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While strong topological insulators (STIs) were experimentally realized soon after they were
theoretically predicted, a weak topological insulator (WTI) has yet to be unambiguously confirmed. A
major obstacle is the lack of distinct natural cleavage surfaces to test the surface selective hallmark of a
WTI. With a new scheme, we discover that β-Bi4X4 (X ¼ Br, I), dynamically stable or synthesized before,
can be a prototype WTI with two natural cleavage surfaces, where two anisotropic Dirac cones stabilize and
annihilate, respectively. We further find four surface-state Lifshitz transitions under charge doping and two
bulk topological phase transitions under uniaxial strain. Near the WTI-STI transition, there emerges a novel
Weyl semimetal phase, in which the Fermi arcs generically appear at both cleavage surfaces whereas the
Fermi circle only appears at one selected surface.
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Introduction.—The discovery of topological insulators
[1–3] has led to an ongoing revolution deepening our
fundamental understanding of quantum materials. The
controllable bulk topological quantum phase transitions
and the protected spin-momentum-locked surface states
may ultimately lead to unprecedented advances in tech-
nologies, e.g., Majorana-based fault-tolerant quantum
computing [4]. Historically, strong and weak topological
insulators (STIs and WTIs) were predicted together, char-
acterized by four Z2 invariants ðν0; ν1ν2ν3Þ [5–7]. A STI
has a nontrivial ν0 index, whereas a WTI with vanishing ν0
has nontrivial ðν1ν2ν3Þ indices, and consequently they have
an odd and even number of Dirac surface states, respec-
tively [5]. Astonishingly, STIs are not at all rare in nature.
Over a dozen documented materials have been identified
[8–14] as STIs under readily accessible experimental
conditions. Notably, their lateral structure offers a superior
advantage to observe the hallmark of STIs, a surface
Dirac cone, without intended surface passivation that could
be challenging. However, the unambiguous experimental
confirmation of a WTI is still elusive [14].
Thus far there have been two routes to construct a WTI,

i.e., to stack weakly coupled layers [15–17] of quantum
spin Hall insulators (QSHIs), or to engineer a superlattice
[18,19] of alternating layers with multiple band inversions.
Evidently, these designer WTIs pose extreme experimental
challenges. In the first route, the protected surface metal-
licity will only be present at noncleavage surfaces (non-
parallel to the layers), yet surface roughness and dangling
bonds would prevent us from observing this hallmark [16].
In the second route, though the surface states can survive at
the cleavage surface (parallel to the layers), the intra- and
interlayer couplings within a supercell must be fine-tuned
in material synthesis. Therefore, to unambiguously deter-
mine the existence of a WTI and to explore the exotic

phenomena uniquely hosted by WTIs, it is crucial to
develop a new route.
Here we propose to realize the WTI in a van der Waals

(vdW) material that is a periodic stack of 1D atomic chains.
Such a WTI possesses two natural cleavage planes,
enabling respective observations of stabilization and anni-
hilation of distinct surface Dirac cones. We discover that
β-Bi4X4 (X ¼ Br, I) can be such a class of WTI. Markedly,
with a chemical formula as simple as the prototype STI
Bi2X3 (X ¼ Se;Te), β-Bi4X4 are real crystalline solids
rather than artificial periodic heterostructures. β-Bi4I4 has
been successfully grown as a large crystal before [20–23],
and β-Bi4Br4 is demonstrated to be similarly stable [24].
After revealing their unique crystal structure, topological
band properties, and surface Lifshitz transitions, we further
examine their topological phase transitions under uniaxial
strain. Intriguingly, a novel Weyl semimetal (WSM) phase
emerges near the WTI-STI transition; in addition to the
existence of Fermi arcs at both cleavage surfaces as the case
of a WSM, a Fermi circle only exists at one selected surface
reminiscent of the case of a WTI. As a prototype WTI,
β-Bi4X4 offers a unique platform for exploring exotic
physics with simple chemistry.
Band structures.—Both Bi4I4 and Bi4Br4 have stable α

and β phases. The two phases crystallize in the same
monoclinic space group C3

2h (C2=m), and differ only in the
way their building blocks are stacked [20–23]. The α
phases turn out to be normal insulators [24,25]. As the β
phases have rather similar lattice structures, by way of
illustration we refer to β-Bi4I4 that has been experimentally
synthesized, and the explicit lattice constants and
atom positions of β-Bi4Br4 are given in Table S1 [24].
Figure 1(a) shows a conventional cell of β-Bi4I4, in which
a¼14.386Å, b¼4.430Å, c ¼ 10.493 Å, and β ¼ 107.87°.
One unit cell consists of four I atoms and four Bi atoms that
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can be divided into two types. The two internal Bi atoms,
labeled as Biin and Bi0in, form zigzag atomic chains with the
nearest neighbor distance of 3.04 Å. The two external
Bi atoms, labeled as Biex and Bi0ex, are each bonded to four
I atoms with the Bi-I distance of 3.14 Å and to one internal
Bi atom with a distance of 3.06 Å. The crystal has two
independent symmetries, spatial inversion, and mirror
reflection. Under (010) mirror reflection, the four Bi atoms
are invariant. Upon spatial inversion, the two Bi atoms are
interchanged for each type. As suggested by Fig. 1(a),

β-Bi4I4 is a periodic stack of atomic chains aligned to the b
direction. Indeed, we find that the interlayer binding ener-
gies for (100) and (001) planes are about 20 meV=Å2, com-
parable to 12 meV=Å2 for graphite [41] and 26 meV=Å2

for MoS2 [25]. Evidently, the β phases are vdW materials,
but with two cleavage surfaces.
We employ the Heyd-Scuseria-Ernzerhof (HSE) hybrid

functional method [24], more accurate than GGA, to carry
out our density functional theory (DFT) calculations of
band structures. The vdW corrections [24] and the lattice
relaxations are taken into account to optimize the crystal
structures. The projected bands of β-Bi4I4 without and with
spin-orbit couplings (SOCs) are shown in Figs. 2(a)–2(b),
respectively. The bands near the gap are mainly contributed
from the Bi px orbitals. Without SOC, the conduction and
valence band edges at both L andM points are respectively
from the Biex and Biin orbitals, which are identified to
exhibit opposite parities. When SOCs are included, the
constituents and parities of the conduction and valence
bands remain the same at L, whereas they are inverted atM.
Based on the parity criterion [26] β-Bi4I4 is a STI with
(1;110) invariants and a 39 meV indirect gap. As plotted in
Fig. 2(c), we further obtain one surface Dirac cone at the
(001) cleavage surface. Notably, the Dirac cone is highly
anisotropic because the surface is parallel to the atomic
chains.
We now study the band structure of β-Bi4Br4, which

share evident similarities to that of β-Bi4I4. However, the

FIG. 1. The crystal structure of a conventional cell of β-Bi4X4

(X ¼ Br, I). Biin (Biex) and Bi0in (Bi0ex) atoms are interchanged
under spacial inversion and invariant under (010) mirror
reflection.

FIG. 2. (a),(b) The bulk band structures for β-Bi4I4 without and with the SOC. The size of red (blue) dots indicates the weight of
the relevant px orbital of Biin (Biex) atoms; the symbols � label the parities of the bands at L and M points; the dashed lines are the
Fermi levels. (c) The (001) cleave-surface states of β-Bi4I4. (d),(e) The same as (a),(b) but for β-Bi4Br4. (f) The (100) cleave-surface
states of β-Bi4Br4 and (g) their Lifshitz transitions. Vertical dimensions in (g) are magnified by 33 times for clarity. (h) The
illustration of the stacking orders in α- and β-Bi4Br4. The β (α) phase is a stack of single (double) (001) layers; each layer denoted
by a green line is a QSHI.
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band inversion occurs at both M and L points in β-Bi4Br4,
as shown in Figs. 2(d)–2(e). It follows [26] that β-Bi4Br4 is
a WTI with (0;001) invariants and a 32 meV indirect gap.
We further calculate the surface states for the two natural
cleave surfaces, (100) and (001). The (001) surface is
anticipated to host neither protected surface states nor
dangling bond states, since M and L are projected into
the same point. Our calculations verify this picture (not
shown). In contrast, at the (100) surface, M and L are
projected into two distinct points Ḡ and Ā. As shown in
Fig. 2(f), our calculations identify the presence of two
surface Dirac cones at Ḡ and Ā and the absence of dangling
bond states. The (100) surface states exhibit prominent
anisotropy, for the aforementioned reason. Moreover, the
two surface Dirac points are at different energies. These
two features enrich the Fermi surface topology of the (100)
surface states. Figure 2(g) characterizes the four corre-
sponding Lifshitz transitions, as we now explain in ascend-
ing energy. At zero energy, the two hole pockets around Ḡ
and Ā are connected. As the energy increases, e.g., to
3 meV, the two pockets are disconnected after the first
Lifshitz transition. At 7 meV, the second transition occurs;
the hole pocket at Ā contracts into a Dirac point, followed
by the emergence of an electron pocket. At higher energies,
the disconnected electron and hole pockets coexist up to the
third transition at about 24 meV, in which the hole pocket at
Ḡ contracts into a Dirac point and then an electron pocket
emerges. Ultimately, the fourth transition occurs and the
two electron pockets become connected.
Interestingly, the STI β-Bi4I4 is also a topological

crystalline insulator [27–29] whereas the WTI β-Bi4Br4
is not [24]. In sharp contrast to the case of the β phase, both
α-Bi4I4 and α-Bi4Br4 are normal insulators (NIs) [24]. The
contrasting topological properties of the α and β phases can
be understood in the way illustrated by Fig. 2(h). The β (α)
phase is a stack of single (double) (001) layers. For Bi4Br4,
the single (001) layer was demonstrated to be a QSHI with
a 0.18 eV gap [25]. Given the weak interlayer couplings,
the β phase is a WTI with similar band inversions at kz ¼ 0
and kz ¼ π planes, whereas the α phase is trivial since
each bilayer is a NI. For Bi4I4, the single (001) layer was
shown to be close to the QSHI-NI critical point [25]. Thus,
while the α phase is definitely a NI, the β phase is not
necessarily a WTI, depending on the details. However, as
we will show, β-Bi4I4 can become a WTI under uniaxial
strain.
Phase transitions.—We now construct an effective

model for the β phases. The time-reversal-invariant M
and L points have the little groupC3

2h with two independent
symmetries, spatial inversion P ¼ τz, and mirror reflection
My ¼ iσy. Here τ and σ are the orbital and spin Pauli
matrices. By convention we choose the time-reversal
operator T ¼ iKσy with K the complex conjugation.
Given the three symmetries, to the linear order the k · p
Hamiltonians near L and M may be written as

Hi ¼ vixkxσyτx þ viykyσxτx þ vizkzτy þmiτz þ ci; ð1Þ

where i refers toM or L, v are the velocities, c is the energy
offset, and m is the energy gap with m < 0 denoting
invertion. For β-Bi4I4 only mM is negative; for β-Bi4Br4
both mM=L are negative.
With Eq. (1), we explore the strain effects on the β

phases. The strain tensor εij is rank-2 and invariant under
time reversal. With these two facts and the original
symmetries of H, the strain induced perturbations to the
lowest order take the form of

δHi ¼ δHi
0 þ ðε11λi11 þ ε22λ

i
22 þ ε33λ

i
33 þ ε13λ

i
13Þτz; ð2Þ

where λij are deformation potentials, and δHi
0 is a rigid

shift of all bands with a form similar to that in the
parentheses. Clearly, applying strain along the a, b, or c
axis would change the direct gaps and hence the band
inversions at the M and L points. It follows that the
topological phase transitions among NIs, STIs, and
WTIs can be tuned by the uniaxial strain.
This prediction can be verified by our DFT calculations

[24] with strain along the a axis, as shown in Fig. 3. In this
case, the deformation potentials at M and L points exhibit
the same sign and similar magnitudes. For the STI β-Bi4I4,
under more than 1.5% tensile strain, the inverted bands at
M become uninverted while those at L remain not inverted,
yielding a STI to NI transition. On the other hand, under
more than 3.3% compressive strain, the bands at L become
inverted while those atM remain inverted, producing a STI
to WTI transition. For the WTI β-Bi4Br4, the inverted gaps
at L and M both increase with increasing the compressive
strain, resulting in a larger gap WTI. As the tensile strain
increases, however, there are two successive transitions
from the WTI to a STI and then to a NI, because the bands
at L become un-inverted prior to those at M. Similar phase
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FIG. 3. The topological phase diagrams vs the uniaxial strain
along the a axis are depicted in (a) for β-Bi4I4 and (b) for
β-Bi4Br4. The corresponding direct gaps at L and M points are
shown in (c) for β-Bi4I4 and (d) for β-Bi4Br4. A solid (open) dot
denotes a direct (indirect) gap; the minus sign of a gap indicates a
band inversion.
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transitions can also be driven by strain along other axes
[24]. These results are suggestive of a feasible way to
engineer or stabilize the WTI phase.
Composite WSM.—Near the NI-STI transition, there

emerges a WSM phase with only pairs of Weyl points
[42–51] at Fermi energy, when P or T symmetry is broken.
EachWeyl node is locally protected by the Chern number of
a constant-energy surface enclosing it. One might naively
think the same WSM phase emerges near the WTI-STI
transition. In fact, the emergent phase turns out to be novel.
We now examine such a phase using β-Bi4I4 under 3.3%
compressive strain [see Fig. 3(a)]. The P symmetry can be
broken by a possible energy difference between the Bi and
Bi0 atoms. Because of the low symmetry, only two pairs of
Weyl points appear at the WTI-STI transition; the bulk is a
standard WSM. At the (001) surface, there are two open
Fermi arcs connecting the four projected Weyl nodes, as
shown in Fig. 4(b). At the (100) surface, surprisingly, there
exists one closed Fermi circle in addition to the anticipated
Fermi arcs, as shown in Fig. 4(c). We dub this novel phase
the compositeWSM(CWSM).WhenP asymmetry is small,
while the Weyl points emerge near L, the band gap remains
inverted at M. As a consequence, there are surface states
locally, separated by a large crystal momentum, at the (100)
surface where L andM project into distinct points Ā and Ḡ.
In contrast, at the (001) surface where L andM project into
the same point Ḡ, the Fermi arcs appear as a result of the
nontrivial Chern numbers, whereas the Fermi circle dis-
appears because of its strong scattering with the metallic
background. Intriguingly, the Fermi arcs generically appear
at any surface like the case for a WSM, whereas the Fermi
circle only appears at selected surfaces like the case for a
WTI. Fundamentally, the most generic topological phase
diagram should be modified to Fig. 4(a), when P or T
symmetry is broken, to include the novel CWSMphase near
the WTI-STI transition.

Discussions.—As prototype WTIs, β-Bi4X4 (X ¼ Br, I)
offer a new platform for exploring exotic physics with
simple chemistry. In addition to the strain-induced topo-
logical phase transitions, CWSM phase, and the α-β
domain wall, the two (100) surface states are particularly
appealing, e.g., the spin texture, the Landau level crossing,
and the exciton condensation triggered by the nesting of the
electron and hole pockets. In the thin-film QSHI limit, the
small velocity along the a or c axis can be utilized to study
the helical Luttinger liquid [52] and the Z4 parafermions
[53–55]. As for the CWSM, the physics can be enriched
by single-particle couplings or many-body interactions
between the open Fermi arcs and the closed Fermi circle.
WTIs have been proved to be strong against disorder

[56–58], as long as Uð1Þ, T , and translational symmetries
are respected on average. Breaking any symmetry at
the (100) surface of β-Bi4Br4 or strained β-Bi4I4 may
induce an exotic phenomenon. A topological defect, e.g., a
screw dislocation [59] or a step edge [17,60], can break
a translational symmetry binding a helical edge modes. A
Zeeman field can break T symmetry yielding a quantum
anomalous Hall effect [61] with a Chern number from −2
to 2, tunable by the field orientation [29]. A proximity
coupling to an s� wave (e.g., iron-based) superconductor
can break Uð1Þ gauge symmetry producing a Z2 topologi-
cal superconductor with a Majorana Kramers pair [62].
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