichlet boundary conditions over the con-
fined direction Lz,ph ¼ Lz (representing an abrupt transition to
vacuum beyond Lz,ph).

31 The phonon wavevectors qx and qy
are, therefore, continuous variables running from �1 to þ1,
while qz is discrete with allowed values qz ¼ nπ=Lz with
n ¼ {1, 2, 3, . . . }. Since the materials under study are polar
III-V semiconductors, the Fröhlich-interaction is the dominant
electron-phonon interaction.32 Since we solely consider the
longitudinal branch of the polar optical phonons, the index ν in
Eqs. (18) and (19) is disregarded for the remainder of the article.
Therefore, Mq in Eq. (19) is described by the bulk polar coupling
strength, in SI units given by32

Mq ¼ 1
qj j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e2�hωq

2Ωph

1
ε1

� 1
ε0

� �s
¼ Sqffiffiffiffiffiffiffiffi

Ωph
p , (20)

where �h is the reduced Planck constant, ωq is the phonon
frequency, Ωph is the volume of the total vibrational system
of which the device is part, and ε1 and ε0 are the high
frequency and static dielectric constants, respectively.32

The wavefunctions corresponding to states from the α- and
β-sets are expanded using the following homostructure
envelope function approximation:

ψ�
kβσβ

(r) ¼
X
m

U�
m(r)F

�
kβσβm(r);

ψkασα
(r) ¼

X
m

Fkασαm(r)Um(r), (21)

whereby Fkασαm(r) are slowly varying envelope functions,
whose Fourier components lie within the first Brillouin zone,
and Um(r) represents the bulk wavefunctions, thereby pro-
viding a complete set of orthonormal basis functions with
lattice periodicity,33 where m represents the band index.
Substituting Eq. (21) in Eq. (19) results in the following
electron-phonon coupling strength expression:

gkασαkβσβq ¼ Mq
X
mn

ð
Ω
dr U�

n(r)F
�
kβσβn(r)e

iqxxeiqyy
ffiffiffi
2

p
sin qzz
� 	

Fkασαm(r)Um(r): (22)

For the crystalline semiconductors, we can replace
the position vector r by a linear combination of the unit
cell vector Ru and the lattice vector R, which transforms
the volume integral in the electron-phonon coupling
[Eq. (22)] into

r ¼ Ru þ R )
ð
Ω
dr ¼

X
R

ð
Ωc

dRu, (23)

where Ωc is the volume of the unit cell. By further
making use of the lattice periodicity of the basis func-
tions and assuming that the envelope functions are
approximately constant over the unit cell, the basis and
envelope functions can be simplified in the following way:

U�
n(Ru þ R) ¼ U�

n(Ru); Um(Ru þ R) ¼ Um(Ru)
F�kβσβn

(Ru þ R) � F�kβσβn
(R); Fkασαm(Ru þ R) � Fkασαm(R):

(24)

Substituting Eqs. (23) and (24) in Eq. (22) leads to the
separation of the envelope functions from the basis
functions

gkασαkβσβq ¼ Mq
X
mn

X
R

F�kβσβn(R) e
iqxX eiqyY

ffiffiffi
2

p
eiqzZ

2i
Fkασαm(R)

ð
Ωc

dRuU�
n(Ru) eiqxXu eiqyYu

ffiffiffi
2

p
eiqzZu

2i
Um(Ru)

�Mq
X
mn

X
R

F�kβσβn(R) e
iqxX eiqyY

ffiffiffi
2

p
e�iqzZ

2i
Fkασαm(R)

ð
Ωc

dRuU�
n(Ru) eiqxXu eiqyYu

ffiffiffi
2

p
e�iqzZu

2i
Um(Ru):

(25)
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The phonon wave vector q in Eq. (22) is not necessarily
restricted to the first Brillouin zone. However, a low-wave
vector approximation is applied to the phonons, in line with
the larger coupling strength at low wave vectors of the polar
coupling. This allows to fully exploit the efficiency of the
envelope function approximation. Mathematically, this implies
eiq:Ru � 1 in Eq. (25). Making use of the orthonormality of the
basis functions

Ð
Ωc
dRuU�

n(Ru)Um(Ru) ¼ Ωcδnm
� �

, we find that
the electron-phonon coupling strength is determined by the
phonon-mediated overlap of same-band envelope functions

gkασαkβσβq ¼ MqΩc

X
n

X
R

F�kβσβn(R)e
iqxXeiqyY

ffiffiffi
2

p
sin qzZ
� 	

Fkασαn(R):

(26)

By the inverse transformation of the lattice vectorP
R ! 1

Ωc

Ð
dr

� �
, we regain the spatial dependence of the

slowly varying envelope functions, and the electron-phonon
coupling strength becomes

gkασαkβσβq ¼ Mq
X
n

ð
Ω
drF�kβσβn(r)e

iqxxeiqyy
ffiffiffi
2

p
sin qzz
� 	

Fkασαn(r),

(27)

where the envelope functions for a semiconductor device
with dimensions Lx (transport), Ly (translationally invariant),
and Lz (confined) are of the following form:34

F�kβσβn(r) ¼ F�kβσβn(x, z)e
�ikβyy; Fkασαn(r) ¼ eik

α
yyFkασαn(x, z), (28)

since normalization of the corresponding wavefunctions to a
Dirac delta function has been applied in x- and y-directions
and to a Kronecker delta in the confined z-direction.
Inserting Eq. (28) in Eq. (27), taking the absolute square and
solving for the integral along the y-direction, results in

gkασαkβσβq
�� ��2 ¼ Sq

�� ��2
Ωph

sin2 (((kαy � kβy þ qy)=2)Ly)

(kαy � kβy þ qy)=2
h i2

X
n

ð
Lx

dx
ð
Lz

dzfn
kασαkβσβq(x, z)

�����
�����
2

, (29)

where fn
kασαkβσβq(x, z) denotes the overlap function for a given

qx, qzð Þ and is defined by

fn
kασαkβσβq(x, z) ¼ F�kβσβn(x, z) e

iqxx
ffiffiffi
2

p
sin qzz
� 	

Fkασαn(x, z): (30)

The PAT current of Eq. (18) involves the summation over all
possible phonon wave vectors. The phonon wave vector com-
ponent along the (x, y)-directions can have a continuous
range of values within the first Brillouin zone, therefore, the

summations over (qx, qy) are converted into integrals
P

qx ,qy !
�

Lx,phLy,ph

4π2
Ð
dqx
Ð
dqyÞ. The confinement along the z-direction splits

the electron continuous bands into sub-bands and also the
discrete nature of qz is retained, hence, the summation over
qz is maintained. With these transformations, the summation
of Eq. (29) is

X
q

gkασαkβσβq
�� ��2¼ Ly

4π2

ð
dqx

ð
dqyλ(kαy � kβy þ qy)X

qz

Gkασαkβσβ
(qx, qy, qz), (31)

where λ(kαy � kβy þ qy) is the weight function defined by

λ(kαy � kβy þ qy) ¼
sin {[(kαy � kβy þ qy)=2]Ly}

(kαy � kβy þ qy)=2
h i

sinc{[(kαy � kβy þ qy)=2]Ly]},

Gkασαkβσβ
(qx, qy, qz) ¼

Sq
�� ��2
Lz,ph

X
n

ð
Lx

dx
ð
Lz

dzfn
kασαkβσβq(x, z)

�����
�����
2

:

(32)

In the limit Ly ! 1, the first factor in the weight function λ
behaves like a delta function 2πδ kαy � kβy þ qy

� �
. As a conse-

quence, the second cardinal-sine function only matters if
kαy � kβy þ qy ¼ 0, which results in a value of one

X
q

gkασαkβσβq
�� ��2¼ Ly

2π

ð
dqx

ð
dqyδ(kαy �kβyþqy)

X
qz

Gkασαkβσβ
(qx, qy, qz):

(33)

The inner integral over dqy in Eq. (33) can be carried out trivi-
ally thanks to the delta function, leading to

X
q

gkασαkβσβq
�� ��2¼ Ly

2π

ð
dqx
X
qz

Gkασαkβσβ
(qx, kβy � kαy , qz): (34)

C. PAT current density for semiconductor devices

Combining the two previous sections by substituting
Eq. (34) in Eq. (18), the PAT current equation is of the form

Iph ¼ eLy

�h

X
kασαkβσβ

ð
dqx
X
qz

Gkασαkβσβ
(qx, kβy � kαy , qz):

{ fα(Ekασα
)[1� fβ (Ekβσβ

)] υ(�hωq) �fβ(Ekβσβ
)[1� fα(Ekασα

)] [υ(�hωq)þ 1]} δ(Ekβσβ
� Ekασα

� �hωq)

þ { fα(Ekασα
)[1� fβ (Ekβσβ

)] [υ(�hωq)þ 1] �fβ(Ekβσβ
)[1� fα(Ekασα

)] υ(�hωq)} δ(Ekβσβ
� Ekασα

þ �hωq)

" #
(35)
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Due to translational invariance along the y-direction and the
planewave-like envelope functions along the transport
x-direction, the summations of the electron wave vector
along these directions are transformed into integrals. The
summation of the electron quantum numbers along the
z-direction is retained as a summation of modes γ due to
confinement along this directionX

kασαkβσβ

¼ 1
16π4

ð
dkαy

ð
dkβy

ð
dkαx

ð
dkβx

X
γασαγβσβ

: (36)

With the following kα,βx ! Ekα
y ,k

β
y
conversion:

dkαx
dEkαy

�����
γασα

¼ Akασα
;

dkβx
dEkβy

�����
γβσβ

¼ Bkβσβ
(37)

and applying the transformations of Eq. (36) and dividing both
sides of Eq. (35) by Ly, the PAT current density is

Jph ¼ e
16π4�h

ð
dkαy

ð
dkβy

ð
dEkαy

ð
dEkβy

X
γασαγβσβ

Akασα
Bkβσβ

ð
dqx
X
qz

Gkασαkβσβ
(qx, kβy � kαy , qz)

fα(Ekαy ) 1� fβ(Ekβy
)

h i
υ(�hωq)� fβ(Ekβy

) 1� fα(Ekαy )
h i

υ(�hωq)þ 1
� �n o

δ(Ekβy
� Ekαy � �hωq)

þ
ð
dEkαy

ð
dEkβy

X
γασαγβσβ

Akασα
Bkβσβ

ð
dqx
X
qz

Gkασαkβσβ
(qx, kβy � kαy , qz)

fα(Ekαy ) 1� fβ(Ekβy
)

h i
υ(�hωq)þ 1
� �� fβ(Ekβy

) 1� fα(Ekαy )
h i

υ(�hωq)
n o

δ(Ekβy
� Ekαy þ �hωq)

26666666666664

37777777777775
: (38)

The inner integrals over Ekβy
in Eq. (38) are solved by using the following sifting property of the delta functionð

dEkβy
D(Ekβy

)δ Ekβy
� Ekαy + �hωq

� �h i
¼ D(Ekαy + �hωq): (39)

This reduces the complexity of the PAT current density equation to a single energy integral over Ekαy and results in the final form
of the PAT current density equation,

Jph ¼ e
16π4�h

ð
dkαy

ð
dkβy

ð
dEkαy

X
γασαγβσβ

ð
dqxAkασα

Bþ
kβσβ

X
qz

Gkασαkβσβ
(qx, kβy � kαy , qz)

fα(Ekαy ) 1� fβ (Ekαy þ �hωq)
h i

υ(�hωq)� fβ (Ekαy þ �hωq) 1� fα(Ekαy )
h i

υ(�hωq)þ 1
� �n o

þ
ð
dEkαy

X
γασαγβσβ

ð
dqxAkασα

B�
kβσβ

X
qz

Gkασαkβσβ
(qx, kβy � kαy , qz)

fα(Ekαy ) 1� fβ (Ekαy � �hωq)
h i

υ(�hωq)þ 1
� �� fβ (Ekαy � �hωq) 1� fα(Ekαy )

h i
υ(�hωq)

n o

26666666666664

37777777777775
, (40)

thereby fixing the conversion factors in the qx-integral
accordingly as

Bþ
kβσβ

¼ dkβx

d Ekαy þ �hωq

� �
������
γβσβ

; B�
kβσβ

¼ dkβx

d Ekαy � �hωq

� �
������
γβσβ

: (41)

D. Numerical implementation

To calculate the PAT currents with Eq. (40), we first
determine the envelope functions Fkα(β)σα(β)n(r) from Pharos25

for each energy Eα(β) and kα(β)y . We then calculate the overlap

function densities fn
kασαkβσβq(x, z) and repeat the calculations

for each injected mode γα and for all available γβ modes, qx,
qz, Eα, k

β
y , and kαy-values, while correspondingly determining

the integrations of Eq. (40). The integrations consist of
40 adaptively chosen points in energy Eα and 10 points in ky
to cover all relevant α, β-states. Additionally, the mesh
points for the qx-integral are adaptively discretized, from
qx � 0 till 25% of the first Brillouin zone. For the sake of
numerical efficiency, the Fröhlich model for electron-phonon
interaction is considered32 with a constant energy �hωq of
34meV corresponding to the longitudinal branch of the polar
optical phonon.
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The formalism of the PAT current density is applied to an
up to 100 nm long and 20nm wide In0:53Ga0:47As p-n diode as
shown in Fig. 1. The simulated device’s mesh size is 0.1 nm along
the x- and 0.2 nm along the z-direction. The device is assumed
to exhibit translational symmetry along the y-direction.

The PAT current density based on Eq. (40) is compared
with the direct-BTBT25 for a 60 nm long and 20 nm wide
In0:53Ga0:47As p-n diode in Fig. 2. The comparison is made for
both the 2-band and the 15-band model of the formalism. As
expected, the PAT current density is increasing relative to the
BTBT current density in forward bias. This is mainly because
of the smaller available direct-BTBT tunneling window,
whereas PAT offers an additional transmission path based on
the gain of phonon energy. Moreover, the observed PAT cur-
rents are comparable to BTBT, which has been reported by
Verhulst et al.23 for several direct-bandgap materials. In Fig. 2,
the PAT current density for the 15-band and the 2-band
model is mostly identical. Note that the 15-band implementa-
tion is shown until Vnp ¼ 0:4V, beyond which the indirect
bandgap results in complications of the numerical implemen-
tation. Owing to the faster calculation, more straightforward
implementation and limited difference between the 2- and
15-band PAT currents, the 2-band model is applied for the
remainder of the article.

III. INEFFICIENT ELECTRON-PHONON COUPLING
ACROSS TUNNELING JUNCTIONS

In Fig. 3, the band diagram of a 60 nm-long In0:53Ga0:47As
p-n diode is shown at the indicated cut-line of Fig. 1, where
the probability density of the electron wavefunction is
maximum. The envelope function densities for a 2-band
model [n = 2 in Eq. (29)], averaged over the unit cell, are
plotted along the transport x-direction in Fig. 4. These densi-
ties are taken at the energies Eα, Eβ

� 	
indicated in Fig. 3. The

corresponding coupling density [see Eqs. (29) and (30)] is

shown as a solid-black line in Fig. 4. A drop in coupling
density, indicated by a magenta-circle in Fig. 4, implies that
the electron-phonon coupling is inefficient across the tunnel-
ing junction.

This inefficiency can be explained by examining the
envelope functions. The real and the imaginary components
of the envelope function corresponding to each band of a
2-band model, at energies Eα, Eβ

� 	
, are presented along the

x-direction in Fig. 5. It is evident that the conduction band
component (band 2) exhibits a 90�-phase shift relative to the

FIG. 2. The direct-BTBT and PAT current densities of the homostructure
In0:53Ga0:47As p-n diode of Fig. 1 as a function of applied voltage. The diode
is 60 nm long and 20 nm wide and is uniformly doped with a concentration of
5� 1018 (at=cm3). FB (RB) stands for forward (reverse) bias.

FIG. 3. Band diagram along the indicated cut-line of the In0:53Ga0:47As p-n
diode of Fig. 1 for a bias of Vnp ¼ 0:2 V. The black lines correspond to valence
band maximum and conduction band minimum energies. The grey-dashed verti-
cal lines indicate the limits of the region where PAT across the junction takes
place at the given energies. The orange lines represent the quasi-Fermi energy
levels Efp and Efn.

FIG. 4. The 2-band envelope function densities for the lowest kx , ky , and kz
values, averaged over the unit cell at specific energies Eα and Eβ , indicated in
Fig. 3. The blue (red)-solid curve corresponds to an electron injected at Eα
from the left contact (at Eβ from the right contact). The black-solid line repre-
sents the corresponding coupling density. The limits of the tunneling junction
region, shown in Fig. 3, are repeated here and the drop of the electron-phonon
coupling in this region is highlighted with a magenta-dashed ellipse. The con-
tribution of the PAT process in the near-tunneling regions is indicated with
magenta-dashed boxes.
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valence band component (band 1) of the envelope function,
which can be shown to result from the different parity of the
conduction and valence bands’ basis function, and which is
valid as long as there is limited transmission of electron wave-
function through the forbidden bandgap. This 90�-shift in
both α and β states transforms the summation of the individ-
ual band’s coupling fn

αβq(x, zcenter) into their subtraction,
thereby explaining the dip in Fig. 4. Note that the dip in cou-
pling density is also observed in a 15-band model, due to the
90�-phase shift found between the valence X and the con-
duction S band.27

IV. PAT VERSUS DEVICE LENGTH

The finite transmission of an electron’s envelope function
at the given energies Eα, Eβ

� 	
into the region beyond the tun-

neling junction (called the near-tunneling region) is noticeable
in the PAT current density as shown in Fig. 4 (indicated by
magenta boxes). Consequently, this PAT process in the near-
tunneling regions causes a dependence of the PAT current
densities on the device length Lx. This is illustrated in Fig. 6,
where the direct-BTBT and PAT current densities are com-
pared for a 60nm and 100 nm long In0:53Ga0:47As p-n diode.

As expected, the BTBT current densities (blue) do not
depend on device length. However, the PAT current densities
show substantial dependence on the device length, which is
due to the observable contribution of the near-tunneling
regions. An accurate calculation would include the impact of
the electron-phonon coupling on the electron distribution
function in a self-consistent approach.35 It is expected that

this will reduce the total PAT current increase with increasing
device length presented in Fig. 6. Such a calculation, however,
is beyond the scope of this article.

V. PAT VERSUS DOPING CONCENTRATIONS

The band diagrams of a 60 nm long and 20 nm wide
In0:53Ga0:47As p-n diode, taken in the center of the
z-direction, are shown for different doping concentrations in
Fig. 7. The increase in tunneling length with decrease in
doping concentration is apparent. In Fig. 8, the electron enve-
lope function densities, taken at the energies Eα, Eβ

� 	
of Fig. 7,

show the decrease in transmission after tunneling in the
moderately doped diodes, which is due to the increase in tun-
neling length Lt. Subsequently, the coupling densities
decrease with decreasing diode doping, as detailed in Fig. 9.

FIG. 5. The real (solid) and imaginary (dashed) components of the EFs corre-
sponding to each band for an electron injected from each contact. The blue
(red) lines correspond to the valence (conduction)-band contributions of the EF
of an electron injected from the left contact. The pink (green) lines refer to the
valence (conduction)-band contributions of the EF of an electron injected from
the right contact. The grey-dashed vertical lines of Fig. 3 are repeated here and
indicate the limits of the tunneling region.

FIG. 6. Dependence of 2-band direct-BTBT and PAT current densities on the
device length Lx along the transport direction. The simulated device is an
In0:53Ga0:47As p-n diode with varying Lx and a constant 20 nm width, uniformly
doped with a concentration of 5� 1018 (at=cm3).

FIG. 7. Band diagrams for the different doping concentrations along the indi-
cated cut-line of the p-n diode of Fig. 1. The solid (dot-, dashed-) lines corre-
spond to the band-edge energies for 5� 1019 (5� 1018, 5� 1017) (at=cm3)
doping concentrations, respectively. The blue (red)-solid line refers to the ener-
gies Eα Eβ

� 	
.
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The resulting PAT current density dependence on the doping
concentrations is illustrated in Fig. 10.

It is observed that the PAT current density is close to the
BTBT current density in forward bias for high doping concen-
tration [5� 1019 (at=cm3)], and both in forward bias and at the
onset of reverse bias for moderately doped p-n diodes
[5� 1018 (at=cm3)]. For a given voltage (see Fig. 7), the effective
direct-BTBT tunneling-energy window, which is determined
by the doping-dependent Fermi levels, is much larger for the
5� 1019 diodes than for the moderately doped diodes. This
implies that the PAT current in the 5� 1019 (at=cm3) diode will
only become relevant compared to BTBT at a more negative
bias where this effective tunneling energy window becomes
sufficiently small compared to the phonon-energy. The shift
toward more positive voltages in Fig. 10 of PAT being close to
BTBT for the 5� 1018 (at=cm3) diode versus 5� 1019 (at=cm3)

diode can be ascribed to the occurrence of a smaller effective
BTBT tunneling window counteracted by a lower contribution
of the PAT process in the near-tunneling region (see Fig. 9).
In case of the lowest doped diode [5� 1017 (at=cm3)], the
reduction of the near-tunneling regions leads to smaller PAT
relative to BTBT current densities. Hence, the combination of
the effective tunneling-energy window and the length of the
near-tunneling regions determine the observable doping
dependence of the PAT current density.

VI. CONCLUSIONS

We present a multi-band PAT current density formalism
applicable to direct-bandgap devices and implement it with
high computational efficiency. We study the PAT current
density in up to 100 nm long and 20 nm wide In0:53Ga0:47As
p-n diodes with a 2- and 15-band implementation of the for-
malism. We observe that the PAT currents are comparable to
BTBT and find that there is a limited difference in PAT
current densities between the 2- and 15-band model. We dis-
cover that the electron-phonon coupling is inefficient across
the tunneling junction which originates from the difference in
parity between the basis functions of the coupled valence and
conduction bands in the transport direction. We determine
that the PAT current densities increase with device length
along the transport direction owing to PAT contributions in
the near-tunneling regions. This increase is an overestimate
given the lack of impact on the current densities from elec-
tron redistributions based on the electron-phonon coupling.
We further unravel that the combined effects of the
tunneling-energy window and near-tunneling region length
result in the doping dependence of the PAT current density.
We expect that the PAT current density formalism can even-
tually be applied to study PAT in heterostructure p-n, p-i-n
diodes and TFET configurations. We further expect that it can
be extended to multi-phonon assisted tunneling and eventu-
ally to QM assess TAT in devices.

FIG. 8. The blue-(red-) solid (dot, dashed) curves indicate the envelope function
density for the lowest kx , ky , and kz values at the energies Eα (Eβ ) of Fig. 7,
averaged over the unit cell in a 2-band model and for doping concentrations of
5� 1019 (5� 1018, 5� 1017) (at=cm3), respectively. The tunneling regions are
marked with horizontal arrows “Lt .”

FIG. 9. The black- solid (dot,dashed) curves refer to the coupling density
corresponding to the envelope functions of Fig. 8 of a 2-band model and for
5� 1019 (5� 1018, 5� 1017) (at=cm3) doping concentrations. The tunneling
regions are marked with horizontal arrows “Lt .”

FIG. 10. Comparison of the 2-band direct-BTBT and PAT current densities for
different doping concentrations. The blue-(red-) solid (dot, dashed) lines repre-
sent the direct-BTBT (PAT) current densities for 5� 1019 (5� 1018, 5� 1017)
(at=cm3) doping concentrations.
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