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Skein modules are algebraic invariants of oriented 3-manifolds motivated by knot theory.
The Kauffman bracket skein module is the most extensively studied skein module due to its
relation with the Jones polynomial. Results of this dissertation can naturally be regarded as
contributions to further development of the theory of skein modules. The lattice crossing was
first studied by Dabkowski, Li, and Przytycki in 2015 as a part of an effort to find closed-form
formulas for the natural product in the Kauffman bracket skein algebra of a four-punctured
sphere. In this dissertation, we focus on finding coefficients of Catalan states obtained from
lattice crossing and derive some relations between the coefficients of two different Catalan
states. In particular, we develop methods for computing coefficients of Catalan states and
find closed-form formulas for the coefficients of Catalan states obtained from lattice crossing
with 4 vertical strands. We also examine the unimodality property of the coefficients of
Catalan states. The generalized crossing is an n-tangle obtained as a half-twist of n vertical
strands related to the lattice crossing. In the last part of this dissertation, we present some

results concerning coefficients of Catalan states obtained from generalized crossing.
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CHAPTER 1

INTRODUCTION

Skein modules are invariants of oriented 3-manifolds M that were introduced independently
by Przytycki [24] and Turaev [29]. They are defined as quotients of a free module generated
by the ambient isotopy classes of links modulo some selected skein relations. The Kauff-
man bracket skein module (KBSM) is the most studied skein module based on the Kauff-
man bracket skein relation [I6] and it has been computed for several classes of 3-manifolds
[24, T3], 14, 15, 18, 23, 21], 22 19]. Unfortunately, there are no general methods for calcu-
lating KBSM of 3-manifolds. Hence, the set of examples of M for which KBSM is known
remains still quite limited. This, in turn, limits our ability to understand important relations
between the algebraic structure of KBSM of M and the geometry of M. However, when the
underlying ring is a field, as first conjectured by E. Witten (see [3]) and then proved in 2019
by Gunningham, Jordan, and Safronov [12], the KBSM of any closed oriented 3-manifolds
becomes a finite-dimensional vector space.

When a 3-manifold is a product of an oriented surface F' and an interval I = [0, 1], the
KBSM has a natural structure of an algebra that is called Kauffman bracket skein algebra
(KBSA) of F. The product of two links L; * Ly in the KBSA of F'is defined by placing L
above Lo. This algebra is commutative when F' is a 2-dimensional sphere or a punctured
2-sphere with at most three boundary components. The first and the simplest example
of a surface with a non-commutative KBSA is a 2-dimensional torus or a four-punctured
sphere. In 2000, Frohman and Gelca [11] found an elegant formula — known as the product-
to-sum formula — for the product of curves in KBSA of 2-torus. It is then quite natural to
ask whether a similar formula can be found for KBSA of a four-punctured sphere. In [I],
the authors considered the double branched cover of a four-punctured sphere to obtain an
algorithm for the product of curves in KBSA of a four-punctured sphere. The algorithm is

rather involved and quite difficult to apply which makes it not practical to use. Therefore,



the idea used in [7] for finding closed-form formulas for the coefficients of the product of
curves in KBSA of a four-punctured sphere seems to be a reasonable approach. Namely,
we start by considering an (m + n)-tangle L(m,n) called lattice crossing [7] and try to find
formulas for the coefficients of the crossingless connections between 2(m + n) points on the
circle. Such connections are called Catalan states and they form a basis of the Relative
Kauffman Bracket Skein Module (RKBSM) of a 3-ball B® with 2(m + n) points fixed on its
boundary. Therefore, in such a setting lattice crossing L(m,n) can be expressed by a linear
combination of Catalan states with coefficients in some commutative ring with identity. The
first main result obtained by Dabkowski, Li, and Przytycki in [7] gives the necessary and
sufficient conditions for a Catalan state to show up the linear combination for L(m,n) in
the RKBSM, and another one gives a counting formula for the number of Catalan states
that appear in this linear combination. In the sequel paper, Dabkowski and Przytycki [9]
introduced the plucking polynomial of a plane rooted tree with a delay function for computing
coefficients of some particular classes of Catalan states (Catalan states with no returns on
one side). The plucking polynomial of a plane rooted tree was introduced by Przytycki [20]
and it was motivated by the problem of finding the coefficients of Catalan states that was
considered in [7]. The strict unimodality of coefficients of the plucking polynomial of a plane
rooted tree was studied later in [5]. Furthermore, the necessary and sufficient conditions for
a polynomial to be obtained as a plucking polynomial of a plane rooted tree were found in
[4], and finally, the problem of finding conditions for different plane rooted trees that have
the same plucking polynomials was studied in [6].

The generalized crossing is an n-tangle obtained as a half-twist of n vertical parallel
strands. This tangle was first studied in [20] in the context of finding a relationship with
lattice crossing. As shown in [20], every Catalan state of generalized crossing is realizable. In
this dissertation, we develop further results concerning coefficients of Catalan states obtained

from generalized crossing.



The main contribution of this dissertation is the development of methods for computing
coefficients of arbitrary Catalan states obtained from lattice crossing and analyzing their
properties. The dissertation is organized as follows. In Chapter [2| we provide a summary of
the necessary definitions and results that are needed in later chapters.

In Chapter [3| we focus on the development of methods for finding coefficients of Catalan
states. In particular, we give general results that allow us to establish relations between
the coeflicient of a given Catalan state and coefficients of some other related Catalan states.
This allows us to find the coefficient of a given state in terms of coefficients of some other
Catalan states for which coefficients can be computed. The method we develop updates
the connections of Catalan states near the top and bottom boundaries of the Catalan state
but leaves the connections in the middle unchanged. This technique, called the first-row
expansion, was used in its simpler version in [9] to find coefficients of Catalan states with
no returns on one side. Another observation we make is that, after a finite number of the
first-row expansions, we can get Catalan states with certain similar patterns of connections.
These observations gave an idea for our method, that is, to find the coefficient of a given
Catalan state, we can find the coefficient of some larger Catalan states with ”good properties”
(for instance those discussed in [9]) and then apply the first-row expansions till this given
Catalan state appears.

In Section [3.1] after we introduce some relevant terminology, we give an algorithm that
splits all Catalan states into groups according to the way they decompose into smaller pieces
and the operations that can be applied to each piece. Then we show how to reduce problems
on finding coefficients of general Catalan states into problems for which we already know the
answer. Furthermore, once we know how to do such a reduction, we know how to compute
coefficients for all other Catalan states in the same group. Thus, our algorithm is not just
simply finding the coefficient of a particular Catalan state but rather finding coefficients

for a family of Catalan states. In the same section, we prove a very useful lemma about



plucking polynomial of a plane rooted tree with a delay function. Moreover, We establish a
relation between coefficients of a Catalan state C' and the Catalan state C” obtained from
C by removing some of its arcs. These results play an important role in this dissertation
as they will allow us to justify theorems in later sections. In Section [3.2] we study some
classes of Catalan states for which our reduction has a particularly simple form. This allows
us to find coefficients of such Catalan states using methods that are different than the one
obtained from the algorithm in Section [3.1] Since the number of groups, into which we split
Catalan states, depends only on n and it is finite, we list all such reduction formulas for
small values of n.

In Chapter [4, we find closed-form formulas for coefficients of Catalan states obtained
from lattice crossing L(m,n) when n is small and we obtain results concerning unimodality
of coefficients of Catalan states that admit a horizontal line that has four intersections with
such a Catalan state.

In Section we find closed-form formulas for n = 3,4. Although such formulas for
n = 3 were obtained in [9], we prove a stronger version of results given in there. The main
idea for n = 4 in our proof is to decompose Catalan states into small pieces, use formulas
developed in Chapter |3| to find the contribution of each piece to the coefficients of Catalan
states. Furthermore, to reconstruct the Catalan state from such pieces one must follow rules
described by walks in a directed graph. The unimodality of coefficients of Catalan states is
discussed in Section We prove that coefficients of Catalan states for n < 3 are Laurent
polynomials with unimodal coefficients and when n > 5 we give examples of Catalan states
with coefficients that are not unimodal. For the case n = 4, we show that if a Catalan state
is a vertical product of some other Catalan states, then its coefficient is unimodal.

In the last chapter, based on the idea similar to the first-row expansion that was used for
lattice crossing, we develop a method for computing coefficients of Catalan states obtained

from generalized crossing and then we apply it to find coefficients for two infinite families of



Catalan states. Analyzing properties of those coefficients and developing efficient methods

for finding them will be part of my future research projects.



CHAPTER 2

PRELIMINARIES

In this chapter, we recall all necessary definitions and results that we will use in the remaining

chapters of this dissertation.

2.1 Kauffman Bracket Skein Modules

A link L in a 3-manifold M? is defined as the image of an embedding of a disjoint union of
circles into M3, and the image of each circle is called a component of the link. One component
link is called a knot. A framed link is a link with integers assigned to its components that
represent the twist numbers while regarding each component as a ribbon knot. We also may
view a framed link L as the image of an embedding of a disjoint union of annuli into M3
with S x {0} of annulus A% = S! x [0, 1] regarded as L.

Links in R? can be studied via their diagrams up to the natural moves that correspond
to ambient isotopies of R?. Namely, given a link L in R?, its projection onto a plane which
avoids diagrams shown in Figure together with the information at each double point

about which arc is above or below is called a link diagram of L.

Theorem 2.1.1 (Reidemeister [27]). Given two links Ly, Ly in R® suppose that Dy and
Dy are their link diagrams. Then Ly is ambient isotopic to Lo if and only if Dy can be

obtained from Dy by a finite sequence of Reidemeister moves Ry, Ry, or Rs, as shown in the

Figure[2.3,

The above theorem allows us to work with the link diagrams in R? rather than links in
R3. In particular, we can define invariants of links in R® using their diagrams. One of the

most important invariant for us is the Kauffman bracket.
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Theorem 2.1.2 (Kauffman [16]). Given a fized invertible element A, define bracket polyno-

mial of an unoriented link in R® as follows:
(O)=1,

(=40 O+A7 (),
and

(OUL)=—(A"+A)(L),

where links involved in the second relation are identical outside of a meighborhood of the
crossing, and the circle () in the first and third relations denotes the unknot. Then (L) is

mwvariant under Reidemeister moves Ry and Rs.

We will say that link diagrams D; and D, are related via regular isotopy of diagrams if
Dy can be obtained from D, by a finite sequence of Ry and R3 moves.

As we mentioned in Chapter [T} the theory of skein modules gives the natural context
for the results of this dissertation. We recall the definition of the Kauffman bracket skein
module (KBSM) of an oriented 3-manifold M?3. This invariant was defined by Przytycki as
a generalization of the Kauffman bracket polynomial (defined for links in R?) to links in an
arbitrary oriented 3-manifold. In particular, the KBSM of M? is a sound algebraic structure

that allows us to study links in M?3.



Definition 2.1.3 (Przytycki [24]). Given an oriented 3-manifold M?, a commutative ring
R, and an invertible element A in R. Denote by Ly, the set of all ambient isotopy classes
of unoriented framed links in M? including the empty link 0. Let RL;, be the free R-module

with basis Ly, and Sy be the submodule of RLy, generated by
N —AT A (and QUL+ (A*+ AL, (2.1)

where the skein triple in the first relation represents framed links which are identical outside
of a neighborhood of the crossing, and the circle () in the second relation denotes the unknot.

Then the Kauffman bracket skein module (KBSM) of M? is defined by
SQ’OO(M:S; R, A) = Rﬁfr/SQ’oo.

Denote by F,; an oriented surface of genus g with b boundary components and let I =
[0, 1] be the unit interval. One defines a natural multiplication * on S o (Fyp % I; Z[A*!], A)
as follows: For links L; and Ly in Fj; X I, let Ly * Ly be the link that obtained by placing
Ly above Lo, more precisely, we put L; in F X [%, 1] and Ly in F x [0, %] The Kauffman
bracket skein algebra (KBSA) of F,; is then the KBSM S, oo (Fy, X I;Z[A*!], A) together
with the multiplication * and we denote it by S5 . (Fy5x ). The following results concerning
KBSA were obtained by Bullock and Przytycki. Since the main motivation for this work is
to obtain closed-form formulas for the coefficients in the product of parallel copies of curves

in a four-punctured sphere Fj 4, results of this dissertation are directly related to part (e) of

the theorem below in which a presentation for KBSA of Fj 4 is given.

Theorem 2.1.4 (Bullock-Przytycki [2]). Let Fy, be an oriented surface of genus g with b

boundary components and R = Z[A*!].
(a) SS’OO(F070 X ]) ~ 85700(170’1 X I) ~ R.

(b) S5 (Foz x I) = Rlz], where x is a curve parallel to a boundary component of Fys.



(c) S5 oo(Fos x I)~ Rlx,y,z|, where x,y, z are curves parallel to boundary components of

Fos.

(d) S5 (Frox I)~ R(x,y,z2)/T1o, where x,y,z are (1,0)-curve, (0,1)-curve, and (1,1)-
curve, respectively, on Iy o and I, o is generated by
Azy — A lyx — (A% — A72)z,
Ayz — A zy — (A% — A7),
Azz — Aoz — (A% — A7 %)y,
and

A%r? + A3+ A% — Azyz — 2A% — 2472

(e) S5 oo(Foa x I) ~ Rlay,as,a3,a4)(x,y,2)/Los, where x, y, 2, a1, az, as, ag are (1,0)-
curve, (0,1)-curve, (1,1)-curve, four curves parallel to different boundary components,
respectively, on Fy 4 as shown in Figure and Zy 4 s generated by

Alzy — A %yx — (A* — A4z — (A% — A D (a1a3 + asay),
A?yz — A2y — (A* — A ™Yz — (A% — A7) (aray + agas),
A?zr — A%z — (A* — ANy — (A2 — A7) (ayay + asay),
and
Ata® + AP+ A% — APayz — (A* + A7)’ + aragazay + af + a3 + a3 + a]
+ A% (a1ay4 + azas)r + A% (a1ay + azay)y + A*(aras + azay)z.

We note that S5 . (Fyp x I) is commutative if and only if (g,b) € {(0,0), (0, 1), (0,2),(0,3)}.

As we see from the above, when KBSA of F; is non-commutative, the product of curves
is rather difficult to find. However, there is an elegant multiplicative formula for the product
of curves on the 2-dimensional torus. Namely, there is a closed-form formula for the product

in 85 (F1 % I) that is known as the product-to-sum formula obtained by Frohman and
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(a) Curves ajazazas on Fy 4 (b) Curve x on Fp 4
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Y
o o o
(c) Curve y on Fj 4 (d) Curve z on Fj 4

Figure 2.3. Curves on [ 4

Gelca. This formula sparked an effort by Dabkowski, Li and Przytycki to find a similar
formula for the product of curves on Fp 4 and motivated lots of new development, such as,
for instance, plucking polynomial of a plane rooted tree with a delay function. We will recall
the result by Frohman and Gelca mentioned before. Let T, (z) be the polynomials defined
recursively by To(x) = 2, Ti(z) = x, T(z) = 2T,_1(x) — T,,_o(z) for n > 2. For integers p
and ¢, one defines the general (p,q)-curve by (p,q)r = Tecd(p,q) ((L L)) with the

ged(p,q) ’ ged(p,q)

convention ged(0,0) = 0.
Theorem 2.1.5 (Frohman-Gelca [I1]). For any integers p,q,r, s,

(D, @)r * (r,8)r = AP (p+r,q+ 8)r + AP0 (p =1, — 5)r
in S5 (Fio x I).

In order to find the product y™ x ™ of n parallel copies of the curve y and m parallel

copies of the curve z in S5 | (Fo4 x I), we start by considering the diagram of " 2™ on Fp 4

10



(see Figure 2.4(a)) locally. To make our considerations more precise, recall the definition of
the relative Kauffman bracket skein module (RKBSM) of an oriented 3-manifold with 2n

framed points (or equivalently intervals) on its boundary.

Definition 2.1.6 (Przytycki [25]). Given an oriented 3-manifold M?, a commutative ring
R with identity, and an invertible element A in R. Let {x;}?", be 2n framed points in OM?3,
and denote by L;.(n) the set of unoriented framed relative links in (M?>,0M?) such that
LNOM? = 0L = {x;}?",, up to ambient isotopy that fires OM?>. Let RLy.(n) be the R-
module with basis Ly, (n) and Sy (n) be the submodule of RLy.(n) generated by ([2.1)). Then
the relative Kauffman bracket skein module (RKBSM) of M? is defined by

So00(M? {2} R, A) = RLfr (1) /S2.00(n).

Let us consider the diagram L(m,n) of y™ * 2™ which is inside the disk D? shown in
Figure As it can easily be seen this diagram is (m + n)-tangle obtained as a projection
of the framed relative link in the cylinder D? x [0, 1] with 2(m + n) points on its boundary.
The following results by Przytycki are of great importance to our further discussion of lat-
tice crossing L(m,n) as they give us the necessary mathematical setup for the problem we

consider in this dissertation.

Proposition 2.1.7 (Przytycki [25]). The RKBSM Sp oo (M3, {x;}?",; R, A) depends only on
the distribution points {z;}?", among the boundary components of M, but not on the exact

position of {x;}?",. In particular, if OM 1is connected, we can denote it by So. oo (M3, n; R, A).

The following result describes a basis of the RKBSM in the case of Fj; x I with 2n points

on its boundary, which is relevant to our farther discussion.

Theorem 2.1.8 (Przytycki [25]). Sooo(Fyp % I,{z;:}7"1; R, A) is a free R-module for b > 1,

and its basis consists of framed relative links on F without trivial components.

11



Since the boundary of D? x I is certainly connected, the following result allows us to
define the coefficient of a Catalan state C' of lattice crossing L(m,n) as we will discuss later.
The main idea to keep in mind here is that a Catalan state is nothing but an element of the
basis of the RKBSM of D? x I with 2(m + n) points described in Corollary and the
coefficient C'(A) of the Catalan state C' is nothing but the coefficient of C' when the relative
link L(m,n) is written in the basis of Sy oo (D? X I,n; R, A). We will make it more precise in

the section that follows.

Corollary 2.1.9 (Przytycki [25]). Sao(D*xI,n; R, A) is a free R-module with —= (*") basic

elements, which consist of all framed crossingless connections between 2n boundary points.

2.2 Lattice Crossing — Definition and Summary of Results

In [7], Dabkowski, Li, and Przytycki began their study of an (m + n)-tangle L(m,n) called
lattice crossing in order to analyze the product of n parallel copies of framed link y and
m parallel copies of framed link x locally. More precisely, they considered the diagram of
y" % 2™ on Iy, inside the disk D? shown in Figure [2.4(a). For convenience, we consider the
rectangle R, instead of the disk D* with 2(m + n) points X, = {zi, 2;}7-, U {y;, ¥5 17
fixed on its boundary and placed as shown in Figure (b) We define lattice crossing
L(m,n) as a framed relative link (||, z;a}) * (LJ72, y;9}) in RZ,,, x I that consists of n

parallel framed line segments z;z/ joining pairs of boundary points x; and z, placed above

the m parallel framed line segments y;y, joining pairs of boundary points y; and ¥, as shown
in Figure (c) Let €at,, , be the set of all crossingless connections between points of X, ,,.
By Corollary m, this set is a basis of Sye0(R2,,, X I, Xy n; Z[AF'], A). Hence

Lim,n)= Y _  C(A)C

Celatm,n
for some C(A) € Z[A*']. Elements of €at,,, are called Catalan states and the coefficient

C(A) of C in above linear combination is called the coefficient of the Catalan state C.

12
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(b) Rectangle R?, | (c) Lattice crossing L(m,n)
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(d) +1 marker and —1 marker

Figure 2.4. Rfmm L(m,n), +1 marker and —1 markers
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Figure 2.5. Straight lines [ and l;L

Let Mat,, ,({£1}) be the set of m x n matrices whose entries are either 1 or —1. A
Kauffman state of L(m,n) is an assignment of +1 or —1 markers on the mn crossings of
L(m,n) according to s € Mat,, ,,({£1}). A Catalan state is realized by a Kauffman state s
if it can be obtained by smoothing crossings of L(m, n) that follow the rule in Figure [2.4[d)
according to the markers determined by s and after removing all trivial components. A
Catalan state is realizable if it can be realized by some Kauffman states. As one checks for
m = n = 2 there are 14 Catalan states of L(2,2) with 12 that are realizable.

Theorem below gives a complete characterization of realizable Catalan states.

Theorem 2.2.1 (Dabkowski-Li-Przytycki [7]). A Catalan state C' is realizable if and only
if PN Cl<m foralll <i<n-—1 and |Z§LﬂC’| <n foralll <j<m-—1, wherel} and

lh

i are shown in Figure and |l N C| denotes the minimal number of intersections between

curves | and C.

Furthermore, one is able to give a formula that counts the realizable Catalan states.
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Theorem 2.2.2 (Dabkowski-Li-Przytycki [7]). The number of realizable Catalan states of

L(m,n) is
1 2m + 2n
m+n+1\ m+n
2m + 2n 2m + 2n 2m + 2n
—~ Z ~2 , + ‘
m—i(n+3)—2 m—i(n+3)—3 m—i(n+3)—4
2m + 2n 2m + 2n 2m + 2n
- Z —2 . + . .
n—i(m+3)—2 n—i(m+3)—3 n—i(m+3)—4
The edge of the rectangle R, ,, that contains {x;} (respectively {«}}, {y;}, and {y}}) is
called the top boundary (respectively bottom boundary, left boundary, and right boundary)
of Rfmn. A return of a Calatan state C' is an arc of C' with both endpoints lying on the

same boundary of R}, . Let Catf;’n be the set of realizable Catalan states of L(m,n) with

no returns on the bottom boundary.

Definition 2.2.3 (Dabkowski-Przytycki [9]). Given C' € €at}, . Let b(C) denote the set

Sb(bl)
b=(b1,...,bn) €{0,1,...,n}™ : realizes C' p |
Sb(bm)
where the function s, maps i to a 1 x n row vector [1,...,1,—1,...,—1]. The mazimal
~—— %,_/

sequence by (C) is defined as the mazimal element of the the set b( ) ordered by the lexico-

graphic order.
The by (C) is well-defined as a consequence of the following result.
Theorem 2.2.4 (Dabkowski-Przytycki [9]). The set b(C) is nonempty for all C € Qatfm

For a Catalan state C' with no returns on the bottom boundary one defines the plane
rooted tree with a delay function 7 (C') as follows. This tree will be used to compute the

coefficient C'(A).

15



Definition 2.2.5 (Dabkowski-Przytycki [9]). Given C € €at), .. Let C¥' be a tangle obtained
from C' by removing all of its arcs with one of the endpoints on the bottom boundary of R?ﬂm
Denote by T(C) the dual graph of CT'. There is a natural choice for the root vy of T(C) that
corresponds to the region of C¥' containing points {x}}. Define a delay function f on the
set of leaves of T(C) different than vy that sends a leaf v to j if the points on the boundary
of the region determined by C" that corresponds to v are labeled by {y;_1,y;} or {y;_1,¥;}.
Otherwise we define f(v) = 1. The plane rooted tree with a delay function determined by a

Catalan state C' with no returns on the bottom boundary is the triple T(C) = (T'(C), vy, f).

For a Catalan state C' with no returns on the bottom boundary we define a polynomial
in terms of the graph 7 (C') associated to C. This polynomial is our main computational

tool for C'(A).

Definition 2.2.6 (Dabkowski-Przytycki [9]). Let (T, v, f) be a plane rooted tree T with root
vo and a delay function f and let Ly(T') be the set of all leaves v different than vy for which
f(v) = 1. The plucking polynomial Q(T,vo, f) is a polynomial in q defined by Q(T, vy, f) =1
if T has no edges, and
Q(T,vo, /)= Y ¢ "ov — v, 00, fo)
veL1(T)

otherwise, where r(T,vy,v) is the number of vertices of T to the righﬂ of the unique path
from v to vy, and f, is a delay function defined on leaves of T — v different than vy and such

that f,(u) = max{1, f(u) — 1} if u is a leaf of T and f,(u) =1 if u is a new leaf of T — v.

The following result describes a very important relation between plucking polynomial
of a plane rooted tree with a delay function and the coefficient of a Catalan state with no
returns on the bottom boundary. In particular, the result below provides us with an effective

method to compute C(A).

!Consider the plane rooted tree (T, vy) embedded in the xy-plane such that all vertices of T except vy have
positive y coordinate, vg is the origin, and the unique path from v to vy are on the y-axis, then r(T, vg, v) is
the number of vertices belonging the first quadrant.
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n 1S given by

Theorem 2.2.7 (Dabkowski-Przytycki [9]). The coefficient C(A) of C € Cat,

C(A) = A2l[6a7(C)l|=mn-+4-mindeg, Q(T(C)) . Q<T(C>)|

g=A—%

where ||bpr(C)]] = 320" by if bar(C) = (b1, ..., by) and mindeg, Q(T (C)) denotes the mini-
mum degree of ¢ in Q(T(C)).

We note Theorem is very important result that we will use in Chapter [3| and

Chapter 4] The following example shows its application.

Example 2.2.8. Given a Catalan state C € Catl 4 shown in Figure (a). To find C(A)
we need both the plucking polynomial Q(T (C)) of the plane rooted tree with a delay function
T(C) and the mazimal sequence by (C') in order to apply the formula given in Theoremm
that allows us to find C(A). The plane rooted tree (T'(C),vy) is shown in Figure[2.¢(b), and

the delay function f defined on the leaves of T(C') different than vq is

2, ifv=nu,
f) =91, ifv =0
3, if v=uy.
Therefore we can find Q(T (C)) as follows:
1 1
2 1 1 2 1 1
QT(C)=Q \% = \i/ =@ +¢)Q Y
Vg 1 Vo o
=¢"(1+9)°Q [ =" (1+9°Q Il
=¢'(1+9°Q =q¢'(1+9)°

17



N

N

)
///é
N1

.
(

)

NN

(a) Catalan state C' € €at§3 (b) T(C) and its root vg (c) The sequence by (C)

Figure 2.6. C € Qfati’n in Example

The mazimal sequence by (C) = (3,2,3,2,2) is shown in Figure (c) Hence,

C(A) _ A2||bM(C)H—mn+4~mindegq QIT(C)) . Q(T(C))l

g=A—1
= AZCHZAB2D) 53D (A=h)2(] 4 A4)3
= A1 4+ A3
We note that the plucking polynomial of a plane rooted tree was first defined in [26]. It
can be obtained by taking f = 1 in Definition [2.2.6f Thus, we simply denoted it by Q(T', vy)
and it can be used to compute coefficients of Catalan states with no returns on three sides.

Let [n]l,=1+q+...+q¢" %, [n],! =[1]4[2]s --- [n], and the g-multinomial coefficient

(nl—l—ng—l——t—nk) _[nl—i—ng—i——i—nk]q'
ny,No, ..., Nk q [nl]q'[n2]q'[nk]q' ‘

Theorem 2.2.9 (Przytycki [26]). Suppose that a plane rooted tree (T',vg) is a wedge product
of plane rooted trees (T;,vg), i = 1,...,k (see Figure[2.7). Then the plucking polynomial of

(T, vg) is given by

T ) = <|E<T1>|,|E<T2>|7...,|E<Tk>| [T w),

i=1

k
|E(T)] )
q
where |E(T)| denotes the number of edges of T.

18



Vo

Figure 2.7. Wedge product of (T;,vp),i=1,...,k

There is no simple formula for C'(A), however, when there is a horizontal (respectively
vertical) line that cuts C' in n (respectively m) points, the computation of C'(A) becomes
significantly easier. This is due to the following result that allows us to split C' into the simpler

Catalan states C and Cy, find separately C}(A) and Cy(A), and then C'(A) = C1(A)Cy(A).

Theorem 2.2.10 (Dabkowski-Przytycki [9]). Given C' € €at,,,,. Suppose that |I' NC|=n
for some 1 < s < m —1, and let {z1,...,zn} be the intersection points. Splitting C into
two Catalan states Cy and Co according to the horizontal line I* in the following way: Cy
is a Catalan state of Caty,, such that its 2(s +n) endpoints are {z;, z;}iy U{y;, y;} =, and
the connections are induced from C, and Cy is a Catalan state of Cat,,_s,, such that its

2(m — s +n) endpoints are {x}, 2 }i—y U{y;, y;}jLsr1 and the connections are induced from

C, see Figurel|2.8. Then

C(A) = C1(A) Co(A).

We will finish this section with the following result that gives a simple formula for co-
efficients of realizable Catalan states of L(m,3). Furthermore, this description allows us to

start our discussion concerning the properties of coefficients C'(A) of the Catalan state C.

Proposition 2.2.11 (Dabkowski-Przytycki [9]). For a realizable C' € €at,, 3 its coefficient
C(A) (up to a power of A) equals [2]% 4 [3)a-1, [2]%_4, or % if 1N C| < 3 for all

1<i<m—1, and [2]% . [3]% 4 otherwise.
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Figure 2.8. Splitting C' into C and Cy

2.3 Generalized Crossing — Definition and Summary of Results

The generalized crossing G(k) is a k-tangle obtained a positive half-twist on k strands (see
Figure 2.9(a) and (b) for the case k = 5), which was first considered by Li [20], though he
used a negative half-twist. In this dissertation, we will use the diagram of G(k) shown in
Figure (c) instead of Figure (d) — the version used in Li [20]. We will denote by G (k)
the latter tangle. One can easily see that properties of G(k) are same as of G(k), since G(k)
is just a reflection of G/(k) about the line I”, so there is a trivial correspondence between
G(k) and G(k).

All questions that have been asked thus far for lattice crossing L(m,n) have their equiv-
alent version for G(k). Let Ay, be a triangle with 2k points X;, = {x;, y; }*_, on its boundary
as shown in Figure (c) Denote by €at, the set of all crossingless connections between

points of X;. By the Corollary [2.1.9] €aty, is a basis of S (A x I, Xi; Z[AF!], A). Hence,

Gk)= Y C(A)C

Celaty
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(a) Tangle of 5 strands (b) A half-twist applied on a tangle of 5 strands

T T2 T3 T4 T5 ,

NLrrrry ’LL

o
Y2
N
Y3
A5 ‘ //
» Y4 //
L—« Ys

(c) Generalized crossing G(5) (d) Generalized crossing G(5)

Figure 2.9. Generalized crossing G(5)

for some C(A) € Z[A*!]. Elements of €at, are called Catalan states, and the coefficient
C(A) of a Catalan state C' in the linear combination above is called the coefficient of C.
We conclude this section with the definition of realizable Catalan states of generalized
crossing. That is, let Mat} ({£1}) be the set of (k — 1) x (k — 1) upper triangle matrices
whose (i, j)-entry is either 1 or —1 for i < j. We say that a Kauffman state s € Maty, ({£1})
of G(k) realizes a Catalan state C' € €aty, if smoothing all crossings of G(k) according to
s and removing all trivial components results in C. A Catalan state C' € Cat;, is called

realizable if there is a Kauffman state s that realizes C.
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The following result describes realizable Catalan states of G/(k).

Theorem 2.3.1 (Li [20]). Every Catalan state C' € €aty, of generalized crossing G(k) is

realizable.
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CHAPTER 3

METHODS FOR COMPUTING COEFFICIENTS
3.1 General Results and the Algorithm

Given a Catalan state C' € C€at,,,, we can determine m and n from C, so there is no
need to state m and n explicitly. We introduce some terminologies and notations related to
Catalan states that will be used later. Let C* denote the Catalan state obtained from C' by
reflecting C' about a vertical line and C™? the Catalan state obtained by a f-rotation, where

0 c{x5,n} of C.

Lemma 3.1.1. Let C' be a Catalan state, then
(a) C°(A) = C(A™),
(b) C""(A) =C(A), and
(c) CT¥3(A) = C(AT).

Proof. Suppose that C' € €at,,,. Consider the map sending s = [s; ;] € Mat,, ,,({£1}) to
s" = [=Sint+1-j] € Mat,,,({£1}). It is easy to see that this map is a bijection, if s realizes C
then s’ realizes C**; and the number of trivial components after smoothing crossings according
to s and s are the same, so part (a) holds. Parts (b) and (c) can be proved in an analogous

way. ]

Each Catalan state C' can be decomposed into two tangles by splitting it along a hor-
izontal line l;?, 0 < j < m (see Figure so that l;? N C' has the minimum number of
intersections. The tangle that contains the top boundary (respectively the bottom bound-
ary) of an,n is called the roof state (respectively floor state). Roof and floor states have three
boundaries with the points on them inherited from R?, . Arcs of C' with both endpoints on

the boundaries of a tangle are called closed arcs otherwise we will call them open arcs. The
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number of fixed points on the top boundary (respectively the bottom boundary) of the roof
state (respectively the floor state) is called the width of the state while the number of fixed
points on the left boundary is referred to as height of the state. We write C' = R %, F when
a Catalan state C' is decomposed into a roof state R and a floor state F. Conversely, given a
roof state R and a floor state F with the same width and the same number of open arcs, we
can concatenate them vertically to obtain a Catalan state R %, F. In Figure the tangle
R is a roof state of width 6 and height 3 and the tangle F is a floor state of width 6 and
height 4. The reflection and rotation operations defined as the above for Catalan states can
also be applied to roof and floor states. For example, R"" yields a floor state for any roof
state R. Given roof R and floor F states, define (R, F) = C(A) if C' = R %, F is a Catalan
state, and 0 otherwise. If R %, F = L(m,n) where mn = 0, then we set (R, F) = 1.

A floor state of height zero is called a bottom state. For a floor state F, we denote by F?
the bottom state obtained from F as shown in Figure More precisely, F° is the floor
state of F"™ %, F whose height is zero.

Let B,, be the set of all bottom states of width n. Define a map ®,, on B,, as follows.
Given F € B,, suppose that the left endpoint of closed arcs of F are xj,..., ] , then
we set @, (F) = {i1,42,...,ir}. For example, for the floor state F shown in Figure [3.1]
g (FP) = {3,4}. Let V,, := {®,(F) | F € B,} denote the image of ®,,, then &, : B, — V,,
is a bijection. Algorithmgives a method for computing ®,*(I) for I = {i,...,ix} € V,,.
In Figure we showed an example of Algorithm for finding @, (7).

Define an order <z on V,, as follows. For I,J € V,,, I <p J if all closed arcs of @;1(1)
are also closed arcs in ®;%(J). Posets (V,, <r), for n = 3,4,5,6, are shown in Figure [3.3]
We see that, for n > 4, {2} <r {1,2} and {1} AF {1,2} in V,,. Moreover, it follows from
the definition of (V,,, <r) that, for all n € N, (V,,, <p) is a subposet of (V,,11, <r).

Given a floor state F of width n > 2 and a set I = {iy,...,ix} € V, define a floor

state F; as follows. If I <p ®,(F?), let F; be the floor state obtained from F by removing
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(b) Roof state R and floor state F
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fﬁ
R S A R S xf ah ah ah
(c) Top state R* and bottom state F° (d) Floor state Fyyy

Figure 3.1. Notations on Catalan states in L(m,n)

Algorithm 3.1.2 Find the image of ®,!

1: procedure FINDPHIINVERSE(/,n)

2 F <+ a bottom state of width n and has no returns on its bottom boundary
3 if I # () then

4: Order the elements of I = {i; < ... <}

5: J+A{l,...,n}

6 for j < kto1ldo

7 ie < min{i € J |1 >1i;}

8 Remove the open arcs whose endpoints are x;-j and zj_in F
9: Connect z; and 7, by a closed arc in F

10: J— I\ {ij, 0.}

11: return F
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Given k =3, I = {i1,42,i3} = {1,4,5}, and n = 7. Step2:j =24, =min{i € J | i > iy =4} =7,

Step 0: J = {1,2,3,4,5,6,7}, F = LLLL@J

A ! ! A ! ! A
Ty Tg Tz Ty Ty Tg Ty

F= l l l l i l l J=1{1,2,3,4,7}\ {4,7} = {1,2,3}.

! ! ! ! ! ! /
Ty Ty Tz Ty Xy Tg L7

Step 1:j =3, 4 =min{i € J | i > i3 =5} =6, Step3:j=1, 4 =min{i € J | i >1i3 =1} = 2,
o Ll - Lol o0
xh xh xh xh xy w2k x) xh xh xh xy w2k
J=1{1,2,3,4,5,6,7}\ {5,6} = {1,2,3,4,7}. J={1,2,3}\{1,2} = {3}.

Figure 3.2. Example of Algorithm [3.1.2

{1,2} {1,3} {1,2} {1,3} {1,4} {2,3} {2,4}

AN SRS

{1y {2y {1}
(a) (Vs»iF) (b) (V475F) (c) (Vde)

{1.2,3 {124} {1,2,5} {1,3,4} {1,3,5}

N

{1,2} {13} {1,4} {1,5} {2,3} {2,4} {2,5} {3,4} {3,5}

TN

{1 {22 B8y {4 {8

W

0
(d) (Ve, %F)

Figure 3.3. Posets (V,,, <r)
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|I| returns of F with left endpoint z%, i € I, together with their corresponding endpoints.
Otherwise, if I Ap ®,(F?), then we set F; to be the empty graph Kj. It is easy to see that,
when F; # K then Fy is a floor state of same height as F and width is decreased by 2||.

Clearly, Fy = F, (Ky); = Ko, and (R, K;) = 0.

Lemma 3.1.3. Let F be a floor state of width n. Suppose that [ = {i; < ... < i} € V,

and J = {j1 <...<gi} € Vg, then

-----

Proof. Part (a) follows directly from the definition of F; (we can see it by simply drawing a
floor state F and then removing its returns). For part (b), notice that before applying the
operation of removing returns corresponding to {iy, ..., %}, the original index of the point
to each left endpoint x; decreases index of p by 2. Therefore, the original index of p is

be=J+2 Zle L{i,<;y as claimed. O
Let I,J C N, define product I*J as follows:

I, if J =0,
=S TU{j+23 0 Lue<pnt, if J=1{}, I={ir,... i}
(I+{in})#(J\ ), otherwise,
where jj; is the maximal element of J. One checks that @%J = J and by Lemma [3.1.3] if
I'eV,and J €V, gy, then I%¥J € V,,, and (Fj); = Fpyforal I,J CN
Let ag,an,a; be arcs with endpoints {y1,z1}, {zn, v1}, {zj,zj} for 1 < i < n—1,
respectively. Given a roof state R of width n > 1, denote by J(R) theset {j € {0,1,...,n} |

a; € R}. Let J = {j1,...,Jk} € J(R) and define R as the roof state obtained from R by
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moving points y; and y; along boundaries to the top boundary of R and then removing arcs
aj,, .. .,a;, together with their endpoints from R.

Our next result is based on the idea of analyzing the resolving tree of L(m,n) obtained
after smoothing of its first row of crossings according to all possible assignments of markers
and applying regular isotopy. This idea was first used in [9] (see the proof of Proposition 2.1)
and we call it the first-row expansion of L(m,n). Consider I = {iy,...,i;} € V, and

J=1, -, jir1} CT(R), t > 0,if 1 <iy < jo <o < --+ < iy < jy1 then we write [ o< J.

Proposition 3.1.4. Let C' = R x, F be a Catalan state with the roof state R of width n and
positive height. Then
(R, F) = Z A2 (R S ), (3.1)
{(I,J):1€Vy, JCT(R), [oc]}

where ||I|| is the sum of elements of 1.

Proof. In order to compute coefficient C'(A) of the Catalan state C', we proceed as follows. We
start from the first row of crossings L(m, n) (starting from its top) and consider all 2" possible
assignments of markers. Among such assignments, we choose these which, after a regular
isotopy of the diagrams (one that gives the minimal number of crossings), has a potential to
realize Catalan state C'. For example, among all 2° assignments of markers to the first row
of crossings of L(6,5), we only choose three (—1,—1,—1,—1,—1), (+1,+1,4+1,—1,—1), and
(—1,—1,41,—1,—1) that give the first vertices of the computation tree for the coefficient of

C shown in Figure [3.4f More precisely, we choose the following:

(1) Assignments with the first marker —1 or the last marker +1 that realize an arc of C

with endpoints {z1,y1} or {z,,v}}.

(2) Assignments with consecutive markers +1, —1 that realize an arc of C' with endpoints

{;, x;11} on its top boundary.
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(3) Assignments with consecutive markers —1,41 that realize, after regular isotopy of

diagram, an arc of C' with endpoints {z, z;,,} on its bottom boundary.

We observe that since the Kauffman bracket is an invariant of tangles, the coefficient C'(A)
does not depend on the regular isotopy of diagrams and on the order in which crossings of
L(m,n) are being smoothed. Therefore, the procedure described above yields a recursive
algorithm for finding C'(A). That is, after applying the first-row expansion to the first
row of L(m,n), the problem of finding C(A) reduces to computing coefficients of Catalan
states C’ obtained from corresponding lattice crossings L(m — 1,n’), n’ < n. As shown in
Figure , the problem of finding C(A) = (R, F) reduces to computing coefficients (R oy, F),
(Rysy, F), and (Ryo3}, Fy2y)- Thus, we note that equation simply gives an algebraic
description of the recursive procedure discussed above (called the first-row expansion). It
then remains to show that the power of A is —n + 2(||J|| — ||Z]|). Indeed, if [ = {i,...,4;}
and J = {j1,...,Jem1}, with I € V,,, J C J(R), and I  J, describe realization of arcs of
C that are obtained using I and J, then the corresponding assignment of markers to the
first row of L(m,n) is shown in Figure 3.5] The power of A is then obtained as a result
of first assigning +1 to all crossings in the first row of L(m,n), and then changing markers
of all crossings between j, and 7, + 1 strands to —1, where k = 1,...,t+ 1, and 7,1 = n.

Therefore, the corresponding power of A is given by

t+1 41
n—QZZk—]k —n—QZZk—2n+22]k —n + 2([[J]| = [[L]]),
which completes our proof. O

For a roof state R and I C N, denote by [R, ]| a function that assigns the coefficient
(R, Fr) of R *, F to each floor state F, i.e.,

We are now ready to formulate our main result:
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Definition 3.1.5. Let R be a roof state, R; be roof states with the same number of open
arcs as R and no returns on its top boundary, I; C N, 1 <i <k, k € N. A relation in the

form
Z Zi(A) [Ri, L], (3.2)

where Z(A), Z;(A) are non-zero Laurent polynomials, is called an RF-formula for R.

Remark 3.1.6. We note that for a given roof state R, there might be several RF -formulas.
More importantly, we would like to point out here that if R has an RF-formula then the
problem of finding the coefficient of C = R *, F reduces to a problem of finding coefficient
for R *, Fr,. Since each such a state is either a Catalan state with no returns on the top

boundary or it is not defined (hence its coefficient is 0 by the definition), we can always find

C(A). Notice that, since Z(A) # 0, we can divide (3.2)) by Z(A) to get

k
R0 =) Qi(A)[Ri, 1), (3.3)

i=1

where Q;(A) = Z;(A)/Z(A) are rational functions of A. In what follows we use instead
of , and we will also refer to it as an RF-formula for R. As we show later, for
any R there is an RF-formula in the form given in for which Z(A) is a product of
[n] = [n]ymae = 1+ A%+, ..+ A*=D . Thus, if A is not a root of unity, the RF-formula
is equivalent to (3.2). Furthermore, for any floor state F, [R,0](F) € Z[A*']. Since
holds for all but finite number of A € C, the right side of 1s also a Laurent polynomial

for any F.

Lemma 3.1.7. Let R be a roof state and suppose that R has an RF-formula

R,0] = ZZ ) [Ri, L,
then for all I C N
= Zi(A) [Ry, I31).
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Proof. Let F be a floor state. Then

Z(A) [RI(F) = Z(A) (R, Fi) = Z(A) [R, 0](F1)

= Z Zi(A) [Ri, L)(Fr) = Z Zi(A) (Ri, (F1)1,)
= Z Zi(A) (Ry, Frar) = Z Z;(A) [Ry, I*L](F).
Hence the proof is completed. O

Given a Catalan state C' € Cat,,,, its decomposition into roof and floor states is not
unique. Define an order < on the set of all roof states of C' as follows. Let C' = R; *, F;,
where R; and F; are obtained by cutting C' along the horizontal line {#. Then R; <g R; if
1 < 7. In particular, Ry <g R1 <gr ... <g Rn.

Given a Catalan state C' € €at,, ,,, suppose that C' = R*,F, where R and F are obtained
by cutting C along the horizontal line [? and C' = R’ %, ', where R’ and F' are obtained by
cutting C' along the horizontal line [%. Assume that i’ > i then R <z R’ and the tangle M

obtained by taking the part of C' between lines I and [/} can be defined. That is, M consists

2

m,n’

of parts the left and right boundary of R with same number of points on them, closed

arcs, and open arcs resulted by cutting C along I and along % respectively. Therefore,
C=Rs, M, F, R =Rxy M, F = Mx,F', and M =R'\R =F\F (see Figure 3.6).
Notice that if F = M %, F' then F; = (M %, F'); = M %, Fj, s0 M = F\ F' = Fr \ FJ.

Lemma 3.1.8. Suppose that R has an RF-formula. Then
(a) R® has an RF-formula, and
(b) if R’ is a roof state, such that, R <g R', then R' also has an RF-formula.

Proof. Let F be a floor state of width n. Then, by Lemma (R *, F*)(A) = (R *,
F)*(A) = (R° #y F)(A™Y). Let I} = ®,((9,'(13))*), s0 (R *, Fir)(A) = (Ri *y F;)*(A) =

n
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Figure 3.6. Decomposition of C' = R *, M x*, F’

(R; *y F;)(A™!). Then

Z(A™) [R*,0/(F)(A) = Z(A™Y) (R %, F)(A) = Z(A™") (R*, F*)(A™Y)

so R? has an RF-formula

Z(A ZZ

This proves the first statement.
Let R <g R’ and M = R’ \ R. Given a floor state F’, define F = M *, F' if the
vertical product is defined or F = K, otherwise, and we see that (R, F') = (R,F). Let

R = R; *y M and since M = F \ F' = Fp, \ F, and (R}, F},) = (Rs, Fr,),

ZA)[RLO)(F) = 2(A) (R F) = Z(4) (R, F) = Z(4) [R. 0](F)
- ZZl(A> [RHI ZZ ’R,Z,.F[
=D ZilA) (R, F1) = 3 Z(A) [RY, L) (F).
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This shows that R’ has also an RF-formula
Z(A)[R,0) = Zi(A) [R}, 1.
Our proof is completed. O

A top state is a roof state of height zero. Each roof state R yields a top state that we
denote by R' (see Figure . More precisely, R" is defined as the roof state of R *, R""
whose height is zero. Notice that R' <z R for any roof state R. Let T, be the set of all top

states of width n. Clearly, T, is finite.
Lemma 3.1.9. There are (Ln72j) distinct top states of width n, that is, |T,| = (Ln72J)'

Proof. Let W,, be a set of all words w of length n on alphabet {u,r} in which u occurs at

least as many times as r in any prefix of w (initial segment of w), that is,
W, ={w;...w, | w; € {u,r} and N,(w; ... wg) > Ny(wy...wy), 1 <k <n},

where N, (w) and N,(w) are numbers of u and r in w, respectively. There is a bijection
f between T, and W, defined as follows. Let R € T, and x1,zs,...,x, be points on the
top boundary of R listed from left to right. We put f(R) = wy ... w,, where w; = u if x;
is the left endpoint of a closed arc or an endpoint of an open arc, and w; = r otherwise
(see Figure (a)). Now, it suffices to show that |W,| = (Ln;l%). Indeed, let u = (0,1) and
r = (1,0), then each word w € W, can be represented as a lattice path that starts from (0, 0)

with steps u and r, end up at a point on z + y = n and does not touch the line xr —y =1

(see Figure [3.7(b)). Let a,, = |W,|, then a, satisfies the following recursion

20,1, if 2 | n,
an =
2ap_1 — Cln—1)y2, if 2{n,

where C} = ﬁ(%f) is the k’th Catalan number. The result follows by induction.
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(a) f(R) = vuruuur (b) u-move and r-move on the xy-plane

Figure 3.7. Proof of Lemma [3.1.9

Ifn=1,thena;, =1= (LI}QJ)' Assume that n = 2k, ag, = (2:) Then

2k 1 (2K 2(2k)! (2k)! 2k + 1
a2k+1:2a2k_ck:2(k)_k—+1(k): RRC R\ k)

Assume that n =2k — 1, ag_1 = (Qk_l). Then

k-1
ok —1\  202k—1) (2k) (2K
= 2 _1 = 2 = - - .
fi2k = Szt (k—l) Kk—10! Kk \k
Therefore, a,, = ( LnT/Lz J) for all n € N. O]

Lemma 3.1.10. Let R, be the roof state as shown in Figure 1<k<n-—1. Then

Rk, 0] = Z Qner(A) (R 1] 5 (3.4)

IeVy, |I|<min{k,n—k}

where Qi 1(A) = An=2k)(min{kn—k}—|I]) (er/L,k,up . 1(I)) and the roof states Ry and Ry
are shown in Figure 3.8,
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(e) Ry oy for 1<k < [3]

(b) Ry for [5] <k<n-—-1
2k—m n—-k—1 n—k-—1
TN N

(d) Ry, 4y for [5] <k<n-—1

n—=k k

Figure 3.8. Roof states R x, R, 110 Ry x
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Proof. We start by showing that after applying (n — 1) times the first-row expansions ((3.1))
on R,k results in the formula

[Rn,k,@)] = Z Q%,k,[(A) [ ;z,k,mv[} ) (3-5)

1€V, |I|<min{k,n—k}
for some @7, ; ;(A). Assume that 1 < k < [§]. One can easily see that, after applying m

times first-row expansions on [Ruk, 0], 1 <m <n—1, results in the following formula
(R 0] = 3 QI (A) R, 1),
where Q\™(A) € Z[A*!] are non-zero Laurent polynomials, and the following are satisfied
(1) Rgm) is of height (n — 1) — m and width n — 2|]i(m)|,
(2) 1<[T(R™)] <2, and

(3) if J(RI™) = {4}, then j = k — [I™], and if J(R™) = {ji1, o}, then [j; — jo| =

n—m— |]i(m)|.

We prove the above statement by induction on m. The case m = 0 is obvious, since RZ(»O) =
R, and Ii(o) = (). We show that applying first-row expansion (m + 1) times on [R,, , 0]
results in the same formula as the one obtained by applying a single first-row expansion on

Q™ (A) [RY™ | I™)]. There are two cases of R\™:

)

o If |j(R£m))| = 1, then j(Rz('m)) = {k - |]¢(m)|}. One can check that Rémﬂ) -

(Rgm)){kfllim)l} and I/"" = 17" satisfy (1)-(3).

o If |T(R™)| = 2, then J(R™) = {j1 < ja} for some jy — j1 = n—m —|I™|. We see
that, after applying the first-row expansion,

[Rgm)7li(m)] _ A_(n_2ui(m)‘)+2j1 [<R§m)){j1}’]i(m)]

i

4+ A= =201 )42 [(Rgm) s I(m)}
271 (m) . .

b3 AT (R 151

I=j1+1
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It is easy to see that for the first two terms, pairs ((R™) gy, 1), (RY™) iy, I™)
satisfy (1)-(3). While for the last summation, we let R = (RU™); 5y and
1D = 1 T[T (RIM™TY)| = 2 then J(RI™TY) = {1, ja—2}, thus (jo—2)—j1 =
n—m-— |]Z§m)| —2=n—(m+1)— |Ii(m+1)|, i.e., (3) holds. Statements (1) and (2) are

obvious. Case |J (R§m+1))| = 1 can be dealt with by similar argument as the above.

Since form =n—11n (3), |j1 —jo| =n—(n—1)—|I;| = 1 —|I;] <1 which is not possible, so
it must be |J(R"™ )| =1 and hence J(R" ™) = {k — |I"V|}. Notice that the first-row
expansions always realizes arcs on or near the top boundary, so if there is an arc /; below to

The

Iy that is parallel to Iy, then [, is realized earlier than ;. Hence Rf."‘” = R/n,k,ui(”*”\'
argument above proves the existence of @7, , ;(A) in (B.5). The case |%] <k <n—1 can be
proved by applying Lemma |3.1.8|

Now we show that @7, ;(A) = Qnr1(A) for all I € V,,, [I| < min{k,n — k}. Assume
that 1 < k < |2] and define M, ; = Frps \ €05, (0) for | < min{k,n — k}, where F, 1
is shown in Figure (a). Given I € V,,, take F, ;1 = My k1 *v @, 1(I). Then for any

J=<gl, JeEV,,

[ ',rL,k,|J|7 J} ( 7/1k1) - (R;m,k,\J\uMn,k,\Il *y (@EI(I))ﬂ =0,

because the line [V in Figure [3.9(b) has the number of intersections k — |J| > k — |I|,
the Catalan state R}, ;5 %o Mugjr %, (2,'(1)); is not realizable by Theorem [2.2.1} so its

coefficient is 0. Therefore, (3.5)) reduces to

[Rn,k7®]< T,Lkl) = Q;,k,I(A) [ ;z,k,maf] ( 1/1k1>

or

(Rues Fygor) = @l (A) - A-=20 =1
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v

l
n— 2k k—1J]  k—|J|

bl <E;j> k-1 k1<§y/%> k1|

n—2l n—2|J|
(a) Floor state Fy, j (b) Catalan state R, ;| 5 *v Mo 1] *v (®,1(1)),

k— Il k— I n-—2k
AN N /T

RSV

n —2|I|
(c) Catalan state R;’k’m *y Fo ko, 1)

Figure 3.9. Proof of Lemma [3.1.10
since (R, i1 (Fre,)1) = (R, g rs Froka) = A=(n=2R)(=I1) a5 shown in Figure (c) Then
Qs (A) = ACTZOET) (R, Moy 0 @, (1))
— Am=2k)(k=[I]) ( kavll\’q);l(]))

= Qn,k,I(A)a

which completes our proof.

Example 3.1.11. We find (3.4]) for n =2,3.
Ifn=2,k=1, and Vo = {0,{1}}. Then

[R271, @] = Z QZ,LI(A) [R/Z,l,m’ I}

I€Vy, |I|<min{1,2—1}
= Q210(A) [Ro10,0] + Q21.013(A) [R141,{1}]
= AE20-0 (7)) [RY,0,0] + AC20D (F253(4)) Ry, 0, {1}]

= A72[2] [Rhy10,0] + [Rh. {1}],
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CAIS
e

since (

) (A) = A72[2] and clearly (@) (A) = 1. Indeed, for C' = i ;, the corre-

sponding plane rooted tree with a delay function T(C) = <1\/1 ) Thus, by Theorem |2.2.9

v

its plucking polynomial is [2],. Furthermore, since the mazimal sequence by (C) = (2,1), it
follows that C'(A) = A>FV=222] _,_« = A72[2] by Theorem [2.2.7. We note that the above
formula can also be obtained directly applying the first-row expansion (3.1)). Indeed, given a

floor state F, we see that
[RZ,lam (‘F) = (+ +7‘F)
— A-2+20 (r@j’}—) 1+ A2H22 (r@]]:) 4 AT2F20+2-1) (]—\7F{1})

= A7?[2] (R/2,170a~7:®) + (R/2,1,1,]:{1}) .

If n=3, then k =1,2 and V3 = {0,{1},{2}}. Assume that k =1, then

[Rs1,0] = Qs10(4) [Ri10.0] + Qa3 (A) [Ri11, {1}] + Qs1423(A) [Ri,,{2}]
_ A(3-2)(1-0) (@(A)) [Rg,w’@] 1 AB-20-D) (@(A)) [Rgl’l,{l}]
+ AB=20-D ((A)> [Ri1.1{2}]

= A7) [Riy10,0] + AT2) [R 0 {1 + A7 R0, {23

since coefficients \J;(A) = A7T[3], @(A) = A™1[2] and (A) = A2 Indeed, we see

that:

e The plucking polynomial for Cy = J; is [3]q, and the maximal sequence by (Ch) =

(3,1,1), so Cy(A) = A2BHIHD=33 3] o = A7T[3].
e Since @, the coefficient is A=% - A72[2].

o Since @, the coefficient is A=2 - A=2. A2,
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As before, we note that the formula for [Rs1,0] can be directly obtained using the first-row

expansion (3.1)), i.e.

R 7= (773 7) a0 (77

4 A-B+23 (@HI) + AT32043-D) (m,f{l}) + AT (mfm)
= A7 (A0 (RY 10, Fp) + A2 (RY 0, Fy) + A2 ORD(RE | Fy))
+ AP AT (Ré,l,mf@) + A AT (Ré,l,lvf{l}) + AT AT (Ré,l,h‘F{Q})

= A7B] (Ry10,F0) + A7[2) (R0, Fry) + A2 (Rh 11, Fray) -

Now, from our proof of Lemma we can easily see that ®3((®31({1}))*) = {2} and
®5((®5"({2}))°) = {1}, thus

[R51,0] = Qs10(A™") [(R51,)°, 0]
+ Q51,013 (A7) [(Rh11)° {2 + Qan23(A7Y) [(RE10)°.{1}] -

Furthermore, notice that (R5,)° = Ri,0 and (Ry,,)° = Rj,,. Hence, for n = 3 and

k=2,

[Rsz2,0] = A°[3],ma-a [Ré,z,m @} + AY[2] 4 p-s [Rg,2,17 {2}] + A? [Ré,zla {1}]
= A72[3] [Rg,2,07®] + A7 [Ré,m? {1}} + [2] [Rg,Z,la {2}] .

Let R be a roof state of width n and j.(R) = min{j | j € J(R)}. We construct new roof
state R’ using R via the process of adding a cup ati, 1 <i <mn — 1, that first adds a closed
arc together with its two endpoints p, ¢ to the top boundary of R between z;, x;,1, and then
moves points x; and x,, along the boundaries to left and right boundary, respectively. For
instance, Figure shows the new roof state R’ obtained from R by adding a cup at 2.
This process can be considered as an inverse operation of Ry; on R. Given a roof state R
with width n and n — 2k open arcs, we say that R satisfies the horizontal line condition if

(R *, Frro) NI < n for all i, where the floor state F, x; is shown in Figure
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Ty T2 XT3 T4 Ts T2 P q T3 T4

Y1 y'1 z Is
Y2 Y5 Y1 Y
R Y2 R/ yé

Figure 3.10. Adding a cup

Algorithm 3.1.12 Find an RF-formula for a roof state R

1: procedure FINDRFFORMULA(R, I)
2 n < width of R
3 if n < 2|I| or R does not satisfy the horizontal line conditions then > Case 0
4 RF +0
5: else if R has no returns on its top boundary then > Case 1
6 RF < [R,I]
7 else if the height of R is greater than zero then > Case 2
8 M+ R\ R
9: > Qi(A) [R;, ;) + FINDRFFORMULA(R', 0)
10: RE < Y. Qi(A) [R; *, M, I¥1}]
11: else if |[J(R)| =1 then > Case 3
12: Jx < Jx (R)
13: k<0
14: R + R
15: while (R')" # R;, ;. , do
16: R’ < the roof state obtained from R’ by adding a cup at j,
17: k< k+1
18: M —TR\R; 0
19: for J € V,, with |J| < min{j.,n — j.} do
20: Qs(A) < Qn;..s(A) from Lemma [3.1.10]
21: RE « [Rpj. % M, 1] = 3,5 Qs(A) - FINDRFFORMULA(R,, ;51 %0 M, I%J)
22: RF <« A=29k Qy(A)~" . RF
23: else > Case 4
24: Jr<min{j € J | j > j.}
25: R’ + a roof state obtained from R by adding n — 7. cups at j,
26: Apply the first-row expansion (3.1)) n — j. times to get
27: R, 0] = ACnH200=3)[R 0] + 3. Qi(A) [Ri, L]
28: RF < FINDRFFORMULA(R',I) — >, Qi(A) - FINDRFFORMULA(R;, I%1;)
29: RF + An=2%)(=3) . RF

30: return RF
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Theorem 3.1.13. Every roof state has an RF-formula. In particular, Algorithm

provides a method to find it.

Proof. Our proof is by induction on the width n of a roof state R given as an input to
Algorithm [3.1.12] For n = 0 or 1, the statement is obvious. Assume that the statement
holds for all roof states of width less than n. Let R be a roof state of width n. If R is as
in Case 1 of Algorithm [3.1.12] then F' is clearly an RF-formula for R. Assume that R is as
in Case 2 of Algorithm [3.1.12] Using Lemma [3.1.8] we see that once we find an RF-formula
for R*, then we can also find it for R (with an RF-formula is provided in the proof of the
lemma).

Now, let R be a top state with a single return on its boundary, that is, R is as in Case 3.
Assume that after adding & cups at j., the new roof state R’ satisfies (R')" = R}, ; . We
apply k times first-row expansions and notice that, |J(-)| = [{j.}| = 1 at each time
the expansion is used, so there is only one term on the right hand side of . Therefore,
[R',0] = ACn+20k [R ()], Using Lemma and our proof of Lemma with M =
R\ (R')!, one obtains

[Rog. 0 M, 0] = Qo(A)[R', 0] + >, Qu(A) [Ry . 11 %0 M, .
JEV,,0<|J|<min{js,n—7j«}

Hence,

R.0) = AC2F Qo(A) 7 | Ry vo MO = 3 QA [R50 M, ]

JEV,,
0<|J|<min{jin—j.}

and, by Lemma [3.1.

(R, 1] = A28 Qp(A) ™ | [Ropg. %0 M) — > Qs(A) R,

n7j*7
JEV,,
0<|J|<min{jsn—j«}

7| *o M TR

Each roof state R, ;.. has width n—2|J| < n, so it also has an RF-formula by the induction

hypothesis. Hence for R as in Case 3 of Algorithm [3.1.12] there is an RF-formula.
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If R is as in Case 4 of Algorithm 3.1.12} i.e., R is a top state with | J(R)| > 1. One notices
that each roof state R; and I; involved in the formulas that appear in the corresponding

part of Algorithm satisfies at least one of the following:
(1) R; is either as in Case 1, Case 2, or Case 3,
(2) |I;] >0, or
(3) J+(Ri) > ju(R).

If in [R;, 1], |1;] > 0, then since the width of R, is n — 2|I;| < n, we can apply the induction
hypothesis. If j.(R}) > j.(R), the index j.(-) of the top state of R; strictly increases but
it is bounded by n. Hence after applying FINDRFFORMULA at most (n — 1) times, we can

eliminate roof states of such type. O

The following result concerning plucking polynomials with a delay function generalizes
Theorem [2.2.9, and it plays an important role in the remaining part of this chapter as well

as in Chapter [4

Lemma 3.1.14. Let (T, vy, f) be the plane rooted tree with a delay function. Suppose there
is a subtree T" of T rooted at v}, with f(u) < f(w) for all w € L(T") and w € L(T) \ L(T"),
where L(T) denotes the set of leaves of T different than its root. Let f' = f|p be the
restriction of f to L(T") and T" be the tree obtained from T by replacing T" by a simple
path P, of length m = |E(T")| (see Figure[3.11). Denote by f" the delay function defined
on leaves of T" whose value f"(v) is f(v) if v € L(T) \ L(T") and 1 otherwise. Then

Q(T,vo, f) = QT", v, [') - Q(T", v, [").-

Proof. When m = 0, there is nothing to prove. Thus, assume that m > 1. We will prove
the statement by induction on the number of vertices |V (T')|. The case |V (T)| = 2 is trivial.

Assume that the statement is true for |[V(T')| — 1. Let 7" be the tree obtained from T by

44



(=) B { 1

Vo T! Vo
T T"

Figure 3.11. Product formula for plucking polynomials

replacing 7" by a simple path P,,_; of length m — 1 and f” be the delay function defined on
the leaves of 7" whose value for v is max{f(v) — 1,1} if v € L(T) \ L(T") and 1 otherwise.

We see that
Z qT(T,'Uo,U) Q(T — U, Yy, fII) - Z qT(T’UO’v) Q(Tma Vo, f///) Q(T/ -0, U67 fql;)
’UGLl(T’) ’UELl(T/)
= Q" v, 1) Y T QT v, £)
veL (T")

= ¢ QT" v, f) QT v, ),
where 7(T") = min{r (T, vy, v) | v € L(T")}.
Let f! be the delay function defined on leaves of 7" that takes value max{ f(v) — 1,1} for
each v € L(T"), then

> QT - f) = Y AT v, ) QT v, f)

vELL (T)\L1(T") vELL (T)\L1(T")

=QT v, 1) > g TIQT — v, f)).

’UGLl(T)\Ll(T/)

Hence,

QT = S ¢TI — v, f)+ S g TIQT — 0,0, )

UELl(T’) UELl(T)\Ll(T’)
= Q. ) QU )+ QU £ Y Y QU — v, f2)
UELl(T)\Ll(T/)

— Q(T’, U(I)’ fl) Q(T”,UO, f//),

where the last equality is either due to Li(T)\ L1(T") =0 or f. = flp = 1. O
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Figure 3.12. Computation of C'(A)

Example 3.1.15. We find the coefficient C(A) of the Catalan state

N

Q
I

S Qﬂtgﬂg.

&%

We see that its roof state R =1="1171 is as described in Case 2 of Algorithm|3.1.14. There-

fore, applying Lemma we find its RF-formula. Let C' =R *, F. Then F; # Ky only

if I =0 orI={4}. Take F in (3.4) with n =5 and k =1, then

[R50, 0] (F) = Q51.0(A) [R510,0] (F) + Qs1,143(A) [R5 11, {4}] (F),
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and we obtain the following coefficients:

Q5 L Q)(A) _ A(5—2)(1—0)

Qs.1.(4y(A) = AG=20-D

N
&\

S

X

A

(A) — A3 . A2(5+1+1+1+1)—5~5 . [5](1:1474 — A_20[5],

Hence,
o
cy=f ) = Ry F) = ot (R ) - BE e 7y
P
A20 /C A8 C
S -t ()

o / N %
———r —_————

() — |

C’l/

However, computing the coefficient of C" is much harder. Since by (C') is the maximal

sequence that realizes C' (see Figure[3.14(b)), ||bar(C")|| = 28. Furthermore, one checks that

the plane rooted tree with a delay function for C' is shown in Figure (c) Therefore, the
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plucking polynomial of T (C") is:

9 1 1 1
, 6 '>5 10 '>9
Q(T(O )) =Q 1] Q \1/5 Q \1/9
2 1 2 1 2 1
= Q 1| q4Q 1] q8 Q 1

=q*([2]; +al4l))’ = ¢* (1 + 20+ ¢* + ¢ + )",
Hence,
C'(A) = A?P-135(1 4 2 + ¢ + ¢ +q4)3‘q:A_4 = AP(AY 424 At 4 AT 4 AT12)3,
Therefore, the coefficient of C' is:

_A_zo_ —21/ 44 —4 -8 7123_14_8_ -9
C(A)_[5] AV (A 424+ A+ A8+ 4712 oA

[5]
:A—13 (<A4+2+A_4+A_8+A_12)2+(A4+2+A_4+A_8+A_12)+1)

= A1 4+ 2A" + 3A® + TA2 + 8AM 1 TA® 1 9A% + 547 1 A%%).

Theorem 3.1.16. Let C € Cat,,,, and assume that there is an arc | of C' connecting y; and
Yy}, where li — j| < 2. Let C" be the Catalan state obtained from C' by removing the arc |
together with its two endpoints (see Figure . Then

C(A) = A7 C'(A).

Proof. By Theorem |3.1.13] it suffices to show that the statement holds for Catalan states C'
with no returns on the bottom boundary. Assume that n is even and j = i + 2. Notice that
after applying first-row expansions on both C' and C” sufficient number of times (call it k)
we may assume that the arc [ connects x; and ). Since there is a one-to-one correspondence

between assignment of markers that realize C and C’, terms of both expansions for C' and C’
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auvawa auvawa

Y1 ¢
Y2 o

» U1

/R

! ! /
Ty Tg T

C C’'=C-1

Figure 3.13. Removing an arc

coincide up to the stage k. Therefore, it suffices to prove that C(A) = A% C’(A) for Catalan
states C' with no returns on the bottom boundary and with an arc [ that connects x; and v},
and the Catalan state C’ = C' —[ obtained by removing [ from C' together with its endpoints
and then shifting y; to the top so it becomes a point on the top boundary.

Notice that, by Lemma [3.1.14] C' and C” have the same plucking polynomial. Assume
that by (C) = (b1, bg,...,by) and by (C") = (b, b5, ..., ;) are maximal sequences that
realize C' and C’, respectively. Let t be the index of b; in by, (C) which corresponds to the

realization of [ in C' and 1 < i; < ... < ig < t be the indices of b; in by (C) that realize

closed arcs of C' on the right boundary before [ is realized. Then

(4) b, =byyq forallt <i<m—1.

We say that the left (right) index of [ is 7 if the left (right) endpoint of [ is x;, and we say

that the right index of [ is n + j if the endpoint is y; for j =1, 2.
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We see that after the first arc of C' is realized by the first term of the sequence by, (C'), the
left index of [ (initially equals 1) increases by 1. Since the arc [ is realized after (¢ — 1) steps
using the first (t—1) terms of by, (C), when [ is realized, its left index becomes 1+ (t—1) =1,
and it is same as b;. This proves (1). Now we analyze the right index of [, which initially
equals n + 2. Notice that after the first arc of C' is realized by the first term of the sequence
by (C), the right index decreases by 1 if the arc is inside of the regions bounded by [ and
the top boundary of the Catalan state, otherwise it increases by 1. Indices i;’s, 7 =1,...,s,
give terms of the sequence by, (C) that realize arcs which are not inside the region bounded
by [ and the top boundary. When [ is realized, its right index is (n +2) — (t — 1) + 2s and
it is equal b, + 1 = ¢t + 1. Hence, n = 2(t — s — 1) and thus we completed our proof for
(2). Notice that presence of [ in C' causes "delays” in realization of an arc from the top
right corner of C' by 1, hence the total number of such delays is exactly s, this proves (3).
For example, for the Catalan states shown in Figure by (C) = (b1,bs,...,bg,...) =
(9,9,8,10,7,7,10,10,9,...) and by (C") = (b),05,...,0;,...) = (9,9,10,9,7,10,10,9,...).
We see that by and 0} realize the same arc. Although b5 + b} differs from b3 + by by 1 as
iy = 4. Similarly, bs and b0} realize the same arc, while the sums bj + b7 4 b and bg + by + bs
differ by 2 as i = 7 and i3 = 8. After we realize the first ¢ arcs of C following the first ¢
terms of the maximal sequence by, (C') and realizing (¢ — 1) arcs of C” following the maximal
sequence by, (C”), we see that the remaining floor states are the same, hence our proof of (4)
is completed.

Therefore, (2|6a(C)|| — mn) — (2]|by(CY)|| — (m — 1)n) = 2(—s +t) —n = 2, and the
result follows by Theorem [2.2.7] Since the number of points between endpoints of [ are even,
it remains to show that the statement holds when (i) n is even and i = j or i = j + 2, or (ii)
nisodd and i = j+ 1 or j =i+ 1. The cases (i) when ¢ = j and (i7) when j =i+ 1 follow
by an argument similar to the above and (i) when ¢ = j + 2 and (ii) when i = j + 1 follow

by considering the Catalan state C*® instead of C' and applying Lemma [3.1.1] O
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Figure 3.14. Proof of Theorem [3.1.16

3.2 Formulas for Particular Roof States

RF-formulas resulting from an application of Algorithm [3.1.12]are usually not simple. There-
fore, for some roof states, alternative methods may be used to find them. Given n, let k1, ko

K1—K2

be non-negative integers such that v = == is also a non-negative integer. Let R, (K1, k2)
be the set of roof states shown in Figure |3.15, where C is a crossingless connections inside

the region bounded by the dotted curve.

LoRTR2 4s glso a non-

Lemma 3.2.1. Let ki1, ko, k be non-negative integers such that v = "=

. Suppose that Cy, ... ,Cs are some crossingless connec-

negative integer and k < = w

o1



tions (possibly empty), inside of each dotted circle (see (3.6|) below), s > 0. Then

where

n

Figure 3.15. R, (K1, K2)

kg

LA

>”<A>

<
(

K1tV Ko +V

In particular, if for all i, C; = 0 then Q(A) = A%k,

(3.6)

(3.7)

Proof. Denote by R the roof state shown on the left of (3.6) and by R, the roof state on

the right of (3.6). Consider a floor state F of width n and k1 + k2 open arcs. Let C; = (R %,

F)'T e Catyy,, , and Cy = (Ro %, F)"" € Catyy,, ,, and one notes that my = mg + (s +p — k).
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By Lemma(3.1.1, C1(A) = (Ry, F) and Cy(A) = (Ra, F). Let T(Cy) = (T(Cy), vy, f2) be the
plane rooted tree with a delay function for Cy and by (Cs) = (by, ba, . . ., by, ) be the maximal
sequence that realizes Cy. Then the plane rooted tree of T (Cy) = (T(C4),vo, f1) for C; is

TST(Cz)

Vo

where T; is the dual graph of C;. Since f; = f2 on the set of leaves of T'(C5) and fi(v) > fi(w),
for all v € Li(T(Cy)), w € Li(T(C1)) \ L1(T(Cx)), by Lemma [3.1.14] plucking polynomials
for T'(Cy) and T'(Cy) are related as follows Q(7(Ch)) = Q(T(Cs)) - Q for some polynomial Q
that depends only on [ J;_, 7;. We note that the maximal sequence by (Cy) = (b7, 05,...,b),)
that realizes C7 must realize arcs of R; in the same order regardless of the choice made for F.
In fact, k; open arcs of Ry are realized as first, and then k, open arcs of Ry, arcs of Cs, the

line l;_1, arcs of Cs_1, the line l;_o, arcs of Cs_o, etc. Therefore, b, = b; for 1 < i < my and

b, depends only on R4, for me +1 <i <m;. Let B = Z?ilm2+1 b, then by Theorem ,

C1(A) = A2Nom (@)l =mintdmindeg, Q(T(C1)) Q(T(Cﬁ))\

g=A"*

— A2HbM(CQ)H+237(m2+s+,ufk)n+4(mindegq Q(T(Cg))erindegq Q) . Q(T<C2))‘ e Q| o
q=A" q=A"

— A2B—(stu—k)n+4mindeg, Q | Q} - Ca(A).

q=A~1*

Hence, [R1,0](F) = C1(A) = Q(A) Cy(A) = Q(A) [Ra, 0](F), for some

Q(A) _ AQB—(s+y—k)n+4mindequ . Q|q:A74

which does not depend on F. If F does not have width n or k1 + k9 open arcs, then
[R1, 0)(F) = 0=Q(A) - 0 = [Ry, 0] (F).

Thus, for all F, [Rq,0](F) = Q(A) [Ra, 0](F). Choosing for the floor state %Lg in

v K1+ Ko v

yields . O
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n—pu—t pu—t
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K1 K9

Figure 3.16. Roof state R, 4, x,.t

Now we state the main result in this section.

Theorem 3.2.2. Let n,ki,Ky be non-negative integers such that v = *="3="2 is also a
non-negative integer. Then, for any roof state R € R, (K1, k2), there is an RF-formula

[R7 (b] = Z QmR,I(A) ' [Rn,m,nz,lﬂa ]} ) (38)

1€V, [I|<v
where R, ., kot 15 sShown in Figure and p = %
In particular, for every I € V,,, if Fy, x, x,.1 denotes a floor state of width n that satisfies

CI)n(}‘b @J) =1 and (Rn,m,m,\lh (‘Fn,m,nz,l>1) %0, then

n,K1,

(Ra -Fn K1,K9 J)
Qnr.1(A) = — -S(n, k1, k2,1, J), (3.9)
ng;] (Rnﬁlﬁmm’ (‘Fnﬁlﬁ%[)[)
where
s > (Rn k1,82, 1i—1]» (‘Fnaﬁl,"i%li)fi—l)
S(n, ki, ko, 1,J) = > o =]l ik (3.10)

i=1 (Rn,fihmﬂi—l\? (Fn,lﬂ,@,hﬂ)hﬂ)

J=Ip<p-<pls=1I 1

if I # J, and 1 otherwise.

Proof. First, we prove the existence of @,z 1(A)’s in

[R0] =" Quri(A) [Rusrmains 1] (3.11)

1ev,
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Without loss of generality, we may assume that k1 < k9. Otherwise, since R € R, (k1, ka)
if and only if R* € R, (k2, k1) we can find an RF-formula for R® and use our proof of
Lemma to find an RF-formula for R. We first prove the existence of @,z (A4) in
(3.11), for all R € Ry, (k1,k2) NTy,. Let j, = ju(R), then j, — kg < 2=8=%2 = p by the
definition of j,. We prove formula by induction on n.

Consider the roof state R’ obtained from R by adding N > 0 cups at j,, such that (R')! =
where R, ;. ; is shown in Figure . Let M =R'\R! then by Lemma

/
R n,7%,07

7,J%,07

(R, 0] = [R;z,j*,o sy M, (D}
= Qn,j*,@(A)_l [Rn,j* *y M, @] - Z Qn,j*,I(A) [R;L7j*7|]‘ *o M7 [} ;
1€V, 1<|I1<]x
where @, . 1(A) and R, are defined in Lemma|3.1.10, Notice that R, ;, *, M is a roof state
in the form that is on the left side of (3.6]), hence

[’R’n,j* *y M? (Z)] = Q(A) : [Rn,ﬂl,@,Oa @]

for some Q(A) defined in Lemma/|3.2.1} Since R;, ; ;%0 M € Ry_oyr(K1, k2) and [I] > 1, the
induction hypothesis applies for these roof states. It follows that [R’, ()] can be represented
in the form given on the right hand side of (3.11)).

Applying N > 1 times the first-row expansions (3.1)) yields
(R, 0] = AT VR, 0] + 3[Ry,

for some [R;, I;], with either (1) j.(R;) > j. and R; € R, (k1,k9) N Ty, or (2) R; €
R, a1, (K1, ke) with |I;] > 0. If [R;, ;] is as in (2), then by induction hypothesis, we can
express it in the form as it is on the right hand side of . Thus, we only left those
[R;, I] for which I; = () and j.(R;) > j«(R) increased by 1. In such a case, we apply the
same process for R; as we did for R'. Since j,(-) increases, this process finally reaches some

roof states R” with j, = u. Let R" be the roof state obtained by adding N’ cups at p on
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R” so that (R")! = R,

0. Define M = R"\ R then using the first-row expansions

n,u,07

and Lemma [3.1.10] gives

[R”, w] _ A(n—QM)N’ [R///7 w] _ A(n—QM)N’ [R/n%o %, MI’ w]

= A(n_Z#)N/Qn,u,@(A)_I [Rn,,u *y M, @] - Z Qn,,u,l(A) [,R’;%lhm *y M, ]]

1€V, 1<|T|<p
Using the same argument as we did for R’, we see that [R”, ()] can be represented in the
form of the right hand side of .

Therefore, our proof for the existence of for all R € R, (k1, k2) N'T,, is completed.
Now, given R € R, (k1,k2), applying the first-row expansion on R sufficiently many
times yields

[R’ Q)] = ZQi(A) ’ [Ri7 Iz‘] )
where R; € Ry, (k1,k2) N T, if I; = 0 or R; € Ry,_gyz,(K1, k2) otherwise. Thus, the above
observations and the induction hypothesis imply that holds for all R € R, (k1, k2).
Notice that the width of Ry, ., «,. 11 is n—2|1|, hence [Ry, x, s, i1, ] = 0 unless n—2|I| > k1 +ko
by Theorem which means that |/| < *="3="2 = v, and therefore the proof for existence
of Qnr(A) in is completed.

Now we prove by induction on |/|. Indeed, choosing the floor state F, ., «,.0 int (3.8))

gives:

Ru Fn K1,R2,

Qn,R,(ZJ(A) = ( T @) ’
(Rn,n1,l€2,07 (Fn,nl,ﬂz,®>(z))

i.e., (3.9) holds when |I| = 0. Assume that (3.9) holds for all J € V,, with |J| < |I| and

notice that (Fp ., ko) = Ko unless I’ <p I. So, taking the floor state F, ., x,,r in (3.8),

yields
R, Fosam
Qurer(4) = P rat)
(Rn,nl,ng,ma (Fn,nl,ng,l)[)
Rn,ﬁ JK2, 7(fn,n K ,I)
S Y Que) Bt Prnai)y)

JeV, J=<pl (Rn,ﬁl,ng,ma (-Fn,/ﬂ,/@,[)])

and then (3.9) follows by the induction hypothesis on @), z j(A)’s. O
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n — 2|1

—
ailledl cjl -
T1 T2 Tn72|1\+1
(a) @51 (1)

Figure 3.17. @, 1(I) and M,, 1

According to the theorem, we can find @,z 1(A) by choosing an appropriate F, ., s,.1'
and then computing (3.9) and (3.10]). One such a choice for floor states is given in the next

lemma.

RoRIZR2 45 qlso a non-

Lemma 3.2.3. Let n, k1, ko be non-negative integers such that v = ==

negative integer. Given I € V,, suppose that ® 1 (I) has the form that is shown in Fig-
ure [3.17(a), where C; is some crossingless connections inside dotted circle, and T; is the
plane rooted tree obtained as the dual graph of C;". Then the coefficient of Ry i k0.0 *v

_1 .
Mn,m-&-m,\ll *y D) (I) (&

n—2|I|+1 i
A 2B —n 1 — o+ 1) 45 (31 —a) -4 (k1 —r2)? | T 1| H QT > V(I =1
H i=1 = |V(E)| —1 ’

where Ry, jy wot and My, iy are shown in Figure and Figure (b), respectively, | =

=t I = 3. 4, and Q(T;) is the plucking polynomial of T;.

57



Proof. Instead of calculating the coefficient of

C= Rn,m,@,o *y Mn,n1+n2,|1| *y (Dr,jl(]) = e @

=

@, (1)
P

(
C'=(C")° = S >nﬂ1‘

Ty

n—2|I| + k1

>h

we calculate the coefficient of

>H1

n —2|I| + ky

One can easily see that

T2

21141
ki+n—p—|I|+1

T(O/) - )
thus by Lemma [3.1.14]
n—2|I|+1 i
(T ")) = — mindeg, 7(C") T ") = |:n - |I|:| T;) - |:Zj:1 |V<jjj)| -1
Q(T(C") =q Q(T(C) ol [[ AT | ™1y -1

o8



Notice that [[bar(C)]| = ]| + MU= 1 |7{(n — 20| + w1 — 1) + n(n — = |[I]) + (n — )

Indeed, this is true since

(1) We first realize all the arcs corresponding to elements of I, and if [ = {i; <iy < ... <
i}, then (by,...,b) must be (4,41 +1,...,41 +t —1). Hence, the total contribution

of bar(C”) s || 1] + HI3=2.

(2) Then, as the second, we realize all arcs with an endpoint y;, 1 < j <n—2|I|+k; —p,
after realizing |I| returns on the top boundary. For these arcs b; = |I| in the maximal

sequence b/ (C”), thus the total contribution of these arcs to ||by (C")|] is |I|(n—2|I| +
K1 — j).
(3) For arcs with an endpoint y; ,;, 1 < j <n — pu—[I|, b; = n in the maximal sequence
by (C"). Therefore, the total contribution of these arcs to ||by(C")|] is n(n — p — |1|).
(4) The remaining p arcs contribute (n — u)u to ||bar(C”)]|.

Therefore,

C'(A) = A2ear(@)l=mn=2iTl=ptm0) .y (T(C"))]

q=A"*

—|1]- —Nn—kK1—kK2 — (3K —ko)— % (k1 —k2a)2 *
_ g2l H=§om )b O (T(C)] _,
by Theorem and the result follows since C(A) = C'(A™1). O
When |/] is small, we can compute (3.10)) directly.
Lemma 3.2.4. Suppose all assumptions of Theorem [3.2.3 hold and let

-1
fn,ml,nz,f - Mn,n1+n2,|1| *0 (I)n (])7

where My, iy is shown in Figure[3.17(b). Then, for all J <p I with 0 < |[I| —|J| < 3,

2(n—[I|=|J)+1

[11-191 . g=2(11=13D(11=11-D) [2( Ll 1] (Roses a1 (fn,ml,ng,I)J)'
n—|I|—|J|)+

|: n72|J| ] (anﬁlvﬁ%l‘]l’ ('Fna’il"‘i?n])])

(3.12)

S(”? K1, '%27[7 J) = (_1)
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Proof. We simply consider all possible J and I, and then use Lemma to compute
(3-10). In order to simplify notations, let C7 ;5 = (R kw071 (Frkrmo,r) ;). When I = J, our

statement is obviously true. Thus, consider I # J and denote by

© C
S(I,J) = > HC;Z

J=Ig<p-<pls= I

and 2(n=|I|=|J)+1
n—|I|—|J|)+
[ n—|1|-|J| }CLJ

2(n—I]—|J])+1 :
o

We show that S(I,J) =S'(1,J), for all J <p I with I,J € V,,. If |I| —|J| =1, then

S(1,J)= (-1 )W . A=20=1DAT=1T1=1)

2n—4[J|-1
OI J 1 —2.1-(1— [an\J\fl}CLJ
S(I,J)=—7= = (=1t A7>0Y =S'(1,J).
) Cag . 2501 Co )

Now, when |I| — |J| = 2, there are two cases to consider: [\ J = {i; < i} with i =143 + 1
orig>ig+ 1. Let ' =n=2|J|, 0/ =p—|J|,ii=i1-2{jeJ|j<ir}|,iy=ia—2|{j €
J g <io}], I' = {iy, d5}.

For i5 =71 + 1, we obtain
e J<plor
o J%FJU{il—f-l}%F].

So,

C Crugi Cr,augi
S(I, J) — I,J + JU{ii+1},J . I,Ju{i1+1} .
Cra Crr Crugii+1},00fi+1}

By Lemma [3.2.3]

CIJ — A 2(2i1+1)+2(6—n' —r1—r2+1)+ 5 (3/41 n2)+%(/{17112)2 |:nl - 2:| |:Z/1 + 1:|
) M/ 2 ?

n' —1

CJU{ilJrl}’J:A*Q(i&Jrl)Jr(S n'—Kk1— /{2+1)+ (3:{1 ﬁ2)+ (k1—HK2)? |: lu/

}[i’l +1],

! / J—
O any = A2 00=Dm1—ra +52 01+ {” 3} ]

p—1
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and

n' =230 . AN,KQRI—Z
CJU{i1+1},JU{z’1+1} — A"z Bri—k2)t5(k1—k2) [ ]

po—1
Then,
Cr.yuti;
Cyogin+1},0 e Livtndl) Cr.y
JU{i1+1},JU{i +1}
— A—zllpH+2(6_n/_m_@+1)+%’(3m_@H%(,ﬂ_m)g
-/ -/ 1 r '
Al U 23 ag g 9))
2! — = 2]!
A4 [27’_—3]
—C, ;- — Oy, A22ED Lw=2]
o (n' — 2] LJ [271”/—3]
Therefore,

[271—24‘!}]‘\—23] CI J
S(,J) = (=1)? A2V = o S'(1,J).
|: n—2|J| } J,J

For i3 > 41 + 1, one obtains
o J<pl,

o J<pJU{i1} <p I, or
o J<pJU{iy} <r I

So
C Ciugi C ; Croii o i
S(L J) 1,J Julin},J I,JU{i1} Jufiz},J 1,JU{is}

Cr.g Crr Cuufiy,aufin Cri Crofisyaufin)
By Lemma 3.2.3]

) sl ’ n' r 2
Cpy = A-20+iE)+2(6-n = —rat )+ 5 (B —r2) 5 (1 —r2)? [n : } [#1][i5 — 1],

/ ! _
Ciuginy,g = A2 +B—n"—r1—ra 1)+ (3k1—R2)+ 5 (k1 —k2)? [n 1] ol

{
1
/
1

-/ / n! — ! 3
CI,JU{Z&} = A—2(22—2)+(3—(n —2)—r1—ro+1)+"5 2(3»@1—52)4-%(,{1_,{2)2 {Z/ B J [@/2 B 2]7
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A*2(’L’l2)+(37'ﬂ,71€17H2+1)+%’(3:‘€17:‘€2)+%(K/1752)2 |:n/ - 1:| [2/2]7

Crufiny,g = .
-/ I n/7 - 3
Ol ugiyy = A2 6 —2)—r1—r+1)+ 72 (Br1—k2)+ 5 (k1 —k2)? [n/ } [1],
w—1
and
n'—2 K 1 K1—kK n/ - 2
CJu{il},JU{h} = CJU{iQ},JU{ig} = Az (3r1—k2)+3 (K1 —kKa)? [ul B 11 .
Then,
Cr,0{i) Cr,00{i2)
Crorin g ———  + Cy Lt S S
b}, CJU{il},JU{il} Jutia}] OJU{iQ},JU{iz} 7
:A—2||1/||+2(6—n'—m—@+1)+%’(351—52)+§(~1—@)2[241]
MG =2+ A ) - 2]
' [n’—2] - ! iy — 1]
=1
:A—2||1/||+2(6—n'—m—n2+1)+%’(3nl—n2)+§(m—m)2
[44][n" — 3]! ) . 4 . ,
: [l — 2]+ AV = 1)[i] — [ = 2)[i, — 1
g (= 1l =2+ A7 = ) '~ 2]y — 1)
A =]
=C =C X A—2-2~(2—1) . n/f2
1,J [n, — 2] I1,J [anl_g} ’
since
[n — 1](1 [k — 2]q + q_l[n - 1]q [k]q —[n— 2]q [k — l]q
=n—-1),0+q+.. .+ +q¢ +1+q+...+¢" ) ~-n—-2,[k-1],
=[n — 1](1 qil [Q]q [k — 1]«1 —[n— 2]q [k — 1]61
=k—1, (" +2+2¢+...42¢" > +¢" ) —(14+q+...+¢"?)
=[k — 1](1 qil [n]q-
Therefore,
[Qn_Qﬂ}]\‘_Qg} Cru
o 1\24-22(2-1)  Ln=2]J]— J
S(I,J)=(-1)°A [27%4"]'73}0 =S8'(1,J).
n—2|J| JJ

Above discussions show that S(I,J) = S'(I, J) for all |I| — |J| = 2.
The cases |I| — |J| = 3 is rather long, so its proof is given in Appendix [A]
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There might not be a general method for simplifying (3.10). However, according to the
above calculations, we believe that it is true for all J <g I and leave it here as the following

open problem.
Conjecture 3.2.5. Suppose all assumptions of Theorem[3.2.9 hold and let
fﬂ,ﬁl,ﬁz,l = Mn,/£1+ﬁ2,|l| *y (I);l([)a

where M, .1 is shown in Figure (b) Then for all J <p I,

[2(n7:_|{}‘7_|]]“])|+1} (Rn,nl,n2,|J|a (fn,ﬁl,ﬁg,I)J>

[Q(R_Ty_;!}ﬂl)—‘rl] (Rn,ﬁl,ng,|J|7 (‘Fn,ﬁl,ﬁg,J)J) '

S(n, k1, k2, 1,J) = (_1)\I|—\J\ . A~ 2U=1ID AT =1T]=1)
Now, we list all RF-formulas for the top states of width n = 2,3, 4.
Corollary 3.2.6. The RF-formula for the top state (with a return) in Tq is
A? A?
=100 =5 50— [ 1),
Proof. The RF formula in this case was already found in Example [3.1.11 [
Corollary 3.2.7. The RF-formulas for top states (with returns) in Ty are

=) =g [£7 9] -

e =g [ g ] e

[T -G ).

Proof. The RF formulas in this case were already found in Example [3.1.11} O
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Corollary 3.2.8. The formulas for top states (with returns) in Ty are

] = G [ 0] - [P ] - 2 [ )]
- % [W,{S}} +% [ﬁ,{l,Q}} + [?:?[2] [ﬁ,{l,:&}] ,
AQ

[0 = él [[32,]] 0] - A[4[]2] T - [A[j] 7T 421
2]

A4
4 [m,{g}]
=0 = ?T] A0 - A[4[]3] [Rant A[4[]2] [T 2
AG
- B
0] = g [ 0] - [ ] - 2 [ 42y
A23
- [4[]] T 3)]
°[2]

0 = 43 0] - A[4[]2] P - % P2y

_ A[‘;[f] [m’{?,}] N ﬁ;} [ﬁ,{m}} +% [ﬁ,{1,3}]

Proof. By Theorem [3.2.2]

(7@7 -7:@)) = Qu(4) (myﬂ) + Q3 (A) <m,f{1}) + Q21 (4) (W,fm})
+ Q@A) (F9F) +Quay@) (T Fuay) + Quay() (1 Fua)

for some QI(A), 1 jF V4.

Take F — M Then
WP

=
I
O
=

4N

N/
=

or
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) - uia W+QuA- . W
A L
0= a3 AT 4+ Quy(A) - A77[2]
Hence, Q3 (A) = A6
Take F = % j{Then
= e
o A8[2] 6 -2
0= e ATPB][2] + Q2 (A) - AT7[2]
Hence, Q2;(A4) = — A;[]Q]
Take F = ﬁ_@ Then
T =@ S o)
A L
0—[4”3] A3+ Qs (A) - A7[2]
Hence, Q31(A) = A6
Take F — bj Then
A2 AN
0 [4”3]-1— 0 1+ Quay(A) -1

A4

Hence, Q{LQ}(A) = m
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=@ W@ W)
[

)+ Qund) | (4

N
AR, AR AS
o=@ AR g L Qeala) L

Hence, Qi ,33(A) = [3][2] Therefore, the RF-formula for [F@ @] follows.
According to the Algorithm [3.1.12]

o) = [re=a)

A e - SR E i e] - g [ e

- a][[g]] o) - A[4[]2] At A[[]] T - A[4[]2] At
since S(A) = A7?2].

Taking n = 4, k = 1 in Lemma [3.1.10| yields, 0 < |I| < min{l,4 — 1} = 1, i.e.,
I=0,{1},{2},{3}, and

EUA0] = Quua) [17,0] + Quagy(4) [T (1] + Quay(4) [T 42}]
+ Qu1,433(A) [

T3y

where

Qu10(A) = A(A-2)(1-0) 'ij(A) _ A_12[4],

Qu,q1y(A) = AUDADE (1) = A710[3],

Qui 2 (A) = AGDODE 4y = 48[,

Quizp(A) = A d4) = 46,
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11,013 (A 11,23 (A
[F@’ﬁﬂ, (Z)] - m [%’ @] - QQ4,1{,®}(E4)) [ﬂT,{l}} B QQ4,1{,®JEE4)) {m’ {2}}

~ Quuz(4)
Q110(A)

sl

which is the RF-formula for =171

By Lemma for a floor state F:

(T F) @) = (T E) (4
e () - A (e

[4]q:A g=A—4
- A[i][jii_j4 (WT (J'"S){z}> (A7) - ﬁ <W (]:S){:a}) (A7)

- Ty ()

1[]2] (W (f{2})s) (A7h) - %j <W (f{l})s> (A7)

[
=y (T3 () G (7 7) o
A%[3]
[4]

(m, f{g}) (A).

To find an RF-formula for R = [~ ", we use Theorem [3.2.2, Lemma [3.2.3, and

Lemma [3.2.4L Since n = 4, k1 = ko = 0, Vo = {0,{1},{2},{3}.{1,2},{1,3}}. Then

Q4.r,1(A) can be calculated as follows.

(A) = A20[] = 8],

2

>
.

Since (A) = [2],_a-s - A2C+2HE—24 — 46[9) ang

\\ [(A) AS[2)2

Q4,R,@<A) = P - [4] [3] .
NC(A)
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Since %E(A) =z A2 = 2, ) = A e [0 1) = A2[3) and

A) =0, it follows that
s (A)

n U\
(A) HE (A) (A) 4
Q4,R,{1}(A) — \J\E . (_1)1A—2.1-(1—1) : 1 + ﬂ 1= _A[4[]2].
—dA) AN ORI
Since Q\Q(A) — AT [N — A3)R] and | \((4) = A% it follows
that
RN
_ \\OA) L\ g-21(1-1) 3 T ) m ) .
Qur.(2)(A) = 5= (=1)°A SacIINENVESS 1
—qA H Hed@ @
e o
4 2] {4
Since < M4y = A2Ee-1-0-00) [ 3] = A-S[3]2 and ) 4) =A% A7) =12,
it follows that
n O\
(A) e (A) (A)
Qur3y(A) = >\E (=1tATeY 2 St 9 S 1
NC(A) [zﬂ & c(A) NC(A)
_ 3121 A'[2]
T 1
incei :J | :jk =1 an i —
Since| ()= [(A) =1 )= Land|__(4) =0

Qur,1.2)(A) = (—1)2422e-D L
(4) RS
.\ VY
. L@ (1A i %M) . ) ;
ﬂ("‘) H = 4@ ﬂ(A)




:

N
jav]
B
[oN

=
[l

QO

Since (A) = A2 () +2(6-4-0-04) 4211773 _ 1] =

A
& <( ) . (_1)2A—2~2~(2—1) [2}

~[2

:

.
S
=

Qur 1,3 (4) = Jm Jay
(4 RS
+ §— ) (_1)1A—2.1.(1_1) %
@ g do
WS IR
+ = . (—1)1A_2'1’(1_1) s n Jata ]
(4) 2] 4@ (A)
o, a
3] 3]

[]

We finish our discussions by giving an examples of applications of results obtained in this

section.

Example 3.2.9. We find the coefficient of

:)UUV

v & v &

2%
c (’:atgkﬁ

y
=)
D

v o &
- =
6

for k > 1. We start by finding an RF'-formula for R = . By Theorem |3.2.2, there

are Qr = Qor.1’s, for I € Vg, such that

[R’@]: Z QI(A) [R6,0,0,|1|,[],

I€Ve,|I|<3

where Ry, oy kot 5 shown in Figure . Let F be the floor state such that C = R *, F.
Since ®g(F?) = {1,3,5},

CA) =ROF) = > Q) Ropon, NF) = > Qi) (Rogoyrn, F1).

1€Ve,|11<3 1€V I<r{1,3,5}

69



and one can easily see that (R670’073,ﬁ{1’3,5}) = 0. Thus, we just need to find Qr’s for
I <p {1,3,5}. For brevity, let Z(F) =3 10y, 1401135 Q1(A) (Reoos, F1), then

(R.F)= > QA (Reoon. Fi) + Z(F). (3.13)

IeVe,I<r{1,3,5}

Take F = M, then

Qu(A) = 3
Sz

\((A) A[3]°[2]”
Zhc |

since

\ ((A) — A—2(14+3+5)+3(9-6+1) {6 ; 3} [1][2][3] = A—6[3] 2]

and

ﬂ& _ A2(6+6+6+3+3+3)—6-6 6 _ 718[
V7 [3] B 7o T

Take F = M, then

— JJ&

A) —Qy(A) - A
R (4) @()\f()
Qquy(A) = =

since g—(A) =0,

J &(A) — A2(5+54+5+3+3)-65 B} — 1412&2[]4]7
q=A""*

and

ﬂ &(A) — A2(+4+2+2) 44 {4

Nz
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Take F = M, then

- FZA
o A=) HA O AS[2P(1+ 3A% + A9)
%

since

and

Take F = M, then

Qs (A) = N o ABIE 7

since 1 (A) =0 and

J &(A) _ A2(6+6+5+3+3)—6.5[B]q:A_4 |:5:| _ Aflb’ [5] [4] [3] )
Az it

T PARRN
— ()~ Qo) DN = @ - ) - 0w -
Quap(A) = PAN s s
(4)
ala
0 — ARl AR + R + AP A8 s
- A[) G
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since

and

Take F = M, then

Q{LS}(A) -

since

and

Qz5(A) =

YA

N

]

(A) = Quy(A

) .
N

AN

(A) = A2GH4H488)-6410) 4] e = ATS[4][2),

JJ &@4) _ A2(:’ﬂrz’)+2)—4~3[3](1:%4 _ A‘4[3].
A

(A) = Q53(A) -

0 . A12[3]2[2]2

Al (A8[3][2]2

AN
]

A®[3][2]?

(4)

[6][5][4] 2]

o4 T o]

) - A7[3] _ A3

[A=an oy = o

YA

(4) =0,

IANS
MW=

A2

(A) = A2(5+5+3+3)6'4{ 1 - A*S_[
2 -

[5][4]

-/ &(A) = -/ &(A_l) = A™[3]
N (]
Take F = h@, then
DA DA
(A) = Qqy(A) - jj kk(A) — Qz3(A) - J k(A) — Qs3(A) - J k(A)
- N N
J k(A)
W4

. A12[3]2[2]2 )
0 — “@Em

A-S[4)[2] + <A8[2]2(1+3A4+A8)

[6](4]

[6][4]

+ ALy A4[g] gepops

A=2[2)
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since :(A) =0 and

) =

Now take F = F in (3.13), thus

A\

jj &(Afl) = A%[4][2].

- <A8[3] 22 AS[22(1+ 3A% + A8)

Gl 6]4]

A5t A[3)2)?
" ( BEED

We find the coefficient of

A6 [2] 4
[5][4] )

=

[6][4]

AN
b
I
I
)

€ Catypys6.

A

RN
e




Indeed, its plucking polynomial is

@(T(C’))cg<%fl,.21112-f_l %) (Q/) ﬁQ(i} )

2, [] (¢ = ¢" [15[305 " (2],

=1

and its mazimal sequence by (C') = (5,6,5,6,...,5,6,5,4,3) = |by(C")| = 11k + 12.
Therefore, by Theorem [2.2.7, the coefficient is

C,(A) _ A2(11k+12)—6(2k+3) [4]§=A—4[3]k+1 [2]1;,:1474 _ A—lOk—6[4]k[3]k+1[2]'

g=A"*
Simz’larly, one finds
g 2(3+4+3+4+...+4+3+2) —4(2k+2) [91k k+1 —6k—2[q1k[o1k+1
> C (4)= A 815 aa 25 = A2 [3]H2)
D Q
) (
and

VU\JUK‘
/\/\/\/\F

Therefore, C'(A) is

A-2k+6[9)3
[6][5][4]

Remark 3.2.10. The formula for C(A) in Example is different than the one given in

(A7 PBI — A7 H(B][321(3 + AL + 34%) + [6)121°71(3 + 54 +34%)).

[8]. In particular, C(A) in [§] was obtained directly as a rather involved recursive formula
comparing to the one given in here. However, C(A) obtained in [8] can be used to give a
simple argument that shows unimodality of C(A) (see Section for the definition), while

ours 1S not.
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CHAPTER 4

APPLICATIONS

In this chapter, we discuss some applications of the results obtained in the previous chapter.
These results, in particular, allow us to compute coefficients of realizable Catalan states
of L(m,4) and study their properties. We regard it as a first step toward developing a
new method for finding closed-form formulas for coefficients of realizable Catalan states of

L(m,n).

4.1 Coefficients of Realizable Catalan States of L(m, 4)

In this section, we find the closed-form formulas for coefficients of L(m,n) when n < 4. As
the cases n = 1 or n = 2 are both quite simple, we discuss them here only very briefly. We
also note that in [9], authors analyzed coefficients of realizable Catalan states when n = 3
and they showed that these coefficients are product of some Laurent polynomials. In this
dissertation, we give closed-form formulas for them. The most interesting case is, of course,
when n = 4, which is the main result of this section.

We start by finding plucking polynomials of some plane rooted trees with a delay function

that are needed later.

Lemma 4.1.1. Let 7;(7;), 1 =1,2,3,4, be plane rooted trees with a delay function shown in

Figure[4.1. Then their plucking polynomials are given by

QTY) = ¢ *Bi(a), QT) = ¢ L Aw(q), QTY) = ¢7'Ci(a), QTY) = ¢+ Cp(q),

where




Figure 4.1. T, 7%, 7, 7.1V

Proof. For brevity, let Q,(f) = Q(’];(i)) for i = 1,2,3,4. Then Q(l) 2], +4q[3l, =142+
¢* + ¢ and Qf’) =q([2, + q¢[3]y) + ¢* 24 [3], = ¢ + 3¢*> + 3¢® + 3¢* + ¢°. By the definition,
for k > 2:

I(<:1) =q¢"! 2], ¢“ ! Ql(cl—)l +q" Q}(g:s_)l = ¢ 2], Ql(gl—)l +q* Q/(ip

(3) ka +qk+1[] k— le = 3k 2[2](] (1)l+q2k(2+q)Q()
~ _ 1.2
Let Q(l) gtk Q,(gl) and Q,(f’) = % Q,(f), then the above equations become
QY =1+9Q +a(1+9) Q2
QY = Q) +a2+9 Q).

Notice that

A1 3 —1,A(1 ~(3
QY- QY =@, - QY ) =... =@ - @)
-1 2 3 4 4
_ g (qg+3¢°+3¢°+3¢* + ¢
14¢
:_qk+2
14¢
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and

W +a1+9 QP =22 + a1+ Q) = .. = 2@ + a1 + ) Q)
4
=237 <(1+QQ+q2+q3)+Q(1+Q) (g +3q +3¢ +34" +g ))
1+g¢q
= [2)2° [4],.
B 22k 4] — k+3 _ 22k+1 4] + k+2
Finally, we find Q,(Cl) = 2l;” | [];] T and Q,(:’) = 12l [35 ][(;} a , and hence
q ql4lq
QY =" QY =" Bule). QY =4 2,07 = d"Cila).
Similarly, we can show that
Q(,ﬁc ) k2+k IA ( ) Q(E(‘l)) _ qk2+2kc~k(q)'
Define the Laurent polynomials
L [Q]Qk[é‘:]q _ qk‘ B [2]2k[4]q _ qk+3 B [2]2k+1[4]q + qk+2
Ar(q) = ¢ "t Bi(g) = ¢ " ,Crlg) =g :
Ha) B, o P B3l
for k € ZZO‘

Now, we rewrite RF-formulas for cases n = 4 as follows.

Lemma 4.1.2. For the four top states in Ty, RF-formulas are given by

e ﬁ?H7T%4 wl el e

Gl e
ﬁvfﬂﬂ—Auﬁziﬁ M?£ZZ%“} W e

1ol

7



EEU T A ETASTIR Iaett

& 2[3][ ,{3}],
1
o, 4 ol CASTIES o EASTCIES - ) [EASE)

[ﬁ , 2}] +A— {ﬁ i, 3}}

WL e i

Proof. The above RF -formulas are a consequence of Corollary [3.2.§ after applying Theo-

: A _ 7 _ R
rem [2.2.10| and using the formulas L /(A) = A7?[2], %(A) = A% and &(A) = A% on

the right hand sides of the first three formulas. The last formula is unchanged. O

Let C € €aty,,, we call C vertically irreducible if |C NI < n, forall 1 <i < m—1.

Now we state our main result:

Theorem 4.1.3. Let C be a realizable Catalan state of L(m,4). Then C(A) is given by one

of the following closed-form formulas:
A%[2] HA% (AY) HB (AY) H (AY),

(a,b,c,d,r, s, t) € Q,

2a[9u+b t
A[[j]] ( A“HA% H .(A4)HC%(A4)—1),

j=1 k=1
ue{0,1,2}, (a,b,r s,t) € qu),
AZQ[ 4\b 4 4 —4
0 Co(AY) HA (A% HBﬁ HT[Cn A —A7B] ),

(a,b,r,s,t) € Qq,

and
S (A_4[2]2C°<A4>b [T Ao (A9 TT B (A9 T a9 - 2) ,
=1 j=1 k=1
u € {1, 2}, (a, b,r, 37t) c Qi(’)U)’
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where oy, B; € N,y € Zso, Qo = {(a,b,c,d,r,s,t) € Z? x (Z>0)® | b > —min{c,d}}, and
sets qu), Qo Q:())u) are defined in the proof.
Furthermore, the converse is also true, i.e., if P(A) € Z[A*] equals to one of the above

rational functions in A, then there is m € N and a realizable Catalan state C' of L(m,4),

such that C(A) = P(A).

Proof. Our proof is divided into six steps. In the first four steps, we prove that C'(A) must
be given by one of the above formulas when C' is vertically irreducible and has returns on
both top and bottom boundaries. In the fifth step, we prove the converse of our statement in
this case. Finally, in the last step, we consider all the remaining cases of realizable Catalan

states C' of L(m,4).

Step 1: Classification. If C' is not vertically irreducible, then C' can be decomposed
into vertically irreducible Catalan states Ci,Cy,...,Cy, and by Theorem [2.2.10, C(A) =
Hle Ci(A). We will consider the cases of Catalan states C' with no returns on top or

bottom boundary later, so now we make the following assumption:

Assumption 1. C satisfies |C NI} < 4 for all 0 <7 < m.

Under our assumption, there are returns on both top and bottom boundaries, there are
5 possibilities for the top and bottom states. Moreover, we do not need to consider neither
the top state f@ nor the bottom state L@J This is because a Catalan state
with top (respectively bottom) state has same coefficient as the Catalan state obtained after
a finite number of first-row expansions with the top state is ﬂ—@—ﬂ (respectively bottom

state is | | ). Since C(A) = C"™(A), so it suffices to consider the following 10 cases:

| Il T [l | I I I

Y Y ) Y Y ) Y ) )

| U Il L] LUl [ Il
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Step 2: Decomposing Catalan States into Tangles According to Theorem [3.1.16]
we can simplify the Catalan state C' by removing all of its arcs that connect y; and y; with
li — j| < 2, since they only change C'(A) by a factor of A*2. Similarly, we can remove

arcs of two endpoints {z2, ¥}, {zs, 1}, {25, y.,}, or {z%, ¥} according to Lemma and

Theorem [3.1.16, Therefore, we can make the following assumption:

Assumption 2. No arcs of C' that connect y; and yj with |i — j| <2, or

{x27y1}7 {x3>y1}7 {x/27y:n}7 {xg7ym}'

By Lemma [£.1.2] to find C(A) for a Catalan state C' that satisfies both Assumptions 1
and 2, it is sufficient to find C’(A) for some Catalan states C’ (those which appear on the
right hand side of the RF-formulas given in the lemma) whose roof and floor states are
shown in the first column of Table .1, Hence, we consider the Catalan state C* on the right
hand side of the RF-formula that has the same width as C' and it satisfies Assumption 2

and additionally

Assumption 3. Forall 1 <i <m —1, [C* NI < 4 and the roof and

floor states of C* are shown in the first column of Table [4.1]

An arc a of a Catalan state C' is called a long arc if its endpoints {y;,y;}, {¥: ¥}, or
{yi, v} satisfy |i — j| > 2. Let i(a) = min{4, j} and 4;(a) = max{i, j}.
Algorithm gives a decomposition of C* after removing its roof and floor states

(shown in the first column of Table into tangles shown in Table and then it outputs

a word on the alphabet

A = {NOJ N17 sty N67 M1(k+1)7 M2(k+1)7 M?Ek)7 Mik)7 E}kGZZO'

Figure 4.2 gives examples of decomposition of Catalan states C* after removing their

corresponding roof and floor states shown in the first column in Table [L.1] Table shows
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Table 4.1. Contributions of roof and floor states to C'(A)
’ Tangle ‘ (b1,bs, .. .) ‘ Q) ‘ () ‘ Tangle ‘ (01,02, .. .) ‘ Q) ‘ () ‘

m (4,4,2) | el | gosle ) LA 01y | [, | A7
o I T N N N7 171 IS S 1) 1| o4
| @y W A @ 1A
M NAC N1 R NA [NA|
,\,,f’;r;} N/A N/A 1 H N/A N/A | A2
*{*f*f’; N/A N/A A6 Fe N/A N/A| A2

Algorithm 4.1.4 Decompose C* € Cat,, 4

1:
2
3
4
5:
6
7
8
9

10:
11:
12:

13:
14:

procedure DECOMPOSECATALANSTATE(C*)
Remove roof and floor states shown in the first column of Table [L.1] from C*
for k< 2tom —2do
if |C* Nl =0 then > A virtual tangle
Split C* along I and assign E between the two tangles determined by I7
else if [} intersects a long arc a of C* then
if £k —in(a) ==1or i(a) — k == 2 then
Split C* along 1!
if kK —ip(a) ==1and ij(a) — k == 2 then > Another virtual tangle
Assign B’ between the two tangles determined by I}
Replace each tan%le by a letter according to Table
Replace E' by M30) if N7 or N3 appears before £’
Replace E' by M io) if Ny or N, appears before E’
return The word formed by concatenating letters starting from the top to the bottom
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Table 4.2. Contributions of tangles to C'(A)

n=4 n=2
Lebel | el T e I @0 [P0 | Bevbaa ) [@ O Pal)
No |'D (4,3) [Bq[2]4 | AT°[3][2] (2,1) 2], | A7%[2]
Ny g (4,3) 2], A?[2] (2,0) 1 1
Ny |'p (2,4) 2], 2] (0,2) 1 1
Ny |y e (4,3) 1 AS (2,0) 1 1
N, | = (1,4) 1 A? (0,2) 1 1
N5l s (4,3) 3, | A3 (2,1) 2, | A2
Ne |l (12 3, | AT (2,1) 2, | A2
M® s \ g (4,2,...,4) | Au(q) | A*Bu(AY) | (2,0,...,2) 1 A2
Y A =
M g/g (2,4,...,2) | Bulq) | A% A(AY | (0,2,...,0) 1 | A2
2k—1 2k—1
(k) 75 S 5 —4 4
M| E:: (4,2,...,2) | Culq) | A%Cu(AY | (2,0,...,0) 1 1
MP S E;: (2,4,...,4) | Culq) | A™Ce(AY | (0,2,,...,2) | 1 1
> ot 2k 2k
E | e 0 () 1 1 () 1 1
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Figure 4.2. Decomposing Catalan states by Algorithm

contribution of each tangle to the plucking polynomial of 7(C”) and to the maximal se-
quence by (C). Let Q*(-) = ¢~ ™nde(@Q(.), where Q is the plucking polynomial (see
Definition [2.2.6). Using Theorem for T € A of height h that is a subtangle of C” of

width n, we define the Laurent polynomial

P (T) = AQ(Z?:1 bi+j)—nhQ* (771) |

g=A—4

where 7, is the plane rooted tree with a delay function corresponding to 7. Polynomials
P,.(T) are the building blocks of coefficient C’(A) as we will see it later.

Consider a Catalan state C* with Ml(k) as its subtangle. Figure shows T (C*) and
the subsequence of by, (C*) corresponding to Ml(k). Using Lemma and Lemma ,
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[ 7 7 i 7
i+1 oi+1 i+1
i+2 i+ 26\ '
i+3 ‘ 4i+3 i+3
i+ 2k —2 it 2k—24. Y
i+2k—1 Cei+2k—1 i+ 2k—1
i+ 2k b+ 2k i+ 2k

Figure 4.3. 7 (C*) and subsequence of by (C*) corresponding to Ml(k)

since |V (T')| = i + 1, the plucking polynomial for a Catalan state C* is

i+3

Q¢ i+ 2k -1 =

=Q(T) ¢ Q (1) - QUI") = QT) - ¢V 1y (g) - Q(T"),

where TIEQ) is the tree shown in Figure and T"” is obtained by appending 7" by a simple
path described in Lemma [3.1.14

Words on the alphabet A = {Ny, Ny, ... ,NG,Ml(kH),Mg(kﬂ),]\/[ék),Mik),E}kezzo that
are obtained from Algorithm are not arbitrary, but rather they satisfy certain rules.
Namely, such words are walks in the directed graph G shown in Figure[4.4)starting and ending
at vertices N3, Ny or E/. We also note that Méo) and M, io) were introduced in Algorithm
for the convenience of our description of outputs of Algorithm[4.1.4]by the graph in Figure[4.4]
Furthermore, we also would like to add that although Méo) and M, io) have no contribution

to by (C*), they still both contribute to the plucking polynomial of 7(C*) by a factor
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) )

Figure 4.4. Directed graph G for words on A

Step 3: Expressing C(A) in terms of P, (W). Recall, the function P, : A — Z[A*!]
assigns to each letter of A a unique Laurent polynomial according to Table for n = 2,4.
We can extend P, to the set of non-empty words W = {W = ajas...q; | a; € A} on alphabet
A recursively as follows: P, (Wi W) = P, (W) - P,(Ws) for n = 2,4 and Wi, W, € W. Let
Wio—u, be a walk in G starting at vertex vy and ending at vertex vy.

Using Lemma [£.1.2] Steps 2, and Table for the roof and floor states, we obtain the

following formulas.

(1)

891\2 £ 6 47
W I

_ A2 <P4(WE6E)



=1 ) Al2 A8[2] ZJ% 4 AlO :Jkﬂ A
uwm( ):W'W'V%( Tl :”Wf( |
AG
= m (7)4(WE~>N4> - [2] P2(WE%N4>> :
T_'U_T 8 f/ Q 2 J k
wo@= AR Ry A
T e 4 =
- ﬁ (PiWisny) — 4221 Po(Wiosny)
P Al I S TN s T
e e L A T EE
B A_6 22 PsWg_ k) B
- (g 2P,0Ver))
= 1 12\2 £l u oS
v = (%) - ;J” (A)
L~ e (e
- %; (PsWnisny) = A2 Po(Whysw,)) -
W 12 f// s 2 e
e RS
_ 4 M= I
A2
= m (P4(WN4—>N3) - [3] ,P2(WN4HN3>> :
= B A_12 ‘ A6[2]2 - UQ? B AS[Q] JL
PR R SR S
A

[4]
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— 2 ¢ LY —2 \
y (A):(L) . (A)—A—- (4)
_ [ ] ' e [4] '
N /[1_] (P4(WN3—>N3) — A° ,P2(WN3_>N3)) '

e = A T B T
W m e =Y T
- A;}D] (PsWeo,) — A2 PaWrsn) -
(10)
601272 7 3 AN
ap) e W T
_ A2 (2P PiWesE)
4 ( 3] 2732(WE—>E)) :

Step 4: Weights Adjustment. Formulas in Step 3 are rather inconvenient to use, so
we will adjust weights P, (v), v € V(G) to make the computation of C(A) simpler. Such
an adjustment cannot be arbitrary, but it needs to follow some rules determined by G. For
instance, we notice that, if v; = Ml(k) or M?Ek) is a vertex of W = vgvy...v; then v;_; must
be Nj or N3. Therefore, when weights of Ml(k) and Mék) are multiplied by A%, then weights
of Ny and N3 need to be multiplied by A~*. Therefore, we make an adjustment of weights
P,n(v), v € V(G) so that, after this modification, the total weight of a directed walk W in G
is preserved if the weights of its first and last vertices are not changed. However, if weights
of these two vertices are modified, we can multiply the new weight of VW by some factor
(depending only on these two vertices) to preserve the total weight of W. Figure and
Figure show the adjustments of weights for each v € V(G), and Table gives the new
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(i) (P4, P2) = (A~5[3][2], A—2[2])

(A ~iB, A2

2[3] A— 22]/7

(A%[2),1) (2,1

(ii) (A-6[3)[2), A~2[2)

*[8],A72(2) ~1[8l, A7%[2])

A

(A72[2),1) (A—%[2],1)

Figure 4.5. Weights adjustments on G
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(i) (1,1)

(1,1) (1,1)

Figure 4.6. Weights adjustments on G (continued)
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Table 4.3. Correction factors on walks

Name ‘ Pu(-) ‘ Pao() ‘
N, fori=0,1,...,6 1 1
M) A2B,(A%Y) | A2
MM A2 A, (AY) | A2
M Ci(A%) 1
MP Cre(AY) 1

E A~[3][2] A72[2]
Correction factor on N3 — | A? 1
Correction factor on Ny — | 1 1
Correction factor on £ — | A*/[3] A%/[2]
Correction factor on — Ny | A% 1
Correction factor on — Ny | A2 1
Correction factor on — F | A%/[2] 1

values of weights together with the some correction factors for N3, Ny, E when these vertices

are the first or last in a walk.

Let W = vgvy ... v and assume that [ > 1. Denote by W* the walk obtained from W by

removing its first and last vertex, i.e., W* = vyvy...v;_1. Then the formulas in Step 3 can

be written as:

(1)

_AB[2] [ AS Py(We_x) B A2 Py(WiLp)
T ( B 2
- 28 (P ) - P ).
)
=1 A5 (AP Weon,) )
=g (PR %(WEHN»)
=S (PiWio) ~ PoOWi ).



wo |

4[12} (7’4<WE%N3> PoWiny)) -
= <A6 2] P Wem) 242 ﬁ2<wEﬁE>>
4 32 2]
- A;I[]z] (A 2P p) — 2PaWip))
e (A) = ’[4? (42 PsWriom) = A Bo(Wayov,))
A (PR )~ POV ).

4= (A PiWions) — [0 PaWiion,)

[4
_ A8

—4

(A) = f[lT] (A6 Pa(Whigs, ) — A ﬁg(WNgﬁN3)>

j[ilj <P4(WN3_>N3) P (W;fg—wg,)) .
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(10)

o gy AL (AL PAWep) 242 Pa(Wenk)
A= B @

- (A‘4[2]2754(WE%E)—2752(1/%%}3))‘

Since possible values for Pys(-) = Py(-)/Pa(-) are: 1, A(A?), Bi(AY), Cr(A*), Co(AY) (=
A~4[3]) and P, = A°[2]? for some ¢,d. We conclude that the coefficient of C' satisfying

Assumptions 1 and 2 is given by one of the following closed-form formulas:

A;[l]] (co (AY) bHA (A% f[zs’ (AY) ﬁcw(A“)—l), (4.2)

c[9]d - -
A[42] <CO(A4)b E Aa, (A ]1:[1 Bgs, (AY) H C, (AY) -

t
k=1

- [3]> (4.3)

and

A;[j]d <A4[2]2co<A4>bf[Am<A4>f[l%(A“ H (A% —2> -

where b (respectively r, s,t) is the number of times E (respectively Mz( ), Ml(k) and Mék) or

Mik)) appears in W*, ¢ € Z, d, 7y € Zxo and «;, 5; € N.

Step 5: Sets qu), Qz,Qg,,u). Given a Catalan state C' satisfying Assumptions 1 and 2
introduced in Step 2, we showed that its coefficient C'(A) must be given by one of the
closed-form formulas ([4.2)—([4.4) for some (c,d,b,r, s,t) € Z x (Z0)®. Now, we consider the

questions which Laurent polynomials above are coefficients of some realizable Catalan states.
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D C D

A

NoL_ NoL,

Figure 4.7. L_ and L,

Therefore, we would like to find the converse of statement given in Step 4. That is, we want
to find conditions for ¢, d, b, r, s,t which assure that there is a Catalan state C' € €at,, 4 for
which C(A) is one of ([4.2)—(4.4).

Since each Catalan state, after removing its roof and floor states shown in Table [4.1]
corresponds to a unique walk in Figure 4.4 so we focus on walks in the form F — FE,
EF — N3, ¥ - Ny, Ny -+ Ny, Ny — N3, and N3 — N3. We introduce two letters L
and L_, where L (respectively L_) represents parallel copies of arcs that connect y;, y;-72
(respectively y;_o,), see Figure .

The letter L, can be inserted into each walk W after Ny, Ny, Ny and Ng. Analogously,
the letter and L_ can be inserted into W after Ny, N1, N3 and N5. Notice that, each arc
of Ly (respectively L_) changes the coefficient C'(A) by a factor of A=2 (respectively A?).
Since L, and L_ can be inserted into a walk W without changing the sequence of letters
in W that are in A, so we will still use the same notation for the words on the extended

alphabet A U{L;,L_}. Let
bOW*) = {w e W* 1w = E}|
rOWV*) = {w e W* 1 w = MSP for some k}|
sV = [{w € W*: w = M™® for some k}|
tW*) = {w e W*:w = M or M for some k}|

e(W*) = (# of arcs in L_) — (# of arcs in L)
and

w(W?) = (e(W7), b(W7), r(W7), s(W"), L(W7)).
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We want to find relations among tuples (e, b, r, s, t) that assure existence of W* with w(W*) =
(e,b,7,s,t). We analyze each of the six types of walks and check which tuples (e, b, 7, s,t)

can be realized by them. Define the set Q = Z x (Z>q)*.

(i) E— E:

t=2k+1>1and r,s,0>0:
W = (ENg)°ENy L (MyNy)" My(Ns M3 Ny M)W (N3 My)* N5 L_E;
e t=2k>2andr,s,b>0:
W = (ENg)*EN; L_Ms(NyMy)" Ny L, My(NyMsNyM,) W21 (Ng M, )* N5 B
e s=t=b=0andr>1:

W = EN2L+(M2N4)T71M2N6E;

r=t=b=0and s > 1:
W = EN,L_(M;M3)* 'M,N;FE;
et=0andrsb>1:
W = ENyL,(MyNy)""*MyNg(ENy)* ' ENyL_(M;N3)*" M, N5 E;
e s=t=0andr,b>1:

W = (ENO)bLiENQ(M2N4)r71M2N6E;

r=t=0and s,b>1:

W= (ENO)bLiENl(M1N3)871M1N5E;

r=s=t=0andb>0:
W= (ENO)bJrlLiE;

(67 b7 r,s, t) S VE%EH where
Vee ={(e,0,7r,5,0) | (e,0,r,5,0) € Q, r,s > 1}
U{(e,0,7,0,0) | (¢,0,7,0,0) € 2, r>1,e>1}

U{(e,0,0,s,0) | (¢,0,0,5,0) € Q, s>1e<—1}.
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In this case, W does not exist.

t=2k+1>1andb,rs>0:
W = (ENy)*ENy Ly (MyNy)" My(NgMs Ny M) 2N (N M) N L_;
e t=2k>2andb,r,s>0:

W = (ENg)*EN,L_MsN, L, (MyNy)" My(NgMsNygM,y) /2= (Ng M, )* Na;

b=r=t=0and s> 1:

W = ENlL_(MlNg)S;

t=0andb,r,s>1:
W = ENo L, (MyNy)" " MyNg(ENy)* ' ENy L_(M;N3)*;
er=t=0andb,s>1:

W = (EN[))bLiENl(MlNg)S;

(e,b,r,s,t) € Ve_,n,, where

VE—>N3 = {(G,O,T, 570) | (G,O,T,S,O) € Qa r,Ss > 1}
U{(e,0,0,s,0) | (¢,0,0,5,0) € Q, s>1 e< -1}
U{(e,b,7,0,0) | (e,b,7,0,0) € Q}.

In this case, W does not exist.
(i) EF — Ny:

e t=2k+1>1andb,r,s>0:
W = (ENy)*EN; L_ (M, N3)* My( Ny M, N3 Ms)H/2 (N, My)" Ny Ly
e t=2k>2andb,r,s>0:

W = (ENy)*ENy Ly MyN3L_ (M N3)*Ms(NyMyNs M) 2= (NG M, )™ Ny;
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eb=s=t=0andr > 1:

W = EN2L+(M2N4)T;

t=0andb,r,s>1:

W= ENlL_(M1N3)871M1N5(EN0)Z)71EN2L+(M2N4)T;

s=t=0andb,r>1:

W = (EN0>bL:|:EN2(M2N4)T;

<€7 ba Ty S, t) € VE‘)N47 where

VE—>N4 = {(6707T)Sa0) | (6707Ta870> € Q) r,Ss Z 1}
U{(e,0,7,0,0) | (e,0,r,0,0) € Qr >1,e>1}

U{(e,b,0,s,0) | (e,b,0,5,0) € Q}.

In this case, W does not exist.
(1V) N4 — N4I

e h=0,t=2k>2and r,s >0:
W = (N4 My)" NyL My(N3 M) (NgMs Ny My )2 Ng L_ M3 Ny;
e b=s=t=0andr > 1:

W = <N4M2)TN4L+;

t=2k>2,b>1andr,s > 0:

W = (N4 M) NyL MyN5(ENy)* ' ENy L_(M; N3)* Ms(NyMyN3 M) /21N,

t=2k+1>3,b>1,r=0and s > 0:

W = Ny My(NsM;)* N3 L_M3Ne Ly (EN,)* =L ENy My ( Ny My Ny M) W2=1N;

t=2k+1>1,s>0andb,r>1:

W = (N4My)" Ng L (ENy)* ' EN{L_(M;N3)* Ms(NyMyN3Ms) /2Ny
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et=0,s>1andb,r>2:

W = NyMoNe Ly ENy L (M N3)*~ My N5 (ENo)* ENo(MyNy)™";
e s=t=0,b=1andr > 2:

W = NyMyNg L, ENy(MyN,)™
e s=t=0andbr>2:

W = N4M2N6(EN0)b_1LiEN2(M2N4)T_1;

(e,b,r,s,t) € VN, n,, where

Viosn, = {(e,0,7,s,t) | (e,0,7,s,t) € 2, tis odd}
U{(e, b,0,s,1) ] (e,b,0,s,1) € Q, b>1}
U{(e,b,0,5,0) | (e,b,0,s,0) € Q}

U{(e, 0,7,0,0) | (e,0,7,0,0) € Q,r>1,e>1}
U{(e,1,7,0,0) | (e,1,7,0,0) € Q, r>2,e>1}
U{(e,b,7,5,0)]| (e,b,7,50)€Q, b<1,rs>1}

U{(e,b,1,5,0) | (e,b,1,5,0) € Q, b > 1}.
In this case, WW does not exist.
(V) N4 — Ng:
e b=0,t=2k+1>1andr,s >0:
W = (NyMy)" Ny L My(N3M;)*(NsMyN, M) YN L

et=1r>0andb,s>1:

W = (NyMy)" Ny Ly MyNsL_(EN,)*~* ENy (M N3)*;

e t=2k+1>3,b>1and r,s>0:

W = (N4My)" NyLy MyN5L_(ENy)" P ENy(M3sNgMyN3) 2 (M N3)*;
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et =2k>2b>1andr,s>0:

W = (NyMy)" NyL MyN3L_(ENy)" " ENo My(N3 My Ny M) 2 =1 (N3 M;)* Ny

t=1,s>0and b,r > 1:

W = (NyMs)" Ng Ly (ENo) "' ENyMy(N3 M )* N3 L_;

t=0andb,r,s>1:

W = <N4M2>TN6L+<ENO)I)_1EN1L, (M1N3)8;

(e,b,7,s,t) € VN, Ny, Where

Vi, = {(e,0,7,8,t) | (e,0,r,s,t) € Q, tis even}
U{(e,0,0,0,1) | (€,6,0,0,1) € Q, b> 1}

U{(e,b,7,5,0)]| (e,b,r,0) €Q, rs=0}.

In this case, W does not exist.
(Vl) N3 — Ngi

e h=0,t=2k>2andr,s >0:
W = (N3M,)* NsL_ Ms(NyMy)" (NyMyN3Ms) 2= Ny L, My Ns;
eb=r=t=0and s> 1:

W = (Nng)sNgL_;

t=2k>2,b>1andr,s > 0:

W = (N3M;)*NsL_MsNg(ENy)* ' ENy L (MyNy)" My(NsMsNyM,)H2=1 Ny

t=2k+1>3,b>1,s=0and r >0:

W = N3M;(NyMs)" Ny Ly MyNsL_(ENg)*= E Ny M, (N3 M3 Ny M) Y/2 =1 Ny

t=2k+1>1,r>0andb,s > 1:

W = (NsM;)* N5 L_(ENy)" " ENy L, (MyNy)" My(NsMyNy M) /2 Ny;
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et=0,r>1andb,s>2:

W= N3M1N5L_EN2L+(M2N4)T71M2N6(ENQ)I)72EN1 (MlNg)Sil'

e r=t=0,b=1and s > 2:

W= N3M1N5L_EN1(M1N3)S_1'

e r=t=0andb,s>2:

W = N3M1N5(EN0)b_1LiENl(MlNg)S_l'

)

(e,b,7,5,t) € VN, Ny, Where
Vs—ns = {(e,0,7,8,t) | (e,0,7,s,t) € Q, t is odd}

u{(e,b,7,0,1) | (e,b,7,0,1) € Q, b> 1}
U{(e,b,7,0,0) | (e,b,7,0,0) € Q}

U{(e,0,0,s,0) | (¢,0,0,5,0) € Q, s>1,e< —1}
U{(e,1,0,s,0) | (¢,1,0,5,0) € Q, s>2 e < —1}
U{(e,b,7,s,0)]| (e,b,r,50) €, b<1,rs>1}
U{(e,b,7,1,0) | (e,b,7,1,0) € Q, b > 1}.

In this case, W does not exist.

Now we can consider formulas (4.2)—(4.4)).
1. For formula (4.2)): We see that this formula results from one of the cases (1), (2), (3),
(5), (7), (8) and (9) in Step 4.

754/2(WE—>E) -1
4]

o Case (1): A2F2s—2r+2e-2b[g)2+b ( ) Define the set

L={14s—r+e—00brs,t)]|(e,brst)€Q\Vep}

754/2 (WE—H\M) -1
[4]

o Case (2): AS+2s—2r+2e-2b[g]14b < > Define the set
L={B3+s—r+e—00brs,t)]|(ebrst)eQ\Veyn,}
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PapWiw,) — 1
[4]

o Case (3): A2F2s—2r+2e-2b[g|1+b ( > Define the set

Li={(1+s—r+e—00brs,t)]|(e,brst)€Q\ Vi yn,}

754/2(W]>|;f4—)N4) -1
[4]

e Case (5): AlOF2s=2r+2e=2b/o1b ( ) Define the set

[5:{<5+8—T+6—b7b,7’78,t) | (€,b,T,S,t) eSZ\‘/N4—>N4}-

PappWin,) — 1
[4]

o Case (7): Atf2s—2r+2e=2b[g)2+b ( ) Define the set

I;={24+s—r+e—0brs,t)]|(e,b,r,s,t) € Q\Vryn,}

754/2 (W}:{g—ﬂ\@,) - 1
[4]

e Case (8): A2t2s—2r+2e-2b[9)b ( ) Define the set

L={(14+s—r+e—"0bb,rst)|(ebrst)e€Q\ VN ng}

754/2 (WEHN;;) - 1
4]

o Case (9): A2s—2rf2e=20[9)2+0 ( ) Define the set
]9 = {(S —r+e— b,b,T,S,t) | (6,b,7”787t) S Q\VE—>N3}

Denote by Q¥ = Iy U I, O = LU I3, and QP = I, U I; U I,

2. For formula (4.3): This formula is obtained from the case (6) in Step 4:

A6+2372r+2672b[2]b (754/2(WJ*V4—>N3) - A4[3]> _

[4]

Denote by Qo = {(3+s—r+e—"0b,b,r,s,t) | (e,b,r,s,t) € X\ Vi, N, }-

3. For formula (4.4)): This formula results from cases (4) or (10) in Step 4:

AP PapWip) — 2
[4]

o Case (4): Alf2s—2r+2e-2b[g)i+b < ) Define the set
Qél) ={2+s—r+e—"0brs,t)|(ebrst)cQ\ Vg g}
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AT2PPy s (Wi ) — 2
[4]

e Case (10): A2+2s—2ri2e=2b19]2+b ( ) Define the set

OF = {(1+s—r+e=bbrs1t)|(ebrst) e\ Vpg}

Then the sets Q") Q, Qéul) for u € {0,1,2},u' € {1,2} defined above are indeed all feasible
tuples (a,b,r,s,t) for the formulas. This finishes our discussion of all cases that satisfy

Assumption 1.

Step 6: Set . Consider the Catalan states C' with |C' NI} = 4, for some 0 < i <
m. Using lines I? we split C into a finite number of vertically irreducible Catalan states
Cy,Csy, ..., (.

Since the number of crossings of L(m,4) is 4m, the exponent of A in the formula (4.1)
must be even. We notice that each C; has no returns on its bottom boundary except possibly
for C;. However, after a m-rotation of C) we may assume that all C; have no returns on the
bottom boundary. Figure [4.8| shows the list of all infinite families of roof sates except those
with an arc that have endpoints x; and a:; These were obtained by considering, in particular,
all possible roof states that have one arc with one of its endpoints x; and the other either y,
Y, k > 4, and the roof states with all of its arcs with an endpoint z; and the other either y;
or y;,, k < 3, or x;. We notice that if a Catalan state C' has an arc with endpoints z; and z
then the plucking polynomial of 7(C) is a product of [2],’s and [3],’s. Moreover, one shows
that the plucking polynomial corresponding to families of the roof states in Figure |4.8 are,
up to a power of ¢, products of %, 2], [3]gs [4], and Aa(q), Bg(q), C}(q). To compute
C(A), notice that by Theorem , we can remove from C' all arcs with endpoints y; and
y; with |i — j| < 2. Cutting off the roof state above the line I} and one of the floor states
shown in the first column of Table results in tangle M for which we can use an algorithm
this similar to Algorithm and decompose M into tangles in Table Then using

Step 2, we translate this decomposition of M into the corresponding directed walk W in
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Figure 4.8. Roof states for vertically irreducible Catalan states of L(m,4)
the directed graph G (see Figure . Using Step 3, we compute the corresponding Laurent

polynomial P;(W). Therefore, contribution of M to C;(A) is a product of [2], [3], A(A%),
Bs(A*) and C,(A*). Hence C(A) must be of the form:

4 3 a B . T s t
e (ELL) et T o (a9 T 85,049 T €504
i=1 j=1 k=1
r S t
= A2 3]°[4) T [ Aa, (A% T ] Bs, (A" [ ] €. (A%)
i=1 j=1 k=1
for a,b,¢,d > 0. Notice that in the above, b=0b—a,c = ¢+ a,d = d + a. This implies that
b+c¢>0,b+d>0,s0b>—min{c,d}.
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To prove the converse, we construct a Catalan state C' for which C(A) is the Laurent
polynomial as the above. Such C can be constructed by vertical product of Catalan state
Ct, , , / , , \\\ , /// . and a 7-rotation of C*, where C't and C* are defined
below. Let T, TS, B, L_B, B* be roof and floor states shown in Figure . Notice that,

if the roof state T (respectively TS) is used to construct CT (respectively C*) then it needs
to be followed by a walk Ny — (respectively N3 —) that originates at Ny (respectively
Ny). Moreover, the roof state T (respectively T*) contributes a factor A2 (respectively A2)
to CT(A) (respectively Ct(A)). If the floor state B (respectively L_B, B*) is used in the
construction of CT or C* then the walk — N3 (respectively — N3, — Ny) we use needs to
end with Ny (respectively N3, Ny). The floor state B (respectively L_B, B*) contribute a
factor 1 (respectively A%, A=%) to CT(A) or C*(A). Given (a,b,c,d,r,s,t) € €, we construct

Catalan states CT, C* as follows:

e If ¢ is even, then CT is the Catalan state obtained as concatenation of 7' with the tangle
corresponding to the walk W = N4 (M;N,)", and the floor state Bsis used; If £ is odd,
we use T, W = Ny(MyN,)"M4N3 and B to construct CT.

e C*is constructed by concatenation of the roof state T* with the tangle corresponding to

walk W = N3 (M;N3)*(MsN;MyN3)/2 and one of the floor states L* B (u € {0,1}).

One shows that:

=
I
S

—8@, (A) = A4, / (4) = A7°[3],

(A) = A72[2, \\\ (A) = A%, /// (A) = A,

Let @ = max{—b,0},b = b+a,¢ = c—a,d = d—a. Then we construct C' by concatenating CT
with a, b, ¢, d of , , / , ’s, suitable number of \\\ s or /// 's and a m-rotation

of C* with u € {0,1} suitably chosen. One checks that C'(A) is the Laurent polynomial of
the form (4.1)) determined by (a,b,c,d,r, s,t) € Q.
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Figure 4.9. Roof and floor states for CT and C*

Remark 4.1.5. Theorem gives a closed-form formulas for coefficients of realizable
Catalan states of a lattice crossing with four vertical strands. However, when m is fixed,
finding a similar formula for realizable Catalan states of L(m,4) is rather difficult task. This
is because, sets g, W™, Qo QM need to be modified appropriately. In particular, to make
such modifications we define a height function h(-) that assigns to each tangle from Table
(and some other) the number of points on the right (or left) boundary as its value. For
example, h(Ny) = 2, h(Ml(k)) =2k —1,h(E) = 0. Then one adds an additional condition in

the Step 5-6 of our proof: if C' can be decomposed into tangles ty,. .., ty, then Zle h(t;) = m.

Similar results for n = 1,2,3 can be obtained. Indeed, for n = 1, C(A) equals A* for
some a € Z. When n = 2, C(A) = A%?[2]°, for some a € Z,b € Z>o. For n = 3, C(A) is

given as a result of following theorem.

Theorem 4.1.6. Let C' be a realizable Catalan state of L(m,3). Then C(A) is given by one

of the following closed-form formulas:
A"[2]°13]¢, (a,b,¢) € Z x Zso x Lo

and

(A™121* = 1), u € {0,1}, (a,b) € Z x N.

Furthermore, the converse is true, i.e., suppose that P(A) € Z[A*] is in the form above,

then there is m € N and a realizable Catalan state C' of L(m,3), such that C(A) = P(A).
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Figure 4.10. Proof of Theorem [4.1.6]

Proof. Our proof is similar to the case n = 4. First we consider the cases C' € Cat,, 3
satisfying |C' NI < 3, for 0 < i < m. When n = 3, there are only two possible top or
bottom states. After removing all arcs that connect y; and y},,, up to a m-rotation, we are
left with the following Catalan states C’}k), C’ék), C’ék) shown in Figure . As one checks
that C\P(A) = A=4#-112]% CcW(4) = A-4—4[2%+1 CP(A) = A, CP(A) = 1, thus by
Corollary [3.2.7],

®ay Ay A m gy A ke
® 4y _ A% Aoys - AL Aty 4y AT g tkpopze
and
® 0y A w A2 A2 ke

Putting back arcs connecting y; and yj,, to ka), C’ék), C’ék), when k£ > 2, results in the

second formula for (a,b) € Z x (N'\ {1}). The case b = 1 can be dealt as the next case
discussed below.

Now we consider cases of Catalan states for which there is 0 < i < m, such that |CNI}| =
3. In such a case, like in the case n = 4, we split C' into vertically irreducible Catalan states,
and after classifying all possible tops and bottoms, for each irreducible state, one shows that

C(A) must a Laurent polynomial in the form A%[2]°[3]¢, (a,b,¢) € Z x Z>q X Z>o.
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For the converse, one sees that

://:(A) :A77[3], ( )(A) :A*Q[QL / /<A) :14737

|\

(/)@ =2/ =a7 (/@)= A

So given (a,b,c) € Z x Zso X Zsq, one constructs a Catalan state C' using b of

<

/J
of \’s, some number of | /78 or (/ /)s» and possibly one of the states \U ] <\U /)S
Wi

A

Clearly, for such C, C(A) = A%[2]°[3]°. The second formula is already discussed above. [

4.2 The Unimodality of Coefficients of Catalan States

Recall, a sequence (a;)!, = (ag, a1, ...,a,) of real numbers is unimodal if ap < a; < ... <
a; > Qi1 > ... > ayp, for some 0 < i < n. A polynomial P(q) = ap + a1q + ... + a,q" is
called unimodal if the sequence of its coefficients (ag, ay,...,a,) is unimodal. Unimodality

of the coefficient C'(A) of a Catalan state C' is defined as follows:

Definition 4.2.1. Let C be a realizable Catalan state of L(m,n) and
!
C(A) = A" " a; A"
i=0

be its coefficient, k € Z and | € Z>o. We say that C(A) is unimodal if the sequence (a;)i_,

18 unimodal.

The main results of this section give partial answers to the following questions:
Question 4.2.2.

o Are coefficients of realizable Catalan states of L(m,4) unimodal?

e For which pairs (m,n), coefficients of all realizable Catalan states of L(m,n) are uni-

modal?
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Recall, the following definitions: Let (a;)?_, = (ag, a1, ..., a,) be a unimodal sequence of
real numbers, the index 0 < ¢ < n such that ag < a; < ... <a; > a;01 > ... > a, is called
a mode of (a;)"_,. A sequence (a;)7, is log-concave if a? > a; ja;,q, for all 1 <i <n —1.
A sequence (a;)!, has no internal zeros if there is no integers 0 < i < j < k < n satisfying
a; #0, a; =0, and aj, # 0. A sequence (a;)}, is symmetric if a; = a,_;, for all 0 < i < n.
A polynomial P(q) = ap + a1q + ... + a,q" is log-concave (respectively symmetric) if the
sequence of its coefficients (ag, ai,...,a,) is log-concave (respectively symmetric). It can

easily be seen that positive log-concave sequences are unimodal.

Theorem 4.2.3 (Stanley [28], Keilson-Gerber [17]). Given polynomials A(q) and B(q) with

nonnegative coefficients.

(a) If coefficients of A(q) and B(q) are log-concave and have no internal zeros, then coef-

ficients of A(q) B(q) have the same properties.
(b) If A(q) is unimodal and B(q) is log-concave, then A(q) B(q) is unimodal.

Recall, polynomials A.(q), Bi(q), and Ci(q) are defined by:

=ay+aiqg+ ...+ a2k+1q2k+1=

Bi(q) = —2 3l =by+big+...+ bzk+1q2k+1;
and
Cula) = [2]3k+1[§]2+ = =co+c1q+ ...+ Coppaq”" T,
for k > 0.

Lemma 4.2.4. Polynomials Ay(q), Bi(q), and Cr(q) satisfy the following properties
(a) aopi1—; = a; for alli # k,k+1 and apyq = ag + 1,
(b) b; = aogr1—; for all i, and
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(c) ¢i =a;+ a;_ for alli # k and ¢, = a, + ap_1 + 1, where a_y = ag4o = 0.

Proof. 1t is sufficient to notice that properties (a)—(c) are the consequences of the following

observations:
A 5 B qk+3 - qk k1 k
k(q) — Br(q) = g ¢ O
q
—2k—370]2k —k
- g 21774l — g k1
A q 1 _ q =q 2k IB q),
k( ) q_2[3]q k( )
and

Cilq) — A(@)[2], = ¢".

We see that substituting for l’;’k(q) from the first equation into the second and comparing the

coefficients yields (a). Properties (b) and (c) follow from (a) and the above identities. [
Lemma 4.2.5. Let A.(q), Bi(q), and C(q) be polynomials defined above. Then

(a) Coefficients of Ax(q) are non-negative and unimodal with the mode k + 1,

(b) Coefficients of By(q) are non-negative and unimodal with the mode k, and

(¢) Coefficients of Cr(q) are non-negative, symmetric and unimodal with a mode k + 1.

Proof. We prove (a) by induction on k. When k& = 0 or k = 1, Ao(q) = ¢ and A,(q) =
1+ q + 2¢% + ¢® both polynomials have non-negative unimodal coefficients with the mode 1
or 2 respectively.

Assume that Ay(q) = ap+a1q+. ..+ ag1¢® ™ and ag < a1 < ... < a < Apyy > Qg >

ce Z a2k+1- Since

Ak+1(Q) = mq ’ [[43]]2_ T = [2]q([3]QAk(([];]: ol = [Q]EAk(q) + qk,

if Aji1(q) =a)+diqg+...+ o 3q* 3, then @ = a; + 2a;-1 + a;_», for all 0 < i < 2k + 3

except when i = k, a = ap + 2a5—1 + ax—2 + 1, where a_; = a_y = ag42 = agry3 = 0. By
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Lemma m, it suffices to show that ay < a} < ... < @) < aj,,. Since a = a; + 2a;_, +
Qi < Qi1 +20; +a,-1 < ajq, forall 0 <@ < k-1, and a), = a + 2031 + ap—2 + 1 =
A1 + 2051 + ap—2 < apqr + 205 + ap—y < a4, statement given in (a) follows.
Statement (b) is a consequence of (a) and Lemma [4.2.4]
Since
gty = T
q_2[3]q

polynomial (j’k(q) is symmetric. By Lemma , Cii1= Qi1+ a;_o < a; + a;_1 < ¢, for all

= ¢ 2C(q),

1<i<kandc,=ar+tar1+1=ap1+ar_1 < apr1+ap < cpyp. Since ék(q) is symmetric,

statement (c) follows. O

Lemma 4.2.6. A,(q) and By(q) are log-concave for k > 2 and Ci(q) is log-concave for
kE>1.

Proof. We prove that Ak(q) is log-concave for £ > 2 by induction on k. One checks that

As(q) = 14+4q+5¢% + 6% + 4¢* + ¢° is log-concave. Let Ay(q) = ag+ arq+ . .. + ag1¢* 1!

2k+3

and Agi1(q) = af + alq + ... + dyaq and assume that Ay (q) is log-concave. In the

proof of Lemma we showed a; = a; + 2a;,_1 + a;_5 for all 0 < i < 2k + 3 except i = k,
which is aj, = ar + 2ax_1 + ax_2 + 1, where a_; = a_y = agpy2 = agx+3 = 0. Moreover, by
the induction hypothesis a? —a;y1a;,_1 > 0 forall 0 <i <2k + 1.
e For0<i<k—2and k+2<i<2k+3:
(02)2 — a§+1a§_1 = (a; + 2a;—1 + ai—2)2 — (@is1 + 2a; + a;—1)(@i—1 + 2a,—2 + a;_3)
= (a? +4a? | +a? , + da;a;_, + 2a;a;_o + 4a;_1a;_5)
— (ait10i-1 + 2051102 + aip10i-3 + 2a;0;_1 + 4a;a;_o
+2a;0;—3 + @i—10;—1 + 20,10, + Q;_10;_3)
= a? + Ba?_l + a?_Q + 2a;a,_1 — 2a;0;—9 + 2a;_10;_o
— Qi1 — 2044102 — Q4103 — 20;0;_3 — a;_10;_3 2> 0,

because a;a;_1 > a;11a;_o and a? | > a;1a;_3.
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e Fori=k—1,

(a;g—l)2 - a;ca;c—2

=(ag—1 + 2a5—2 + ar—3)* — (ar + 2ax-1 + ap—2 + 1)(ar—2 + 2aj_3 + ay_4)
=(akt2 + 20513 + apa)® — (@1 + 2an40 + arps) (Qrrs + 20540 + aris)
:(a;c+4)2 - a./’€+3a./1€+5 >0,

by Lemma and previous case when i = k + 4.
e Fori =k,

(%)2 - a;c+1a;<;—1
=(ay, + 2ag_1 + ag—o + 1)* — (ap1 + 2ax + ag_1)(ax—_1 + 2a_2 + aj_3)

>(ay + 2ap_1 + agp_2)* — (ap1 + 2ap, + ap_1)(ap_1 + 2a5_2 + aj_3) >0,

using arguments similar to the first case.

e Fori=k+1,

(CLZH)Q — apy90y, = (apy1 + 2a5 + ar-1)* — (apyo + 2ap41 + ax)(ap + 2ap_1 + ap_o + 1)
= (3ap + ap_1 +1)* — (3ap + ap_1 + 2)(a + 2ap_1 + ap_o + 1)

= (6a; + ag) — (3arar_s + apap_1 + @z + Gp_1ap_o + 3ap_1 + 2a_o + 1)

> (Bagap—1 + 3ap_1 + ap) — (3arap_s + ai | + ap_1ap_o + 2a5_ + 1) >0,

since by Lemma [4.2.40 a? > aj1ax_1 = (a, + 1)ax_1 and aj, > 1 (which is clearly true

for Ay(q) when k > 1).

By Lemma it follows that By(q) for k > 2 is log-concave.
Clearly, Ci(q) = 1+ 3¢ + 3¢* + 3¢% + ¢* is log-concave. For k > 2, to show that Cj(q) is

log-concave, we use the relation ¢; = a; + a;_1, for i # k, and ¢ = ap + ax_1 + 1.
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eFor0<i<k—-2andk+2<i<2k+2
¢ — cip1Cio1 = (a; + ai—1)” — (aip1 + a;) (i1 + a;—2)
= (CL? + af_l +2a;a;-1) — (Qip10i-1 + Q10— + ;0,1 + a;0,-2) > 0,
because a; ;-1 Z Ajp1Q5—2.
e Fori=Fk—1,
Cifl — CCr—2
:(ak_l + ak_2)2 — (ak + Ar—1 + 1)(ak_2 + ak_g)
=(akt2 + ari3)” — (a1 + arpo) (Qrrs + Qpga)
20z+3 — Cpy2Ckya = 0,
using Lemma and previous case with 1 = k + 3.
e Fori=k,
2
Ci — Ck+1Ck—1
=(ar + ax—1 +1)* — (agp1 + ax)(ar_1 + ap_2)
>(ak + ak—1)" — (app1 + ar)(ar—1 + ax_2) > 0,
by arguments similar as in the first case.

e Fori=k+1,

Ci+1 — ChpoCh = (apr1 + ar)® — (arg2 + argr) (ar + a1 + 1)
= (ap1 + ap)® — (aps1 +ap_1)* >0,

since ay > ap_1.
This completes our proof. O

Theorem 4.2.7. Let C be a realizable Catalan state of L(m,4). If |C NI = 4 for some

0 <i<m, then C(A) is unimodal.
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Cm k C];

Figure 4.11. Examples of non-unimodal cases

Proof. According to Theorem it suffices to show that

MNETEHE ) BN ) EAT) ) (O

k=1

Q

is unimodal, for all a,b,c,d € Zs¢ and o, 5,7 € N. Polynomials [2],, [3],, [4], are log-
concave and by Lemma A(q), Bi(q), Cr(q) are also log-concave (and their coefficients
are non-negative and have no internal zeros), for k > 2 and k&’ > 1. One checks that A;(q)" is
log-concave for n = 3,4,5. Since for n > 6, n = 3n; + 4ny, for some ny,ny > 0, it follows by
Theorem that A;(q)" = (A1 (q)*)™ (A1(q)")™ is log-concave. Therefore, for all n > 3,
fll(q)” is log-concave. The above argument also applies for Bl(q)” and [3}: Finally, one
checks that [g} Zfil(q)”gl(q)”/ are unimodal, for all 0 < a,n,n’ < 3. Therefore, we conclude

our statement by applying Theorem {4.2.3, [
The following lemma partially answers the second part of the Question [4.2.2]

Lemma 4.2.8. Coefficients Cy, 1(A) and C}(A) of Catalan states Cp, i € €atypm ik atm and

C}. € Catyyys are not unimodal, for all m > 2,k > 0, where Cy, . and C}. are shown in

Figure[/.11]
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Proof. We find C,, o(A) by applying the first-row expansion (3.1)) and Lemma [3.1.1]

7 7

//(A) _ A (mt)21 < /(A)
D / ) /

m % K‘ ! P/// k‘
LA (mE2(md) { /(A) 1A (21 (me4)—(m+3)) < /(A)
N/ - R,/

= A2 j X ATY) 4 A J X A4 ATm JX} A
= .\\\\\5(” \ }( ) + '\\\ﬁ()'

[4

=
m

—

7

The last three Catalan states have no returns on the bottom boundary, thus we can

compute their coefficients using Theorem

e For C' = \\} , one checks that
\

A

bar(C) = (m+2,m+3,....,m+3m+1Lm+1)= [oa(C)| =m?*+Tm+7

m+1

and the plucking polynomial with a delay function associated to C' is given by

o)

m2
Hence, C(A) — AQ +Tm+7)—(m+3)(m+4) m+3 L

q A~
o \
o For C = \\}, one verifies that
N 2

-
n

by (C)=(m+2,m+3,....m+3,m+21)= ||by(C)] =m*+ 6m +8

~
m+1
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and the plucking polynomial with a delay function associated with C' is given by

Q$/%// 0 (fm + 2y + ™ [20) 2,

Hence, C'(A m?+6m+8)—(m+3) D (([m + 2] + ¢™[2],) [2]q)q:A74-

e For C' = } , one checks that
§x (1

bM(C):(m+2,...,m+%,m+1):> 162(C)|| = m? + 4m + 3

~
m+1

and the plucking polynomial with a delay function associated with C' is given by

1
/ m+2
\/./erl

Hence, C/(A) = A20m*+4m+3)—(m+3)(m+2) ;4 9] _ 4 4.

It follows that the coefficient of C,, ¢ is

[m 4 3][m + 2]
2]
_ A_mz_sm—4 (A8m+16 + 3A8m+12 + 5A8m+8 + 4A8m+4 + 5A8m + Q(A)) )

Cnalit) = a7 AT 42+ A 4 A 4 2])

where Q(A) is a polynomial of A with deg, Q(A) < 8m — 4. This shows that C,o(A) is
not unimodal. Using the first-row expansion (3.1)), we see that C,, x(A) = A=M+DEC, ((A).
Therefore, C,, x(A) is also not unimodal.

The coefficient C{j(A) was found in Example and it is not unimodal. Since using the
first-row expansion (3.1)), C},(A) = A73*C{(A), it follows that C}(A) is also not unimodal. [J

It is known that coefficients of realizable Catalan states of L(m,n), n = 1,2,3, are

Laurent polynomials with unimodal coefficients. Using a computer, one verifies that all
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coefficients of realizable Catalan states of L(m,5), where 1 < m < 8, are also unimodal.
Hence, to answer the second part of Question [4.2.2| we only need to answer its first part.

Using Theorem [4.1.3] it is then suffices to prove the following conjecture:

Conjecture 4.2.9. If the rational functions given by (4.2)), (4.3) and (4.4) are Laurent

polynomials, then they are unimodal.
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CHAPTER 5

GENERALIZED CROSSING AND FUTURE WORK

5.1 Coefficients of Catalan States of Generalized Crossing

Let G(k,m) and G(k,n,m) be tangles shown in Figure [5. ( ) and Figure [5. (d), and let af”,

ah = bk > < be arcs with endpoints {,, Tn11}, {Ym, Ym+1}, {T1, Yk}, respectively, as in
Figure [5.1b). We see that G(k,1) = G(k) and G(k, k) = G(k — 1), where G(k — 1) ¢
is the generalized crossing G(k — 1) with the arc ¢ and its two endpoints added. For

convenience, let G(0,1) = G(0). After smoothing the crossing ¢ of G(k,m) and G(k,n,m),

in the RKBSM, one obtains

G(k,m)=AG(k,m+1,m)+ A G(k,m+1)

AG(k,m+1,m)+ A" [Aé(k;,m+2,m+1) +A*19(k,m+2)]

k—m
= > AT G(kom+jm+j—1)| +A"FG(k, k)
j=1

and

G(k,n,m)=AG(k—2,n—2)a ) Gk 4 A1 G(k,n—1,m)

Ap 1y

= AG(k—2,n—2)al a®

n—

ZA3 nJﬂg ) H—l m

n—2

_ A37n+if]1{¢:0} g( -2 maX{l 1}) z—]T-)l ~£rl§)7
=0

+A7! [Ag(k;—? n—3)a,a® + A G(k,n —2,m)

+ A" Gk —2,1)alM a®
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Ty T2 TnTn+1 Tk

(b) aglk)jgi) = b,(fk_)m,cik), 1<nm<k-1

Tl T2 T Tk

(d) g(k,n,m), 2<n<m+1<k

Figure 5.1. Tangles G(k),G(k, m), Q~(l€, n,m) and arcs agk), EL,(S), )

where G(k — 2,1) a'¥ al¥) is the tangle G(k — 2,4) with the arcs al¥ and @ together with

their two endpoints added (see Figure [5.1(b)). Thus,

G(k,m)
k—m (m+j5)—2
_ A2-i Z A3~ (mADFi-1iiz0y G(k — 2, max{i, 1}) al(fr)l &gjljil + ARGk k),
j=1 i=0

and, after the change of indices: 1 -+ k —i—1 and j — j — m + 1, one obtains:
G*(k,m) = A""G(k,m)
=| Y AIG (-2 max{k —i—1,1}) a2, b | + ATEG (k- 1,1) M,
(3,7)€l(k,m)

(5.1)
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Y3 53 0 +3
. Y4 h B oYa -2
Ys oy5 =5
. Y6 5 Y6
N o V0
Ny ey
(a) C € Caty (b) The dual graph of C' in A7 (c) T(C)

Figure 5.2. Dual tree 7 (C) for C € €aty,

where I(k,m) ={(i,7) e NxN|i<k—-1 m<j<k-—1, i+j>k}is the feasible set of
indices for a,@i and b,(f_) ;-
Using the above equation, we see that there is a recursion that computes coefficients

of Catalan states of G(k) that is an analog of the first-row expansion for lattice crossing

L(m,n).

Definition 5.1.1. Define a plane rooted tree with a label function associated to a Catalan
state C' € €aty as follows. Denote by T'(C') the dual graph of C in /. The root vy of T(C)
is the vertex that corresponds to the region containing the hypotenuse of ANy. Define the label
function f from the set of leaves L(T(C')) of T(C) different than vy as follows. For a leaf v
let f(v) = —i if v corresponds to the region bounded by the arc with boundary {xy_;, Tr_iy1},
and f(v) = j if v corresponds to the region determined by the arc with boundary {y;,y;+1},
respectively, for 1 < i,5 < k—1, and we put f(v) = 0 if the region corresponding to v is
determined by the arc with endpoints {zy,y1} (see Figure[5.9). The plane rooted tree with a

delay function determined by a Catalan state C' is the triple T(C) = (T'(C), v, ).

Definition 5.1.2. Let T = (T, vo, f) be a plane rooted tree (T,vy) with the root vy and a

label function f defined on the set L(T) of all leaves v different that vy and let F(k,m) =
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{(v,u) € L(T) | (=f(v), f(u)) € L(k,m)} be the feasible set of leaves. Define a polynomial
Qrm(T(C)) of A, k>0 and 1 < m < max{k, 1}, recursively as follows.

Let Qk,m(T, vo, f) =0 if T is not a tree, QO,I(T, vo, f) =1 if T has no edges, and

Qk,m(Ta Vo, f) = Al_k Qk—l,l(T — Vo, U67 fv())

+ Z A1+2(k+f(v)—f(u)) C~2k72,rn;a,x{lc+f(v)71,1}(Zﬁ - {’U, U}, Vo, fv,u)y
(v,u)€F(k,m)

(5.2)

where v is the vertex that is incident to the unique edge that is incident to vy in T, provided

that T — vy is a tree, fu,(w) = f(w) for all w € L(T 0), andy

fw), if f(v) < f(w) < f(u),
Jouw) = ¢ sgn(f(w")) - (|f(w)] = 1), ifw is a new leaf, {w,w'} € E(T) for w' € {v,u},
sgn(f(w)) - ([f(w)] = 2),  otherwise,

for allw € L(T — {v,u}).

Proposition 5.1.3. Given a Catalan state C' of G(k). Let T(C) be the plane rooted tree

with a label function associated with C. Then
C(A) = Qra(T(C)),

where le() is defined as in Definition .
Proof. Let C' be a Catalan state of G(k), and let (C), ,, be the coefficient of Catalan state

C of G*(k,m) = A=™ - G(k,m). According to (5.1)),

(@ = | Do AT (0= {af, 0

(4,7)€l(k,m)

Al*k C — (k) .
}>k2,max{ki1,1} * ( G )kfl,l

Let Qpm(T(C)) = A- (C)gm- It is easy to see that is same as the equation above, and
the initial condition Qg (7T(C)) =1=A-A1=A- (), since (C), is the coefficient of
G*(0,1) = A~'G(0,1). Therefore, the C(A) = A- (C)p1 = Qr1(T(C)). O

!The sgn function defined as: sgn(i) =1 if i > 0, sgn(i) = —1 if i < 0, and sgn(0) = 0.
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Example 5.1.4. We can calculate the Catalan state C' € Cat; shown in Figure as

follows.
0 3 0 3 0
~ -2 ~ -2 ~ -2 2
_ Al-7 142(7-5-3
Q71 :f/ =A"" Qs fj//. + AN ) Q5.1 \r
v o Vo
N ~~ o N ~~ >
remove the root (5,3)€l(7,1), (2,3)€L(7,1)
0 0

' 2~ -2 2 ~ -2 2
_ A—6 . A1+2(6—5—5) Q4,1 Y —|—A_1 . Al—5 Q4,1

V0

-~ -~

(5,3)€I(6,1), (2,3)¢1(6,1) remove the root
0
~ -2 2
= A7[2] Qua
0 0
= A°[2] | AT Q4 w/z + AR l
L remow;?he root (2,2)51(4,1) |

0

= A7) [ATP. A2 G, [ +A- AT Q, [

-~

~
(2,2)€1(3,1) remove the root

=A]2]- ATY2]- (A1) = A2

An immediate consequence of Proposition is the following theorem.

Theorem 5.1.5. The coefficients of Catalan states of G(k) are Laurent polynomials with

non-negative coefficients.

In the remaining part of this section, we find coefficients for two families of Catalan states

of G(k) for some k.

Example 5.1.6. Given a Catalan state C i € Catyyopim shown in Figure (a). Let

Pl("’k’m) = Qn+2k+m7l(7’(0n7k7m)), where the plane rooted tree with a label function T (Ch m)
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(a) Ch,k,m (b) T(Cn,k,M)

Figure 5.3. Cykm and T (C, k1) in Example

15 shown in Figure (b) We consider the case n =0 first. Form > 1,

Pl(Oﬁkﬁm) — Al-(2k+m) Pfo’k’m_l) N Az;ﬁ;u—(zkﬂ))]gl(o,k@) _ A‘ka—wﬂ(o’k’o),

and, for k> 1

(0,k,0) _ A142(2k—k—k) p(0,k—1,0) 41 p(0,k—1,0) Ak p(0,00) 4k
Pl = A ( )Pmax{k—l,l} =A Pmax{k—l,l} =...=4 Pl = A"

m(m—1)

Hence, Pl(o’k’"” — AR(Q=2m)= "5 Thon Pl(n,O,m) _ Pl(o,o,ner) _ 4

_ (n+m)(n+m—1)
2

Form=0 andn,k > 1,
(n,k,0) _  4142(n+2k—(n+k)—(n+k (n,k—1,0)  _ j1-2n p(nk—1,00 _
P — Al+2(nt2k—(ntk)—(nt ))Pmax{k—l,l} = A Pmax{k_m} =...

— Ak‘(172n)Pl(n,0,0) _ Ak(172n)7n(nT_l).

Now, forn,k,m € N,

Pl(n’k’m) _ A17(n+2k+m)Pl(n,k,mfl) 3

+ A1+2((n+2k+m)f(nJrk)f(nJrk))Pé:;f{—kig)_lﬂ} . ﬂ{an, ftm>1}

= Al_(n+2k+m)P1(n’k’m_1) ’ ﬂ{mzl} + A1+2m_2npr$f{_k1¥?—1,1} ’ ﬂ{an k+m>1}
and
(n,k—1,m) _ pAl—(n+2(k—1)+m) p(n,k—1,m—1)
max{k+m—1,1} ~ A ( ( ) )Pl ’ ]]-{mZI}

14+2((n+2(k—1)4+m)— (n+k—1)—(n+k—1)) p(n,k—2,m)
+4 ( ( Jrm = = ))Pmax{k+mf2,1} ) ﬂ{nzm, k+m>2}

—(n m n,k—1,m—1 m—2n p(n.k—2,m
= Al-(n+2k+ )+2P1( ) Lms1y + A2 Pr(nax{ker)—Q,l} *Ln>m, btm>2}-
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So if m >n >1, then

Pl(mk’m) _ Alf(n+2k+m)Pl(n,k,m—1) _ Alf(n+2k+m)Alf(n+2k+mfl)Pl(n,k,m—2) _

_ A(l—n—Qk—m)(m—n)—l—Z?;B"_lipl(n,k,n) _ A(l—n—2k—m)(m—n)+(m_n_2wPl(n,k,n)

)

and if n >m > 1, then

k—1
Pl(n,k,m) — Al (n+2k4m) ZA(3+2m72n)iP1(n,k—i,m—1) +A(1+2mf2n)kpél7:)?{:1)7l}
i=0
- (5.3)
— Al-(n+2k+m) ZA(3+2m—2n)(k—i)Pl(nﬂ'ﬂn—l) +A(1+2m_2n)kpr§17;?j{nnl1),l}‘
i=1
However,
Py = B = A OO ploten oo,

if we define ﬁl("’k’m) = A_(1+2m_2”)kpl("’k’m), then (5.3) becomes

k
pl(n,k,m) _ Pl(n,(),m) +A17n7mZA74iP1(n,i,mfl).

i=1

So,

k i1
Pl(n,k,m) _ Pl(n,O,m) +A1—n—mZA—4i1 (Pl(n,o,m—l) +A1_n_(m—1) ZA—4i2P1(n,zg,m—2)>

ir=1 ia=1

k k1
_ pl(n,(),m) +A1—n—mp1(n,0,m—1) (Z A—4i1> +A2(1—n—m)+1 (ZZA—Ml_MQpl(n,zg,m—Q))

i1=1 i1=1142=1

k ko

i1=1 i1=14i2=1
k i1 7:571
—1 . ~ _ . ) )
+ ...+ As=n=m)+35i5 ZP1(n707m ) g E . E A~ di—dia——dis |
i1=110=1 is=1
k il im—l
m(l—n—m)+3 75 i iy —dig—..— iy T(Mim,0)
+ A 0 e A mPl .
i1=110=1 im=1
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vvevevee

§odvévdvdnin

(a) Ck

(b) T(Ck)

Figure 5.4. C} and 7 (C)) in Example [5.1.7

q

Since
k 71 Ts—1
Z Z . Z gir izt tis — Z (i1—1D)+(iz=1)+...+(is—1) | s
i1=1lia=1  is=1 0<is—1<ig_1—1<...<i1—1<k—1
s|st+tk—1
= q ,
s q
and
pl(n,im,O) _ A—(1+0_2n)impl(n,im,0) _ A—(l—Qn)im ) Aim(l_Qn)_n(n;l) e 'n,(n2—1)
then
pl(n,k,m) _ Z As(l_n_m)+5(s;1)A_4s |:S + k- 1:| ‘ A_(nerfs)(;erfsfl)
5=0 S g=A—4
:AW")(;’MZAZLS{S-Fk—l}
S —A—4
s=0 q=A
and hence

Pl(n,k,m) _ A(1+2m—2n)kp1(n,k,m) _ A(1+2m_2n)k_% Z A—4s |:S +k— 1:| .
g=A"*

Then, we conclude that, for all m,n,k € N,
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min{m,n}

TR —9lm—n|k— (mEn)(ntn-1) ke
Cn,k,m(A) — Pl( 7k7 ): A(l 2| |)k + 2+ 1 Z A A

s=0

S
s=0

S

F+k—1

:| q:A*4



Example 5.1.7. Given a Catalan state Cy € Caty, shown in Figure (a). Let Pl(k) =
Qari(T(Cr)), where the plane rooted tree with a label function T(Cy) is shown in Fig-
ure FA(5). Let T(Cy) = (T(Ch), vo, f), then {f(v) | v € LIT(C)} = {20~ 1| ~k+1<i <
k}, so

k-1 &
_ Z Z A2k (2i1+1) = (271 1)) p(k—1)
max{2k—(2¢1+1)—1,1}

11=0 j1=k—
k—1
_ Z 1—diq [, (k—1)
- A [Zl + 1}Pmax{2k72i172,1}
11=0
and
(k—s)
max{2k—2is—2s,1}
k—s—1 k—s
— A1+2(2( ) (2Z5+1+1) (2]s+1 1))P(k S— 1)
- E E max{2(k—s)—(2is41+1)—1,1}
i5+1=0 jor1=max{k—s—isq1,k—s—is+1}
k—s—1
J— 1— 4ZS+1 k‘ S— 1)
- E A [mlﬂ{ls+1 +]‘ ZS}] max{2k—2is4+1—25—2,1}
is4+1=0

or 1 <s <k, where [n] = [n|,_as =1+ A*+ ...+ A* ™D Hence
q

k—1 k-2 0 k—1
P =% Z Z Akttt 1) T mindig + 1,,}).
i1=0 ia=0 &=0 =1

One shows after some small computations that

P = ATPRP(1+ 241 4+ 34° + A2)

P = ATP[2P (1 + 2A* + 54° + 5412 4 5410 4 A?),
Proposition 5.1.8. Given C € Caty. Let C' be the Catalan state obtained from C by a
reflection about line I" (see Figure . Then



Proof. Notice that, if s = (s;;) € Mat{ ({£1}) realizes C, then s’ = (sy_jx_;) realizes
C" obtained by the reflection about the {". Since the map s = (s;;) — s’ = (Sp_jx—i) 18
invertible, s, s’ have same number of positive and negative markers, and they create the

same number of trivial components when realizing C' and C’; respectively, it follows that

C'(A) = C(A). O

5.2 Future Work

There are several questions that remain still unanswered and I plan to address them in my

future work.
1. Questions related to lattice crossing:

e Conjecture[3.2.5 In order to solve the general cases we may need to understand
some properties of posets involved and to understand how to expand appropriately
(Rnﬁmz,lﬂv (]-"n7,€17,§271)J) for J < I. This conjecture is rather a technical result
that worth of addressing since it will make calculations of ),z ; in Theorem

much simpler.

o What can we say on coefficients of realizable Catalan states of L(m,n), n > 5%
Unfortunately, our methods used in case n = 4 do not apply when n > 5 since
plucking polynomials corresponding to Catalan states of L(m,n) do not factor
into plucking polynomials of some simple tangles that could be easily analyzed.
The hope is to find other relations between plucking polynomials of plane rooted
trees with a delay function or calculate coefficients of Catalan states using different

methods.

e Conjecture[{.2.9. The problem of determining the unimodality of a sum of Laurent
polynomials is not a simple problem. This is even more difficult in our case, since

the closed-form formulas are not even such kinds of expressions.
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o Other properties of coefficients of realizable Catalan states of L(m,n). Given
C € Cat,, ,,, one may ask whether C is realizable if and only if C'(A) # 0, and if
C(A) = A* 22:0 a; A* with aga; # 0 then ay = a; = 1 and all a;’s are positive.
One may also ask whether the coefficient of a symmetric Catalan state C', that is

C = (%, or a Catalan state with returns on at most three sides is unimodal?
2. Questions related to generalized crossing:

o Formulas or efficient methods for finding coefficients of Catalan states of G(k).
We see that all formulas and results obtained for the lattice crossing are developed
based on the method of the first-row expansion Proposition [3.1.4] We showed an
analog of this method for generalized crossing (see Proposition . Therefore,
one might wonder whether we can use similar ideas to those presented in Chapter[3]
in order to find formulas or efficient methods for computing coefficients of the
Catalan states of generalized crossing. Unfortunately, this is not that straight
forward due to the difficulties related to the lack of good methods to deal with
index set I(k,m).

e Properties on the coefficients of Catalan states of G(k). Given C' € €aty, we know
that the leading coefficient of C'(A) is not always 1 and the coefficients of C'(A)

are not always positive (hence the coefficients of C'(A) are not unimodal). For

) = 2470 + A7V,
However, it is still unknown if C'(A) # 0 for all C' € Caty.

instance

o Applications. Generalized crossing is obtained by a half twist of n parallel strands
and it is a tangle often mentioned in context of some other problems in knot the-

ory. However, finding more direct applications of results that we obtained for
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generalized crossing in knot theory problems requires further research investiga-
tions. In particular, finding a relation between coefficients of Catalan states of
lattice crossing and the coefficients of Catalan states of generalized crossing is

another open problem worth further considerations.
3. Closure of tangles:

e B-type lattice crossing Lg(m,n). Let Lg(m,n) be the tangle shown in Fig-
ure[5.5|(a). Some results concerning counting realizable Catalan states of Lg(m,n)
and computing their coefficients were obtained by M. Dabkowski and M. Rako-
tomalala. However, no general methods for finding closed-form formulas for co-
efficients of Catalan states are known thus far. I had found an analog of the
first-row expansion for Catalan states of Lg(m,n). This might be regarded as

the first step to toward solving this problem. The immediate consequence of this

expansion is that C(A) € Zso[A*!].

e Closure Lo(m,n) of L(m,n) with four fixred punctures Py, Py, P3, Py (see Fig-
ure ( b)). Given the standard basis of S5  (Fb4 x I), we consider the problem
of finding coefficients of basis elements that are obtained from Lc(m,n). This
problem is similar to our original one, that is, to the problem of finding the co-
efficients of the standard basis of y” * 2™ in &  (Foa x I). It appears that this

problem is related to the famous open problem known as the meander problem.

o Other perspective. The A-type Gram determinant is invertible when A is not a root

of unity, see [10]. In such a case, let {C;} be the basis of Ss oo (D?* x I, n+m; R, A)

described in Corollary [2.1.9 and N = —L - (2" "If [(m,n) = 3", C4(A) - C;,

m+n+1\ m+n

(a,b) is the product of tangles a,b with 2(m + n) fixed points on the boundary
defined in a natural way, V = [(Cy, L(m,n)) (Cy, L(m,n)) --- (Cn, L(m,n))],
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O O €Y O O A RO
R P,
[ ] L] ® [ ] L] ® \:3/
(4) Lis(m, ) (b) Lotm,n)

Figure 5.5. Lg(m,n) and Lc(m,n)
and U = [Cl(A) OQ(A) tet CN(A)], then
V =U"- Dy,

where Dy is the A-type Gram determinant. Thus, Cj(A) = [V - Dy');. This idea
can also be applied to find coefficients of Catalan states of generalized crossing.
It is worth checking if this approach leads to an efficient method for finding

coefficients of Catalan states of L(m,n) and G(k).
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APPENDIX A

PROOF OF LEMMA [3.2.4]
For |I| — |J| = 3, there are five cases I \ J = {i; < iy < i3} with
(1) i5 = is+ 1 =1, +2,
(2) i3 =iy +2=11+3,
(3) ig = in+ 1>, +2,
(4) i3 >ia+2=1;+3, or
(5) i3 > g+ 1 >4 + 2.

Let n/ =n—2|J), i = p—|J|, &, =iy —2/{j € J|j<itd,dy=in—2{j€J|j<is}l,
iy =iz —2|{j € J | j <is}|, I' = {d, 15,44 }.

For the case (1), I = {i1,41 + 1,71 + 2}, and then

J-<F],

J%FJU{Z.1+2}<F[,

J<pJU{iy+ 1,03 +2} <p I, or

J <r JU{Zl—f-Q} <r JU{Zl—f—l,Zl—f-Q} <rI.

So,
S(I.J) — Crs . Cilfii+2y,7 Cr,70i+2}
( ) ) - _C + O ! C

J,J J,J JU{i1+2},JU{i1+2}

n Crufii+1,i142),7 Cr,augi+1,i14+2}

CJ,J CJU{i1+1,i1+2},JU{i1+1,’£1+2}

N CJU{’L'lJrQ},J CJU{i1+1,i1+2},JU{i1+2} CI,JU{i1+1,i1+2}

Cry Crofiis2r,augin+2y Caufin+1,i14+2),JU{i+1,i14+2}
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By Lemma [3.2.3]

Crpogivss) = A-2CHFDPA— 02 st )22 Gra o)y o) [” - 4} r'l N 1} :

n/72n_ﬁ L1 —kn)2 n' —2
OJu{i1+2},Ju{z’1+2} — A" Bri—k2)tg(ki—k2)? |:Iu’ B 1]7

2(2i7+3)+2(6—n'—r1—r2+1)+ 5 (3/41 Hg)+ (k1—K2)? | |:7’L/—2:| |:le +2:|

CJU{i1+1,i1+2},J = A ,LL, 2

/ / R
CI,JU{1‘1+1,i1+2} _ A—Q(i’l)+(3—(n’_4)—m—m+1)+n2—4(351—#62)-5-%(51—&2)2 ) |:n 5:| [Z/]

p =2
n e g TL/ —4
Coufirtrinta)sofinttir2y = A2 A Lﬂ 2]’

and

CJU{i1+1,i1+2},JU{i1+2} =

A2+ D+E— (0 =2)—r1— k1) + 252 (31 o)+ § (1 —k2)? | {Z: : ﬂ iy + 1].

Then,

A+ 20 ]
1057

Tt 1 Y S v G o i o o ])
el [ 157 It | vl o

CJ,J'S([,J):CLJ' (—1+

+

T N | N N
=Cry ( 1+A —[n’ — 3 + A —[n ) A —[n’ 7] )
B B

_CLJ ( 1+ A —[n/_?)] A —[n/_4]>

_ . s [2][n] 412 [3][r]

=Gy (A w3 [n'—41)

_ , , 2n'—5
AW ) e, i s) o

BN T (T B
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since
=2, —¢ ' 2lyln—1y=0+g+...+¢" ) ¢ Q1+l +q+...+¢")
=(14q+... +¢" )= (g ' +2+2¢+...+2¢" 4+ ¢"7?)
=— (g 1+ .+ P+

= _q_l[n]m

¢ Blgn—=1,—n—=3g=(¢+2¢" +34+3¢+...+3¢" " +2¢" 7 +¢"?)
—(14+q+...+¢"™

=¢ P +2¢7 2+ . +2¢" P+ g

=q~* 2], [n],,
and
2l,n—4,—q¢ ' [8l,n =3, =1+2¢+2¢* +... +2¢"° +¢" %)
— (T H+243¢+3¢ + ... +3¢" + 20"+ ")
= — (g 14T
=—q'[n-1],.
Therefore,

2n—4|J|—5

C
S(I,J) = (~1)?A~23G-1.. Lol 0] Crs = S'(1,J).

o Co

For the case (2), I = {i1,41 + 1,71 + 3}, and then

J-<F[,

J-<FJU{i1+1}-<FI,

J <p JU{ip +3} <p I,

J <r JU{21+1,21—|—3} <r 1,
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o J%FJU{’L'l—f-l}‘<FJU{2.1+17Z'1+3}‘<F],01"

o J <p JU{’i1+3} <F JU{i1+1,i1+3} <r 1.

So,
S(,J) = Cry . Cogn+y,s  Craugityy N Crogintsys  Craugi+sy
Cry Crr Crufii+1},00f0+1} Cry Crufii+3},0U{i1+3}
Cugin 41143}, Cr,0fi+1,i14+3}
Cry Crugin+1,i143},JU{i1+1,i1+3}

_ Couginsyg CouginsrintsyJufi+1} Cr,0{i1+1,i1+3}
Crr Crofii+11,00f+1y Cuufin+1,i14+3),JU{i1+1,i14+3}

_ Gty Couginsrintsy,jufi+3) Cr,0gi+1,i14+3}
Cg Crugin43),00{in+3)  Cuufin41,i43},JU{i+1,i1 43}

By Lemma [3.2.3]

CI,J _ A—2(3i’1+4)+3(9—n’—n1—r$2+1)+"7/(3&1—nz)+%(nl—nz)2 . |:Tl//; 3:| |:Z,1 + 2:| [2]’

Crogin+13,0 = A2 ADH+E— —r1—ro+ 1)+ Bk —k2)+E (k1 —k2)? [n’ B} 1] [i7 + 1],

i

Crauin+1y = Craugi+3}

:A—2(2i’1+1)+2(6—(n’—2)—m1—52+1)+nl2_2 (3»@1—/42)4—%(&1—52)2 . n'—4 le +1
w—1l| 2 |

=230 o)L (k1—k n' —2
Crugin+13,00fi+13 = Cougi43),ufin+3y = A 2 (Br1—r2) g (k1—K2)* LL' B 1],

CJU{ilJrS},J =

A—Q(i’1+3)+(3—n’—m1—ng—i—l)—i—%/(351—52)-‘,-%(51—&2)2 . |:?7// _/ 1:| [Z/ + 3]7

CJu{i1+1,i1+3},J = 1

’ ! J—
Criugis 41,43 = A2 =m—rat D52 G —rz) 5 (s —r2)? {n 5] [i3],

po—2
/

n/74n_n Lo —po)2 n' —4
Crugin 1,043}, 70 +1,i+3) = A 2 (Bra=ma) ¥z (mmra)” [M'—Q}’
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A6 k1~ b )+ (31 —ria) (k1 —k2)? {”M_ 2} (7 + 1l + 2],



and

Crugin+1,i143),00fi+1} = Cuugin+1,i143},JU{i1+3}

— A 20D B (0= 2) = et ) 2R B ) —2) [n _ ﬂ [ + 1],

Thus, using previously established results, it follows that

Cyy-SU,J)=Cry- (-1 +

- 3
AP+l ] AT+ G

+ + £

PRI ol [0
B v Y A V1 e A e el v [ G e R V e m)
et s | R ol e R vl | sl i
o (g aes Bl =SBl =2 [2B8] 1]
= Cr ( 1+ A - +A - A W d )

2n'—5
= (—1)3A_2'3'(3_1) : %:;,_3% Cr..

Therefore,

[271_24\[}]\‘_35} 1,J
e T = S'(1,)).
> 1 Co &)

S(I,J) = (=1)?A723C.

For the case (3), I = {iy, 42,92 + 1} with i; + 1 < iy, and then

J=<rl,

J <F JU{’Ll} -<F],

J%FJU{Z'2+1}-<FI,

J <r JU{il,i2+1} <r 1,

J <F JU{iQ,i2+1} <p 1,

J <F JU{'il} <F JU{Z.l,Z'Q—Fl} <F [,
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o J%FJU{'L'Q—Fl}%FJU{Z'l,Z'Q—f—l}%FI,OI"

o J'<FJU{'L’2+]_}'<FJU{7;2,7:2+1}'<FI

So,
S(I.J) — Cry | Cougiys Cravgy Crofint1y,s  Craugiatyy
ED == =0, oo T C Crot -
J,J J,J JU{i },JU{i1 } J,J JU{ia+1},JUf{ia+1}
CJU{h,ig-l—l},J CI,JU{il,i2+1} CJU{i27i2+1},J CI,JU{ig,ig-i—l}
Crr CrUfin ia+1},0Uin ia+1} Crr CIUfin ia+1},0Ufin,in+1}
_ COuginyg Couginind1y,0ufn) Cr,00{i1in+1}
Cra Croginyauiny Caufiniot1},JU{i1is+1)
~ Catginr1ys Cuufinind1},00ia+1} Cr,0{iia+1}
Cry Crogint1y,00fia+1y  CuUfinin+1},JUfi1,ia+1}
_ COntin+1y,g Caufiniat1} Jufiot1) CT,0U i ia+1}
Crr Crofio1},00fia+1}  Culfisio+1},00inin+1}

By Lemma [3.2.3]

/
Oy = A2 +2EAD 3O —ka b 1) (G —wa)+5 (51 —a)? ru_ 31 MH,
! ! _
C’Ju{il}”] = A—2(i’1)+(3—nf_m—m+1)+%(3m_n2)+%(,ﬂ_m)z ' {n y 1] [.,1],

n;2 (3"{17%2)4»%(”17”2)2 . n/ - 4: Z/2 - ]_
W —1 2 |

n/,2(3m_ﬁ2)+%(m_ﬁ2)2 . |:n’ _ 2:|

CI,JU{il} — A72(2i/273)+2(67(n’72)751fnngl)

Cruginy,aufiny = Crufip+1),00iz41y = A 2 w1

/ /_
Crufinsryg = A 2ETDHE=n w1 —rot D i (1 —ro) t g (m—n2)” [“ 1] [iy + 1,

%

-/ -/ ’ I I_4
Cr sty = A2 P00 21k 1)+ 25 e ra)? {” }[“H" 1]

-1 byllte —

CJU{il,i2+1},J =A

/ J—
=2(iy +ih+H1)+2(6—n' —K1—r2+1)+ 5 (3r1—r2)+5 (k1 —R2)? | {n 2}
/

—2(i5—2)+(3—(n' —4) —r1—ro+1)+

4 (3k1—Ka)+L(k1—k2)2 n - .
Craufinis+1y = A (31 =ma) 4 (ramma)” [ ;L 2} [i5 —

n
— _ 3k1—k2)+3 (k1—k
Crufiniot13,00finsio+1r = Culfin,int1},JUfin int1} = AT Bmora) g (mom) [ }

T
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CJU{' i1} = A72(2i’2+1)+2(67n’7n1fn2+1)+%(3/{1 nz)+ (k1—rK2)? |:n, - 2:| |:Z,2 + 11
i9,i2+1}, )

W 2
C o _ A—Q(i’l)+(3—(n’—4)—nl—52—&—1) "2_4(351—n2)+%(/61—n2)2 . n' =5 [/]
I,JU{'LQ,'LQ"F].} - H/ . 2 1
Coei L A2 =)+ B= (0 =2) =1 — ko 1)+ 52 (Br1 — ko) 5 (k1 —k2) | n' =3 i, — 1],
JU{i1,io+1},JU{i1 } w—1
Coifin s . — A2 4B (' =2)—ri— Ko +1)+ 252 (351 — K2)+35 (k1—k2)? ' =3
JU{i1 i1}, J0{ia+1} = W1 [71]

and

—2(i} —(n'—2)—r1—kK =2 (3461 — k) + L (11— k)2 n' — 3] .
CJU{iQ,i2+1},JU{i2+1} — A20i5)+(B=(n'=2)—k1—ra+1)+ 52 (31 —k2)+3 (k1 —K2)” 1 [/].

Thus, from the previous results, it follows that
01 o B e

OJJ'SI,J :CLJ' -1+ 5,2 2 + 5
o ( FERRIAE A
A Mm1[}[—m+A Pﬂﬁﬂ[ o)1)
[ [ T (5] 2] [ 1141 (3]
]

Iy = 1]

AR - -2 A
[ HM]SM PRI
AR+ [ vgz)
e

_ | [n _1] il — 7824
=Cry ( 1+—[n’—3][i’2] ([t — 2] + A®[i + 1][2]) +

AT ) (A2 AN -2l i)
e ) =y ( AR *%—u))
AW AW 2B A - R
Sl G e T i)

IR i
— (—1)34286-) Lo 35 Cri,
- R

since
n—2,+q¢ 2 n+1,2,=0+qg+...+¢" ) +q¢*1+2¢+2¢* +... +2¢" + ")
=2 2 3 n—1 n n+1
=¢ “(14+2¢+3¢°+3¢ +...+3¢" +2¢"+¢")

=q"* [n]q 3]s,
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gln—2, 2, +n+1,=¢1+2¢+2¢*+... +2¢" > +¢"H+(1+q+...+q¢")

=14+2¢4+3+3+ ... +3¢" 2 +2¢" + "

=[n — 1] [3],,
and
¢’ [n — 2l qln—=2g[n+1],  [n+1],
[n]q [n]q [n — 1](1 [n — 1]!1
_4 [?n]_ 2 [n][n;i]ql] (@U+g+@+. ")+ (1 +g+...+¢")
T R B
:ﬁ (Pl+g+...+¢" )+ 1+qA+q+...+¢")
1
:@[3]q [n]y = [3q
Therefore,

[2n—4|J\—5] C
3 1—2.3.(3— n—2|J|-3 1~ 1,J
S(I,J) = (~1)°A72%6. B

= 8'(I,J).
n—2|J]| }O«LJ

For the case (4), I = {i1,41 + 1,43} with iy + 3 < i3, and then

o J<pl,

J%FJU{'L.l‘f‘l}%F],

J <r JU{Z3} -<FI,

J <r JU{il,il—Fl} <r I,

J <F JU{i1+1,i3} <r [,

J%FJU{Z.l—Fl}<FJU{i1,i1+1}<FI,

J%FJU{'l.l—Fl}-<FJU{2'1+1,Z'3}—<FI,OI
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o J<p JU{’L3} <F JU{i1+1,i3} <r 1.

So,
SU.J) = Ciy N Crognr1y,s  Cravgi+y N Coogisyg  Craugisy
Crg Cra Cyugin+1},00fi+1} Crs Crups).iugs)
N Crufinin+1},d C1,00{ir i +1) N Coufintijisht Cr ot +1.s)
Cry Crufin,in+1},J040 i +1} Cry ClrUgin 1108} JULi 1)
_ COuginryg Covginatyautny Crovgiisy
Crg Croinraotiny  Coufivint1}.J0fii+1}
_ COuginsyg Couginsris}Jufi+1) Cr.10{i 1.3}
Cr Crofins1y,aufin+1y Cougin41,is),J0fii+1,i3}
_ Ciuiayg Cougin s}, Jufis) Criufin+1,is)
Cr Crogistaotist Caufin4ish JUin+1s}

By Lemma [3.2.3]

CI,J _ A—2(2i/1+ig+1)+3(9—n/—1£1—.‘452—}-1)—‘1-%/(3/{1—/{2)4—%(/{1—/{2)2 . |:n1/; 3:| |:le ;— 1:| [Zé o 2]7
—2(4} —n'—Kk1—K 2 (31 ko) + L (51 -k n'—1|.
Crogiss1y.y = A72EFDFE —m—rat D5 (B ) g (m—2)? { Y ] [y + 1],
A—Q(i’l+i§—2)+2(6—(n’—2)—n1—n2+1)+"/;2 (3H1—I€2)+%(/€1—/€2)2 . |:TL, - 4:| [Z/][’l/ . 3]
! _ 1 1 3 )

Craofin+1y =

W =2 (g o)+ L (k1 —n n —2
CJU{'i1+1}7JU{i1+1} = CJU{is},JU{i3} = A 2 (3K1 2)+2( 1 2)2 . |:M, i} 1‘|’

Ciugisy,g =

A—Z(ig)+(3—n/_nl—524-1)_1,-%/(351_,{2)_4_%(,41_%2)2 ' |:n’ _ 1:| [/]
/ )

A_2(2i/1+1)+2(6_(n/_2)—ﬁ?1—H2+1)+n/2_2 (351_52)+%(,{1_,{2)2 ) |:TL, — 4:| |:Z/1 —+ 1:|

Craugisy = . ,

Croinirt1}.g = A—2(2i3+1)+2(6—n/_m—52+1)+%/(3,@1_,§2)+%(,{1_52)2 . {n’ _ 2} [z”l + 1}
11,21 5 ,

W 2
—2(i,—4)+(3— (n—4) — K1 — K +1)+ 2= (351 —kin) + 3 (1 —2)? n' —5].,
Craugininsy = A 2 > =2 [i5 — 4],
W3 e Vil ez | —4
CJU{il,il-‘rl},JU{il,il—l-l} = OJU{i1+1,i3},JU{i1+l,i3} = A 2 (3 1 2)+2( 1 2) . |:M/ B 2:| ’

Coufir+1iisys =

/ ! _
A2 D) 26— k1 —hp 1)+ B (B — )+ 4 (k1 —k2)” [n / 2] il 1),
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/ / J—
Cr g s1yy = A72EFG- (0 ——m—mat D52 @)+ 5 (m—r2)” [n 5] [i1],

=2

:/ / n/— TL, — 3
CJU{il,i1+1},Ju{i1+l} — A2+ 6= (' =2)—rm—ra+1)+ 15 2 (3k1—rK2)+ 5 (k1—K2)? |: :|[/]

w—1

—2(ih— —(n'—2)—kKk1—K n/—2 K1—kK Liki—k n/—3 :
Croginttintufinsty = A 2(4—2)+(3—(n' —2)— k1 —Ko+1)+ 252 (3k1 —k2)+ 5 (k1 —k2)? | [ ][13—2]

w—1

and
72(i’1+1)+(37(n’72)7ﬁt1752+1)+n/;2 (3k1—k2)+3 (k1—k2)? | [nl -
p—

3.
Crofin+1is), 00405y = A J [} +1].

Then, using previous results, it follows that

Ml + 0ol - 31 Al ]
CJJ S([,J)—OLJ <—1+ l,t i"u+1 » o Mn/,?) FE]
A Al — 2) 3 A L - 2]
TGN =4 AT+ 1l - [
+ '—47 0/ =37 [¢+17 147 + n/—47 [n/ =37 [ +17 1/
P e -2 R T
AP AU =4 AT+ 0 = 2 1)
o Lo 1 o i — 2] o Lo T o i — 2]

B ) varfﬂh-+umfihﬂ>
o Lo T [l — 2]
(L AR W2
~cnr- g R )+ g
+A_8[Zé . 1][2]) . A ?Ezl__4]1][2] (A [23 - 4] + A4 [Z3] ))

[i5 — 2] [i5 — 2]
=Cry- (—1 + A_Tg,z/ _3?[3] + A_TT[Z’L/—_ZS] 8l _ A 12% n -1 %[ ][2])

(s
= (_1)314_2.3.(3_1) ' [275’735] Cr.
since
gn =342+ [0l =¢1 +2¢+ 2+ ...+ 2"+ ¢ H+ A +q+...+¢"Y
=14+204+3¢+3¢+ ... +3¢" 3 +2¢" 2+ ")

=[n = 2]y 3y,
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[n — 4], + q 2 n—1],2l,=014+q¢+ ...+ q"*‘r’) + q*2(1 +2¢+2¢°+ ... +2¢" % + q”*S)

:q*2(1 +2¢+3+3¢3+ ... +3¢" 2 +2¢" % + q”fl)

=q " [n— 2], Bl
and
Cn—4,+qn—-2,n,=0+q+...+¢" ) +ql+qg+...+¢")
+(I4+qg+...+¢" "
=1+2¢+3¢+3¢+...+3¢" +2¢" 2+ ¢
=[n — 2], [3],-
Therefore,

[277/:24‘[}7‘\:35} 1,J
[2n74|J|75} c, =S, J).

n—2|J| oS

S(I,J) = (~1)A72360).

For the case (5), I = {i1,42,i3} with i1 +2 < iy + 1 < i3, and then

J—<F],

J<F JU{’“} <F[7

J <F JU{iQ} -<FI,

J < JU{Z3} -<FI,

J <r JU{il,iQ} <r 1,

J <r JU{il,ig} <r [,

J <p JU{iQ,ig} <p 1,

J <F JU{Zl} <r JU{il,iQ} <r I,

J <F JU{ZQ} <F JU{il,ig} <r 1,
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J < JU {’Ll} <rp JU {il,’i3} <p 1

J <p JU{is} <p JU{iy, i3} <p [

J <F JU{ZQ} <F JU{iQ,ig} <r [, or

J <rp JU {’Lg} <rp JU {ig,’ig} <pl

So,
S Cry . Ciriyg  Craoginy Ciugisy,g  Crugisy
(I,J)=— + : -
Cry Crr Ciugiy,gufiny Crr Ciufisy,gufis)
Crotisy,g  Craufisy Crufiriny,g Cr,004i1 i}
_|_ . _|_ .
Crr Ciufis),gufis) Cry Cr0fin io}, JUin iz}
CJU{i1,i3},J CI,JU{i1,i3} CJU{iQ,i3},J CI,JU{iz,ig}
+ . + .
CJ,J CJU{i1,’i3},JU{’i1,i3} OJ,J OJU{iQ,ig},JU{iQ,ig}
Gy Cougivinyauginy - Craugivia)
Crr Crofiny, oty Caufininy, JUfiniz)
~ Couginyg Cavtiniin}autiny - Craugivia)
CJ,J CJU{iQ},JU{iz} CJU{il,iz},JU{il,’iz}
Oty Couginiayaoginy - Craugivia
Crr Crofiny, oty Caufinis}y,JUfinis)
~ Coutisyg Cougivisyoutisy Craugivis)
Cr.r Crogisy,augist Caufinis},JUfinis)
~ Couginyg Cotfinia}autiny - Craufina)
Crr Crufiny,guginy Caufinis},JU{izis)
~ Coutisyg Cotfiniisyovtisy Craugings)
Cry Crogisyautist  CaUfis,is}, JUfizis}

By Lemma [3.2.3]

)

Y, ’ n I 3
CI ;= A—2(zl+22+13)+3(9—n —m1—m2+1)+7(3n1 ng)—f— (k1— m)2 |:TL Iu, :| [2/1][2/2 . 1][@3 . 2],

CJU{il}J = A_Q(l )+(8—n'—Kr1— Ka+1)+% (351 K2) %fﬂ Kg)2 |:n Iu/ :|
CLJU{il} :A72(i/2+i/374)+2(67(n/ 2) k1= ”2+1)+n 2(3%1 Ii2)+ K1— K2 |;Z, }
2 (3k1—K l H K n — 2
CJU{i1}7JU{i1} = CJU{ZQ},JU{ZQ} = CJu{z‘3},JU{i3} = A (Bk1—K2)+5(rk1—K2)? | |Ju, -
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! / o
Crufiny,g = A—2(i5)+ (=" —r1—ra+ 1)+ % (3k1—r2)+ 5 (k1 —k2)? | {n 1] [i’],

A—2(z"1+i'3—2)+2(6—(n'—2)—n1—52+1)+%(3m—ng)+%(m—f;2)2 ) {n - 4] [i'][i’ . 3]7

O],Ju{iz} - ,u/ B i,
! / o
Crufisy,g = A 20)+B=n'—R1—ka+ 1)+ (3r1—ro)+ § (k1 —K2)? {n b 1] ol
i i / n/— ! 4
Crugisy = A 200 i) +2(6— (' =2) =1 —ka 1)+ 252 (k1 —h2) 5 (1 —ka)® {Z’ — J (4] i, — 1],

/ / —
Coiniagy = A=2HE 26— 1)+ (a1 m2)? [" 2] [l — 11,

W

A*2(ié*4)+(3f(n/f4)71€17K2+1)+n/274(31€171€2)+%(1{17ﬁ:2)2 . |:n/ - 5:| [2/ . 4]7

Cru0ti s} = W — 2

An,2_4(3ﬁl—ﬁ2)+%(f€1—52)2 . |:n/ _ 4}7

CJU{Z-LZ-Q}JU{Z'LZ'Q} = CJU{i1,i3},JU{i1,’i3} = CJu{iz,is}JU{iQ,i:a} = w—2

CJU{Z'l,is},J =

/ ! J—
A2EHE) A6~k —ka )+ (Br1—ka)+3 (ki —2)? [n Y 2} (1]l — 1],

A—2(i’2—2)+(3—(n’—4)—/@1—/@2+1)+”/2_4(3/41—/42)—#%(/41—/42)2 . |:n/ - 5:| [~/ o 2]7

CI,JU{’il,i;s} = w—2 "2
—2(34 —H")+2(6—n’—ﬁ1—52+1)+"—,(3N1—H2)+l(51—/@2)2 n'—2 AR
Crifinsizy, g = A2 2 2 ' , | lin][is — 1],
! / —
Crtufinia) = A~HOHC= () =ra—ra )+ 252 (G ko) + 1 —r2)? [Z, B g] [44],

n' —3

pw—1

Cr0firin}.a0(iny = A 252+ B0 =21 ot )+ 2 (3m1 ) § (1 ) {

Jit -2,

A*Q(’i/l)+(3f(n/72)fhl17&24’1)4’%(3%17&2)4»%(%17%2)2 . |:TL/ - 31 [le],

CJU{il,ig},JU{iQ} = ,u’ -1

—2(i’3—2)+(3—(n’—2)—51—m2+1)+n/2_2 (3/@1—52)—&-%(/&1—52)2 . |:7’L/ - 3:| [Zl _ 2]

Crutin sy aufiny = A w—1|"

—2(4} —(n'=2)—k1—K =2 (3461 — k) + L (w1 — ko) n'—3],.
CJU{il,ig},JU{’ig} - A 2(i)+(B—(n'=2) =K1 =Ko+ 1)+ 5= (Brk1—K2)+5 (K1 —K2)* | [u/ ] 1:| [ /]’

A—2(ig—2)+(3—(n/—2)—nl—ng—l—l)—l—%(&m—/12)—4—%(/@1—/@2)2 . |"I’L - 3} [Zg . 2]7

CJU{i27i3},JU{i2} - Iul -1
and
., / n/— F— 3
Critinis} Jufiy) = A2 G- =D =momtl) 4 2 (3m—ra)+3(m—r2)? [Z, _ J [i5)].
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. n'—4771 - .

J 5105 — 1][i% — 2]

iy — 1l = 2]

w—1
n’/—3

w

J 5105 — 1]l — 2]

Ll ]
il el
i s i

] (A%, — 2][

n'—57 71+

S — 1][i — 2]

Sl — 1][i — 2]

I

n’—4] [n’
n

=2

i
I
1

n =177,

A

n/—2

w—1
n/—4
w2

I

Cry- (—1 +

[

n'—2

Thus, from the previous results, it follows that
w—1

)

— 3] + [iy — 1][d

J[i3

— 3] + A4,

/
3

A8 —1]

[ = 3][iy — 1][i5 — 2

A78[n' — 2]

f—
-~
R
=
2,
|_|
=
|
-~
o,
N
_ S5
== +
g N
|
H &
<t e
_ <
== +
= ¥
| |
~ ~ M
o, L,
0 o0
< <
N =
| S
S
W./zw
1W1
| =
o | |ex
RS
= B|=
|7
< |~
NS

A2 — 1][3)
[ — 4l — 1]l —2

~2+15)

A’ — 2][3

— 4] + A'Yi

/
3

] (A%

A2’ — 1][3)2]

A~8[n' —1][3]

Crg- (—1 +

= S'(1,J).

=4

1C1.
°1C,.,

n—2|J|—3

24l J|—
n—2|J|

2n—4|J|—5

4]
[
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—23.(3-1) [

(-1)°4A

CI,J7

|
]

]
2n'—5
n'—3
2n’—5
n/

[

S(1.J)

6|

(_1)3A—2~3

Therefore,
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