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INVERSION OF THE COVERING MAP FOR THE INDEFINITE SPIN GROUPS

Francis Kwabena Adjei, PhD
The University of Texas at Dallas, 2017

Supervising Professor: Dr. Viswanath Ramakrishna, Chair

The double covering of Orthogonal groups by the Spin groups is vital for many applica-

tions. In this dissertation, we address the important question of inverting the covering map

φp,q : Spin+(p, q) → SO+(p, q) in the indefinite case. We also develop explicit formulae for

the forward map φp,q : Spin+(p, q) → SO+(p, q), for (p, q) ∈ {(1, 2), (1, 3), (2, 3)}. We do

not work with the even subalgebra of Cl(p, q) and thus our formulae are quite explicit. Our

method relies significantly on standard Givens and hyperbolic Givens decompositions.
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CHAPTER 1

INTRODUCTION

Clifford Algebra has shown to be a highly efficient and powerful language available for

solving problems in mathematical physics, control engineering, group representation theory,

signal and image processing, numerical analysis, integral transforms as well as Lie algebras,

geographic information systems, cosmology, medical imaging, and neural computation. Most

often, it is easy to work in some matrix algebra that is isomorphic to a Clifford algebra, and

there are known explicit matrix realizations of Cl(p, q) for any (p, q) [9] [14]. Therefore,

the spin groups also have standard representations as matrix groups. For q ≥ 1 and p ≥ 1

the even subalgebra of Cl(p, q) is isomorphic to Cl(p, q − 1) and Cl(q, p − 1) respectively.

Spin+(p, q) being a subset of the even subalgebra can be viewed as living in the matrix

algebra corresponding to the even subalgebra. However this representation of Spin+(p, q) of

the matrix algebra does not lead to an identification of the Spin group as a subset of Cl(p, q).

This is inconvenient for many applications. Therefore we avoid usage of this expression.

In [1] by Emily Herzig and Viswanath Ramakrishna, the spin homomorphism

φp,q : Spin+(p, q) → SO+(p, q) of classical matrix Lie groups was explicitly formulated for

several (p, q) with 3 ≤ p+q ≤ 6. Further the double covering map from the definite Spin(0, n)

to SO(n,R) was inverted for n = 5, 6 [2] which, among other applications, makes possible

a parametrization of SO(5,R) and SO(6,R). In this dissertation, we extend the explicit

construction of indefinite spin groups to Clifford algebras with (p, q) ∈ {(1, 2), (1, 3), (2, 3)}.

We also invert the covering map for several important cases of (p, q). The applications of

the indefinite spin group, the double covering map,and its inversion are manifold in the field

of mathematical physics. For instance, the Lorentz group of special relativity is SO(3, 1,R).

The study of hydrogen atom employs the SO+(4, 2) and SO+(3, 2).

Let us briefly describe how we are going to proceed of the task of inverting the forward

map:

1



(i) We use the work by Emily Herzig and Viswanath Ramakrishna [1] to explicitly con-

struct the forward map φp,q as a matrix of quadratic maps taking values in the indefinite

orthogonal groups. This requires several intricate calculations.

(ii) Therefore, the question of inverting φp,q is reduce to solving a large dimensional sys-

tem of quadratic equations. Further, we want the inversion formulae to be explicitly

parameterized by the target matrix in SO+(p, q).

(iii) To ameliorate this, we make use of the fact that φp,q is a group homomorphism and

therefore it suffices to solve the systems of equations in (ii) when the target is a factor

in some decomposition of elements of the indefinite orthogonal groups. For us the most

useful such factors are the hyperbolic Givens or standard Givens.

For the last chapter in the dissertation, we begin with a low dimensional Cl(p, q) and use an

iterative construction to extend Cl(p+ 1, q + 1).

The organization of the dissertation is as follows. In chapter 2, we present prelimi-

nary background on Clifford algebras, spin groups, hyperbolic Givens and standard Givens,

quaternions, and other facts needed for the study. In chapters 3, we develop explicit for-

mulations of the forward map for (p, q) ∈ {(2, 1), (2, 2), (3, 1), (3, 2), (3, 3)} . Chapter 4,

fully addresses the important question of inverting the forward maps for each component of

Spin+(p, q) for (p, q) ∈ {(2, 1), (2, 2), (3, 1), (3, 2), (3, 3)}. Finally, in chapter 5, we provide de-

tails of a direct approach to the indefinite spin groups for (p, q) ∈ {(1, 2), (0, 2), (1, 3), (2, 3)}.
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CHAPTER 2

PRELIMINARIES

2.1 Clifford Algebras

Associated to any vector space V with symmetric bilinear form B is a Clifford algebra

Cl(V ; B). In the special case B = 0, the Clifford algebra is just the exterior algebra ∧(V ).

Let V be a finite-dimensional vector space over a field K, with a symmetric bilinear form

B : V ×V → K. The Clifford algebra Cl(V; B) is the quotient map Cl(V ;B) = T (V )
I(V ;B)

, where

T(V) ⊂ I(V ;B) is the two-sided ideal generated by all elements of the form

v⊗w + w⊗v = 2B(v, w)1 ∀v, w ∈ V . So, given an associative algebras A and B over C with

unit and a linear maps τ : V → A and ρ : V → B such that ρ(v)ρ(w)+ρ(w)ρ(v) = 2B(v, w)1

∀v, w ∈ V ,there exists an associative algebra homomorphism λ : A → B such that ρ = λ◦ τ .

Thus, τ(A) generates A and A is called a Clifford algebra for Cl(V; B). The existence of

Clifford algebra for any pair (V, B) is guaranteed and unique up to isomorphism (see [9] for

details). Besides, if {vi} for i = 1, 2..., n form a basis for V , then A is the algebra generated

by {1, τ(v1), τ(v2), ..., τ(vn)} due to the fact that B is bilinear. There are several alternative

definitions for such algebra depending on application (see Clifford’s original definition [5]). As

this work seeks to formulate explicit construction of the indefinite spin group as Spin+(p, q)

as a matrix subalgebra of a matrix algebra that Cl(p,q) is isomorphic to. So, our Clifford

algebras will be realized as real,complex or quaternion matrix with explicitly given generating

set. Therefore, our approach will rely on constructive formulations and definitions of a

Clifford algebra.

Definition 1. Let p, q with n = p + q be two nonnegative integers and suppose we find a

collection of matrices e1, e2, e3, ..., ep and ep+1, ep+2, ep+3, ..., en within some suitable ambient

space M(m,F) (a family of m × m matrices with entries in a field F), and the algebra A

generated by {Im, e1, e2, e3, ..., en}, such that:
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(i) e2i = Im ∀i = 1, 2, 3..., p and e2i = −Im ∀i = p+ 1, p+ 2, p+ 3, ...n,

(ii) eiej = −ejei ∀i 6= j, and

(iii) Cl(p,q) cannot be generated by any proper subset of {Im, e1, e2, e3, ..., en}.

Then A is the Clifford algebra and is denoted by Cl(p,q). The algebra is expressible as a

span over a field F of the following elements:

• the identity element Im, called the 0-vector or scalar;

• n elements ei, called the 1-vectors;

•
(
n
k

)
elements eiej, for distinct i, j, called the 2-vectors or bivectors;

•
(
n
k

)
elements eiejek, for distinct i, j,and k, called 3-vectors or trivectors;

.

.

• the n-vectors or the volume element e1e2...en. It follows from (iii) that, the basis for the

algebra contains
∑n

k=1

(
n
k

)
= 2n vectors. We refer to 0-vectors, 2-vectors, 4-vectors,etc

as the even vectors, and 1-vectors, 3-vectors, 5-vectors,etc as the odd vectors. So the

algebra decomposed into the direct sum : Cl(p,q) = Cl+(p, q) ⊕ Cl−(p, q), where the

even(resp. odd) subalgebra of Cl(p, q), denoted by Cl+(p, q) (resp Cl−(p, q)) is the

span of the even (resp. odd) vectors of Cl(p, q). For any pair (p, q), a Clifford algebra

Cl(p, q) can be realized as a particular matrix algebra M(m,F), where F = R,C or

H or as a double ring of one of these algebras. Nevertheless, whereas the algebra

containing Cl(p, q) is known, the explicit constructions of the spin groups within that

algebra relies intricately on the particular choice of 1-vectors. As such, the choice of

1-vector used will be specified whenever a particular construction is pertinent to our

results.
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Definition 2.

(i) Define a map φcc on the basis elements with φcc(I) = I, and φcc(v) = −v for all 1-

vectors v, and φcc(vw) = φcc(w)φcc(v) for any basis vectors v and w. Then, by linearity,

extend φcc to all of Cl(p, q). The function φcc is known as the Clifford conjugation

antiautotomorphism.

(ii) Define a function φrev on the basis elements with φrev(I) = I, φrev(v) = v, ∀ 1-vectors

v, and φrev(vw) = φrev(w)φrev(v) for any basis vectors v and w. Then ,by linearity, ex-

tend φrev to all of Cl(p, q). The map φrev is called the reversion antiautotomorphism.

(iii) Define a map φgr = φrev ◦ φcc on Cl(p, q). We refer to this map as the grade anti-

autotomorphism. It satisfies φgr(I) = I, φgr(v) = −v forall 1-vectors v, φgr(vw) =

φgr(v)φgr(w) for any basis vectors v and w and extends linearly over Cl(p, q).

For brevity, we denote xcc := φcc(x) , xrev := φrev(x), and xgr := φgr(x). Thus, x ∈ Cl(p, q)

is an even vector if and only if xgr = x and x is an odd vector if and only if xgr = −x.

It is easy to formulate examples of low-dimensional Clifford algebras as isomorphic to

known matrix algebras. For instance, Cl(3, 0) is M(2,C), and [15] gives conditions for

identifying a suitable matrix algebra for any Cl(p, q). Nevertheless, as the size of the pair

(p, q) increases, the task of finding practical family of 1- vectors in order to define the

Clifford conjugation, reversion and the grade map as explicit matrix automorphisms becomes

a hurdle. However, our task will be simplified by the following iteration denoted IC:

IC: Assume Cl(p, q) has a known matrix representation generated by 1-vectors {e1 · · · ep, f1 · · · fq},

where e2i = 1, f 2
j = −1 ∀i = 1, · · · p and j = 1, · · · q. Let ẽi and f̃j denote the set of 1-vectors

for the new Clifford algebra whose squares are I and −I respectively. Then Cl(p+ 1, q + 1)

can be represented as M(2, Cl(p, q)) with 1-vectors defined as follows:

ẽi = σz ⊗ ei, i = 1 · · · p, ẽp+1 =

0 1

1 0

; the identity

1 0

0 1

 , where 0 and 1 denote the

zero and identity elements of Cl(p, q).
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The following result also tells us how to extend reversion and Clifford conjugation from

that for (p, q) to (p+ 1, q + 1):

For A,B,C,D ∈ Cl(p, q), let X =

A B

C D

 ∈ Cl(p+1, q+1). Then Clifford conjugation

and reversion on Cl(p+ 1, q + 1) is given by:

Xcc =

 Drev −Brev

−Crev Arev

 and Xrev =

Dcc Bcc

Ccc Acc

 respectively.

Now our path to inversion of the covering map follows the steps below:

1. Identify a set of 1-vectors for Clifford algebra Cl(p, q) and formulate the Clifford con-

jugation φcc, reversion φrev, and grade φgr map with respect to the 1-vectors.

2. Identify a representation of Spin+(p, q) consistent with φcc, φrev and φgr. Thus Spin+(p, q)

should lie in the same algebra as Cl(p, q).

Steps 1 and 2 were achieved in reference [1].

3. Compute the explicit form, as a matrix of quadratic functions, of the forward map, a

two-to-one, surjective homomorphism φp,q : Spin+(p, q)→ SO+(p, q)

4. Finally, calculate the inverse map by solving an intricate system quadratic equations

when the target matrix is standard Givens or hyperbolic Givens.
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2.2 Quaternions

To define the quaternions, we first introduce the symbols i, j, k. These symbols satisfy the

following properties: i2 = j2 = k2 = ijk = −1 , ij = k, jk = i and ki = j. Any quaternion

q ∈ H is an object of the form a + bi + cj + dk, where a, b, c, d ∈ R. The real part of

q is a and its imaginary part is a vector (b, c, d) ∈ R3. So, we define pure quaternion as

P = {q ∈ H : a = 0}

The conjugate of a quaternion q is q̄ = a − bi − cj − dk and its norm squared is qq̄ =

a2 + b2 + c2 + d2. So the norm of q is defined to be |q| =
√
q̄q. q is called a unit quaternion

if |q| = 1.

It is also known that H⊗H is isomorphic to M(4,R) [9]. We make significant use of the

following matrices stemming from this isomorphism, H⊗H ∼= M(4,R):

M1⊗i =



0 1 0 0

−1 0 0 0

0 0 0 −1

0 0 1 0


; M1⊗j =



0 0 1 0

0 0 0 1

−1 0 0 0

0 −1 0 0


; M1⊗k =



0 0 0 1

0 0 −1 0

0 1 0 0

−1 0 0 0


,

7



2.3 Indefinite Orthogonal groups and Spin Groups

• Denote by O(p, q) the set of real n × n matrices X satisfying XT Ip,qX = Ip,q. Then

SO(p, q) = {X ∈ O(p, q) : det(X) = 1}. This set is not connected for pq 6= 0.

Therefore, we define SO+(p, q) as the connected component of the identity I of the

set {X ∈ M(p + q,R) : XT Ip,qX = Ip,q, det(X) = 1}. Here n = p + q and Ip,q =Ip 0

0 −Iq

. Unlike the case, pq = 0, the set is not connected. Therefore, there is no

simple algebraic formulation of SO+(p, q).

• Spin+(p, q) is the set of all X ∈ Cl(p, q) satisfying: i) X is even; ii) XccX = I; iii) The

map v → XvXcc leaves the space of 1-vectors invariant.

• The forward map φp,q(X) is the matrix of the linear map that sends v → xvxcc for any

1-vector v.

2.4 Given-like Actions

Define R =

c −s
s c

 where c2 + s2 = 1 and H =

a b

b a

, for a2 − b2 = 1 respectively. It

is well known that

• Given a vector (x, y)T there is an R =

c −s
s c

 where c2+s2 = 1 such that R(x, y)T =

(
√
x2 + y2, 0)

• Similarly given a vector (x, y)T , with | x |≥| y |, there is anH =

a b

b a

, for a2−b2 = 1

such that H(x, y)T = (
√
x2 − y2, 0)

8



R, H are called plane standard Givens and hyperbolic Givens respectively. Embedding

R, resp. H as a principal submatrix of the identity matrix In, yields matrices known as

standard Givens (respectively, Hyperbolic Givens)[19].

Ri,j(Hi,j respectively) stands for standard Givens (respectively, Hyperbolic Givens) ob-

tained by embedding a plane standard Givens and hyperbolic Givens respectively in rows

and columns (i, j). We now present an example which shows how elements of SO+(p, q) can

be factored into products of standard Givens and hyperbolic Givens.

Let X ∈ SO+(2, 2). Consider the first column of X,

v1 =



a

b

c

d


Since X ∈ SO+(2, 2), a2 + b2 − c2 − d2 = 1. Therefore there are R1,2, R3,4 such that

the first column of R1,2, R3,4X =



α

0

β

0


, where α =

√
a2 + b2 and β =

√
c2 + d2. Since

a2 + b2 − c2 − d2 = 1 = α2 − β2, it follows that |α| > |β|. Hence there is an H1,3 such that

the first column of H1,3R1,2R3,4X

v1 =



a

b

c

d


=



1

0

0

0


Since H1,3R1,2R3,4X ∈ SO+(2, 2) also, it follows that the first row H1,3R1,2R3,4X is

also

(
1 0 0 0

)
. Therefore, the second column of the product H1,3R1,2R3,4X is of the

9



form



0

b

c

d


since b2 − c2 − d2 = 1. So there is an R3,4 such that R3,4(c, d)T = (γ, 0)T , where

γ2 = c2+d2. As before b2−γ2 = 1, so there is an H2,3 such that H2,3 with H2,3(b, γ)T = (1, 0).

So it follows that the first and the second column equal the first two standard unit vectors.

Since H2,3R3,4H1,3R1,2R3,4X ∈ S0+(2, 2), it follows that it equals

1 0 0 0

0 1 0 0

0 0 y33 y34

0 0 y43 y44


Again the condition H2,3R3,4H1,3R1,2R3,4X ∈ S0+(2, 2), ensures thaty33 y34

y43 y44


must itself be a plane standard Givens, whose inverse is, of course, is also a plane standard

Givens. Therefore, pre-multiplying be the corresponding R3,4 we get that

R3,4H2,3R3,4H1,3R1,2R3,4X = I4

Since the inverse of each Ri,j (respectively Hk,l) is itself an Ri,j (respectively Hk,l), it

follows that X can be expressed constructively as a product of R3,4, H2,3, H1,3, R1,2. The

above factorization is the only way to factor an element of SO+(2, 2) into a product of

standard and hyperbolic Givens

10



CHAPTER 3

EXPLICIT FORMULATIONS OF THE MAP

In the work [1], explicit choice of 1-vectors were used to identify Clifford conjugation, re-

version and grade map for several Spin+(p, q). In this chapter, we build on that work to

explicitly describe φp,q(X) as a matrix of quadratic maps. Recall that the forward map

φp,q(X) is the matrix of the linear map v → xvxcc, for any 1-vector v.

3.1 The double cover of SO+(2, 1) by Spin+(2, 1)

Let σx =

 0 1

1 0

 , σy =

 0 −i

i 0

 , σz =

 1 0

0 −1

 , Id2 =

 1 0

0 1

 .

Then {Y1, Y2, Y3}, the set of 1-vectors for Cl(2, 1) is defined as follows:

Y1= σz ⊗ σz =



1 0 0 0

0 −1 0 0

0 0 −1 0

0 0 0 1


, Y2= σx ⊗ Id2 =



0 0 1 0

0 0 0 1

1 0 0 0

0 1 0 0


,

Y3 = iσx ⊗ Id2 =



0 0 1 0

0 0 0 1

−1 0 0 0

0 −1 0 0


.

Let Z̃ =

x1 x2

x3 x4

 ∈ SL(2,R) which is abstractly isomorphic to Spin+(2, 1).

We embed Z̃ in Z ∈ Cl(2, 1) as follows: Z =



x1 0 x2 0

0 −x1 0 x2

x3 0 x4 0

0 x3 0 −x4


.
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Note g1 = x1x4 − x2x3 − 1 = 0. Then Z ∈ Cl(2, 1) and also in Spin+(2, 1).

Denote the Gröbner basis by GB = {g1}

Clearly

Z−1 =



x4 0 −x2 0

0 −x4 0 −x2

−x3 0 x1 0

0 −x3 0 −x1


We now compute modulo Gröbner basis GB = {g1}:

U1 = ZY 1Z
−1modGB =



1 + 2x2x3 0 −2x1x2 0

0 − (1 + 2x2x3) 0 −2x1x2

2x3x4 0 − (1 + 2x2x3) 0

0 2x3x4 0 1 + 2x2x3


,

U2 = ZY 2Z
−1modGB =



x2x4 − x1x3 0 x21 − x22 0

0 x1x3 − x2x4 0 x21 − x22

x24 − x23 0 x1x3 − x2x4 0

0 x24 − x23 0 x2x4 − x1x3



U3 = ZY 3Z
−1modGB =



− (x1x3 + x2x4) 0 x21 + x22 0

0 x1x3 + x2x4 0 x21 + x22

− (x23 + x24) 0 x1x3 + x2x4 0

0 − (x23 + x24) 0 − (x1x3 + x2x4)


,

Define the 3× 3 matrix D:

D =


d11 d12 d13

d21 d22 d23

d31 d32 d33


12



where

Uj = d1jY1 + d2jY2 + d3jY3, j = 1, 2, 3,

an the entries of matrix D are given by

dij =
〈Uj, Yi〉
〈Yi, Yi〉

modGB, i, j = 1, 2, 3 and

〈A,B〉 = tr
(
ATB

)
.

Then, D = φ2,1

[x1 x2

x3 x4

]. We obtain the following matrix:

D =


1 + 2x2x3 x2x4 − x1x3 − (x1x3 + x2x4)

x3x4 − x1x2 1
2

(x21 − x22 − x23 + x24)
1
2

(x21 + x22 − x23 − x24)

− (x1x2 + x3x4)
1
2

(x21 − x22 + x23 − x24) 1
2

(x21 + x22 + x23 + x24)

 . (3.1)

Theorem 3.1.

The forward map φ2,1 : Spin+(2, 1) → SO+(2, 1) is the φ2,1

[x1 x2

x3 x4

] = D, where D is

as in Equation (3.1)
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3.2 The double cover of SO+(2, 2) by Spin+(2, 2)

Let σx=

 0 1

1 0

 , σy =

 0 −i

i 0

 , σz =

 1 0

0 −1

 , Id =

 1 0

0 1

 .

Let X1 = σz ⊗ σx =



0 1 0 0

1 0 0 0

0 0 0 −1

0 0 −1 0


, X2 = σx ⊗ Id =



0 0 1 0

0 0 0 1

1 0 0 0

0 1 0 0


,

X3 = σz⊗ (iσy) =



0 1 0 0

−1 0 0 0

0 0 0 −1

0 0 1 0


, and X4 = (iσy)⊗Id.

Then {X1, X2, X3, X4} is the set of 1-vectors for Cl(2, 2).

Now let

[
Ã =

x1 x2

x7 x8

 , B̃ =

x3 x4

x5 x6

] ∈ SL(2,R)× SL(2,R) ∼= Spin+(2, 2).

Let us embed Ã,B̃ in Cl(2, 2) as follows: A =



x1 0 0 x2

0 x3 x4 0

0 x5 x6 0

x7 0 0 x8


;

Then the entries of matrix A satisfy the following identities:

Define: h1= det


 x1 x2

x7 x8


− 1 = x1x8 − x2x7 − 1 and

h2= det


 x3 x4

x5 x6


− 1 = x3x6 − x4x5 − 1.

Clearly, the Gröbner Basis for the ideal generated by these two polynomials is:

14



GB = {h1, h2}. Obviously

A−1 =



x8 0 0 −x2

0 x6 −x4 0

0 −x5 x3 0

−x7 0 0 x1


Next, we compute matrices

Ci = AXiA
−1modGB, i = 1, 2, 3, 4.

We have

C1 =



0 x2x5 + x1x6 −x2x3 − x1x4 0

x4x7 + x3x8 0 0 − (x2x3 + x1x4)

x6x7 + x5x8 0 0 − (x2x5 + x1x6)

0 x6x7 + x5x8 − (x4x7 + x3x8) 0



C2 =



0 x2x6 − x1x5 x1x3 − x2x4 0

x4x8 − x3x7 0 0 x1x3 − x2x4

x6x8 − x5x7 0 0 x1x5 − x2x6

0 x6x8 − x5x7 x3x7 − x4x8 0



C3 =



0 x1x6 − x2x5 x2x3 − x1x4 0

x4x7 − x3x8 0 0 x2x3 − x1x4

x6x7 − x5x8 0 0 x2x5 − x1x6

0 x6x7 − x5x8 x3x8 − x4x7 0



C4 =



0 − (x1x5 + x2x6) x1x3 + x2x4 0

− (x3x7 + x4x8) 0 0 x1x3 + x2x4

− (x5x7 + x6x8) 0 0 x1x5 + x2x6

0 − (x5x7 + x6x8) x3x7 + x4x8 0


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Define D = φ+
2,2 : Spin+(2, 2)→ SO+(2, 2)

D =



d11 d12 d13 d14

d21 d22 d23 d24

d31 d32 d33 d34

d41 d42 d43 d44


(3.2)

where Cj = d1,jX1 + d2,jX2 + d3,jX3 + d4,j, j = 1, 2, 3, 4, Thus, one obtains:

dij =
〈Cj, Xi〉
〈Xi, Xi〉

modGB, i, j = 1, 2, 3, 4 and

〈A,B〉 = tr
(
ATB

)
.

Therefore

d1,1 = 1
2

(x2x5 + x1x6 + x4x7 + x3x8)

d2,1 = 1
2

(x6x7 + x5x8 − x2x3 − x1x4)

d3,1 = 1
2

(x2x5 + x1x6 − x4x7 − x3x8)

d4,1 = 1
2

(x2x6 − x1x5 − x3x7 + x4x8)

d1,2 = 1
2

(x2x6 − x1x5 − x3x7 + x4x8)

d2,2 = 1
2

(x1x3 − x2x4 − x5x7 + x6x8)

d3,2 = 1
2

(x2x6 − x1x5 + x3x7 − x4x8)

d4,2 = 1
2

(x1x3 − x2x4 + x5x7 − x6x8)

d1,3 = 1
2

(x1x6 − x2x5 + x4x7 − x3x8)

d2,3 = 1
2

(x2x3 − x1x4 + x6x7 − x5x8)

d3,3 = 1
2

(x1x6 − x2x5 − x4x7 + x3x8)

d4,3 = 1
2

(x2x3 − x1x4 − x6x7 + x5x8)

d1,4 = 1
2

(−x1x5 − x2x6 − x3x7 − x4x8)

d2,4 = 1
2

(x1x3 + x2x4 − x5x7 − x6x8)

d3,4 = 1
2

(x3x7 + x4x8 − x1x5 − x2x6)

d4,4 = 1
2

(x1x3 + x2x4 + x5x7 + x6x8)
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Theorem 3.2.

The forward map for φ2,2 : Spin+(2, 2)→ SO+(2, 2) is

φ2,2

[x1 x2

x7 x8

 ,

x3 x4

x5 x6

] = D with D given by Equation (3.2).

3.3 The double cover of SO+(3, 1) by Spin+(3, 1)

Let

σx =

0 1

1 0

 , σy =

0 −i

i 0

 , σz =

1 0

0 −1

 , Id2 =

1 0

0 1

 , Id4 =



1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1


DefineX1 = σz ⊗ σz, X2 = σz ⊗ σx, X3 = σx ⊗ Id2, X4 = (iσx)⊗Id2, and q = 1√

2
(1 + k) ,

then

M1⊗q =



1√
2

0 0 1√
2

0 1√
2
− 1√

2
0

0 1√
2

1√
2

0

− 1√
2

0 0 1√
2


and using M1⊗q, we change the basis {X1, X2, X3, X4} of Cl(3, 1) into the basis of 1-vectors

for Cl(3, 1): {Z1, Z2, Z3, Z4} , where

Zi = MT
1⊗qXiM1⊗q, i = 1, 2, 3, 4.

We thus have

Z1 =



1 0 0 0

0 −1 0 0

0 0 −1 0

0 0 0 1


, Z2 =



0 1 0 0

1 0 0 0

0 0 0 −1

0 0 −1 0


Z3 =



0 0 1 0

0 0 0 1

1 0 0 0

0 1 0 0


, Z4 =



0 1 0 0

−1 0 0 0

0 0 0 −1

0 0 1 0


.

Let A =

 x11 x12

x21 x22

, B =

 y11 y12

y21 y22

 , J2=

 0 1

−1 0

 ,
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and let us consider matrix Y =

 A −B

B A

 . One shows that

Y ∈ Spin+(3, 1)

if and only if

−J2ATJ2A+ J2B
TJ2B = Id2 and

J2A
TJ2B + J2B

TJ2A=

 0 0

0 0


The above identities imply that Y ∈ Spin+(3, 1)

iff p = −1− x12x21 + x11x22 + y12y21− y11y22 = 0 and q = −x22y11 + x21y12 + x12y21− x11y22.

One verifies that Gröebner Basis of I = 〈p, q〉 is GB = {f1, f2, f3} , where

f1 = x222y11 − x21x22y12 − x12x22y21 + y22 + x12x21y22 − y12y21y22 + y11y
2
22;

f2 = x22y11 − x21y12 − x12y21 + x11y22;

f3 = −1− x12x21 + x11x22 + y12y21 − y11y22.

One sees that det (Y )modGB = 1. Thus, Y −1modGB = Y −1 is computed using the matrix

of cofactors of Y

Y −1 =



t11 t12 t13 t14

t21 t22 t23 t24

t31 t32 t33 t34

t41 t42 t43 t44



T

where

tij = (−1)i+jMijmodGB,

and Mij is the (i, j) minor of Y . We have

Y −1 =



x22 −x12 −y22 y12

−x21 x11 y21 −y11

y22 −y12 x22 −x12

−y21 y11 −x21 x11


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Next, we compute matrices C1modGB, C2modGB, C3modGB, C4modGB, as follows:

Ci = Y ZiY
−1modGB , i = 1, 2, 3, 4.

We have,if Ck =
(
ckij
)
,then

c111 = 1 + 2x12x21 + 2y11y22

c121 = 2x21x22 + 2y21y22

c131 = 2x22y11 − 2x12y21

c141 = 0

c112 = −2x11x12 − 2y11y12

c122 = −1− 2x12x21 − 2y11y22

c132 = 0

c142 = 2x22y11 − 2x12y21

c113 = 2x22y11 − 2x12y21

c123 = 0

c133 = −1− 2x12x21 − 2y11y22

c143 = −2x21x22 − 2y21y22

c112 = 0

c122 = 2x22y11 − 2x12y21

c132 = 2x11x12 + 2y11y12

c142 = 1 + 2x12x21 + 2y11y22

c211 = −x11x21 + x12x22 − y11y21 + y12y22

c221 = −x221 + x222 − y221 + y222

c231 = −x21y11 + x22y12 + x11y21 − x12y22

c241 = 0

c212 = x211 − x212 + y211 − y212

c222 = x11x21 − x12x22 + y11y21 − y12y22

c232 = 0

c242 = −x21y11 + x22y12 + x11y21 − x12y22

c213 = −x21y11 + x22y12 + x11y21 − x12y22

c223 = 0

c233 = x11x21 − x12x22 + y11y21 − y12y22

c243 = x221 − x222 + y221 − y222

c212 = 0

c222 = −x21y11 + x22y12 + x11y21 − x12y22

c232 = −x211 + x212 − y211 + y212

c242 = −x11x21 + x12x22 − y11y21 + y12y22

c311 = −2x22y11 + 2x21y12

c321 = −2x22y21 + 2x21y22

c331 = 1− 2y12y21 + 2y11y22

c341 = 0

c312 = 2x12y11 − 2x11y12

c322 = 2x22y11 − 2x21y12

c332 = 0

c342 = 1− 2y12y21 + 2y11y22

c313 = 1− 2y12y21 + 2y11y22

c323 = 0

c333 = 2x22y11 − 2x21y12

c343 = 2x22y21 − 2x21y22

c312 = 0

c322 = 1− 2y12y21 + 2y11y22

c332 = −2x12y11 + 2x11y12

c342 = −2x22y11 + 2x21y12

19



c411 = −x11x21 − x12x22 − y11y21 − y12y22

c421 = −x221 − x222 − y221 − y222

c431 = −x21y11 − x22y12 + x11y21 + x12y22

c441 = 0

c412 = x211 + x212 + y211 + y212

c422 = x11x21 + x12x22 + y11y21 + y12y22

c432 = 0

c442 = −x21y11 − x22y12 + x11y21 + x12y22

c413 = −x21y11 − x22y12 + x11y21 + x12y22

c423 = 0

c433 = x11x21 + x12x22 + y11y21 + y12y22

c443 = x221 + x222 + y221 + y222

c412 = 0

c422 = −x21y11 − x22y12 + x11y21 + x12y22

c432 = −x211 − x212 − y211 − y212

c442 = −x11x21 − x12x22 − y11y21 − y12y22
Using these matrices, we compute the matrix

M =



m11 m12 m13 m14

m21 m22 m23 m24

m31 m32 m33 m34

m41 m42 m43 m44


, (3.3)
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where Cj =
∑4

i=1mi,jZi, mi,j = 1
〈Zi,Zi〉 〈Cj, Zi〉modGB, j = 1, 2, 3, 4 and 〈A,B〉 = Tr

(
BTA

)
.

We obtain the following:

m11 = 1 + 2x12x21 + 2y11y22

m21 = −x11x12 + x21x22 − y11y12 + y21y22

m31 = 2x22y11 − 2x12y21

m41 = −x11x12 − x21x22 − y11y12 − y21y22m12 = −x11x21 + x12x22 − y11y21 + y12y22

m22 = 1
2

(x211 − x212 − x221 + x222 + y211 − y212 − y221 + y222)

m32 = −x21y11 + x22y12 + x11y21 − x12y22

m42 = 1
2

(x211 − x212 + x221 − x222 + y211 − y212 + y221 − y222)m13 = −2x22y11 + 2x21y12

m23 = x12y11 − x11y12 − x22y21 + x21y22

m33 = 1− 2y12y21 + 2y11y22

m43 = x12y11 − x11y12 + x22y21 − x21y22m14 = −x11x21 − x12x22 − y11y21 − y12y22

m24 = 1
2

(x211 + x212 − x221 − x222 + y211 + y212 − y221 − y222)

m34 = −x21y11 − x22y12 + x11y21 + x12y22

m44 = 1
2

(x211 + x212 + x221 + x222 + y211 + y212 + y221 + y222)

Hence we obtain:

Theorem 3.3.

The forward map Φ3,1 sends the matrix A+ iB, with A =

 x11 x12

x21 x22

, B =

 y11 y12

y21 y22


to the matrix M in Equation (3.3).

3.4 The double cover of SO+(3, 2) by Spin+(3, 2)

Let σx =

0 1

1 0

, σy =

0 −i

i 0

, σz =

1 0

0 −1

, Id2 =

1 0

0 1

, Id4 =



1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1


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We choose the basis B = {X1, X2, X3, X4, X5} , as our basis of 1-vectors for Cl(3, 2),

where X1 = σx ⊗ Id4 =



0 0 0 0 1 0 0 0

0 0 0 0 0 1 0 0

0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 1

1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0

0 0 1 0 0 0 0 0

0 0 0 1 0 0 0 0



,

X2 = σz ⊗ σx ⊗ Id2 =



0 0 1 0 0 0 0 0

0 0 0 1 0 0 0 0

1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0

0 0 0 0 0 0 −1 0

0 0 0 0 0 0 0 −1

0 0 0 0 −1 0 0 0

0 0 0 0 0 −1 0 0



X3 = σz ⊗ σz ⊗ σz =



1 0 0 0 0 0 0 0

0 −1 0 0 0 0 0 0

0 0 −1 0 0 0 0 0

0 0 0 1 0 0 0 0

0 0 0 0 −1 0 0 0

0 0 0 0 0 1 0 0

0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 −1



,
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X4 = (iσy)⊗Id4 =



0 0 0 0 1 0 0 0

0 0 0 0 0 1 0 0

0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 1

−1 0 0 0 0 0 0 0

0 −1 0 0 0 0 0 0

0 0 −1 0 0 0 0 0

0 0 0 −1 0 0 0 0



X5 = σz ⊗ (iσy)⊗ Id2 =



0 0 1 0 0 0 0 0

0 0 0 1 0 0 0 0

−1 0 0 0 0 0 0 0

0 −1 0 0 0 0 0 0

0 0 0 0 0 0 −1 0

0 0 0 0 0 0 0 −1

0 0 0 0 1 0 0 0

0 0 0 0 0 1 0 0


This choice of 1-vectors produces Spin+(3, 2) as the following nonstandard copy of the

real symplectic group

Ŝp(4,R) = {Â ∈M(4,R) : ÂTM1⊗kÂ = M1⊗k}

Suppose

Â =



x1 x2 x3 x4

x5 x6 x7 x8

x9 x10 x11 x12

x13 x14 x15 x16


(3.4)
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We embed Â into an element of Cl(3, 2) as follows:

A =



x1 0 x2 0 x3 0 x4 0

0 x1 0 −x2 0 −x3 0 x4

x5 0 x6 0 x7 0 x8 0

0 −x5 0 x6 0 x7 0 −x8

x9 0 x10 0 x11 0 x12 0

0 −x9 0 x10 0 x11 0 −x12

x13 0 x14 0 x15 0 x16 0

0 x13 0 −x14 0 −x15 0 x16


Then A lives in Cl(3, 2) and belongs to Spin+(3, 2). The conditions that Â belongs to

Ŝp(4,R) are the following:

f1= x1x16−x4x13−x5x12+x8x9−1 = 0

f2= x2x16−x4x14−x6x12+x8x10= 0

f3= x3x16−x4x15−x7x12+x8x11 = 0

f4= x1x15−x3x13−x5x11+x7∗x9 = 0

f5= x2x15−x3x14−x6x11+x7x10+1 = 0

f6= x1x14−x2x13−x5x10+x6x9 = 0

Let K = {f1, f2, f3, f4, f5, f6} and a Gröbner Basis for the ideal (K) ≤ R [x1, x2, ..., x16]

with respect to the Lex Order is given by GB = {g1, g2, ..., g22} , where

g1 = −x12x13 + x11x14 − x10x15 + x16x9,

g2 = −x16 − x12x15x6 + x11x16x6 + x12x14x7 − x10x16x7 − x11x14x8 + x10x15x8,

g3 = x12x13−x11x14+x10x15−x11x12x13x6+x211x14x6−x10x11x15x6+x10x12x13x7−x10x11x14x7

+x210x15x7 + x12x15x6x9 − x12x14x7x9 + x11x14x8x9 − x10x15x8x9,

g4 = x16x5 − x15x6 + x14x7 − x13x8,

g5 = 1 + x12x5 − x11x6 + x10x7 − x8x9,

g6 = −x13 − x11x14x5 + x10x15x5 + x11x13x6 − x10x13x7 − x15x6x9 + x14x7x9,
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g7 = x16x3 − x15x4 − x12x7 + x11x8,

g8 = x12x13x3 − x11x14x3 + x10x15x3 − x15x4x9 − x12x7x9 + x11x8x9,

g9 = −x15x4x5 + x15x3x6 + x7 − x14x3x7 − x11x6x7 + x10x
2
7 + x13x3x8 + x11x5x8 − x7x8x9,

g10 = −x13x4 − x11x14x4x5 − x12x13x3x6 + x11x14x3x6 + x11x13x4x6 + x10x7 − x10x14x3x7 −

x10x13x4x7−x10x11x6x7+x210x27+x10x13x3x8+x10x11x5x8+x14x4x7x9+x12x6x7x9−x11x6x8x9−

x10x7x8x9,

g11 = x16x2 − x14x4 − x12x6 + x10x8,

g12 = 1 + x15x2 − x14x3 − x11x6 + x10x7,

g13 = x10− x12x13x2 + x11x14x2− x10x14x3− x10x11x6 + x210x7 + x14x4x9 + x12x6x9− x10x8x9,

g14 = x14x4x5 − x14x3x6 + x14x2x7 − x13x2x8 − x10x5x8 + x6x8x9,

g15 = −x4 − x12x3x6 + x11x4x6 + x12x2x7 − x10x4x7 − x11x2x8 + x10x3x8,

g16 = x4x5 − x3x6 − x11x4x5x6 + x11x3x
2
6 + x2x7 + x10x4x5x7 − x11x2x6x7 − x10x3x6x7 +

x10x2x
2
7 + x11x2x5x8 − x10x3x5x8 + x3x6x8x9 − x2x7x8x9,

g17 = x1x16 − x13x4 − x11x6 + x10x7,

g18 = x1x15 − x13x3 − x11x5 + x7x9,

g19 = x1x14 − x13x2 − x10x5 + x6x9,

g20 = x1x12 − x11x2 + x10x3 − x4x9,

g21 = −x4x5 + x3x6 − x2x7 + x1x8,

g22 = −x1 − x11x2x5 + x10x3x5 + x1x11x6 − x1x10x7 − x3x6x9 + x2x7x9.

Note that det (A)modGB = 1, and hence
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A−1modGB =



x16 0 −x12 0 x8 0 −x4 0

0 x16 0 x12 0 −x8 0 −x4

−x15 0 x11 0 −x7 0 x3 0

0 x15 0 x11 0 −x7 0 −x3

x14 0 −x10 0 x6 0 −x2 0

0 −x14 0 −x10 0 x6 0 x2

−x13 0 x9 0 −x5 0 x1 0

0 −x13 0 −x9 0 x5 0 x1


Next, we compute matrices C1modGB, C2modGB, C3modGB, C4modGB, C5modGB as

follows: Ci = AX iA
−1modGB, i = 1, 2, 3, 4, 5. We then have C1 =

(
c1i,j
)
, where the c1i,j are

c111 = x10x5 + x12x7 − x11x8 − x6x9

c113 = −x1x10 − x12x3 + x11x4 + x2x9

c115 = −x2x5 + x1x6 − x4x7 + x3x8

c122 = −x10x5 − x12x7 + x11x8 + x6x9

c124 = −x1x10 − x12x3 + x11x4 + x2x9

c126 = −x2x5 + x1x6 − x4x7 + x3x8

c131 = x14x5 − x13x6 + x16x7 − x15x8

c133 = −x10x5 − x12x7 + x11x8 + x6x9

c137 = −x2x5 + x1x6 − x4x7 + x3x8

c142 = x14x5 − x13x6 + x16x7 − x15x8

c144 = x10x5 + x12x7 − x11x8 − x6x9

c148 = −x2x5 + x1x6 − x4x7 + x3x8

c151 = −x10x13 − x12x15 + x11x16 + x14x9

c155 = −x10x5 − x12x7 + x11x8 + x6x9

c157 = x1x10 + x12x3 − x11x4 − x2x9

c162 = −x10x13 − x12x15 + x11x16 + x14x9

c166 = x10x5 + x12x7 − x11x8 − x6x9

c168 = x1x10 + x12x3 − x11x4 − x2x9

c173 = −x10x13 − x12x15 + x11x16 + x14x9

c175 = −x14x5 + x13x6 − x16x7 + x15x8

c177 = x10x5 + x12x7 − x11x8 − x6x9

c174 = −x10x13 − x12x15 + x11x16 + x14x9

c186 = −x14x5 + x13x6 − x16x7 + x15x8

c188 = −x10x5 − x12x7 + x11x8 + x6x9
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C2 =
(
c2i,j
)
, where c2i,j 6= 0 are:

c211 = −x11x5 + x12x6 − x10x8 + x7x9

c213 = x1x11 − x12x2 + x10x4 − x3x9

c215 = x3x5 − x4x6 − x1x7 + x2x8

c222 = x11x5 − x12x6 + x10x8 − x7x9

c224 = x1x11 − x12x2 + x10x4 − x3x9

c226 = x3x5 − x4x6 − x1x7 + x2x8

c231 = −x15x5 + x16x6 + x13x7 − x14x8

c233 = x11x5 − x12x6 + x10x8 − x7x9

c237 = x3x5 − x4x6 − x1x7 + x2x8

c242 = −x15x5 + x16x6 + x13x7 − x14x8

c244 = −x11x5 + x12x6 − x10x8 + x7x9

c248 = x3x5 − x4x6 − x1x7 + x2x8

c251 = x11x13 − x12x14 + x10x16 − x15x9

c255 = x11x5 − x12x6 + x10x8 − x7x9

c257 = −x1x11 + x12x2 − x10x4 + x3x9

c262 = x11x13 − x12x14 + x10x16 − x15x9

c266 = −x11x5 + x12x6 − x10x8 + x7x9

c268 = −x1x11 + x12x2 − x10x4 + x3x9

c273 = x11x13 − x12x14 + x10x16 − x15x9

c275 = x15x5 − x16x6 − x13x7 + x14x8

c277 = −x11x5 + x12x6 − x10x8 + x7x9

c284 = x11x13 − x12x14 + x10x16 − x15x9

c286 = x15x5 − x16x6 − x13x7 + x14x8

c288 = x11x5 − x12x6 + x10x8 − x7x9
C3 =

(
c3i,j
)
, where c3i,j 6= 0 So, we have :

c311 = −1 + 2x11x6 − 2x10x7

c313 = −2x11x2 + 2x10x3

c315 = −2x3x6 + 2x2x7

c322 = 1− 2x11x6 + 2x10x7

c324 = −2x11x2 + 2x10x3

c326 = −2x3x6 + 2x2x7

c331 = 2x15x6 − 2x14x7

c333 = 1− 2x11x6 + 2x10x7

c337 = −2x3x6 + 2x2x7

c342 = 2x15x6 − 2x14x7

c344 = −1 + 2x11x6 − 2x10x7

c348 = −2x3x6 + 2x2x7

c351 = −2x11x14 + 2x10x15

c355 = 1− 2x11x6 + 2x10x7

c357 = 2x11x2 − 2x10x3

c362 = −2x11x14 + 2x10x15

c366 = −1 + 2x11x6 − 2x10x7

c368 = 2x11x2 − 2x10x3

c373 = −2x11x14 + 2x10x15

c375 = −2x15x6 + 2x14x7

c377 = −1 + 2x11x6 − 2x10x7

c384 = −2x11x14 + 2x10x15

c386 = −2x15x6 + 2x14x7

c388 = 1− 2x11x6 + 2x10x7
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C4 =
(
c4i,j
)
, where c4i,j 6= 0 are:

c411 = x10x5 − x12x7 + x11x8 − x6x9

c413 = −x1x10 + x12x3 − x11x4 + x2x9

c415 = −x2x5 + x1x6 + x4x7 − x3x8

c422 = −x10x5 + x12x7 − x11x8 + x6x9

c424 = −x1x10 + x12x3 − x11x4 + x2x9

c426 = −x2x5 + x1x6 + x4x7 − x3x8

c431 = x14x5 − x13x6 − x16x7 + x15x8

c433 = −x10x5 + x12x7 − x11x8 + x6x9

c437 = −x2x5 + x1x6 + x4x7 − x3x8

c442 = x14x5 − x13x6 − x16x7 + x15x8

c444 = x10x5 − x12x7 + x11x8 − x6x9

c448 = −x2x5 + x1x6 + x4x7 − x3x8

c451 = −x10x13 + x12x15 − x11x16 + x14x9

c455 = −x10x5 + x12x7 − x11x8 + x6x9

c457 = x1x10 − x12x3 + x11x4 − x2x9

c462 = −x10x13 + x12x15 − x11x16 + x14x9

c466 = x10x5 − x12x7 + x11x8 − x6x9

c468 = x1x10 − x12x3 + x11x4 − x2x9

c473 = −x10x13 + x12x15 − x11x16 + x14x9

c475 = −x14x5 + x13x6 + x16x7 − x15x8

c477 = x10x5 − x12x7 + x11x8 − x6x9

c484 = −x10x13 + x12x15 − x11x16 + x14x9

c486 = −x14x5 + x13x6 + x16x7 − x15x8

c488 = −x10x5 + x12x7 − x11x8 + x6x9

28



C5 =
(
c5i,j
)
, where c5i,j 6= 0 are:

c511 = −x11x5 − x12x6 + x10x8 + x7x9

c513 = x1x11 + x12x2 − x10x4 − x3x9

c515 = x3x5 + x4x6 − x1x7 − x2x8

c522 = x11x5 + x12x6 − x10x8 − x7x9

c524 = x1x11 + x12x2 − x10x4 − x3x9

c526 = x3x5 + x4x6 − x1x7 − x2x8

c531 = −x15x5 − x16x6 + x13x7 + x14x8

c533 = x11x5 + x12x6 − x10x8 − x7x9

c537 = x3x5 + x4x6 − x1x7 − x2x8

c542 = −x15x5 − x16x6 + x13x7 + x14x8

c544 = −x11x5 − x12x6 + x10x8 + x7x9

c548 = x3x5 + x4x6 − x1x7 − x2x8

c551 = x11x13 + x12x14 − x10x16 − x15x9

c555 = x11x5 + x12x6 − x10x8 − x7x9

c557 = −x1x11 − x12x2 + x10x4 + x3x9

c562 = x11x13 + x12x14 − x10x16 − x15x9

c566 = −x11x5 − x12x6 + x10x8 + x7x9

c568 = −x1x11 − x12x2 + x10x4 + x3x9

c573 = x11x13 + x12x14 − x10x16 − x15x9

c575 = x15x5 + x16x6 − x13x7 − x14x8

c577 = −x11x5 − x12x6 + x10x8 + x7x9

c584 = x11x13 + x12x14 − x10x16 − x15x9

c586 = x15x5 + x16x6 − x13x7 − x14x8

c588 = x11x5 + x12x6 − x10x8 − x7x9
Now we express the matrices Ci in terms of the basis B = {X1, X2, X3, X4, X5} as follows:

Cj =
5∑
i=1

mi,jXi, where mi,j =
1

〈Xi, Xi〉
〈Cj, Xi〉modGB and 〈Y, Z〉 = Tr

(
Y TZ

)

Let M be the matrix of coefficients:

M =



m1,1 m1,2 m1,3 m1,4 m1,5

m2,1 m2,2 m2,3 m2,4 m2,5

m3,1 m3,2 m3,3 m3,4 m3,5

m4,1 m4,2 m4,3 m4,4 m4,5

m5,1 m5,2 m5,3 m5,4 m5,5


(3.5)
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The mi,j are given as follows:

m1,1 = 1
2
(−x10x13 − x12x15 + x11x16 − x2x5 + x1x6 − x4x7 + x3x8 + x14x9)

m2,1 = 1
2
(−x1x10 − x12x3 + x11x4 + x14x5 − x13x6 + x16x7 − x15x8 + x2x9)

m3,1 = x10x5 + x12x7 − x11x8 − x6x9

m4,1 = 1
2
(x10x13 + x12x15 − x11x16 − x2x5 + x1x6 − x4x7 + x3x8 − x14x9)

m5,1 = 1
2
(−x1x10 − x12x3 + x11x4 − x14x5 + x13x6 − x16x7 + x15x8 + x2x9)

m1,2 = 1
2
(x11x13 − x12x14 + x10x16 + x3x5 − x4x6 − x1x7 + x2x8 − x15x9)

m2,2 = 1
2
(x1x11 − x12x2 + x10x4 − x15x5 + x16x6 + x13x7 − x14x8 − x3x9)

m3,2 = −x11x5 + x12x6 − x10x8 + x7x9

m4,2 = 1
2
(−x11x13 + x12x14 − x10x16 + x3x5 − x4x6 − x1x7 + x2x8 + x15x9)

m5,2 = 1
2
(x1x11 − x12x2 + x10x4 + x15x5 − x16x6 − x13x7 + x14x8 − x3x9)

m1,3 = −x11x14 + x10x15 − x3x6 + x2x7

m2,3 = −x11x2 + x10x3 + x15x6 − x14x7

m3,3 = −1 + 2x11x6 − 2x10x7

m4,3 = x11x14 − x10x15 − x3x6 + x2x7

m5,3 = −x11x2 + x10x3 − x15x6 + x14x7

m1,4 = 1
2
(−x10x13 + x12x15 − x11x16 − x2x5 + x1x6 + x4x7 − x3x8 + x14x9)

m2,4 = 1
2
(−x1x10 + x12x3 − x11x4 + x14x5 − x13x6 − x16x7 + x15x8 + x2x9)

m3,4 = x10x5 − x12x7 + x11x8 − x6x9

m4,4 = 1
2
(x10x13 − x12x15 + x11x16 − x2x5 + x1x6 + x4x7 − x3x8 − x14x9)

m5,4 = 1
2
(−x1x10 + x12x3 − x11x4 − x14x5 + x13x6 + x16x7 − x15x8 + x2x9)

m1,5 = 1
2
(x11x13 + x12x14 − x10x16 + x3x5 + x4x6 − x1x7 − x2x8 − x15x9)

m2,5 = 1
2
(x1x11 + x12x2 − x10x4 − x15x5 − x16x6 + x13x7 + x14x8 − x3x9)

m3,5 = −x11x5 − x12x6 + x10x8 + x7x9

m4,5 = 1
2
(−x11x13 − x12x14 + x10x16 + x3x5 + x4x6 − x1x7 − x2x8 + x15x9)

m5,5 = 1
2
(x1x11 + x12x2 − x10x4 + x15x5 + x16x6 − x13x7 − x14x8 − x3x9
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Theorem 3.4. The map Φ3,2 sends Â ∈ Spin+(3, 2) = Ŝp(4,R) to M in SO+(3, 2), where

Â is as in Equation (3.4) and M is as in Equation (3.5).

3.5 The double cover of SO+(3, 3) by Spin+(3, 3)

Let σx =

0 1

1 0

, σy =

0 −i

i 0

, σz =

1 0

0 −1

, Id2 =

1 0

0 1

, Id4 =



1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1


Define Y1 = σz ⊗ σz ⊗ σx, Y2 = σz ⊗ σx ⊗ Id2, Y3 = σx ⊗ Id2 ⊗ Id2, Y4 = σz ⊗ σz ⊗ iσy,

Y5 = σz ⊗ iσy ⊗ Id2, Y6 = iσy ⊗ Id2 ⊗ Id2;

Let Q = [e1|e4|e6|e7|e2|e3|e5|e8] =



1 0 0 0 0 0 0 0

0 0 0 0 1 0 0 0

0 0 0 0 0 1 0 0

0 1 0 0 0 0 0 0

0 0 0 0 0 0 1 0

0 0 1 0 0 0 0 0

0 0 0 1 0 0 0 0

0 0 0 0 0 0 0 1



be a permutation matrix.

Define

Z1 = QTY1Q =



0 0 0 0 1 0 0 0

0 0 0 0 0 −1 0 0

0 0 0 0 0 0 −1 0

0 0 0 0 0 0 0 1

1 0 0 0 0 0 0 0

0 −1 0 0 0 0 0 0

0 0 −1 0 0 0 0 0

0 0 0 1 0 0 0 0



, Z2 = QTY2Q =



0 0 0 0 0 1 0 0

0 0 0 0 1 0 0 0

0 0 0 0 0 0 0 −1

0 0 0 0 0 0 −1 0

0 1 0 0 0 0 0 0

1 0 0 0 0 0 0 0

0 0 0 −1 0 0 0 0

0 0 −1 0 0 0 0 0



,
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Z3 = QTY3Q =



0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 1

0 0 0 0 1 0 0 0

0 0 0 0 0 1 0 0

0 0 1 0 0 0 0 0

0 0 0 1 0 0 0 0

1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0



, Z4 = QTY4Q =



0 0 0 0 1 0 0 0

0 0 0 0 0 1 0 0

0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 1

−1 0 0 0 0 0 0 0

0 −1 0 0 0 0 0 0

0 0 −1 0 0 0 0 0

0 0 0 −1 0 0 0 0



,

Z5 = QTY5Q =



0 0 0 0 0 1 0 0

0 0 0 0 −1 0 0 0

0 0 0 0 0 0 0 −1

0 0 0 0 0 0 1 0

0 1 0 0 0 0 0 0

−1 0 0 0 0 0 0 0

0 0 0 −1 0 0 0 0

0 0 1 0 0 0 0 0



, Z6 = QTY6Q =



0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 1

0 0 0 0 −1 0 0 0

0 0 0 0 0 −1 0 0

0 0 1 0 0 0 0 0

0 0 0 1 0 0 0 0

−1 0 0 0 0 0 0 0

0 −1 0 0 0 0 0 0



.

We use the set {Zi, i = 1, . . . , 6} as our basis of 1-vectors for Cl(3, 3).

Let

T =



x1 x2 x3 x4

x5 x6 x7 x8

x9 x10 x11 x12

x13 x14 x15 x16


(3.6)
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We suppose T ∈ SL (4,R) = Spin+(3, 3). Denote by p = det (T ) − 1; p ∈ R [x1, x2, ..., x16] ;

Since the Gröbner Basis GB of the ideal 〈p〉 is GB (〈p〉) = {p} , we compute

T−1 =



x1 x2 x3 x4

x5 x6 x7 x8

x9 x10 x11 x12

x13 x14 x15 x16



−1

modp

which yields the following matrix

T−1 =



t11 t12 t13 t14

t21 t22 t23 t24

t31 t32 t33 t34

t41 t42 t43 t44


,

where

t11 = −x12x15x6 + x11x16x6 + x12x14x7 − x10x16x7 − x11x14x8 + x10x15x8;

t21 = x12x15x5 − x11x16x5 − x12x13x7 + x11x13x8 + x16x7x9 − x15x8x9;

t31 = −x12x14x5 + x10x16x5 + x12x13x6 − x10x13x8 − x16x6x9 + x14x8x9;

t41 = x11x14x5 − x10x15x5 − x11x13x6 + x10x13x7 + x15x6x9 − x14x7x9;

t12 = x12x15x2 − x11x16x2 − x12x14x3 + x10x16x3 + x11x14x4 − x10x15x4;

t22 = −x1x12x15 + x1x11x16 + x12x13x3 − x11x13x4 − x16x3x9 + x15x4x9;

t32 = x1x12x14 − x1x10x16 − x12x13x2 + x10x13x4 + x16x2x9 − x14x4x¬9;

t42 = −x1x11x14 + x1x10x15 + x11x13x2 − x10x13x3 − x15x2x9 + x14x3x9;

t13 = −x16x3x6 + x15x4x6 + x16x2x7 − x14x4x7 − x15x2x8 + x14x3x8;

t23 = x16x3x5 − x15x4x5 − x1x16x7 + x13x4x7 + x1x15x8 − x13x3x8;

t33 = −x16x2x5 + x14x4x5 + x1x16x6 − x13x4x6 − x1x14x8 + x13x2x8;

t43 = x15x2x5 − x14x3x5 − x1x15x6 + x13x3x6 + x1x14x7 − x13x2x7;

t14 = x12x3x6 − x11x4x6 − x12x2x7 + x10x4x7 + x11x2x8 − x10x3x8;

t24 = −x12x3x5 + x11x4x5 + x1x12x7 − x1x11x8 − x4x7x9 + x3x8x9;

t34 = x12x2x5 − x10x4x5 − x1x12x6 + x1x10x8 + x4x6x9 − x2x8x9;
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t44 = −x11x2x5 + x10x3x5 + x1x11x6 − x1x10x7 − x3x6x9 + x2x7x9

Next let G = −M1⊗k (T−1)
T
M1⊗kmodp where we recall that

M1⊗k = σx ⊗ iσy =



0 0 0 1

0 0 −1 0

0 1 0 0

−1 0 0 0


Thus,

G =



g11 g12 g13 g14

g21 g22 g23 g24

g31 g32 g33 g34

g41 g42 g43 g44


,

where

g11 = −x11x2x5 + x10x3x5 + x1x11x6 − x1x10x7 − x3x6x9 + x2x7x9;

g12 = −x12x2x5 + x10x4x5 + x1x12x6 − x1x10x8 − x4x6x9 + x2x8x9;

g13 = −x12x3x5 + x11x4x5 + x1x12x7 − x1x11x8 − x4x7x9 + x3x8x9;

g14 = −x12x3x6 + x11x4x6 + x12x2x7 − x10x4x7 − x11x2x8 + x10x3x8;

g21 = −x15x2x5 + x14x3x5 + x1x15x6 − x13x3x6 − x1x14x7 + x13x2x7;

g22 = −x16x2x5 + x14x4x5 + x1x16x6 − x13x4x6 − x1x14x8 + x13x2x8;

g23 = −x16x3x5 + x15x4x5 + x1x16x7 − x13x4x7 − x1x15x8 + x13x3x8;

g24 = −x16x3x6 + x15x4x6 + x16x2x7 − x14x4x7 − x15x2x8 + x14x3x8;

g31 = −x1x11x14 + x1x10x15 + x11x13x2 − x10x13x3 − x15x2x9 + x14x3x9;

g32 = −x1x12x14 + x1x10x16 + x12x13x2 − x10x13x4 − x16x2x9 + x14x4x9;

g33 = −x1x12x15 + x1x11x16 + x12x13x3 − x11x13x4 − x16x3x9 + x15x4x9;

g34 = −x12x15x2 + x11x16x2 + x12x14x3 − x10x16x3 − x11x14x4 + x10x15x4;

g41 = −x11x14x5 + x10x15x5 + x11x13x6 − x10x13x7 − x15x6x9 + x14x7x9;

g42 = −x12x14x5 + x10x16x5 + x12x13x6 − x10x13x8 − x16x6x9 + x14x8x9;

g43 = −x12x15x5 + x11x16x5 + x12x13x7 − x11x13x8 − x16x7x9 + x15x8x9;
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g44 = −x12x15x6 + x11x16x6 + x12x14x7 − x10x16x7 − x11x14x8 + x10x15x8;

We then embed T into a matrix U living in Cl(3, 3) via

U =



x1 x2 x3 x4 0 0 0 0

x5 x6 x7 x8 0 0 0 0

x9 x10 x11 x12 0 0 0 0

x13 x14 x15 x16 0 0 0 0

0 0 0 0 g11 g12 g13 g14

0 0 0 0 g21 g22 g23 g24

0 0 0 0 g31 g32 g33 g34

0 0 0 0 g41 g42 g43 g44



;

As one verifies, det (U) ≡ 1mod 〈p〉. Therefore, we can compute the inverse of U mod 〈p〉 by

taking the transpose of the matrix of all cofactors mod 〈p〉. In particular, we have, if

U−1 =



u11 u12 u13 u14 u15 u16 u17 u18

u21 u22 u23 u24 u25 u26 u27 u28

u31 u32 u33 u34 u35 u36 u37 u38

u41 u42 u43 u44 u45 u46 u47 u48

u51 u52 u53 u54 u55 u56 u57 u58

u61 u62 u63 u64 u65 u66 u67 u68

u71 u72 u73 u74 u75 u76 u77 u78

u81 u82 u83 u84 u85 u86 u87 u88



T

mod 〈p〉

then uij = (−1)i+jMijmod 〈p〉 , where Mij is the (i, j)the minor of matrix U, i, j = 1, 2, ..., 8.

In particular, we have:

u11 = −x12x15x6 + x11x16x6 + x12x14x7 − x10x16x7 − x11x14x8 + x10x15x8;

u21 = x12x15x2 − x11x16x2 − x12x14x3 + x10x16x3 + x11x14x4 − x10x15x4;

u31 = −x16x3x6 + x15x4x6 + x16x2x7 − x14x4x7 − x15x2x8 + x14x3x8;
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u41 = x12x3x6 − x11x4x6 − x12x2x7 + x10x4x7 + x11x2x8 − x10x3x8;

uj1 = 0, j = 5, 6, 7, 8.

u12 = x12x15x5 − x11x16x5 − x12x13x7 + x11x13x8 + x16x7x9 − x15x8x9;

u22 = −x1x12x15 + x1x11x16 + x12x13x3 − x11x13x4 − x16x3x9 + x15x4x9;

u32 = x16x3x5 − x15x4x5 − x1x16x7 + x13x4x7 + x1x15x8 − x13x3x8;

u42 = −x12x3x5 + x11x4x5 + x1x12x7 − x1x11x8 − x4x7x9 + x3x8x9;

uj2 = 0, j = 5, 5, 7, 8;

u13 = −x12x14x5 + x10x16x5 + x12x13x6 − x10x13x8 − x16x6x9 + x14x8x9;

u23 = x1x12x14 − x1x10x16 − x12x13x2 + x10x13x4 + x16x2x9 − x14x4x9;

u33 = −x16x2x5 + x14x4x5 + x1x16x6 − x13x4x6 − x1x14x8 + x13x2x8;

u43 = x12x2x5 − x10x4x5 − x1x12x6 + x1x10x8 + x4x6x9 − x2x8x9;

uj3 = 0, j = 5, 6, 7, 8.

u14 = x11x14x5 − x10x15x5 − x11x13x6 + x10x13x7 + x15x6x9 − x14x7x9;

u24 = −x1x11x14 + x1x10x15 + x11x13x2 − x10x13x3 − x15x2x9 + x14x3x9;

u34 = x15x2x5 − x14x3x5 − x1x15x6 + x13x3x6 + x1x14x7 − x13x2x7;

u44 = −x11x2x5 + x10x3x5 + x1x11x6 − x1x10x7 − x3x6x9 + x2x7x9;

uj4 = 0, j = 5, 5, 7, 8;

uj5 = 0, j = 1, 2, 3, 4;

u55 = x16, u65 = −x12, u75 = x8, u85 = −x4;

uj6 = 0, j = 1, 2, 3, 4;

u56 = −x15, u66 = x11, u76 = −x7, u87 = x3;

uj7 = 0, j = 1, 2, 3, 4;

u57 = x14, u67 = −x10, u77 = x6, u87 = −x2;

uj8 = 0, j = 1, 2, 3, 4;

u58 = −x13, u68 = x9, u78 = −x5, u88 = x1;

One verifies that UU−1mod 〈p〉 = Id8
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Now, we compute matrices C1mod 〈p〉 , C2mod 〈p〉 , C3mod 〈p〉 , C4mod 〈p〉 , C5mod 〈p〉 , C6mod 〈p〉

as follows:

Ci = UZiU
−1mod 〈p〉 , i = 1, 2, 3, 4, 5, 6. We have:

C1 =
(
c1i,j
)
, where c1i,j 6= 0 are given as follows:

c151 = x12x5 + x11x6 − x10x7 − x8x9 c152 = −x1x12 − x11x2 + x10x3 + x4x9

c161 = x16x5 + x15x6 − x14x7 − x13x8 c162 = −x1x16 − x15x2 + x14x3 + x13x4

c171 = −x12x13 − x11x14 + x10x15 + x16x9 c182 = −x12x13 − x11x14 + x10x15 + x16x9

c153 = −x4x5 − x3x6 + x2x7 + x1x8 c164 = −x4x5 − x3x6 + x2x7 + x1x8

c173 = −x1x16 − x15x2 + x14x3 + x13x4 c174 = x1x12 + x11x2 − x10x3 − x4x9

c183 = −x16x5 − x15x6 + x14x7 + x13x8 c184 = x12x5 + x11x6 − x10x7 − x8x9

c115 = x1x16 + x15x2 − x14x3 − x13x4 c116 = −x1x12 − x11x2 + x10x3 + x4x9

c125 = x16x5 + x15x6 − x14x7 − x13x8 c126 = −x12x5 − x11x6 + x10x7 + x8x9

c135 = −x12x13 − x11x14 + x10x15 + x16x9 c146 = −x12x13 − x11x14 + x10x15 + x16x9

c117 = −x4x5 − x3x6 + x2x7 + x1x8 c128 = −x4x5 − x3x6 + x2x7 + x1x8

c137 = −x12x5 − x11x6 + x10x7 + x8x9 c138 = x1x12 + x11x2 − x10x3 − x4x9

c147 = −x16x5 − x15x6 + x14x7 + x13x8 c148 = x1x16 + x15x2 − x14x3 − x13x4
C2 =

(
c2i,j
)
, where c2i,j 6= 0 are given in the table:

c251 = −x11x5 + x12x6 − x10x8 + x7x9 c252 = x1x11 − x12x2 + x10x4 − x3x9

c261 = −x15x5 + x16x6 + x13x7 − x14x8 c262 = x1x15 − x16x2 − x13x3 + x14x4

c271 = x11x13 − x12x14 + x10x16 − x15x9 c282 = x11x13 − x12x14 + x10x16 − x15x9

c253 = x3x5 − x4x6 − x1x7 + x2x8 c264 = x3x5 − x4x6 − x1x7 + x2x8

c273 = x1x15 − x16x2 − x13x3 + x14x4 c274 = −x1x11 + x12x2 − x10x4 + x3x9

c283 = x15x5 − x16x6 − x13x7 + x14x8 c284 = −x11x5 + x12x6 − x10x8 + x7x9

c215 = −x1x15 + x16x2 + x13x3 − x14x4 c216 = x1x11 − x12x2 + x10x4 − x3x9

c225 = −x15x5 + x16x6 + x13x7 − x14x8 c226 = x11x5 − x12x6 + x10x8 − x7x9

c235 = x11x13 − x12x14 + x10x16 − x15x9 c246 = x11x13 − x12x14 + x10x16 − x15x9
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c217 = x3x5 − x4x6 − x1x7 + x2x8 c228 = x3x5 − x4x6 − x1x7 + x2x8

c237 = x11x5 − x12x6 + x10x8 − x7x9 c238 = −x1x11 + x12x2 − x10x4 + x3x9

c247 = x15x5 − x16x6 − x13x7 + x14x8 c248 = −x1x15 + x16x2 + x13x3 − x14x4
C3 =

(
c3i,j
)
, where c3i,j 6= 0 are:

c351 = x10x5 + x12x7 − x11x8 − x6x9 c352 = −x1x10 − x12x3 + x11x4 + x2x9

c361 = x14x5 − x13x6 + x16x7 − x15x8 c362 = −x1x14 + x13x2 − x16x3 + x15x4

c371 = −x10x13 − x12x15 + x11x16 + x14x9 c382 = −x10x13 − x12x15 + x11x16 + x14x9

c353 = −x2x5 + x1x6 − x4x7 + x3x8 c364 = −x2x5 + x1x6 − x4x7 + x3x8

c373 = −x1x14 + x13x2 − x16x3 + x15x4 c374 = x1x10 + x12x3 − x11x4 − x2x9

c383 = −x14x5 + x13x6 − x16x7 + x15x8 c384 = x10x5 + x12x7 − x11x8 − x6x9

c315 = x1x14 − x13x2 + x16x3 − x15x4 c316 = −x1x10 − x12x3 + x11x4 + x2x9

c325 = x14x5 − x13x6 + x16x7 − x15x8 c326 = −x10x5 − x12x7 + x11x8 + x6x9

c335 = −x10x13 − x12x15 + x11x16 + x14x9 c346 = −x10x13 − x12x15 + x11x16 + x14x9

c317 = −x2x5 + x1x6 − x4x7 + x3x8 c328 = −x2x5 + x1x6 − x4x7 + x3x8

c337 = −x10x5 − x12x7 + x11x8 + x6x9 c338 = x1x10 + x12x3 − x11x4 − x2x9

c347 = −x14x5 + x13x6 − x16x7 + x15x8 c348 = x1x14 − x13x2 + x16x3 − x15x4
C4 =

(
c4i,j
)
, where c4i,j 6= 0 are given in the table:

c451 = x12x5 − x11x6 + x10x7 − x8x9 c452 = −x1x12 + x11x2 − x10x3 + x4x9

c461 = x16x5 − x15x6 + x14x7 − x13x8 c462 = −x1x16 + x15x2 − x14x3 + x13x4

c471 = −x12x13 + x11x14 − x10x15 + x16x9 c482 = −x12x13 + x11x14 − x10x15 + x16x9

c453 = −x4x5 + x3x6 − x2x7 + x1x8 c464 = −x4x5 + x3x6 − x2x7 + x1x8

c473 = −x1x16 + x15x2 − x14x3 + x13x4 c474 = x1x12 − x11x2 + x10x3 − x4x9

c483 = −x16x5 + x15x6 − x14x7 + x13x8 c484 = x12x5 − x11x6 + x10x7 − x8x9

c415 = x1x16 − x15x2 + x14x3 − x13x4 c416 = −x1x12 + x11x2 − x10x3 + x4x9

c425 = x16x5 − x15x6 + x14x7 − x13x8 c426 = −x12x5 + x11x6 − x10x7 + x8x9

c435 = −x12x13 + x11x14 − x10x15 + x16x9 c446 = −x12x13 + x11x14 − x10x15 + x16x9
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c417 = −x4x5 + x3x6 − x2x7 + x1x8 c428 = −x4x5 + x3x6 − x2x7 + x1x8

c437 = −x12x5 + x11x6 − x10x7 + x8x9 c438 = x1x12 − x11x2 + x10x3 − x4x9

c447 = −x16x5 + x15x6 − x14x7 + x13x8 c448 = x1x16 − x15x2 + x14x3 − x13x4
C5 =

(
c5i,j
)
, where c5i,j 6= 0:

c551 = −x11x5 − x12x6 + x10x8 + x7x9 c552 = x1x11 + x12x2 − x10x4 − x3x9

c561 = −x15x5 − x16x6 + x13x7 + x14x8 c562 = x1x15 + x16x2 − x13x3 − x14x4

c571 = x11x13 + x12x14 − x10x16 − x15x9 c582 = x11x13 + x12x14 − x10x16 − x15x9

c553 = x3x5 + x4x6 − x1x7 − x2x8 c564 = x3x5 + x4x6 − x1x7 − x2x8

c573 = x1x15 + x16x2 − x13x3 − x14x4 c574 = −x1x11 − x12x2 + x10x4 + x3x9

c583 = x15x5 + x16x6 − x13x7 − x14x8 c584 = −x11x5 − x12x6 + x10x8 + x7x9

c515 = −x1x15 − x16x2 + x13x3 + x14x4 c516 = x1x11 + x12x2 − x10x4 − x3x9

c525 = −x15x5 − x16x6 + x13x7 + x14x8 c526 = x11x5 + x12x6 − x10x8 − x7x9

c535 = x11x13 + x12x14 − x10x16 − x15x9 c546 = x11x13 + x12x14 − x10x16 − x15x9

c517 = x3x5 + x4x6 − x1x7 − x2x8 c528 = x3x5 + x4x6 − x1x7 − x2x8

c537 = x11x5 + x12x6 − x10x8 − x7x9 c538 = −x1x11 − x12x2 + x10x4 + x3x9

c547 = x15x5 + x16x6 − x13x7 − x14x8 c548 = −x1x15 − x16x2 + x13x3 + x14x4

C6 =
(
c6i,j
)
, where c6i,j 6= 0:

c651 = x10x5 − x12x7 + x11x8 − x6x9 c652 = −x1x10 + x12x3 − x11x4 + x2x9

c661 = x14x5 − x13x6 − x16x7 + x15x8 c662 = −x1x14 + x13x2 + x16x3 − x15x4

c671 = −x10x13 + x12x15 − x11x16 + x14x9 c682 = −x10x13 + x12x15 − x11x16 + x14x9

c653 = −x2x5 + x1x6 + x4x7 − x3x8 c664 = −x2x5 + x1x6 + x4x7 − x3x8

c673 = −x1x14 + x13x2 + x16x3 − x15x4 c674 = x1x10 − x12x3 + x11x4 − x2x9

c683 = −x14x5 + x13x6 + x16x7 − x15x8 c684 = x10x5 − x12x7 + x11x8 − x6x9

c615 = x1x14 − x13x2 − x16x3 + x15x4 c616 = −x1x10 + x12x3 − x11x4 + x2x9

c625 = x14x5 − x13x6 − x16x7 + x15x8 c626 = −x10x5 + x12x7 − x11x8 + x6x9

c635 = −x10x13 + x12x15 − x11x16 + x14x9 c646 = −x10x13 + x12x15 − x11x16 + x14x9
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c617 = −x2x5 + x1x6 + x4x7 − x3x8 c628 = −x2x5 + x1x6 + x4x7 − x3x8

c637 = −x10x5 + x12x7 − x11x8 + x6x9 c638 = x1x10 − x12x3 + x11x4 − x2x9

c647 = −x14x5 + x13x6 + x16x7 − x15x8 c648 = x1x14 − x13x2 − x16x3 + x15x4

Now we express the matrices Ci in terms of the basis B = {Z1, Z2, Z3, Z4, Z5, Z6} as

follows:

Cj =
6∑
i=1

mi,jZi, where mi,j =
1

〈Zi, Zi〉
〈Cj, Zi〉mod 〈p〉 and 〈A,B〉 = Tr

(
BTA

)
This produces a matrix M :

M =



m1,1 m1,2 m1,3 m1,4 m1,5 m1,6

m2,1 m2,2 m2,3 m2,4 m2,5 m2,6

m3,1 m3,2 m3,3 m3,4 m3,5 m3,6

m4,1 m4,2 m4,3 m4,4 m4,5 m4,6

m5,1 m5,2 m5,3 m5,4 m5,5 m5,6

m6,1 m6,2 m6,3 m6,4 m6,5 m6,6


(3.7)

The entries mi,j are given by

m1,1 = 1
2
(x1x16 + x15x2 − x14x3 − x13x4 + x12x5 + x11x6 − x10x7 − x8x9)

m2,1 = 1
2
(−x1x12 − x11x2 + x10x3 + x16x5 + x15x6 − x14x7 − x13x8 + x4x9)

m3,1 = 1
2
(−x12x13 − x11x14 + x10x15 − x4x5 − x3x6 + x2x7 + x1x8 + x16x9)

m4,1 = 1
2
(x1x16 + x15x2 − x14x3 − x13x4 − x12x5 − x11x6 + x10x7 + x8x9)

m5,1 = 1
2
(−x1x12 − x11x2 + x10x3 − x16x5 − x15x6 + x14x7 + x13x8 + x4x9)

m6,1 = 1
2
(x12x13 + x11x14 − x10x15 − x4x5 − x3x6 + x2x7 + x1x8 − x16x9)

m1,2 = 1
2
(−x1x15 + x16x2 + x13x3 − x14x4 − x11x5 + x12x6 − x10x8 + x7x9)

m2,2 = 1
2
(x1x11 − x12x2 + x10x4 − x15x5 + x16x6 + x13x7 − x14x8 − x3x9)

m3,2 = 1
2
(x11x13 − x12x14 + x10x16 + x3x5 − x4x6 − x1x7 + x2x8 − x15x9)

m4,2 = 1
2
(−x1x15 + x16x2 + x13x3 − x14x4 + x11x5 − x12x6 + x10x8 − x7x9)

m5,2 = 1
2
(x1x11 − x12x2 + x10x4 + x15x5 − x16x6 − x13x7 + x14x8 − x3x9)

m6,2 = 1
2
(−x11x13 + x12x14 − x10x16 + x3x5 − x4x6 − x1x7 + x2x8 + x15x9)
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m1,3 = 1
2
(x1x14 − x13x2 + x16x3 − x15x4 + x10x5 + x12x7 − x11x8 − x6x9)

m2,3 = 1
2
(−x1x10 − x12x3 + x11x4 + x14x5 − x13x6 + x16x7 − x15x8 + x2x9)

m3,3 = 1
2
(−x10x13 − x12x15 + x11x16 − x2x5 + x1x6 − x4x7 + x3x8 + x14x9)

m4,3 = 1
2
(x1x14 − x13x2 + x16x3 − x15x4 − x10x5 − x12x7 + x11x8 + x6x9)

m5,3 = 1
2
(−x1x10 − x12x3 + x11x4 − x14x5 + x13x6 − x16x7 + x15x8 + x2x9)

m6,3 = 1
2
(x10x13 + x12x15 − x11x16 − x2x5 + x1x6 − x4x7 + x3x8 − x14x9)

m1,4 = 1
2
(x1x16 − x15x2 + x14x3 − x13x4 + x12x5 − x11x6 + x10x7 − x8x9)

m2,4 = 1
2
(−x1x12 + x11x2 − x10x3 + x16x5 − x15x6 + x14x7 − x13x8 + x4x9)

m3,4 = 1
2
(−x12x13 + x11x14 − x10x15 − x4x5 + x3x6 − x2x7 + x1x8 + x16x9)

m4,4 = 1
2
(x1x16 − x15x2 + x14x3 − x13x4 − x12x5 + x11x6 − x10x7 + x8x9)

m5,4 = 1
2
(−x1x12 + x11x2 − x10x3 − x16x5 + x15x6 − x14x7 + x13x8 + x4x9)

m6,4 = 1
2
(x12x13 − x11x14 + x10x15 − x4x5 + x3x6 − x2x7 + x1x8 − x16x9)

m1,5 = 1
2
(−x1x15 − x16x2 + x13x3 + x14x4 − x11x5 − x12x6 + x10x8 + x7x9)

m2,5 = 1
2
(x1x11 + x12x2 − x10x4 − x15x5 − x16x6 + x13x7 + x14x8 − x3x9)

m3,5 = 1
2
(x11x13 + x12x14 − x10x16 + x3x5 + x4x6 − x1x7 − x2x8 − x15x9)

m4,5 = 1
2
(−x1x15 − x16x2 + x13x3 + x14x4 + x11x5 + x12x6 − x10x8 − x7x9)

m5,5 = 1
2
(x1x11 + x12x2 − x10x4 + x15x5 + x16x6 − x13x7 − x14x8 − x3x9)

m6,5 = 1
2
(−x11x13 − x12x14 + x10x16 + x3x5 + x4x6 − x1x7 − x2x8 + x15x9)

m1,6 = 1
2
(x1x14 − x13x2 − x16x3 + x15x4 + x10x5 − x12x7 + x11x8 − x6x9)

m2,6 = 1
2
(−x1x10 + x12x3 − x11x4 + x14x5 − x13x6 − x16x7 + x15x8 + x2x9)

m3,6 = 1
2
(−x10x13 + x12x15 − x11x16 − x2x5 + x1x6 + x4x7 − x3x8 + x14x9)

m4,6 = 1
2
(x1x14 − x13x2 − x16x3 + x15x4 − x10x5 + x12x7 − x11x8 + x6x9)

m5,6 = 1
2
(−x1x10 + x12x3 − x11x4 − x14x5 + x13x6 + x16x7 − x15x8 + x2x9)

m6,6 = 1
2
(x10x13 − x12x15 + x11x16 − x2x5 + x1x6 + x4x7 − x3x8 − x14x9)
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Theorem 3.5. The forward map φ3,3 : Spin+(3, 3) : SO+(3, 3) sends the matrix T as in

Equation (3.6) to the matrix M as in Equation (3.7).
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CHAPTER 4

INVERSION OF THE DOUBLE-COVERING MAP

Since the statements of theorems will get extremely long, we follow the following format.

Each target in SO+(p, q) can be expressed constructively as a product of standard and

hyperbolic Givens. One just has to mimic Example (2.4). Therefore, in each section we will

just develop the output of the inversion when the target is one of these factors.

4.1 From SO+(2, 1) to Spin+(2, 1)

Following Example (2.4) every matrix in SO+(2, 1) is a product of R1,2H1,3H2,3.

Let c = cos θ, s = sin θ, a = cosh (θ) and b = sinh (θ) and

R1,2 =


c −s 0

s c 0

0 0 1

 ,H1,3 =


a 0 b

0 1 0

b 0 a

 ,H2,3 =


1 0 0

0 a b

0 b a

 .

• R1,2 case

We solve the system of quadratic equations which arise when the target is standard

Givens R1,2.

D = R1,2,

If θ ∈ (0, 2π) , then sin
(
θ
2

)
> 0. Let ĉ = cos

(
θ
2

)
, ŝ = sin

(
θ
2

)
, ĉh = cosh

(
β
2

)
and ŝh =

sinh
(
β
2

)
then

S (R1,2) = ±



ĉ 0 −ŝ 0

0 −ĉ 0 −ŝ

ŝ 0 ĉ 0

0 ŝ 0 −ĉ


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So φ−12,1(R1,2) = ±

ĉ −ŝ

ŝ ĉ

. For θ = 0, 2π we get

±



−1 0 0 0

0 1 0 0

0 0 −1 0

0 0 0 1


For θ = 0, 2π the inverse image is φ−12,1(R1,2) = ∓

1 0

0 1

.

• H1,3 case

We solve the system of quadratic equations which arise when the target is hyperbolic

Givens H1,3.

D = H1,3

If β > 0 then we have

S (H1,3) = ±



ĉh 0 −ŝh 0

0 −ĉh 0 −ŝh

−ŝh 0 ĉh 0

0 −ŝh 0 −ĉh


So the inverse image is φ−12,1(H1,3) = ±

 ĉh −ŝh

−ŝh ĉh

.

Now, if β < 0, then we have

S (H1,3) = ∓



ĉh 0 −ŝh 0

0 −ĉh 0 −ŝh

−ŝh 0 ĉh 0

0 −ŝh 0 −ĉh


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Thus the inverse image is φ−12,1(H1,3) = ±

 ĉh −ŝh

−ŝh ĉh

. The remaining case is β = 0, we

have in such a case

±



−1 0 0 0

0 1 0 0

0 0 −1 0

0 0 0 1



So the inverse image is φ−12,1(H1,3) = ∓

1 0

0 1

.

• H2,3 case

We solve the system of quadratic equations which arise when the target is hyperbolic

Givens H2,3.

D = H2,3

and we have the following solutions:

S (H2,3) = ±



−eβ/2 0 0 0

0 eβ/2 0 0

0 0 −e−β/2 0

0 0 0 e−β/2


So the inverse image is φ−12,1(H2,3) = ±

−eβ2 0

0 e−
β
2

.
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4.2 From SO+(2, 2) to Spin+(2, 2)

Following Example (2.4) every matrix in SO+(2, 2) is a product of R1,2, R3,4, H1,3, H1,4, H2,4,

where

R1,2 =



c −s 0 0

s c 0 0

0 0 1 0

0 0 0 1


, R3,4 =



1 0 0 0

0 1 0 0

0 0 c −s

0 0 s c


, H1,3 =



a 0 b 0

0 1 0 0

b 0 a 0

0 0 0 1


,

H1,4 =



a 0 0 b

0 1 0 0

0 0 1 0

b 0 0 a


, H2,4 =



1 0 0 0

0 a 0 b

0 0 1 0

0 b 0 a


.

Let c = cos θ, s = sin θ, a = cosh (θ) and b = sinh (θ)

• R1,2 case

We solve the system of quadratic equations which arise when the target is stndard

Givens R1,2.

D = R1,2

If θ ∈ (0, π) , then

S (R1,2) = ∓



ĉ 0 0 −ŝ

0 ĉ −ŝ 0

0 ŝ ĉ 0

ŝ 0 0 ĉ


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So the inverse image is φ−12,2(R1,2) = ∓

[ĉ −ŝ

ŝ ĉ

,

ĉ −ŝ

ŝ ĉ

].

If θ ∈ (π, 2π) , then

S (R1,2) = ±



ĉ 0 0 −ŝ

0 ĉ −ŝ 0

0 ŝ ĉ 0

ŝ 0 0 ĉ



So the inverse image is φ−12,2(R1,2) = ±

[ĉ −ŝ

ŝ ĉ

,

ĉ −ŝ

ŝ ĉ

].

• R3,4 case

We solve the system of quadratic equations which arise when the target is standard

Givens R3,4.

D = R3,4

If θ ∈ (0, π) , then

S (R3,4) = ∓



ĉ 0 0 ŝ

0 ĉ −ŝ 0

0 ŝ ĉ 0

−ŝ 0 0 ĉ



So the inverse image is φ−12,2(R3,4) = ∓

[ ĉ ŝ

−ŝ ĉ

,

ĉ −ŝ

ŝ ĉ

].

If θ ∈ (π, 2π) , then

S (R3,4) = ±



ĉ 0 0 ŝ

0 ĉ −ŝ 0

0 ŝ ĉ 0

−ŝ 0 0 ĉ


.
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So the inverse image is φ−12,2(R3,4) = ±

[ ĉ ŝ

−ŝ ĉ

,

ĉ −ŝ

ŝ ĉ

].

• H1,3 case

We solve the system of quadratic equations which arise when the target is hyperbolic

Givens H1,3.

D = H1,3

We have

S (H1,3) = ∓



eβ/2 0 0 0

0 e−β/2 0 0

0 0 eβ/2 0

0 0 0 e−β/2


,

So the inverse image is φ−12,2(H1,3) = ∓

[eβ/2 0

0 e−β/2

,

e−β/2 0

0 eβ/2

].

• H1,4 case

We solve the system of quadratic equations which arise when the target is hyperbolic

Givens H1,4

D = H1,4

We have

S (H1,4) = ±



ĉh 0 0 −ŝh

0 ĉh −ŝh 0

0 −ŝh ĉh 0

−ŝh 0 0 ĉh



So the inverse image is φ−12,2(H1,4) = ±

[ ĉh −ŝh

−ŝh ĉh

,

 ĉh −ŝh

−ŝh ĉh

].
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• H2,4 case

We solve the system of quadratic equations which arise when the target is hyperbolic

Givens H2,4.

D = H2,4

Finally, we have

S (H2,4) = ∓



eβ/2 0 0 0

0 eβ/2 0 0

0 0 e−β/2 0

0 0 0 e−β/2



So the inverse image is φ−12,2(H2,4) = ∓

[eβ/2 0

0 e−β/2

,

eβ/2 0

0 e−β/2

]
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4.3 From SO+(3, 1) to Spin+(3, 1)

Following Example (2.4) every matrix in SO+(3, 1) is a product of

R1,2, R2,3, R1,3, H1,4, H2,4, H3,4, where

R1,2 =



c −s 0 0

s c 0 0

0 0 1 0

0 0 0 1


, R2,3 =



1 0 0 0

0 c −s 0

0 s c 0

0 0 0 1


, R1,3 =



c 0 −s 0

0 1 0 0

s 0 c 0

0 0 0 1


,

H1,4 =



a 0 0 b

0 1 0 0

0 0 1 0

b 0 0 a


, H2,4 =



1 0 0 0

0 a 0 b

0 0 1 0

0 b 0 a


, H3,4 =



1 0 0 0

0 1 0 0

0 0 a b

0 0 b a


;

Let c = cos (θ) , s = sin (θ) , a = cosh (β) , and b = sinh (β) .

• R1,2 case

We solve the system of quadratic equations which arise when the target is standard

Givens R1,2.

M = R1,2

a) If θ 6= 0, π and θ ∈ (0, π) , then

S(R1,2) = ∓



ĉ −ŝ 0 0

ŝ ĉ 0 0

0 0 ĉ −ŝ

0 0 ŝ ĉ


So the inverse image is φ−13,1(R1,2) = ∓

ĉ −ŝ

ŝ ĉ


b) If θ 6= π, 2π and θ ∈ (π, 2π) , then
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S(R1,2) = ±



ĉ −ŝ 0 0

ŝ ĉ 0 0

0 0 ĉ −ŝ

0 0 ŝ ĉ


,

So the inverse image is φ−13,1(R1,2) = ±

ĉ −ŝ

ŝ ĉ


• The equation:

M = R2,3

gives the following solutions.

a) If θ 6= 0, π and θ ∈ (0, π) , then

S(R2,3) = ∓



ĉ 0 0 −ŝ

0 ĉ −ŝ 0

0 ŝ ĉ 0

ŝ 0 0 ĉ


Therefore, the inverse image is φ−13,1(R2,3) = ∓

 ĉ îs

îs ĉ


b) If θ 6= π, 2π and θ ∈ (π, 2π) , then

S(R2,3) = ±



ĉ 0 0 −ŝ

0 ĉ −ŝ 0

0 ŝ ĉ 0

ŝ 0 0 ĉ


.

So the inverse image is φ−13,1(R2,3) = ±

 ĉ îs

îs ĉ


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• R1,3 case

We solve the system of quadratic equations which arise when the target is standard

Givens R1,3.

M = R1,3

a) If θ 6= 0, π and θ ∈ (0, π) , then

S(R1,3) = ±



ĉ 0 −ŝ 0

0 ĉ 0 ŝ

ŝ 0 ĉ 0

0 −ŝ 0 ĉ


So the inverse image is φ−13,1(R1,3) = ±

ĉ + îs 0

0 ĉ− îs


b) If θ 6= π, 2π and θ ∈ (π, 2π) , then

S(R1,3) = ∓



ĉ 0 −ŝ 0

0 ĉ 0 ŝ

ŝ 0 ĉ 0

0 −ŝ 0 ĉ


So the inverse image is φ−13,1(R1,3) = ∓

ĉ + îs 0

0 ĉ− îs


• H1,4 case

We solve the system of quadratic equations which arise when the target is hyperbolic

Givens H1,4.

M = H1,4
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S(H1,4) = ±



−ĉh ŝh 0 0

ŝh −ĉh 0 0

0 0 −ĉh ŝh

0 0 ŝh −ĉh


So the inverse image is φ−13,1(H1,4) = ±

−ĉh ŝh

ŝh −ĉh


• H2,4 case

We solve the system of quadratic equations which arise when the target is hyperbolic

Givens H2,4.

M = H2,4

S(H2,4) = ∓



eβ/2 0 0 0

0 e−β/2 0 0

0 0 eβ/2 0

0 0 0 e−β/2


,

So the inverse image is φ−13,1(H2,4) = ∓

eβ/2 0

0 e−β/2


• H3,4 case

We solve the system of quadratic equations which arise when the target is hyperbolic

Givens H3,4.

M = H3,4

S(H3,4) = ∓



ĉh 0 0 ŝh

0 ĉh −ŝh 0

0 −ŝh ĉh 0

ŝh 0 0 ĉh


. So the inverse image is φ−13,1(H3,4) = ∓

 ĉh −iŝh

−iŝh ĉh


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4.4 From SO+(3, 2) to Spin+(3, 2)

Following Example (2.4) every matrix in SO+(3, 2) is a product of

R1,2, R1,3, R2,3, R4,5, H1,4, H2,5, where

R1,2 =



c −s 0 0 0

s c 0 0 0

0 0 1 0 0

0 0 0 1 0

0 0 0 0 1


, R1,3 =



c 0 −s 0 0

0 1 0 0 0

s 0 c 0 0

0 0 0 1 0

0 0 0 0 1


, R2,3 =



1 0 0 0 0

0 c −s 0 0

0 s c 0 0

0 0 0 1 0

0 0 0 0 1


,

R4,5 =



1 0 0 0 0

0 1 0 0 0

0 0 1 0 0

0 0 0 c −s

0 0 0 s c


, H1,4 =



a 0 0 b 0

0 1 0 0 0

0 0 1 0 0

b 0 0 a 0

0 0 0 0 1


, H2,5 =



1 0 0 0 0

0 a 0 0 b

0 0 1 0 0

0 0 0 1 0

0 b 0 0 a


.

Solving the following equations for variables x1, x2, ..., x16 in terms of s, c, a, b

• R1,2 case

We solve the system of quadratic equations which arise when the target is standard

Givens R1,2.

M = R1,2

If θ 6= 0, π, 2π, and θ ∈ (0, π) , then
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S (R1,2) = ∓



ĉ 0 0 0 0 0 ŝ 0

0 ĉ 0 0 0 0 0 ŝ

0 0 ĉ 0 ŝ 0 0 0

0 0 0 ĉ 0 ŝ 0 0

0 0 −ŝ 0 ĉ 0 0 0

0 0 0 −ŝ 0 ĉ 0 0

−ŝ 0 0 0 0 0 ĉ 0

0 −ŝ 0 0 0 0 0 ĉ



So the inverse image is φ−13,2(R1,2) = ∓



ĉ 0 0 ŝ

0 ĉ ŝ 0

0 −ŝ ĉ 0

−ŝ 0 0 ĉ


For θ 6= 0, π, 2π, and θ ∈ (π, 2π) ,

then

S (R1,2) = ±



ĉ 0 0 0 0 0 ŝ 0

0 ĉ 0 0 0 0 0 ŝ

0 0 ĉ 0 ŝ 0 0 0

0 0 0 ĉ 0 ŝ 0 0

0 0 −ŝ 0 ĉ 0 0 0

0 0 0 −ŝ 0 ĉ 0 0

−ŝ 0 0 0 0 0 ĉ 0

0 −ŝ 0 0 0 0 0 ĉ



So the inverse image is φ−13,2(R1,2) = ±



ĉ 0 0 ŝ

0 ĉ ŝ 0

0 −ŝ ĉ 0

−ŝ 0 0 ĉ


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• R1,3 case

We solve the system of quadratic equations which arise when the target is standard

Givens R1,3.

M = R1,3

If θ 6= 0, π, 2π, and θ ∈ (0, π) , then

S (R1,3) = ∓



ĉ 0 0 0 ŝ 0 0 0

0 ĉ 0 0 0 −ŝ 0 0

0 0 ĉ 0 0 0 −ŝ 0

0 0 0 ĉ 0 0 0 ŝ

−ŝ 0 0 0 ĉ 0 0 0

0 ŝ 0 0 0 ĉ 0 0

0 0 ŝ 0 0 0 ĉ 0

0 0 0 −ŝ 0 0 0 ĉ



So the inverse image is φ−13,2(R1,3) = ∓



ĉ 0 ŝ 0

0 ĉ 0 −ŝ

−ŝ 0 ĉ 0

0 ŝ 0 ĉ


If θ 6= 0, π, 2π, and θ ∈ (π, 2π) , then

56



S (R1,3) = ±



ĉ 0 0 0 ŝ 0 0 0

0 ĉ 0 0 0 −ŝ 0 0

0 0 ĉ 0 0 0 −ŝ 0

0 0 0 ĉ 0 0 0 ŝ

−ŝ 0 0 0 ĉ 0 0 0

0 ŝ 0 0 0 ĉ 0 0

0 0 ŝ 0 0 0 ĉ 0

0 0 0 −ŝ 0 0 0 ĉ



So the inverse image is φ−13,2(R1,3) = ±



ĉ 0 ŝ 0

0 ĉ 0 −ŝ

−ŝ 0 ĉ 0

0 ŝ 0 ĉ



• R2,3 case

We solve the system of quadratic equations which arise when the target is standard

Givens R2,3.

M = R2,3

If θ 6= 0, π, 2π, and θ ∈ (0, π) , then
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S (R2,3) = ∓



ĉ 0 ŝ 0 0 0 0 0

0 ĉ 0 −ŝ 0 0 0 0

−ŝ 0 ĉ 0 0 0 0 0

0 ŝ 0 ĉ 0 0 0 0

0 0 0 0 ĉ 0 ŝ 0

0 0 0 0 0 ĉ 0 −ŝ

0 0 0 0 −ŝ 0 ĉ 0

0 0 0 0 0 ŝ 0 ĉ



So the inverse image is φ−13,2(R2,3) = ∓



ĉ ŝ 0 0

−ŝ ĉ 0 0

0 0 ĉ ŝ

0 0 −ŝ ĉ


If θ 6= 0, π, 2π, and θ ∈ (π, 2π) , then

S (R2,3) = ±



ĉ 0 ŝ 0 0 0 0 0

0 ĉ 0 −ŝ 0 0 0 0

−ŝ 0 ĉ 0 0 0 0 0

0 ŝ 0 ĉ 0 0 0 0

0 0 0 0 ĉ 0 ŝ 0

0 0 0 0 0 ĉ 0 −ŝ

0 0 0 0 −ŝ 0 ĉ 0

0 0 0 0 0 ŝ 0 ĉ



Therefore the inverse image is φ−13,2(R2,3) = ±



ĉ ŝ 0 0

−ŝ ĉ 0 0

0 0 ĉ ŝ

0 0 −ŝ ĉ


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• R4,5 case

We solve the system of quadratic equations which arise when the target is standard

Givens R4,5.

M = R4,5

If θ 6= 0, π, 2π, and θ ∈ (0, π) , then

S (R4,5) = ∓



ĉ 0 0 0 0 0 −ŝ 0

0 ĉ 0 0 0 0 0 −ŝ

0 0 ĉ 0 ŝ 0 0 0

0 0 0 ĉ 0 ŝ 0 0

0 0 −ŝ 0 ĉ 0 0 0

0 0 0 −ŝ 0 ĉ 0 0

ŝ 0 0 0 0 0 ĉ 0

0 ŝ 0 0 0 0 0 ĉ



So the inverse image is φ−13,2(R4,5) = ∓



ĉ 0 0 −ŝ

0 ĉ ŝ 0

0 −ŝ ĉ 0

ŝ 0 0 ĉ


If θ 6= 0, π, 2π, and θ ∈ (π, 2π) , then
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S (R4,5) = ±



ĉ 0 0 0 0 0 −ŝ 0

0 ĉ 0 0 0 0 0 −ŝ

0 0 ĉ 0 ŝ 0 0 0

0 0 0 ĉ 0 ŝ 0 0

0 0 −ŝ 0 ĉ 0 0 0

0 0 0 −ŝ 0 ĉ 0 0

ŝ 0 0 0 0 0 ĉ 0

0 ŝ 0 0 0 0 0 ĉ



So the inverse image is φ−13,2(R4,5) = ±



ĉ 0 0 −ŝ

0 ĉ ŝ 0

0 −ŝ ĉ 0

ŝ 0 0 ĉ



• H1,4 case

We solve the system of quadratic equations which arise when the target is hyperbolic

Givens H1,4.

M = H1,4
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S (H1,4) = ∓



eβ/2 0 0 0 0 0 0 0

0 eβ/2 0 0 0 0 0 0

0 0 eβ/2 0 0 0 0 0

0 0 0 eβ/2 0 0 0 0

0 0 0 0 e−β/2 0 0 0

0 0 0 0 0 e−β/2 0 0

0 0 0 0 0 0 e−β/2 0

0 0 0 0 0 0 0 e−β/2



,

So the inverse image is φ−13,2(H1,4) = ∓



e
β
2 0 0 0

0 e
β
2 0 0

0 0 e−
β
2 0

0 0 0 e−
β
2



• H2,5 case

We solve the system of quadratic equations which arise when the target is hyperbolic

Givens H2,5.

M = H2,5
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S (H2,5) = ∓



eβ/2 0 0 0 0 0 0 0

0 eβ/2 0 0 0 0 0 0

0 0 e−β/2 0 0 0 0 0

0 0 0 e−β/2 0 0 0 0

0 0 0 0 eβ/2 0 0 0

0 0 0 0 0 eβ/2 0 0

0 0 0 0 0 0 e−β/2 0

0 0 0 0 0 0 0 e−β/2



So the inverse image is φ−13,2(H1,4) = ∓



eβ/2 0 0 0

0 e−β/2 0 0

0 0 eβ/2 0

0 0 0 e−β/2


We need to address the special cases θ 6= 0, π, 2π. In such cases we have the following

matrices

• R1,2 (0) = R1,3 (0) = R2,3 (0) = R4,5 (0) =



1 0 0 0 0

0 1 0 0 0

0 0 1 0 0

0 0 0 1 0

0 0 0 0 1


;
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We obtain: S (R1,2 (0)) = ∓



1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0

0 0 1 0 0 0 0 0

0 0 0 1 0 0 0 0

0 0 0 0 1 0 0 0

0 0 0 0 0 1 0 0

0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 1



So the inverse image is φ−13,2(R1,2(0)) = ∓



1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1



• R1,2 (π) =



−1 0 0 0 0

0 −1 0 0 0

0 0 1 0 0

0 0 0 1 0

0 0 0 0 1


, S (R1,2 (π)) = ±



0 0 0 0 0 0 −1 0

0 0 0 0 0 0 0 −1

0 0 0 0 −1 0 0 0

0 0 0 0 0 −1 0 0

0 0 1 0 0 0 0 0

0 0 0 1 0 0 0 0

1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0



So the inverse image is φ−13,2(R1,2(π)) = ±



0 0 0 −1

0 0 −1 0

0 1 0 0

1 0 0 0


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• R1,3 (π) =



−1 0 0 0 0

0 1 0 0 0

0 0 −1 0 0

0 0 0 1 0

0 0 0 0 1



S (R1,3 (π)) = ±



0 0 0 0 1 0 0 0

0 0 0 0 0 −1 0 0

0 0 0 0 0 0 −1 0

0 0 0 0 0 0 0 1

−1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0

0 0 1 0 0 0 0 0

0 0 0 −1 0 0 0 0



So the inverse image is φ−13,2(R1,3(π)) = ±



0 0 1 0

0 0 0 −1

−1 0 0 0

0 1 0 0



• R2,3 (π) =



1 0 0 0 0

0 −1 0 0 0

0 0 −1 0 0

0 0 0 1 0

0 0 0 0 1


,
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S (R2,3 (π)) = ±



0 0 1 0 0 0 0 0

0 0 0 −1 0 0 0 0

−1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0

0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 −1

0 0 0 0 −1 0 0 0

0 0 0 0 0 1 0 0



So the inverse image is φ−13,2(R2,3(π)) = ±



0 1 0 0

−1 0 0 0

0 0 0 1

0 0 −1 0



• R4,5 (π) =



1 0 0 0 0

0 1 0 0 0

0 0 1 0 0

0 0 0 −1 0

0 0 0 0 −1



S (R4,5 (π)) = ±



0 0 0 0 0 0 −1 0

0 0 0 0 0 0 0 −1

0 0 0 0 1 0 0 0

0 0 0 0 0 1 0 0

0 0 −1 0 0 0 0 0

0 0 0 −1 0 0 0 0

1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0


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So the inverse image is φ−13,2(R4,5(π)) = ±



0 0 0 −1

0 0 1 0

0 −1 0 0

1 0 0 0


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4.5 From SO+(3, 3) to Spin+(3, 3)

Following Example (2.4) every matrix in SO+(3, 3) is a product of

R1,2, R2,3, R4,5, R5,6, H1,4, H2,4, H3,4, where

R1,2 =



c −s 0 0 0 0

s c 0 0 0 0

0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1


, R2,3 =



1 0 0 0 0 0

0 c −s 0 0 0

0 s c 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1


, R4,5 =



1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 c −s 0

0 0 0 s c 0

0 0 0 0 0 1



R5,6 =



1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 c −s

0 0 0 0 s c


, H1,4 =



a 0 0 b 0 0

0 1 0 0 0 0

0 0 1 0 0 0

b 0 0 a 0 0

0 0 0 0 1 0

0 0 0 0 0 1


, H2,4 =



1 0 0 0 0 0

0 a 0 0 b 0

0 0 1 0 0 0

0 0 0 1 0 0

0 b 0 0 a 0

0 0 0 0 0 1


,

H3,4 =



1 0 0 0 0 0

0 1 0 0 0 0

0 0 a b 0 0

0 0 b a 0 0

0 0 0 0 1 0

0 0 0 0 0 1


;

• R1,2 case

We solve the system of quadratic equations which arise when the target is standard

Givens R1,2.

M = R1,2
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If θ ∈ (0, π) , then we have

S (R1,2) = ∓



ĉ −ŝ 0 0 0 0 0 0

ŝ ĉ 0 0 0 0 0 0

0 0 ĉ −ŝ 0 0 0 0

0 0 ŝ ĉ 0 0 0 0

0 0 0 0 ĉ −ŝ 0 0

0 0 0 0 ŝ ĉ 0 0

0 0 0 0 0 0 ĉ −ŝ

0 0 0 0 0 0 ŝ ĉ



So the inverse image is φ−13,3(R1,2) = ∓



ĉ −ŝ 0 0

ŝ ĉ 0 0

0 0 ĉ −ŝ

0 0 ŝ ĉ


If θ ∈ (π, 2π) , then

S (R1,2) = ±



ĉ −ŝ 0 0 0 0 0 0

ŝ ĉ 0 0 0 0 0 0

0 0 ĉ −ŝ 0 0 0 0

0 0 ŝ ĉ 0 0 0 0

0 0 0 0 ĉ −ŝ 0 0

0 0 0 0 ŝ ĉ 0 0

0 0 0 0 0 0 ĉ −ŝ

0 0 0 0 0 0 ŝ ĉ



,

So the inverse image is φ−13,3(R1,2) = ±



ĉ −ŝ 0 0

ŝ ĉ 0 0

0 0 ĉ −ŝ

0 0 ŝ ĉ



68



• R2,3 case

We solve the system of quadratic equations which arise when the target is standard

Givens R2,3.

M = R2,3

If θ ∈ (0, 2π) , then

S (R2,3) = ∓



ĉ 0 0 −ŝ 0 0 0 0

0 ĉ −ŝ 0 0 0 0 0

0 ŝ ĉ 0 0 0 0 0

ŝ 0 0 ĉ 0 0 0 0

0 0 0 0 ĉ 0 0 −ŝ

0 0 0 0 0 ĉ −ŝ 0

0 0 0 0 0 ŝ ĉ 0

0 0 0 0 ŝ 0 0 ĉ



So the inverse image is φ−13,3(R2,3) = ±



ĉ 0 0 −ŝ

0 ĉ −ŝ 0

0 ŝ ĉ 0

ŝ 0 0 ĉ


• R4,5 case

We solve the system of quadratic equations which arise when the target is standard

Givens R4,5.

M = R4,5

If θ ∈ (0, π) , then we have
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S (R4,5) = ∓



ĉ ŝ 0 0 0 0 0 0

−ŝ ĉ 0 0 0 0 0 0

0 0 ĉ −ŝ 0 0 0 0

0 0 ŝ ĉ 0 0 0 0

0 0 0 0 ĉ −ŝ 0 0

0 0 0 0 ŝ ĉ 0 0

0 0 0 0 0 0 ĉ ŝ

0 0 0 0 0 0 −ŝ ĉ



.

So the inverse image is φ−13,3(R4,5) = ∓



ĉ ŝ 0 0

−ŝ ĉ 0 0

0 0 ĉ −ŝ

0 0 ŝ ĉ


If θ ∈ (π, 2π) , then

S (R4,5) = ±



ĉ ŝ 0 0 0 0 0 0

−ŝ ĉ 0 0 0 0 0 0

0 0 ĉ −ŝ 0 0 0 0

0 0 ŝ ĉ 0 0 0 0

0 0 0 0 ĉ −ŝ 0 0

0 0 0 0 ŝ ĉ 0 0

0 0 0 0 0 0 ĉ ŝ

0 0 0 0 0 0 −ŝ ĉ



.

Therefore the inverse image is φ−13,3(R4,5) = ±



ĉ ŝ 0 0

−ŝ ĉ 0 0

0 0 ĉ −ŝ

0 0 ŝ ĉ


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• R5,6 case

We solve the system of quadratic equations which arise when the target is standard

Givens R5,6.

M = R5,6

If θ ∈ (0, 2π) , then

S (R5,6) = ∓



ĉ 0 0 ŝ 0 0 0 0

0 ĉ −ŝ 0 0 0 0 0

0 ŝ ĉ 0 0 0 0 0

−ŝ 0 0 ĉ 0 0 0 0

0 0 0 0 ĉ 0 0 ŝ

0 0 0 0 0 ĉ −ŝ 0

0 0 0 0 0 ŝ ĉ 0

0 0 0 0 −ŝ 0 0 ĉ



,

So the inverse image is φ−13,3(R5,6) = ∓



ĉ 0 0 ŝ

0 ĉ −ŝ 0

0 ŝ ĉ 0

−ŝ 0 0 ĉ


• H1,4 case

We solve the system of quadratic equations which arise when the target is hyperbolic

Givens H1,4.

M = H1,4
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S (H1,4) = ∓



eβ/2 0 0 0 0 0 0 0

0 e−β/2 0 0 0 0 0 0

0 0 e−β/2 0 0 0 0 0

0 0 0 eβ/2 0 0 0 0

0 0 0 0 e−β/2 0 0 0

0 0 0 0 0 eβ/2 0 0

0 0 0 0 0 0 eβ/2 0

0 0 0 0 0 0 0 e−β/2



,

So the inverse image is φ−13,3(H1,4) = ∓



eβ/2 0 0 0

0 e−β/2 0 0

0 0 e−β/2 0

0 0 0 eβ/2


• H2,4 case

We solve the system of quadratic equations which arise when the target is hyperbolic

Givens H2,4.

M = H2,4

S (H2,4) = ∓



eβ/2 0 0 0 0 0 0 0

0 e−β/2 0 0 0 0 0 0

0 0 eβ/2 0 0 0 0 0

0 0 0 e−β/2 0 0 0 0

0 0 0 0 eβ/2 0 0 0

0 0 0 0 0 e−β/2 0 0

0 0 0 0 0 0 eβ/2 0

0 0 0 0 0 0 0 e−β/2



,
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So the inverse image is φ−13,3(H2,4) = ∓



eβ/2 0 0 0

0 e−β/2 0 0

0 0 eβ/2 0

0 0 0 e−β/2


• H3,4 case

We solve the system of quadratic equations which arise when the target is hyperbolic

Givens H3,4.

M = H3,4

S (H3,4) = ±



−ĉh 0 −ŝh 0 0 0 0 0

0 −ĉh 0 −ŝh 0 0 0 0

−ŝh 0 −ĉh 0 0 0 0 0

0 −ŝh 0 −ĉh 0 0 0 0

0 0 0 0 ĉh 0 ŝh 0

0 0 0 0 0 ĉh 0 ŝh

0 0 0 0 ŝh 0 ĉh 0

0 0 0 0 0 ŝh 0 ĉh



.

So the inverse image is φ−13,3(H3,4) = ±



−ĉh 0 −ŝh 0

0 −ĉh 0 −ŝh

−ŝh 0 −ĉh 0

0 −ŝh 0 −ĉh


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CHAPTER 5

DIRECT APPROACH TO SOME INDEFINITE SPIN GROUPS

It is well known that Spin+(p, q) is isomorphic to Spin+(q, p). However, Cl(p, q) is not

isomorphic to Cl(q, p). Therefore, we look at some of the cases not considered in Emily

Herzig and Viswanath Ramakrishna [1]. One motivation is that will provide us new concrete

realizations of the classical groups. We will construct the indefinite spin group Spin+(p, q)

as a matrix subalgebra of the matrix algebra that Cl(p, q) is isomorphic to, for the pairs

(p, q) ∈ {(1, 2), (1, 3), (2, 3)}. In view of this, we need to provide explicit constructions for

Clifford conjugation and reversion map as this will be useful in defining the grade map with

respect to the basis set of 1-vectors use. We then characterize the elements of

Spin+(p, q) = {X ∈ Cl(p, q) : Xgr = X , XXcc = I , XVXcc is a 1-vector for any 1-vector

V }. Having defined the Clifford conjugation and reversion on any Clifford algebra Cl(p, q)

realized as an algebra of matrices, we can explicitly define Clifford conjugation, reversion

and grade map on Cl(p + 1, q + 1). Therefore, we start with low dimensional p, q and use

the iteration IC for higher dimensions.

5.1 Spin+(1, 2)

We construct Cl(1, 2) as follows:

Let Cl(0, 1) = C via {i}, then, the Clifford conjugation and reversion are defined as follows

cc is z → z̄ and rev is z → z respectively. So Cl(1, 2) = M(2,C) and X =

a b

c d

 an

element of it.

We obtain

a b

c d


rev

=

d̄ b̄

c̄ ā

; and

a b

c d


cc

=

 d −b

−c a

 = adj(A).
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So the grade of X is

a b

c d


gr

=

 ā −b̄

−c̄ d̄



Thus

a b

c d

 is even iff

a b

c d

 =

 ā −b̄

−c̄ d̄

 , i.e., if and only if a, d ∈ R; b, c ∈ iR.

Thus, Spin+(1, 2) =

{α iβ

iγ δ

 s.t

α iβ

iγ δ


 δ −iβ

−iγ α

 =

1 0

0 1

}

Now if A ∈ Spin+(1, 2), then Aadj(A) = I2. So det(A) = 1.

So Spin+(1, 2) ⊆ SL(2,C).

Next, we will show that this group of matrices is, in fact, isomorphic to SL(2,R) via

φ

[α β

γ δ

] =

 α iβ

−iγ δ

 .

Indeed, αδ − βγ = 1 and adjφ

[α β

γ δ

] =

 δ −iβ

iγ α

.

We calculate: α iβ

−iγ δ


 δ −iβ

iγ α

 =

 αδ − βγ −iαβ + iβα

−iγδ + iδγ −βγ + αδ

 =

1 0

0 1

 .

Therefore αδ − βγ = 1

Thus, the image of φ is indeed in Spin+(1, 2). it is trivially onto and injective. Further,

it is a group homomorphism and thus a group isomorphism:
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Indeed,

φ

[α β

γ δ


a b

c d

] = φ

[αa+ βc αb+ βd

γa+ δc γb+ δd

]

=

 αa+ βc i(αb+ βd)

−i(γa+ δc) γb+ δd


=

 α iβ

−iγ δ


 a ib

−ic d


=

 αa+ βc i(αb+ βd)

−i(γa+ δc) γb+ δd


= φ

α β

γ δ

φ

a b

c d



5.2 Spin+(0, 2)

As preparation for studiying Spin+(1, 3) we first need to look at Cl(0, 2) and then use IC. As

a bonus, we will obtain an explicit form of reversion on Cl(0, 2), which is perhaps folklore,

but has not been explicitly recorded elsewhere.

Let Cl(0, 2) = H via the basis of 1-vectors {i, j}. Clifford conjugation cc is same as

quaternionic conjugation. i.e. qcc = q̄.

Let us next calculate reversion. To that end recall, the association q →Mq =

 z w

−w̄ z̄

,

where q is written as z + wj.
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Now observe that

(i)

0 1

1 0


−i 0

0 i


0 1

1 0


=

 0 i

−i 0


0 1

1 0


=

i 0

0 −i

→Mi,

(ii)

0 1

1 0


 0 1

−1 0


∗0 1

1 0


=

0 1

1 0


0 −1

1 0


0 1

1 0


=

1 0

0 −1


0 1

1 0


=

 0 1

−1 0

→Mj,

Now the matrix

0 1

1 0

 is itself not an Mq for any quaternion q. However, it equals 1
i
Mk

where i as viewed as a complex number and k as a quaternion).

One can thus conclude that

qrev = −ikq̄(−ik) = −kq̄k

77



Therefore,

qgr = (qrev)cc

= (−kq̄k)

= k̄q(−k̄)

= −kqk

Lemma 1.

Cl(0, 2) for the choice of 1-vectors {i, j}, the Clifford

(i) conjugation: qcc = q̄.

(ii) reversion: qrev = −kq̄k.

(iii) grade: qgr = −kqk.

Though not needed for understanding Spin+(1, 3), it is interesting to look at what the

previous lemma yields regarding Spin+(1, 2) (which is abstractly isomorphic to SO(2,R)).

First, q is even ⇐⇒

−kqk = q

−kq = q(−k).

Note : −kk̄k

= −k(−k)k

= −k.
Thus, Cl+(0, 2) = {q : qk = kq}.

So if q = a+ bi+ cj + dk, then qk = ak − bj + ci− d and kq = ak + bj − ci− d.
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So qk = kq ⇐⇒ b = c = 0. So Cl+(0, 2) = {q : a+ dk}.

Thus Spin+(0, 2) = {q : a+ dk; (a+ dk)(a− dk) = 1}

5.3 Spin+(1, 3)

Now that we have all the details of the Cl(0, 2) from section 5.2, we can use the iteration

IC to proceed as follows:

Let Cl(1, 3) = M(2,H), then q1 q2

q3 q4


rev

=

q̄4 q̄2

q̄3 q̄1


q1 q2

q3 q4


cc

=

−kq̄4k kq̄2k

kq̄3k −kq̄1k


q1 q2

q3 q4


gr

=

−kq̄4k kq̄2k

kq̄3k −kq̄1k


rev

=

−kq̄1k kq̄2k

kq̄3k −kq̄4k


=

−kq1k −kq2(−k)

kq3k −kq4k


So q1 = α1 + δ1k, q4 = α4 + δ4k and kq2k = q2 ⇐⇒ kq2 = q2(−k).

Now, if q2 = α2 + β2i+ γ2j + δ2k, then
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kq2 = α2k + β2j − γ2i− δ2 and

q2(−k) = −(α2k − β2j + γ2i− δ2) = −α2k + β2j − γ2i+ δ2.

Hence,

q1 q2

q3 q4

 is even ⇐⇒ it is of the form

α1 + δ1k β2i+γ2j

β3i+ γ3j α4 + δ4k

.

Therefore Spin+(1, 3) = {P ∈M(2,H), P even : PP cc = I2}.

Now for P =

α1 + δ1k β2i+ γ2j

β3i+ γ3j α4 + δ4k

, we get

P cc =

−k(α4 − δ4k)k k(−β2i− γ2j)k

k(−β3i− γ3j)k −k(α1 − δ1k)k


=

−k(α4k + δ4) k(β2i− γ2j)

k(β3i− γ3j) −k(α1k + δ1)


=

 α4 − δ4k −β2i− γ2j

−β3i− γ3j α1 − δ1k


Hence PP cc = I2 is equivalent to:

α1 + δ1k β2i+γ2j

β3i+γ3j α4 + δ4k


 α4 − δ4k −β2i− γ2j

−β3i− γ3j α1 − δ1k



At the level of the entries of PP cc this is equivalent to the following equations:

(1,1) is

α1α4 + δ1δ4 + k(δ1α4 − δ4α1 + β2β3 + γ2γ3 + k(−β2γ3 + γ2β3)

So

α1α4 + δ1δ4 + β2β3 + γ2γ3 = 1
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and

δ1α4 − δ4α1 + γ2β3 − β2γ3 = 0

Therefore

δ1α4 − δ4α1 = β2γ3 − γ2β3

(2,2) is

β3β2 + γ3γ2 + k(β2γ3 − γ1β3) + α4α1 + δ1δ4 + k(−δ1α4 + δ4α1)

So

δ4α1 − δ1α4 = β2γ3 − γ2β3

(1, 2) is

−α1β2i− α1γ2j − δ1β2j + δ1γ2i+ β2α1i+ β2δ1j + γ2α1j − γ2δ1i = 0

.

(2,1) is

β3α4i+ β3δ4j + γ3α4j − γ3δ4i− α4β3i− α4γ3j − α4β3j + γ3δ4i = 0

So PP cc = I ⇐⇒

α1α4 + δ1δ4 + β2β3 + γ2γ3 = 1

and

δ1α4 − δ4α1 + β3γ2 − β2γ3 = 0
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Our next goal is to display en explicit isomorphism between SL(2,C) and Spin+(1, 3) as

obtained above.

To that end let Y =

 α1 + δ1i β2 + γ2i

−β3 + γ3i α4 − δ4i

,

then

det(Y ) = (α1 + δ1i)(α4 − δ4i)− (β2 + γ2i)(−β3 + γ3i)

= α1α4 + δ1δ4 + i(δ1α4 − δ4α1)− [(−β2β3 − γ2γ3) + i(β2γ3 − γ2β3)]

= α1α4 + δ1δ4 + β2β3 + γ2γ3 + i(δ1α4 − δ4α1 − β2γ3 + β3γ2)

This motivates us to define Φ : SL(2,C)→ Cl(1, 3) via:

Φ

[ α1 + δ1i β2 + γ2i

−β3 + γ3i α4 − δ4i

] =

α1 + δ1k β2i+ γ2j

β3i+ γ3j α4 + δ4k


Is this a group isomorphism onto Spin+(1, 3)?.

To answer the above question, let calculate:

φ(Y1Y2) = φ

[ α1 + δ1i β2 + γ2i

−β3 + γ3i α4 − δ4i


 a1 + d1i b2 + c2i

−b3 + c3i a4 − d4i

]

=



α1a1 − d1δ1 + i(δ1a1 + d1α1

+(−β2b3 − γ2c3) + i(−γ2b3 + β2c3) α1b2 − c2δ1 + i(δ1b2 + c2α1) + β2a4 + γ2d4 + i(γ2a4 − d4β2)

−β3a1 − γ3d1 + i(−d1β3 + γ3a1)

−α4b3 + δ4c3 + i(α4c3 + δ4b3) −β3b2 − γ3c2 + i(γ3b2 − β3c2) + α4a4 − δ4d4 + i(−δ4a4 − α4d4)



=



α1a1 − d1δ1 − β2b3 − γ2c3

+(δ1a1 + d1α1 − γ2b3 + β2c3)k (α1b2 − c2δ1 + β2a4 + d4γ2)i+ (δ1b2 + c2α1 + γ2a4 − d4β2)j

(β3a1 + γ3d1 + α4b3 − δ4b3)i

+(−d1)b3 + γ3a1 + α4c3 + δ4b3)j (α4a4 − δ4d4 − β3b2 − γ3c2)− (γ3b2 − β3c2 − δ4a4 − d4α4)k


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=

α1 + δ1k β2i+ γ2j

β3i+ γ3j α4 + δ4k


a1 + d1k b2i+ c2j

b3i+ c3j a4 + d4k



=



α1a1 − d1δ1 − β2b3 − γ2c3

+(δ1a1 + d1α1 − γ2b3 + β2c3)k (α1b2 − c2δ1 + β2a4 + d4γ2)i+ (δ1b2 + c2α1 + γ2a4 − d4β2)j

(β3a1 + γ3d1 + α4b3 − δ4c3)i

+(−d1b3 + γ3a1 + α4c3 + δ4b3)j (α4a4 − δ4d4 − β3b2 − γ3c2)− (γ3b2 − β3c2 − δ4a4 − d4α4)



5.4 Spin+(2, 3)

Since Cl(0, 1) = C, it follows from IC that Cl(2, 3) = M(4,C). Accordingly let

A B

C D


be an element of Cl(2, 3). Then

A B

C D


rev

=

Dcc Bcc

Ccc Acc

, and

A B

C D


cc

=

 Drev −Brev

−Crev Arev



So using the results of Section 5.1, we findA B

C D


rev

=

adjD adjB

adjC adjA


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Note that if X =

a b

c d

 is 2× 2, then

adj

a b

c d

 =

 d −b

−c a


=

0 −1

1 0


a c

b d


 0 1

−1 0


=

−b −d
a c


 0 1

−1 0


=

 d −b

−c a


= J−12 XTJ2

So A B

C D


rev

=

 0 I2

I2 0


T J−12 ATJ2 J−12 CTJ2

J−12 BTJ2 J−12 DTJ2


 0 I2

I2 0


=

 0 I2

I2 0


T JT2 0

0 JT2


A B

C D


T J2 0

0 J2


 0 I2

I2 0


=

 0 J2

J2 0


T A B

C D


T  0 J2

J2 0


= MT

1⊗kX
TM1⊗k

Next,
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A B

C D


cc

=

 Drev −Brev

−Crev Arev


= JT4

Arev Crev

Brev Drev

 J4

Now a b

c d


rev

=

d̄ b̄

c̄ ā


=

0 1

1 0


ā c̄

b̄ d̄


0 1

1 0


=

d̄ b̄

c̄ ā


= σTx

a b

c d


∗

σx

A B

C D


cc

=

 0 I2

−I2 0


T σTxA∗σx σTxC

∗σx

σTxB
∗σx σTxD

∗σx


 0 I2

−I2 0


= JT4

σx 0

0 σx


T A B

C D


∗σx 0

0 σx

 J4

Thus

A B

C D


cc

=

 0 σx

−σx 0


T

X∗

 0 σx

−σx 0


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Now

 0 σx

−σx 0

 = Mk⊗1 where Mk⊗1=



0 0 0 −1

0 0 −1 0

0 1 0 0

1 0 0 0


σx 0

0 σx


 0 I2

−I2 0

 =

 0 σx

−σx 0

. So as kj = −i, it follows that

k

 0 σx

−σx 0

 = M−k⊗1

Therefore,

Xcc = (M−k⊗1)
TX∗M−K⊗1

= Mk⊗1X
∗M−k⊗1

Hence, the grade automorphism is:

Xgr = (Xrev)cc

= MT
−k⊗1

[
MT

1⊗kX
TM1⊗k

]∗
M−k⊗1

= Mk⊗1M1⊗−kX̄M1⊗kM−k⊗1

= Mk⊗−kX̄M−k⊗k

= Mk⊗kX̄Mk⊗k

Thus Xgr = Mk⊗−kX̄M−k⊗k

Therefore, X =

A B

C D

 is even ⇐⇒ Mk⊗kX̄ = XMk⊗k.

Now
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Mk⊗k =



1 0 0 0

0 −1 0 0

0 0 −1 0

0 0 0 1


. Therefore the condition that X is even becomes:

σz 0

0 −σz


Ā B̄

C̄ D̄

 =

A B

C D


σz 0

0 −σz


 σzĀ σzB̄

−σzC̄ −σzD̄

 =

Aσz −Bσz
Cσz −Dσz


This implies

σzĀ = Aσz

σzD̄ = Dσz

σzB̄ = −Bσz

σzC̄ = −Cσz

Let Y =

z w

ζ ω

,

then σzȲ =

1 0

0 −1


z̄ w̄

ζ̄ ω̄

 =

 z̄ w̄

−ζ̄ −ω̄

 = Aσz =

z −w
ζ −ω



So z, w ∈ R, ω, ζ ∈ iR

Let Z =

z w

ζ ω

 ; σzZ̄ = −Zσz.

87



So

 z̄ w̄

−ζ̄ −ω̄

 =

−z w

−ζ ω

 ζ, w ∈ R ω, z ∈ iR

Thus X ∈ Cl(2, 3) is even if it has the form



x1 iy1

iz1 w1

ix2 y2

z2 iw2

ix3 y3

z3 iw3

x4 iy4

iz4 w4



Let X =

A B

C D

 and Mk⊗1 =

 0 −σx

σx 0

 we claim that:

Now an even X is in Spin+(2, 3) iff it additionally satisfies

Mk⊗1X
∗M−k⊗1X

∗ = I

⇒ X∗M−k⊗1X = M−k⊗1

⇒ X∗Mk⊗1X = Mk⊗1

To see what this last condition entails we first note that: Mk⊗1

 0 −σx

σx 0


So

A∗ C∗

B∗ D∗


 0 −σx

σx 0


A B

C D

 =

 0 −σx

σx 0


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C∗σx −A∗σx
D∗σx −B∗σx


A B

C D

 =

 0 −σx

σx 0


C∗σxA− A∗σxC C∗σxB − A∗σxD

D∗σxA−B∗σxC D∗σxB −B∗σxD

 =

 0 −σx

σx 0


Thus,

1. C∗σxA− A∗σxC = 0 and

2. D∗σxB −B∗σxD = 0.

3. C∗σxB − A∗σxC = −σx

4. D∗σxA−B∗σxC = σx

The first condition says that A∗σxC is Hermitian. The second condition says D∗σxB is

Hermitian. The third and fourth conditions are equivalent to onether, since σx is Hermitian.

Theorem 5.1.

Spin+(2, 3) is the set of matrices in M(4,C), of the form



x1 iy1 ix2 y2

iz1 w1 z2 iw2

ix3 y3 x4 iy4

z3 iw3 iz4 w4


, which

when written in block form

A B

C D

 satisfies additionally

i) A∗σxC is Hermitian

ii) D∗σxB is Hermitian

iii) D∗σxA−B∗σxC = σx
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CHAPTER 6

CONCLUSIONS AND FUTURE WORK

In this dissertation, we completely addressed the essential questions of developing explicit

quadratic formulae for the covering map φp,q and then inverting this map φp,q : Spin+(p, q)→

SO+(p, q,R), for (p, q) ∈ {(2, 1), (2, 2), (3, 1), (3, 2), (3, 3)} . Finally, we produced details of

a first principles approach, in the spirit of [1], of the indefinite spin groups when (p, q) ∈

{(1, 2), (1, 3), (2, 3)}.

Future work will concentrate on calculating the inversion of the remaining covers of

φp,q, where p + q ≤ 6. It is particularly interesting to do this for φ5,1 since Spin+(5, 1) is

M(2,H). Finally it would be useful to develop a first principles approach to Spin+(9, 1) due

to it relations to the Octonions.
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