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ESSAYS ON RETAIL OPERATIONS

Ismail Kirci, PhD
The University of Texas at Dallas, 2018

Supervising Professors: Dorothée Honhon, Co-Chair
Alp Muharremoglu, Co-Chair

This dissertation consists of two essays, each focusing on an important topic in retail oper-

ations. These topics are each summarized below.

In the first essay, we investigate the optimal pricing and package size decisions of a retailer
selling a perishable product either in packages or in bulk. Bulk sale is defined as selling the
product in a container (instead of packages) that allows customers to buy as much or as
many as they want. We analyze how adding a bulk sale option affects the optimal decisions,
when it is optimal to offer the product in package/bulk and when it is optimal to offer both
at the same time. We also investigate implications of the pricing and package size decisions
as well as the bulk sale option on the food waste at the consumer level. According to our
results, when the market is homogeneous, selling the product in packages instead of bulk
gives twice more profit to the retailer but it also gives twice more relative waste. When
the market is heterogeneous with two consumer segments, adding a bulk sale option could

increase expected profit up to 12 percent and could decrease relative waste up to 8 percent.

In the second essay, we work on the multi-period assortment problem for a retailer with
variety-seeking/avoiding consumers. If consumers are variety-seeker, they are not likely
to buy the same product in two subsequent periods. If customers are variety-avoidant,

their probability of repeat purchase is high. We assume that each consumer‘s variety seek-
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ing/avoiding tendency is characterized by a parameter V' € [—1,1]. In our analysis, we
consider two different firm types which we call the Dynamic and the Static firms. The
Dynamic firm optimizes the profit over the entire horizon by changing (if necessary) the
assortment offered in each period dynamically, whereas the static firm has to decide one
assortment to offer throughout the horizon. We provide some structural results for the finite
and infinite horizon versions of the problem. We show that the existence of variety seek-
ing/avoiding behavior decreases the retailer's profit. For the infinite horizon problem, we
show that the static firm’s optimal assortment is a popular-eccentric set and for some cases
repeating to cycle between two assortment yields more profit than offering the same in each

period.
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CHAPTER 1

INTRODUCTION

This dissertation consists of two essays, each focusing on an important topic in retail oper-
ations. These topics are each summarized below.

In the first essay, we investigate the optimal pricing and package size decisions of a retailer
selling a perishable product either in packages or in bulk. Bulk sale is defined as selling the
product in a container (instead of packages) that allows customers as much or as many as
they want. We analyze how adding a bulk sale option effects the optimal decisions and when
it is optimal to offer the product in package/bulk and when it is optimal to offer both at
the same time. Our second objective is to find out implications of the pricing and package
size decisions as well as the bulk sale option on the customer food waste. Food waste is
a very important problem of the modern world. According to the United Nations Food
and Agriculture Organization (UNFAQO, 2017), about one third of all food produced in the
world ends up as waste. According to a recent report by ReFED (ReFED, |2017), which
is a non-profit organization dedicated to reduce food waste in the United States, adjusting
packaging size and design alone could result in 208,000 tons of diverted food waste. We
investigated three versions of the problem: homogeneous market, heterogeneous market
with two customers and infinitely heterogeneous market. According to our results, when
the market is homogeneous, selling the product in packages instead of bulk gives twice more
profit to the retailer but it also gives twice more relative waste at the consumer level. When
the market is heterogeneous with two consumer segments, it is never optimal to sell the
product only in bulk and depending on the proportion of consumers in the market and their
relative consumption amounts it could be optimal to introduce bulk sale besides package
sale. When bulk and package sale co-exist expected profit could increase up to 12 percent

and relative waste could decrease up to 8 percent.



In the second essay, we work on the multi-period assortment problem for a retailer with
variety-seeking/avoiding consumers. In product categories where consumers have large con-
sideration sets and make many choices over time, there may be some desire for more variety
because of satiation or curiosity. This is called variety-seeking behavior (Kahn et al. (1986
and others). For example in the yogurt category, consumers tend to purchase some flavors
they like and some they just want to try. In other products categories such as paper products,
consumers tend to be loyal towards one brand and buy the same products constantly over
time. This is called variety-avoiding behavior. If customers are variety-seeking, they are not
likely to buy the same product in two subsequent periods. If customers are variety-avoidant,
their probability of repeat purchase is high. In order to capture variety seeking/avoidance
behavior we borrow the model from |Givon| (1984) and adopt it to the assortment planning
problem. As Givon| (1984)) does, we assume that each consumer is characterized by a pa-
rameter V' € [—1, 1] which measures the consumer’s attitude towards variety such that: (i)
V' =1 corresponds to the extreme search for variety case, (ii) V' = 0 means consumer has no
utility (positive or negative) from active search of variety and (iii) V' = —1 means consumer
tries to avoid variety at all costs. In our analysis, we consider two different firm types which
we call the Dynamic and the Static firms. The Dynamic firm optimizes the profit over the
entire horizon by changing (if necessary) the assortment offered in each period dynamically,
whereas the static firm has to decide one assortment to offer throughout the horizon. We
consider the assortment problem both under finite and infinite time horizons. According to
our results, the existence of variety seeking/avoiding behavior decreases the retailers profit
compared with non-existing case. For the infinite horizon problem, we show that the static
firm’s optimal assortment is a popular-eccentric set and for some cases repeating to cycle

between two assortment yields more profit than offering the same in each period.



CHAPTER 2
PACKAGE SIZE AND PRICING DECISIONS WITH A

BULK SALE OPTION

2.1 Introduction

The very thin margins in today’s retail industry force retail companies to search for innovative
strategies to extract more profit from their customers. Packaging is one such strategy, which,
according to |[Kuvykaite et al.| (2009) has an important role in marketing communications
and is one of the most important factors influencing consumers’ purchase decisions. Their
empirical research on purchase decisions of milk and washing powder shows that package
size and material are the most important visual determinants of a customer’s purchasing
decision.

In this study, we consider a perishable product, in the sense that it expires in the amount
of time between two customer shopping trips to the store. When doing their shopping,
customers often do not know precisely how much of a product they will consume until their
next visit to the store. Since the purchase decision is made before the consumption occurs,
there can be a mismatch between the two quantities: buying more than their consumption
needs will result in waste as the excess product perishes; buying less will result in a shortage
(and possibly a trip to the convenience store where the product is sold a higher price).
We assume that customers take into account the relative costs of waste and shortage when
deciding how much of the product to purchase. When the product is offered in packages of
a pre-set size, the customer’s purchase quantity is restricted to be a multiple of the package
size. For example, if the consumer predicts her consumption of the product to be 3 units
and the product is offered in packages of 2, she has to decide between buying less (1 package
of 2 units) or more (2 packages of 2 units) than her desired quantity.

Buying more than the desired purchase quantity will likely lead to some wastage as the

excess product will expire before the next shopping trip. In the grocery industry, large



package sizes are known to contribute to food waste which is a very important problem,
worldwide. A number of recent studies estimate the scale of global food waste and show
how devastating it is. According to the United Nations Food and Agriculture Organization,
about one third of all food produced in the world ends up as waste and the value of this
waste is estimated at $750 billion, at producer prices. Buzby et al. (2014) estimated that,
in the United States, 31 percent of the 430 billion pounds of available food supply went
uneaten in 2011, with losses at the retail level representing 10 percent (43 billion pounds)
and losses at consumer level representing to 21 percent (90 billion pounds) of the available
food supply. The estimated total value of food loss at the retail and consumer levels in the
United States was $161.6 billion in 2010. Beyond these economic considerations, food waste
also has a important environmental cost as rotting food in landfills is the largest contributor
to methane emissions which cause global warming.

According to a recent report by ReFED, (ReFED) 2017)), which is a non-profit organiza-
tion dedicated to reduce food waste in the United States, optimizing package size and design
to ensure complete consumption by consumers can help to reduce food waste. According
to their estimates, adjusting packaging size and design alone could result in 208,000 tons of
diverted food waste.

In recent years, some retailers have introduced a new way to sell products to consumers
called bulk sale. In practice, the term bulk sale has two different meanings: the more common
one refers to the selling of a product in large packages at a substantial price discount, typically
at big-box retailers such as Costco and Sam’s Club in the United States. The second meaning,
which is the one we use in our study, refers to the selling of a product in large bins from
which customers can help themselves to the exact quantity they wish to purchase. This
type of bulk sale is most commonly found in premium grocery stores such as Whole Foods
Market and is available for products such as flour, nuts or peanut butter. Other examples,

which also exist in many traditional supermarkets, include the selling of fruits such as kiwi



and apples individually, as opposed to in packs of 6 and the selling of eggs by the unit
instead of in cartons of a dozen or half a dozen units. From a consumer’s perspective, the
bulk sale option has the advantage of offering the flexibility to purchase exactly the desired
quantity, which should lead to a lower amount of product waste. For this reason, bulk sale
has been presented as a potential way to reduce the amount of food that is wasted due
to packaging. From a retailer’s perspective, selling the product in packages may have the
advantage of forcing consumers to buy more than their desired purchase quantity, leading to
more sales and more profit. However, we hope to show that offering the bulk sale option, at
the appropriate price, could be a profit-enhancing decision for the retailer. Hence, the bulk
sale option can be beneficial to both society and the retailer’s bottom line.

In this paper, we study a retailer’s optimal package size and price decisions when a
perishable product is sold in packages and/or in bulk and investigate the implications of
these decisions on waste. In doing so we answer questions such as: How does the existence
of a bulk sale option affect the optimal package size and price? How effective is a bulk sale
option at reducing consumption waste? How does customer heterogeneity affect the retailers
optimal decisions?

Literature Review:

Finding the optimal package size and price without the bulk sale option is already a
difficult problem and there is only limited theoretical work on the topic. |Gerstner and
Hess (1987) study a version of the problem where a monopolist tries to sort consumers in
the most profitable way by using different package sizes and prices for different Segment of
consumers. In their model, they assume that there are two segments of customers in the
market and the consumption rates of the customers are fixed. They show that, by offering
several package sizes at different unit prices, customers are automatically sorted into market
segments and this allows the seller to extract more consumer surplus and to earn higher

profits. [Koenigsberg et al.| (2010) focus on package size and price decision for a perishable



product assuming heterogeneity in the consumer usage rate and allowing consumers to buy
more than one package. They show that the size of the package should be as small as
possible when product cost increases as a linear or convex function of package size. Their
results also indicate that small package sizes reduce product waste by allowing consumers
to match the purchase quantity with their requirements. One important difference between
our study and these two studies is in the way we model the consumer purchase behavior: we
take into account the uncertainty in the consumption amount faced by the consumers using
a newsvendor model formulation.

There are also a number of empirical studies which investigate different behavioral issues
related to package size. |(Granger and Billson| (1972)) show that displaying the unit price of the
product to the consumers (as opposed to just the package price), leads to significant changes
in the chosen package size. Wansink| (1996)) studies the issue of whether larger package sizes
lead to more usage and shows that large packages of familiar, branded products encourage
more use than small packages. Allenby et al.| (2004) investigate the effect of a price reduction
for a package size for a particular brand in terms of substitution of demand across brands.
Jain| (2012)) studies the impact of the package size of so-called vice goods (i.e., goods for which
a moderate consumption is not harmful but excessive consumption has long-term harmful
effects such as potato chips, cookies, ice cream, alcohol etc.) on consumers’ self-control
problems and investigate the conditions under which firms will offer small packages to help
consumers combat excessive consumption.

To the best of our knowledge, there is no study that considers package sale and bulk sale
simultaneously.

The paper is organized as follows. In §2.2| we develop our model. In we present
how consumer choice change depending on package sale and bulk sale options. In §2.3]
and we investigate optimal solutions when the market is homogeneous, heterogeneous

with two segments and full heterogeneous respectively. In we discuss three extension to



§

our model. In §2.7) we conclude and discuss further research directions. Unless otherwise

stated, all proofs are in the Appendix.

2.2 Model

A retailer is selling a unique perishable product to a population of heterogeneous customers.
We assume that the product’s expiration date coincides with the timing of the customers’
next shopping trip and refer to this length of time as a period; in other words, we are
focusing on perishable products which are bought regularly (e.g., once a week) such as fruits,
vegetables, juices, eggs, dairy products, meat, etc. At the time of purchase, consumers do
not know precisely how much of the product they will wish to consume until the end of the
period.

There exist K different customer segments in the population; let . denote the proportion
of customers from segment k in the population, for £ = 1, ..., K such that Zszl ap = 1.
Customers differ may in how much they value the product, how much they wish to consume
as well as in their cost of wasting excess product and running out of it. Let v; denote the
product valuation for customers in segment k = 1,..., K. Let Dy be a random variable
denoting the quantity which consumers from segment £ would like to consume over a period,
which we refer to as their consumption needs, and let Fy and u; denote its cdf and mean
respectively. Any quantity which has not been consumed by the end of the period has to
be discarded, for which the consumer incurs a cost. Running out of the product before
the end of the period also comes at a positive cost. Let wy and 7 respectively denote the
waste cost and run-out cost for customers from segment k. In practice, the waste cost could
corresponds to the cost of composting the excess product or the mental anguish that some
waste-conscious consumers may incur when throwing away food which they can no longer

consume, while the run-out cost could correspond to the incremental cost of buying the extra



quantities at the corner store where products are typically sold at a higher price than at the
supermarket as well as the opportunity cost of such ”emergency” shopping trip.
Let Ui(Q) denote the expected gross utility a customer from segment k derives from

purchasing @ units of the product, which is calculated as:

where E[Dy —Q]" is the expected shortage quantity and E[(QQ — Di|" is the expected waste.
If the distribution of consumers’ consumption needs D; has a uniform distribution on
0, Bg] for k =1,..., K. In this case, the expected gross utility of a consumer as a function

of purchase quantity @ is:

B +7)(Br—Q)*+wQ@?
UT&_(’U m)( ZBS) wQ for Q < By

UL(Q) = (22)
VB —w(Q-2)  forQ> B

2 2
Note that the second part of the equation corresponds to cases where the purchase amount is
larger than the maximum value of the customer segment’s consumption needs. As mentioned

By

earlier, the utility of buying nothing is negative and specifically equal to u;(0; s, P?) = —=kr.

Also we have u(By; s, PP) = M. In what follows, we assume that ¢ > W%wk for
k= 1,..., K. While all of our results hold when this condition does not hold, imposing
this lower bound on the unit variable cost greatly simplifies the exposition of our results as
it guarantees that no customer will buy more than their maximum possible consumption
needs By. This is because it implies that uy(0; s, PP) > u(By; s, PP) for PP > ¢; therefore all
consumers prefer buying nothing to buying a quantity larger or equal to B;.

The retailer can decide to sell the product in packages of a fixed size s or in bulk, which
means that customers can buy the exact quantity they wish. The product unit price is

PP when sold in package form (so that the price of one package is sPP) and P” when sold

in bulk. We assume that customers either buy a (discrete) number of packages or use the



bulk sale option. Let u} (i, s, P?) denote the expected net utility a customer from segment k
derives from purchasing i packages of size s at a unit price of PP and let u%(Q®, P®) denote
the expected net utility a customer from segment k derives from purchasing Q° units of bulk

at a unit price of P°. We have:

uf (i; s, PP) = Ug(is) — PPis forieN

up(Q% P) = Up(Q") = P*Q" for Q" € R*

Note that purchasing nothing from the retailer leads to a negative utility (equal to —ryug).
We argue that this makes sense given our focus on products which are purchased regularly,
that is, that are staples of the consumers’ diet and therefore, for which an insufficient (or
zero) quantity purchased leads to an intolerable shortage - forcing the customer to make a
trip to the more expensive corner store to purchase the item after the her consumption needs
are revealed.

Customers are expected utility maximizers; they choose the quantity of packages 1 € N
or the quantity of bulk Q° € R* so as to maximize their net utility given the package size
s and the unit price of package PP and bulk P’. As a result their expected net utility from

purchase is given by:

P(s D brnb pp
max{r?ez%\lxuk(z,s,P ),Qrilealégr un(Q°, P )}

Note that, when PP > P® every consumer (weakly) prefers to buy in bulk since it is cheaper
and allows them to buy the exact quantity they desire. In case of a tie for the maximum
expected net utility, we assume that customers buy the largest number of packages which
gives them maximum utility.

Let ix(s, PP, P®) and QZ(S, PP, PP) respectively denote the number of packages and bulk
quantity purchased by customers from segment k as a function of package size, package unit
price and bulk price. Because we assume that customers will either choose the package or

bulk sale option, at most one of these two quantities is positive.



The retailer chooses the package size s, package price PP and bulk price P’ so as to

maximize his profit denoted by 7. Formally, we have:

=

max (s, P*, P") =3 o [(Pp — )i(s, PP, PY)s + (PP — 0)QU(s, PP, PY) (2.3)

pp pb
s,PP, —1

where ¢ is the retailer’s unit variable cost of selling the product. Note that we focus our
analysis on prices which satisfy ¢ < PP < PP’ The first condition guarantees that the
profit margin on the product is positive. The second condition comes from the fact that no
customer would buy a package if PP > P, as argued above. Also note that the retailer does

not give out quantity discounts for buying large quantities in bulk or multiple packages.

Discussion of the modeling assumptions

In this section we discuss some of our modeling assumptions. First we make a number of
simplifying assumptions regarding the different parameters which are included in our model.
We assume that the retailer’s unit variable cost is the same for selling the product in packages
or in bulk. In practice there may be a difference, such as an extra cost from packaging the
units together. Also we assume that customers value the product equally whether it is sold
in packages or in bulk when, in real life, some customers may have a lower valuation for
the product when it is sold in bulk due to hygiene concerns; others may value the products
bought in bulk more because they were able to hand-pick them. Similarly we assume that
the waste and run-out costs are the same whether the product was bought in bulk or in
package at the start of the period, which we argue makes sense given on interpretation of
the run-out cost as the cost of buying extra units of the products at the more expensive
corner store and given that the waste cost captures only the un-consumed product itself, not
its packaging. We also do not include the inconvenience cost to the customer from buying
products in bulk, that is, grabbing them one by one or using a scoop, putting them into a

bag or container and possibly having to weigh them in order to generate a price label.
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Regarding our consumer choice model, we have assumed that consumers either buy the
product in bulk or in packages (or not at all), that is, we do not allow customers to purchase
a combination of packages and bulk. This assumption is motivated by practical concerns as
we observe that in practice, most customers choose between the two options.

Further, we assume there is a unique package size s. While the multi-package size prob-
lem is certainly interesting, our goal is to compare the bulk and package sale options and
specifically, we want to focus our analysis on the tradeoffs faced by the retailer when de-
signing a package size for multiple consumer segments. With multiple package sizes and
multiple consumer segments the problem at hand becomes one of allocating package sizes to
consumer segments and doing so involves carefully pricing the products so as to meet the
incentive-compatibility constraints. In practice, due to space and handling constraints, the
number of possible package sizes which can be offered in a store is generally limited and
typically significantly much smaller than the number distinct segments in the population.
Hence, we believe that the single-package size problem we consider constitutes a relevant
first step in understanding the impact of bulk on a retailer’s profit and on consumer waste.
We also note that a typical grocery store contains multiple examples of products which are
offered only in bulk and in a unique package size. For example, many stores propose one-size
bags of pre-cut cold meats and cheese which can also be purchased at the store’s deli counter.
Whole Foods Market sells its in-store-prepared peanut butter in a large jar from which con-
sumers can help themselves to fill up plastic containers as well as in pre-filled containers of
a unique size which are available for grab next to the jar. Target sells kiwis by the unit or
in pre-packaged boxes of eight and oranges in bulk next to bags of six.

Note that the bulk option can be viewed as a package of the smallest possible size: for
products which can be purchased in continuous quantities, such as flour or maple syrup, the
size of the package is an infinitesimal quantity; for products which are by nature discrete,

such as eggs or kiwis, the bulk option is a package of size one. Smaller packages are typically
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offered at higher prices, therefore this angle supports our assumption that the unit price of
the product in bulk is higher than the unit price of the product in packages.

In our model, the retailer has perfect knowledge of the consumers’ utility function pa-
rameters and consumption needs distribution and therefore can compute exact purchase
quantities for each segment given his decisions on package size and prices. As a result the
retailer does not hold any excess inventory and therefore does not incur any waste. Our
waste analysis is therefore focused solely on product waste at the consumer level. We argue
that this is relevant for many products such as dairy items for which studies report wastage
percentages of about 17% at the consumer level versus only 0.25% at the distribution and
retail level ((Gunders, 2012))).

Finally note that in our model, it is the retailer who makes the package size decision,
not the manufacturer. In practice this applies with products such as the above mentioned
peanut butter at Whole Foods Market and buns or cookies which are baked locally from the
retail store’s bakery section. In those instances the product is exactly the same when offered
in bulk or in package because it is either delivered in bulk form from the same supplier or
is prepared on site, then packaged right at the store. This situation further justifies our
assumption of equal valuation for the product when offered in bulk or in packages.

Our notation is summarized in Table 211

In what follows, let |x] denote x rounded down to the nearest integer (floor) and [z] is
x rounded up to the nearest integer (ceiling). Also let |z] denote the number x rounded to

the nearest integer.

2.2.1 Consumer Choice

In this section we show how to compute the consumer purchase quantity. We consider three
settings: (i) only the bulk sale option, (ii) only the package sale option, (iii) the bulk and

package sale options coexist and consumers choose between the two.
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Table 2.1: Notation

Symbol

Definition

Decision variables

pPr.
pPY

s

Parameters

Vg -
Tk @
Wi -
Fk .
M
(67773

-

Other variables

i
ik(S,Pp,Pb> :
Uk(Q)

uf (i)

up (Q°) -

*b .

k-

A

Wi (@)
Wi (@) :
(s, PP, P?) :

Package price (per unit)
Bulk price (per unit)
Package size

Product valuation of customers from segment k (per unit)
Run-out cost of customers from segment k (per unit)
Waste cost of customers from segment k& (per unit)

Cdf of consumption needs distribution for segment k
Expected consumption needs for segment £

Proportion of customers from segment k

Product variable cost (per unit)

Number of packages purchased by customer

Quantity purchased in bulk

Ideal number of packages for customers from segment k

Expected Gross Utility of customers from segment k

Expected Net Utility of customers from segment k from ¢ packages
Expected Net Utility of customers from segment £ from bulk quantity @,
Utility maximizing quantity for bulk purchase for segment &
Utility maximizing quantity for package purchase

if the package size was infinitesimally small for seg-

ment £

Expected absolute waste of customers from segment k

Expected relative waste of customers from segment &

Expected Profit of the Retailer

Consumer choice with only bulk sale option

When the product is only offered in bulk, customers can buy the exact quantity which

maximizes their expected net utility u?(Q% P?) = U(Q°) — P°QP. This function is mathe-

matically equivalent to the expected profit function of a classical Newsvendor model and is

a concave function. Let Q}° = arg maxgsep+ u? (Q%) denote the quantity purchased in bulk

by customers from segment k, given a bulk unit price P** which is given by the well-known
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newsvendor critical fractile:

F7L(0°) it PP <wp+7r
I (%) =R (2.4)
0 otw.

’UkJer*Pb

p— We refer to this quantity as segment k’s ideal bulk purchase quantity

where 0% =
given a unit bulk price of P°. If Segment k consumer’s consumption needs follow a uniform

distribution assumption, we have Q;° = 0% By.

Consumer choice with only package option

When the product is only offered in packages of size s, the customers’ purchase quantity is
restricted to be a multiple of the package size and the optimal number of packages is the one
which maximizes their expected net utility u}(¢; s, P?) = Uy(is) — PPis for i € N.

Let Q,” be the quantity which maximizes U(Q) — PPQ, which is segment k customers’
net utility ignoring the integrality constraint on i (it also corresponds to the expected net

utility from buying bulk at a unit price PP). We have:

F,;l(QZ) ipr§Uk+rk

*p
=
0 otw.
where 0] = %. We refer to this quantity as segment k’s ideal package purchase

quantity given a unit package price of PP. If Segment k consumer’s consumption needs
follow a uniform distribution assumption, we have Q,” = 6?By..

However, customers may not be able to purchase exactly @,” because they can only buy
a discrete number of packages of size s. Because the function U (Q) — PPQ is concave in @
and achieves a unique maximum at @,”, the number of packages purchased by segment k
customers, i.e., %k(s, PP), is either {QT‘CPJ or [QT"T depending on which value achieves the
highest net utility. Note that {QT’CPJ = 0 when s > @;’. We provide a simple numerical

example for illustration.
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Figure 2.1: An example of consumer decision in only package sale case

Example 2.2.1.1. Suppose Q,’ = 18 and s = 5. The consumer can only buy quantities
which are multiple of 5 (5, 10, 15, 20 etc.) as shown in Figure . Among these alternatives
buying 3 and 4 packages (15 units or 20 units of product) gives the highest utility. Notice
that these points correspond to {QT’CPJ = L%J = 3 and [QT’CP—‘ = {%W = 4. Since buying 4

packages gives more utility, consumer prefers to buy iff = 4 packages of the product (it could

be LQS’?J for some other values of s).

When PP is fixed, the number of packages purchased by customers, i.e., Ek(s, PP) is a
piecewise constant, non-increasing function of s, as customers buy fewer packages as they
get larger. As a result, the quantity purchased by customers, i.e., s%k(s, PP) is a piecewise
increasing function of s. Both functions are illustrated on Figure for one customer
segment.

When the package size is very small, customers are able to purchase a quantity which
is very close to their ideal purchase quantity Q;”. Points which are above this quantity

Qy

corresponds to cases where the purchase quantity is rounded up, i.e., ik(s, PPy = [TW and

points which are below this quantity corresponds to cases where the purchase quantity is
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rounded down, %k(s, PPy = {QT’CPJ The jump points on both curves are values at which the
customers receive the same expected utility from buying two successive numbers of packages.
More formally, let 7' denote the value of the package size s such that k-segment customers
receive the same expected utility from consuming n or n + 1 packages for n = 0,1, ...,, that

is, such that

uf(n,s, P?) =up((n+1),s, PP) (2.5)

Remember that we have assumed that, in case of a tie in the maximum expected net util-
ity, customers buy the largest number of packages which gives them this maximum value.
Therefore k-customers buy n + 1 packages when the package size is 7;'. In particular, they
buy one package if the package size is ) as they receive the same expected net utility from
buying one package or buying nothing.

Also, let v, ' = 400,

The ~; values can be used to express the number of packages bought by customers of

segment k, i.e., 2 as a function of the package size s, as shown in the following lemma.

Lemma 2.2.1.2. i (s, P?) is a non-increasing piecewise constant function of s for fixed
PP with thresholds v such that ix(s, PP) = n for s € [y2,7""), forn = 0,1,2,.... Also,
ix(s, PP)s is a piecewise increasing function of s for fized PP with the same thresholds. F'-

nally, %k(%’;, PP)p is decreasing in n.

The following lemma shows that, when the distribution of consumption needs is uniformly

*p
distributed, the optimal number of packages purchased can be obtained by rounding <& to

the nearest integer.

Lemma 2.2.1.3. For every given package unit price PP and package size s, under a uniform

distribution for Segment k consumer needs on [0, By, we have iy(s, PP) = {T’“p-‘
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Figure 2.2: Number of packages bought and total purchase quantity as a function of package
size when unit package price is fixed

Consumer choice with both bulk and package sales options

We now assume that the retailer provides both bulk and package sale options and the con-
sumers choose between these two options (or nothing). As mentioned above, we assume that
prices are set such that ¢ < PP < P’ so that consumers face a tradeoff between price and
quantity.

Given the results from the previous two sections, customers from segment k who buy in
bulk buy @Q;° units and customers who buy in packages buy either iZ or iff packages. As a

result, their expected net utility is given by
max {uy, (Q); P*), ul(iy; s, PP), uk(if}; s, PP)}

In case of a tie between the utility from the bulk sale option and the maximum utility from
the package size option, we assume that consumers buy the product in packages.
The following Lemma provides a sufficient condition for customers of segment k to select

the package sale option.
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Figure 2.3: An example of change of consumer choice by package size

Lemma 2.2.1.4. Assume PP < P°. If Q;* < sil then customers from segment k choose the

package sale option.

Example 2.2.1.5. Let K =1,v=5,r=05,w=1,B;, =15,P?P =24, P" =25 andc=1.
In Figure{2.3 we show a consumer’s purchase decision for two different package size options.
When the package size is & units, the utility of buying 6.9 units of product in bulk gives higher
utility than buying 1 or 2 packages of product (or buying 5 or 10 units). Hence, consumer
prefers to buy product in bulk. On the other hand, when package size is 6 units, consumer

prefers to buy 1 pack of product to buying in bulk (or buying 2 pack) since this gives more

utility.

The parameters that the retailer has control over are bulk/pack price and package size.
In the following example we show how consumers decision change depending on these pa-

rameters.

Example 2.2.1.6. Let K = 1,0 =5,r =0.5,w =1,B;, =15 and ¢ = 1. In Figure{2.] (a)
we show how consumer’s purchase decision change by P° and PP when s = 5. Due to the

selection of high (relatively) package size, consumer choose bulk purchase in the majority of
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Figure 2.4: Change of consumer‘s choice by P?, P’ and s (Example [2.2.1.6])

the area. As can be inferred from Fz'gure (b), the area of bulk purchase is going to shrink
as s gets smaller because consumer is better off buying in small packages since it enables

consumer to better match her demand and purchase amount along with paying less per unit.

2.2.2 Retailer’s Optimal Decisions

In this section we investigate retailer‘s optimal decisions under the assumption that segment
k’s consumption needs Dy has a uniform distribution on [0, Bi] for k =1, ..., K.

Besides reporting the retailer’s optimal decisions, we also investigate their impact on
the expected waste quantities at the consumer level. Let Q)i be the total product quantity
purchased by Segment k consumers (either in bulk or in packages). We calculate both

expected absolute waste, calculated as W*(Qy) = E[Qr — Di|t and expected relative

Wit (Qr)

on In practice absolute waste measure the total

waste, calculated as W/(Qy) =
physical quantity of product which is thrown away (a relevant metric for estimating how
much is potentially sent to a landfill) and relative waste measure the percentage of product

purchased by the consumer which is wasted (a relative metric when comparing different
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settings such as with and without the bulk sale option). When Dy, is uniformly distributed

on [0, By, the absolute waste from Segment k consumers is equal to:

9 <B
2B fOTQk_ k

Wi (Qr) = (2.6)
Qn— 2t for Q> By
We also report total expected absolute and relative waste across all K segments as W%*(Qy) =

K aos
SO W (Qi) and Wl (Qy) = Bt (@),
2 ket 2k Qk

In what follows we study the retailer’s optimal package size and pricing decisions in a

number of different settings. We first consider the case of an homogeneous market, that
is, when there is only one consumer segment. Next, we consider the heterogeneous market
case with two different consumer segments who differ in their maximum consumption needs

quantity By, but have the same the same product valuation, waste cost and run-out cost.

2.3 Homogeneous Market

In this section we consider the case of a unique customer segment. We let By = B, v, =

v4r—PP

i - n this case, since all customers behave identically

v,w = w and 1, = r and set P =
and purchase either only in packages or in bulk, it is optimal for the retailer to offer only

one sale option, that is, either only packages or bulk.

2.3.1 Offering Only the Bulk Sale Option

The following lemma summarizes our results when the retailer offers only the bulk sale

‘ B N2
option. Let n = Z=¢ and § = %

Lemma 2.3.1.1. If the retailer only offers the product in bulk to a homogeneous market, the

and the optimal retailer profit is %B. The customers’

optimal bulk unit price is P** = =+

purchase quantity is equal to 3B which gives them an expected net utility of (g — %) B.

Finally, absolute expected waste is equal to %B and relative expected waste is 7.
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Note that at the optimal solution, the consumers receive the maximum utility given the
the bulk price as they are able to purchase their ideal bulk purchase quantity Q*° given
the unit bulk price P**. Also, they generate a positive amount of expected waste both in

absolute and relative terms, which is due to the random nature of their consumption needs.

2.3.2 Offering Only the Package Sale Option

Next we consider the case where the retailer only offers the product in packages. In this
case, the retailer optimizes both the package size s and the product unit price PP such that
PP > ¢. Our first result provides a formula for the optimal package size as a function of a

fixed unit price PP.

Lemma 2.3.2.1. If the retailer only offers the product in packages to a homogeneous market,

and the product unit price is fized at PP, then the optimal package size s*(PP) = g (%) =

for PP < M= gnd ¢*(PP) = 2B (LE=L2) = 2BOP for PP > Y= Customers buy

2197’ +r+w

one package and receive a negative expected net utility of —5B, which is the expected net

utility of buying nothing.

Intuitively, the retailer offers the largest possible package size such that all consumers
buy one package. At this value the consumers receive a negative utility which matches the
utility they receive from buying nothing.

Next we provide the optimal value for the size and unit price of the package. As in the

. . 2
previous section we let n = :j:: —. and 0 = (Zi: +2 :

Lemma 2.3.2.2. If the retailer only offers the product in packages to a homogeneous market,
the optimal package unit price is P*P = %, the optimal package size is nB and the optimal
retailer profit is %B. The customers purchase one package, therefore their purchase quantity
is equal to nB, which gives them an expected net utility of —5B. Finally, expected absolute

waste 1s equal to gB and relative expected waste is 3
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2.3.3 Comparison Between Bulk Only and Package Only

By comparing the optimal values in Lemmas [2.3.1.1] and [2.3.2.2) we see that the optimal

product unit price is the same in both cases. It is interesting to note that this optimal price
does not depend on the waste cost w but depends on the run-out cost r. Interestingly, the
retailer makes twice as much profit when selling the product in packages versus in bulk. This
is because he forces the consumers to buy twice as much when selling in packages, up to
the point where they are indifferent between buying the product and buying nothing. As
a result the customers are expected to waste four times more in absolute terms and twice
more in relative terms when the product is sold in packages versus in bulk. We summarize

these findings in the following theorem (proof is omitted).

Theorem 2.3.3.1. If the retailer sells the product to a homogeneous market, it is optimal
to sell it in packages. However doing so leads to four (two) times the amount of absolute

(relative) waste compared to optimally selling in bulk.

2.4 Heterogeneous Market with Two Consumer Segments

In this section we assume there are two customer segments, i.e. K = 2, who differ only in their

maximum consumption needs quantity By. As in the previous section, we let v, = v, w, = w

v+r— PP

_ D
and 7, = r and set 6P = P

. Without lost of generality we let B; > Bs so that Segment
1 consumers have higher consumption needs than Segment 2 consumers or in others words,
Segment 1 customers have low consumption needs and Segment 2 consumers have high
consumption needs. For the ease of readability we use By, instead of By and By instead of

Bs. Let a; = a denote the proportion of segment 1 (low consumption needs) customers so

that 1 — « is the proportion of segment 2 (high consumption needs) customers.
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2.4.1 Offering Only the Bulk Sale Option

First we analyze the case where the retailer offers only the bulk sale option. Lemma [2.4.1.1
summarizes the optimal price and the other results of interest. Note that the result applies

to any number of segments, that is, it holds for K > 1.

Lemma 2.4.1.1. If the retailer only offers the product in bulk to two customer segments
who differ only in their maximum consumption needs quantity, the optimal bulk unit price is
P = % and the optimal retailer profit is %Zﬁil apBy. Segment k consumers’ purchase

quantity is equal to 5By which gives them an expected net utility of (g — g) By.. Finally,

expected absolute waste from Segment k consumers is equal to %Bk and expected relative

n

waste 18 1

Notice that the optimal unit price is the same as in the homogeneous market case.

2.4.2 Offering Only the Package Sale Option

In this section we analyze the case where retailer offers only packages of a fixed size s. Under

the uniform distribution assumption for the consumption needs, we use (2.2)) to obtain that

Vg = 21?“29; forn =0,1,.... Note that, under our assumption that B; < By, we have 77 < %
foralln =0,1,....

First we fix the unit prices PP and show that the optimal package size can only take one

of three possible values.

Theorem 2.4.2.1. For a fized package price, the optimal package size is either 42, 73 or v&

- BH
where n = {—QBL—‘ .

where |z] denotes the rounding of = to the nearest integer value.
When the optimal package size is 7?, Segment 1 customers are indifferent between buying

one package and buying nothing, hence, given our tie-breaking rule, they buy one package
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Figure 2.5: Possible optimal values for the package size in a 2-segment market when price is

fixed

and Segment 2 customers buy 7 packages. When the optimal package size is 75, Segment 2
customers are indifferent between buying one package and buying nothing, hence they buy
one package, and Segment 2 customers buy nothing. When the optimal package size is 77,
Segment 2 customers are indifferent between buying n and n + 1 packages, hence they buy
n + 1 packages and segment-1 customers buy one package. Figure 2.5 represents the three
possible values for the optimal package size given a fixed PP. On this picture n = 1.

We now provide the optimal solution, that is, the optimal package size and unit price.

Theorem 2.4.2.2. In a heterogenecous market with two consumer segments, the optimal

package unit price is

o

=<
N

P — v+r+c

2

ot

3

. When n = LB—H-‘ <

for a <
n_

fOT 14n

for a >

4
Package size

By

2By, 2By’

_n_

14+n

<a<

BH+n(BHfBL72BLn)

BH+TL(BH—BL—QBL7L)

Br+n(By+BL—2BLn)

24

BL-i-’n(BH-i-BL—QBLn)

the optimal package size 1s:




When n = L%‘i—‘ > 2]3?}2, the optimal package size 1s:

By —nBy,
s* = nBu  fora < g
BH—’VLBL
nBr fOT’ o2 Br+Bp—nBy,
__ v+r—c
where n = s

We see that the optimal price is same as in the homogeneous market case and the bulk
sale case. The optimal package size can take three different values, which correspond to
three solutions which we refer to as the “Tailor to Segment 17, “Tailor to Segment 2” and
“Compromise” solutions. We say that the retailer chooses to “tailor to Segment 17 when
the packages size is set equal to 7B, which makes Segment 1 customers indifferent between
buying one package and buying nothing. As a result Segment 1 customers buy one package
and Segment 2 customers buy n packages where n = L%-‘ , which is equal to one or more.
We say the retailer chooses to “tailor to Segment 2”7 when the package size is set equal to
nBpy, which makes Segment 2 customers receive the same utility from buying one package
and buying nothing. As a result Segment 2 customers buy one package and Segment 1
customers buy nothing. We say the retailer chooses the “compromise” solution when the
package size is set equal to n%, which is such that Segment 2 customers receive the same
net utility from buying n and n+ 1 packages. As a result customers from segment 1 buy one
package and customers from Segment 2 buy n + 1 packages.

As expected, when the proportion of Segment 1 customers is low (high), it is optimal to
for the retailer to tailor to Segment 2 (Segment 1). For intermediate values of « it is possible
that the retailer needs to strike a compromise by choosing another value of the package size.

Table provides the value of the retailer’s profit, consumers’ purchase quantity, utility and

waste for each possible solution.
Example 2.4.2.3. Let K =2, v=20,r=4,w=1, By =2, By =13, c = 16.
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Table 2.2: Retailer’s profit and consumers’ purchase quantity, utility and waste when the
retailer offers only packages.

Solution Tailor to Segment 1 Tailor to Segment 2 Compromise
Package size nBr, nBy n 1%2{71
Retailer’s profit S(n(1—a)+a)By $(1—a)By 3%3}1

Purchase quantity

Segment 1 nB, (one pack) 0 771+2n By (one pack)
Segment 2 nnBr (n packs) 7By (one pack) 77114_22 By (n+ 1 packs)
Consumer utility
By (Br(1+2n)—B
Segment, 1 fg ~1By o Bl Pl Bn) 1y
Segment 2 % (1-%24) B, - §By ~IBy oBp 2llin) _ rpy
Absolute waste
(Bu)®
Segment 1 %B : 0 %Ti%);
B 2 B (14n)
Segment 2 2’7 B LBy %&W
Relative waste
B
Segment 1 7 0 gBL(li%)
, 1
Segment 2 o gz 3 3 ((1422)
where n = LQB'%-‘, = ;’i:Jri and § = (Zi:Jrff.

The optimal product unit price is 20. For o € [0,0.75], the optimal package size is 4.16,
which is tailored to Segment 2 customers: Segment 1 customers do not buy anything and
Segment 2 customers buy one package. For o € [0.75.0.91], the optimal packages size is
0.59; this is the compromise solution: Segment 1 customers buy one package and Segment 2
customers buy 4 packages. Finally for a € [0.91,1], the optimal packages size is 0.64, which
15 tailored to Segment 1 customers: Segment 1 customers buy one package and Segment 2
customers buy 3 packages. Note that the optimal package size is not monotone in o as it 1s

smallest when the retailer chooses the comprise solution.

The conditions which determine which package size value is optimal only depend on the
values of «, By, and By and not on the cost parameters. Figure shows how the optimal
solution varies with the % ratio and the proportion of Segment 1 customers o when the

retailer offers only packages. Note that we see the Compromise region appear only for values

of 2BBLH such that the decimal numbers are between 0 and 0.5, which is what the condition

n= L%-‘ < % directly implies.
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Figure 2.6: Optimal solution when the retailer offers only packages

2.4.3 Offering Both Bulk and Package Sale Options

In this section we analyze the case where retailer is able to offer the product both in bulk and
in packages. As profit maximizer the retailer is choosing between three options: offering the
product only in bulk, only in packages or at the same time in bulk and packages. Given that
there are two consumer segments, the last option implies that consumers from one segment
buy the product in bulk while consumers from the other segment buy packages.

Our first result eliminates one of the above options as a possible solution to the retailer’s

profit maximization problem.

Theorem 2.4.3.1. It is never optimal for the retailer to only offer the product in bulk.
Depending on the demand and cost parameters, it is either optimal to (i) offer the prod-
uct only in packages to both segments or (ii) offer the products in bulk to Segment 1 cus-
tomers and in packages to Segment 2 customers. In Case (i) the retailer chooses either the
tailor to Segment 1 or compromise solution. In Case (ii), the optimal bulk unit price is
vrte o?Bi (v+r—c)

). the optimal package unit price is 5 — Bn(i—a)12aB.)? and

Pb* _ By(w+r)(1—a)+aBgp (v+r+c
- BH(lfa)JrQaBL

the optimal package size is s* = nBy.
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Interestingly, when it is optimal for the retailer to offer bulk and packages selling options,
the package size is designed so that Segment 2 customers are indifferent between buying in
bulk or buying one package, which means they buy one package. Also Segment 1 buy in bulk,
choosing the quantity which maximizes their net utility given the bulk unit price. Table
provides the value of the retailer’s profit, consumers’ purchase quantity, utility and waste for

this case.

Table 2.3: Retailer’s profit and consumers’ purchase quantity, utility and waste when it is
optimal to offer both bulk and packages.

Solution Bulk & package
Package size nBg

é (QBLJF(I—(X)BH)Z
2 Q(XBL+(17Q)BH

Retailer’s profit
Purchase quantity

BZa .
Segment 1 nm (ln bulk)
Segment, 2 nBp (one pack)

Consumer utility
Br((BrLa)?(6—4r)—rBu(1—a)(Bu(1—a)+4Bra))

Segment 1 Q(BH(1,Q)+22BL)2
By (___ 6(Br)”
Segment 2 2 \Br(-a) 12810 r)
Absolute waste
2 B3 a2
Segment 1 T @Brag Bu(i-a)
Segment 2 5 Bu
Relative waste
B
Segment 1 3 OBrat Bu(i=a))
n
Segment 2 _ 2
where n = {53}2 —‘: n= :i:;; and § = (f:trr;ig :

Table in the Appendix provides the necessary and sufficient conditions for each pos-

sible solution to be optimal.

Br

Figure shows how the optimal solution varies with the i

ratio and the proportion
of Segment 1 customers o when the retailer is able to offer both bulk and packages.
Figure [2.8| represents the percentage increase in the retailer’s profit from being able to

include a bulk sale option as a function of % ratio and the proportion of Segment 1

customers «, which are the only parameters which have an impact (i.e., the values v, r, w
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Figure 2.7: Optimal solution when the retailer can offer bulk and packages
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Figure 2.8: Percentage increase in the retailer’s profit from the ability to offer bulk
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and ¢ do not matter here). The white regions on Figure corresponds to parameter values
for which the retailer optimally choose to offer only packages. The maximum value of the
percentage increase in profit is equal to 12.5%, which is also the theoretical upper bound
as stated in Theorem{2.4.3.2] and averages out to 1.66% across all values considered on the

graph (i.e,. % € [0,5] and « € [0,1]).

Theorem 2.4.3.2. Consider a retailer who wnitially offers the product only in packages.

Having the ability to also offer the product in bulk increases the profit up to 12.5%.

Another scenario could be considering a retailer who is selling the product only in bulk.
We already know from Theorem-+2.4.3.1]| that selling only bulk is never optimal and the opti-
mal strategy is as shown in Figure{2.7 But percent increase in the profits as a consequence

of being able to include a package sale option will be different. In Figure{2.9] we show the

Br
2Bn

percentage increase in the retailer's profit in that case as a function of ratio and the pro-

portion of Segment 1 customers . The maximum value of the percentage increase in profit
is equal to 100%, which is also the theoretical upper bound as stated in Theorem-{2.4.3.3|

and averages out to 75.45% across all values considered on the graph.

Theorem 2.4.3.3. Consider a retailer who initially offers the product only in bulk. Having

the ability to also offer the product in packages increases the profit up to 100%.

2.4.4 Impact on Waste

In this section we study the impact on waste at the consumer level from adding a new sale
option.

First we consider the case of a retailer who initially offers the product only in packages
then is able to add the bulk sale option. Figure [2.10| represents the change in absolute

and relative expected waste from the retailer being able to include a bulk sale option as a
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Figure 2.9: Percentage increase in the retailer’s profit from the ability to offer pack

function of 23% ratio and the proportion of Segment 1 customers «, which once again, are
H

the only parameters which have an impact (i.e., the values v, r, w and ¢ do not matter here).
According to the numerical results the maximum change in relative expected waste is 54.45%
and the minimum change is 0% with an average of 1.95%. For the relative expected waste
we observe the maximum change as 37.4% and minimum change as -8.33% (decrease) with
an average of 0.26%.

Intuitively, the impact on absolute waste is an increase because, with the introduction of
bulk, the retailer increases the total quantity purchased by both customers segments, which
in turns leads to an increase in the amount of absolute waste. It is notable that adding bulk
has in many cases a negative impact on waste in our model. This is due to the fact that the
retailer is able to use the bulk sale to force Segment 2 customers to buy more products.

Second, we consider the case of a retailer who initially offers the product only in bulk
then is able to add the package sale option. Figure{2.11] shows the change in absolute and

relative expected waste from the retailer being able to include the package sale option as
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Figure 2.10: Change in consumers’ absolute and relative expected waste by adding bulk

option
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2By

a function of ratio and the proportion of Segment 1 customers «. According to the
numerical results the maximum change in relative expected waste is 300% and the minimum
change is 100% with an average of 235%. For the relative expected waste we observe the

maximum change as 100% and minimum change as 40% with an average of 90.4%. In fact,

we have the following theorem:

Theorem 2.4.4.1. Consider a retailer who initially offers the product only in bulk. Having
the ability to also offer the product in packages will always increase absolute and relative

waste.

2.5 Full Heterogeneity

In this section we assume that consumers from Segment £ follows a uniform distribution on
[0, B] where B follows a continuous distribution with cdf G' and pdf g on support [0, B]. All
the other assumptions are the same. As we did before, we analyze the different strategies,
i.e., only bulk sale, only package sale and both, and determine the best strategy for the
retailer.

Let u?(i, s, PP; B) denote the expected net utility a customer with maximum consumption

needs B derives from purchasing i packages of size s at a unit price of PP and let u®(Q°, P?)
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Figure 2.11: Change in consumers’ absolute and relative expected waste by adding package
option
denote the expected net utility a customer with maximum consumption needs B derives from
purchasing Q° units of bulk at a unit price of P°. Also let i(s, PP, P’; B) and Qb(s, PP, P% B)
respectively denote the number of packages and bulk quantity purchased by consumers with

maximum consumption needs B In this case the retailer’s profit can be written as:

B
Im%w@JWPﬁz/‘kﬂth@PﬂPﬂms+Gw—@@@JWjﬂBﬂmBMB
s,PP,P 0

(2.7)

2.5.1 Offering Only the Bulk Sale Option

When the retailer offers only bulk for a unit price P® < v + r, consumers with maximum

consumption needs B buy a quantity Qb(s, PP P B)=RB fj:r—ﬁ. Therefore we have:

_Pb _Pb
ug(g)(ﬂg — (Pt — C)LE[B]
vE+ET 4w V+Tr 4w

(P = Aiﬂ—@B

As before, let n = ¢ and § = %

v+r4-c
2

Lemma 2.5.1.1. When the retailer offers only bulk, the optimal bulk unit price is
optimal profit is $E[B]. Also, total absolute waste at consumer level is %E[B] and the total

relative waste is 7.
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Figure 2.12: Full heterogeneity case purchase structure for only package sale

Notice that the optimal price is the same as in the homogeneous case and heterogeneous

case with two consumer segments, when the retailer offers only bulk.

2.5.2 Offering Only the Package Sale Option

Next we consider the case when the retailer offers only the package sale option. We first
show that the number of packages purchased given a a price PP and a package size s is a

piecewise constant increasing function.

Theorem 2.5.2.1. Given a package unit price PP and package size s let f"(PP,s) = %U”::f];”p (2n+

1)s and let 371 =0 . Customers with B € (8", "] buy n packages for n = 0,1, ...

The maximum number of packages bought by consumers for a given package unit price

PP and package size s is the smallest value of n such that 5" > B, which is equal to

n= {F;Z:l;flz)J Hence, we can write the retailer’s profit function as:

m(PP,s) = (Pp—c)/o i(s, P?, P*; B) s g(B)dB

(B )
= (PP=¢) ) ns[GE(Ps) — G (P s))]

EEGa=alke

= (PP—¢) > ns[G(B(PF.s5) - GBEH(PP, )]

n=1

g utrtw _ (gl B 1
+’VBS(U+T—PP)JS|:1 G(s (P ’8)]
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Lemma 2.5.2.2. If G is uniformly distributed on [0, B], the optimal package unit price is
PP = %ﬂrc and the optimal package size is any value s* = n% for N € {1,2,...}. The
optimal profit does not depend on N and is equal to m* = ¢ Total absolute waste at

consumer level depends on N and is equal to

NZFZm (;Zti)—i—ln <2]\2[]i1)] (2.8)

N-1 o
o+ 1 ON
ek = 1IN 1 2.9
2[ 2n(2n—1)+n(2N—1)] (2:9)

We see that the package unit price and the retailer’s profit is the same as the bulk unit
price when it is the only available option. Also note that there is an infinite number of
optimal package sizes. The largest possible packages size is n% (when N = 1); in this case
half the consumer population buys one package and the other half buys nothing. As N
gets larger, the packages size gets smaller which reduces consumer waste without affecting
the retailer’s profit. The term in brackets in the absolute waste expression in and
tends to 1/2 as N tends to inﬁnity, so that, for infinitesimally small package size, the
absolute waste becomes equal to 7* £ and the relative waste becomes equal to 7, which are
the corresponding values under bulk sale option only. In contrast, the absolute (relative)
waste is maximized when N = 1, in which case it is equal to 21n(2) = 138% of the absolute

(relative) waste under the bulk sale option only.

2.5.3 Offering Both Bulk and Package

When bulk and package are offered at the same time, depending on the prices and package
size, some consumers may prefer to buy package, some may prefer to buy in bulk and some
may not buy the product at all. As long as P® < v+ r consumers prefer to by some amount

of product to buying nothing and for P? > P’ consumers prefer to buy in bulk. So, for
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Figure 2.13: A feasible purchase structure for bulk and package coexist case (Full Hetero-
geneity)

PP <Pl <u+tr Figure will change such that there will be regions with bulk purchase
and package purchase with different number of packages. But it is difficult to show how the
structure will be (Intuitively we expect no-purchase region to be replaced by bulk purchase).
For this reason, we try to find a lower bound for the optimal profit and the corresponding
optimal decisions.

In order to find a lower bound we assume a purchase structure illustrated in Figure{2.13|
where 3% is the B value where consumer’s utility of buying in bulk is equal to utility of
buying 1 package. We assume that consumers can buy only one package.

Under this assumption, for a given P, PP and s the aggregate sales from bulk sales is
foﬁ * Br=P" 14B and the aggregate sales from package sales is [ ;3 S%dB . Then the retailers

v+r4+w B

optimization problem is:

& — P B
max 7 = (P’ — c)/ BLTdB + (PP — c)/ s=dB (2.10)
Pb Prs 0 v+r4+w B o B

If we can show that the structure we assumed is a feasible case of the original problem then,

the solution of (2.10f) is a lower bound for the original problem.

Lemma 2.5.3.1. When bulk and package coexist, limiting the maximum number of pack-

ages that consumers can buy to one gives a lower bound for optimal profit such that ©* >

4B(v+r—c)?
27(v+r4w) °

We show in the proof of Lemma-{2.5.3.1| that the purchase structure we assumed holds

for the optimal values we get from ([2.10]).
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2.5.4 Best Strategy for the Retailer

When we compare the three results we get for only bulk sale, only package sale and co-

existence cases we get the following theorem:

Theorem 2.5.4.1. Selling package and bulk at the same time with P = %, P =
W and s* = % yields at least 18% more profit than selling only bulk or selling

only package.

As a result, when the market is fully heterogeneous, It is always better to offer bulk and

package together in terms of profit.

2.6 Extensions

2.6.1 Different Cost for Bulk and Package Sale

In the previous analyses, we assumed that unit cost of a product is the same, independent
of being sold in a package or in bulk. In this section we investigate how the results change
if the cost differs.

The total packaging cost of a given product can simply be divided into two; packaging
material cost and packaging equipment cost. In our setting, at the retailer level the packaging
is a simple process and usually does not require packaging equipment. But of course there is
some labor cost associated with it. Since bulk sale also incurs some labor cost and compared
with the other activities, labor spend on packaging or bulk sale arrangement is very low, we
can ignore the labor cost and assume that the cost difference between package sale and bulk
sale comes from the packaging material cost. Let ¢® and ¢ be bulk and package unit cost
respectively. Based on the discussion above we assume ¢ = c¢’+ per unit packaging material
cost. The unit cost of packaging material depends on the amount of product in a package.

As package size gets larger, unit packaging cost decreases. It could be ignored when the
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Figure 2.14: Homogeneous market-change of optimal strategy by ¢” and ¢® (v = 10 and r = 2

package size is very big.

Homogeneous market:

As discussed earlier, when the market is homogeneous, it is never optimal to sell bulk and
package at the same time. Recall that when ¢® = ¢? retailer earns twice more by selling the
product in packages. If ¢® > ¢? we still have the package sale optimal but retailer earns more

than two times compared with bulk sale. However, if ¢® < ¢, it is possible to have bulk sale

(V2—-1)(v+r)
V2

the change of optimal strategy by ¢® and ¢? for v = 10 and 7 = 2. As v or r increases, the

to be optimal. Namely, package sale is optimal if ¢ < + \C/—; Figure{2.14| presents

area of package sale gets larger. That is because, as v or r increases, the consumer wants to
buy more product and the retailer exploits this by selling the product in package.
Heterogeneous Market with 2 consumers:

All the results for the only bulk sale and only package sale when the market is heterogeneous

with two consumer segments still holds with only change of ¢ to eitherc’ or ¢?. For the
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Figure 2.15: Heterogeneous market-change of optimal strategy by ¢ and ¢® (v = 10 and
r=2)

package sale, we still have 3 optimal package size candidates as stated in Theorem-2.4.2.1]
.On the other hand, when package and bulk sale co-exist, it is still optimal to adjust p°, p?
and s such that the consumer segment with low expected consumption buys in bulk. The
optimal values becomes messier due to not having some cancellations but we still have closed
form solutions. The most drastic effect of different cost assumption is on the best strategy
of the retailer. Theorem-2.4.3.1]doesn’t hold anymore because now bulk sale also can be the
optimal strategy. We present an example in Figure{2.15 where we can observe three different
optimal strategies based on ¢® and ¢®. (The parameters are v = 10,7 = 5, w = 2,B1=1 and

B2=10)

2.6.2 Normally Distributed Consumer Consumption

One of the most important assumptions in our study is assuming a uniform distribution for
consumer consumption in a period. Now we change this assumption and assume that con-

sumer consumption is normally distributed. Namely, we assume that Dy ~ NORM AL(p, o).
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Figure 2.16: Change of purchase quantity by s when Dy ~ NORM AL(uy, o)

This assumption changes consumer utility function and unfortunately most of our results do
not hold in this case. Finding a closed form solution even for the simplest case of homo-
geneous market bulk sale setting becomes very tedious. Moreover, Theorem-2.4.2.1] which
enables us to find closed form solutions for the only package sale strategy doesn’t hold any
more. As shown Figure{2.16|for a given price, the optimal package size could be any ~;* such
that 0 < 4 < 49 which makes the problem analytically intractable. In Figure we assumed

v="Tc=1,r=05w=0.3,u =10 and o7 = 1.

2.6.3 Consumers with Different v

Another way to differentiate consumers in our model is assuming that their product valuation
v is different. We investigated how does our results change when we allow each consumer
to have different v, say v,. In order to have consumer segments that can be ordered by
their purchase quantity (for a given price and package size), we assume that consumers
have same consumption rate, that is, B, = B for all k. Hence, with the uniform distribution

assumption, the ideal purchase quantity of a consumer segment with higher v, will be higher.
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Under these assumptions, since consumer choice explained in remains the same, the
optimal results for the homogeneous market also remains the same. For the heterogeneous
market with two consumer segments, when there is only bulk sale, the optimal bulk price
P** changes depending on ¢/(2v; + r) where v; < vo. If ¢/(2v; +7) < 1 the optimal price
is such that both consumer segments buy the product. Otherwise, the optimal price is such
that Segment-1 consumers buy nothing. On the other hand, when there is only package sale,
Theorem-2.4.2.T] still holds. We easily get the closed form solutions for the optimal package
size and price when fy < 1/2 but otherwise it becomes tedious due to the calculation of 7}

values.

2.7 Conclusion

Package size decision problem has not taken enough interest from the operations management
researchers. There are limited numbers of studies focusing on the possible improvements
that can be achieved by adjusting package size according to the market variables. Besides,
motivated by the environmental concerns, an old sale strategy of selling the product without
packages is getting more attention nowadays. Called as bulk sale or package free sale, this
old way of retailing the product for sure has the potential to save from packaging materials
but it has one other potential benefit; it can reduce food waste, which is one of the most
important problems of modern life. Bulk sale allows the consumers to better adjust their
purchase amount with their expected consumption amount and thus reduces over purchases
due to the package size limitation. With this study we fill the gap in the literature by
proposing an appropriate model that takes into account the uncertainty of consumption at
the consumer level to find the optimal package size and price decision of a retailer selling
a perishable product. Moreover, we investigated the effect of introducing bulk sale to the
optimal pricing decisions and profits. We also showed how food waste at the consumer level

changes based on the retailers optimal pricing, package size and bulk sale decisions.
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We found that, when the market is homogeneous, the retailer adjusts the package size
and price such that consumers are indifferent between buying nothing and buying the whole
package. Selling product in package is an advantage for the retailer because; he can push
consumers to buy more by limiting their purchase option to a certain amount. When we
compare the optimal results of bulk sale with package sale, we see that retailer makes two
times more profit by using this advantage. But making consumers buy more product, result
in more waste; expected relative waste for the package sale case is twice more than bulk sale
case.

On the other hand, when the market is heterogeneous with two consumer segments, de-
pending on the ratio of the segment in the market and their average consumption amount,
it could be optimal to sell the product both in package and in bulk. If it is, the package
size and pricing dictions are designed such that the consumer segment with lower average
consumption buys in bulk and the other segment buys in package. According to our numer-
ical analysis, when product is sold in both bulk and package retailer can earn up to 12.5%
more profit. On the other hand, relative waste can be reduced by 8%. But on average,
coexisting of bulk and package increases profits by 1.66% and increase relative waste around
0.26%. When we extent the problem to infinite number of consumers, which is called full
heterogeneity, we see that offering bulk and package sale at the same time is always better
than offering only package sale with at least 18% more profit.

As a result, we can conclude that introducing bulk sale is not always beneficial to reduce the
food waste at the consumer level but depending on the market structure, it could be a good
strategy to create a win-win situation by making the retailers earn more and reducing the
waste. In our study, we do not consider the advantage of bulk sale in reduction of package
material. Taking into account that effect may result in a better solution with costs savings

from packaging and reduction of pollution by less packaging related contamination.
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2.8 Proof of Results

2.8.1 Proof of Lemma [2.2.1.2]

We have iy, (s, PP) = arg max;ey u} (i, s, PP) = max {u} (if,s, PP) ,u} (iff, s, P’) } where if =
{QT;J and iff = {QTJW

Suppose that for a given s, we have iy (s, PP) = il which implies that wu(iL, s, PP) >
ug(iff) s, PP). As s increases, ui(ik, s, PP) increases and u(i%, s, PP) decreases so there is no
impact on i (s, P?). Eventually s reaches a value such that i = iff = Q. After this value,
ir(s, PP) still does not change but it is now equal to iff. As s further increases, uy(ik, s, P)
increases and uy(iff, s, PP) decreases but there is still no impact on ik (s, PP), until the value
of s such that u(iff, s, PP) = ug(iff, s, PP). At that value, the optimal number of packages
drops by one and becomes equal to il again.

The above argument also shows that i, (s, PP) only changes (drops by one) at values of s
such that uf (i2, s, PP) = u{ (if, s, PP). If we let n = 4}, this condition becomes u? (n, s, PP) =
uf(n+1,s, PP), which is the definition of the threshold 4. As a result i (s, P?) is constant,
specifically ix(s, PP) = n, for s € [y, 77 1).

The total purchase quantity 4 (s, PP)s is therefore equal to ns for s € [y7,77~"), so that
it is a piecewise increasing function of s.

Finally, we prove that i (7%, PP)y2 is decreasing in n by showing that i (v !, PP)yptt —

i(Vy, PP)ye < 0. Recall that we have (7, PP) =n+ 1 at 77 and 7 = %.

. P 2B,0) 2B,6)
w(p T PP — (v, PPy = (n+ Q)W —(n+ 1)1+ o
—1
= 2B.0, | ——————
Ko (4n2+8n+3)
< 0 VneN
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2.8.2 Proof of Lemma [2.2.1.3

*p

We show that u} (LQEJ ,S,Pp> > uf ([Qs’tp—‘ ,S,Pp> if and only if {Q’tp—‘ < 9% In what

S S

follows, let n = [QT’“F‘

By (v+7)(Br—(n—1)s)?%+w((n—1)s)? By (v+7)(B —ns)? +w(ns)?

Dk ~PPn—1)s > v— — - PP
Y7 2By (n=ls 2 v3 2By "
(04 0)Be = (= Dol 4wl =1 | ppi, )y < @ENBe—ns)’ Hwlns)®  pp o
(v+7)(By — (n—=1)8)* +w((n—1)s)* < (v+7)(By, —ns)” +w(ns)® + 2PPsBy

— pp
Msz < (2n-1)
s(v+r+w)
S
=5 - <
] + 2 "

*p *p
which is equivalent to {QT’“-‘ < Q

S

2.8.3 Proof of Lemma [2.2.1.4]

When P’ > PP we have u?(Q;?) = Up(Q}) — P°Q;Y < Un(Q;%) — PPQ;Y < Ui(sik) —
Q

S

Prsif = ul(sif) since by definition sif = s {

J < @Q;F and Q" is the maximum of the
concave function Uy (Q) — PP(Q). Hence the bulk sales yields a lower expected net utility than
consuming i~ packages. Customers of segment k will therefore choose to purchase either i¥

or il packages.

2.8.4 Proof of Lemma [2.3.1.1]

From §2.2.1] if the retailer offers the product only in bulk, the purchase quantity of a con-

v+r—pPb

p—— ) so that the optimization problem is:

sumer is B (

max  7(P%) = (P"—¢)B (

pb

v—l—r—Pb)

(2.11)
v+r+uw

which is maximized at P’ = %’"*C The other values are obtained directly from substitution

in the appropriate equations.
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2.8.5 Proof of Lemma [2.3.2.1]

Since there is only one customer segment we drop the subscript references k, e.g. we write
only 5(5, PP) in what follows. We first prove that there exists an optimal package size for a
fixed price PP such that the customers buy only one package. Suppose not (contraction), that
is, the optimal package size s* is such that 2;(s*, P?) > 1. Now consider alternative package

size 5 = s*ix(s*, PP). First we show that i(5, P?) = 1. Based on the analysis in §2.2.1| there

are two cases: (i) i(s*, PP) = L%pj or (ii) i(s*, PP) = (QSPW In case (i), we have U(s) =
U(si(s™, PP) = U (s* [%]) = U (s[5

inequality is because 25 = 2s*i(s*, P?) = 2s* \_Cipj > s* (Q*pw = s* H_Qsp

1) > U(25) > U(35) > ..., where the second

J + 1} > Q*P and
U(Q) is decreasing for @ > Q*7. In case (ii), we have U (5) = U (s*i(s*, PP)) = U (s* (%D >
U (25) > U(3s) > ..., where the inequality is because 25 > 5 = s* (ﬂ] > Q' and U(Q)
is decreasing for Q > @Q*. Therefore, in both cases (i) and (ii), max;enu?(i, S, PP) =
U(i5) — PPi5 = U(5) — PP5 = uP(1, 5, P?) which implies that i(5, P?) = 1. Further we have
7(5, P?) = (PP — ¢)i(5, P")5 = (PP — ¢)5 = (P? — ¢)i(s*, P")s* = n(s*, P?), which proves
that package size § is also optimal, hence we have a contradiction.

It follows that we can focus on the package size values such that customers buy only one
package, that is, the retailer solves max, 7 (S, P?) = max_;, pp_; 7(s, P¥) = (PP —c)s. This
function is maximized when s is set such as the customers are just indifferent between buying
3

one package and buying nothing, that is, s* must be such that u?(i(s, P?)) = u?(0) = —<r.

Solving this equation yields:

B _
B (szew)  for pr < e

$*(PP) =

2B, (Vi) for PPz g
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2.8.6 Proof of Lemma [2.3.2.2]

Given Lemma [2.3.2.7]

(Pp o C)§v+r+w if PP < v+r—w

max  m(PP) = 2 P -2 (2.12)
s v+r—PP v4r—w
(PP —¢)2B%=— " if PP > e

The first part of this expression is increasing in PP and the second part is concave in PP and

maximized at % Since % > WT_“’, it is optimal to set PP equal to % The other

values are obtained directly from substitution in the appropriate equations.

2.8.7 Proof of Lemma [2.4.1.1]

From §2.2.7] if the retailer offers the product only in bulk, the purchase quantity of a con-

sumer from segment k is By, (Zf;j} ) so that the optimization problem is:
v+r—P°
max T Pb —¢) «
pb ( Z S vH+Ttw

v+r+c

5. The other values are obtained directly from substitution

which is maximized at P’ =
in the appropriate equations.
2.8.8 Proof of Theorem [2.4.2.1]

Before proving Theorem [2.4.2.1) we prove four lemmas.

Lemma [2.8.8.1]

Lemma 2.8.8.1. Vm € Nt , ne Nt and n>m > 2, 3i e N satisfying:

n
2m — 1

<i< (2.13)

Sls

Proof. 1t is clear that for n < 2m — 1 we have at least one ¢ € NT such as 7 = 1. For

n>2m—1wedefinee =n—m. Thenwehavee >2m—-1—-m=ec>m—1=¢>m.
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Note that ™ — 5= > 1 is sufficient to have an integer number satisfying ‘D If we plug
inn= = ernjl
haverznfl = W’Z”‘_Ql Zi; = mQT;_Q (m+2) and for m > 2 since m <1 weget "= < m+2.

Hence, € > (m + 2) is sufficient to satisfy (2.13). Since ¢ > m and for ¢ > m + 2 we can
find such an integer, it is enough to check for ¢ = m and ¢ = m + 1. For ¢ = m we have,

e L gL e o 2mo g <2 o 2 < < 2 and ¢ = 2 is a solution for this

2m—1 2m—1 2m—1

m+€ m+€ 2m—+1 - 2m—+1 2m—+1 . 1
inequality. For e = m+ 1 we have <i< =5 SiS = s s < <2+
where ¢ = 2 is also a solution O
Lemma [2.8.8.2

Lemma 2.8.8.2. 7Y > (2i + 1)7% for all 6), € [0, 1].

Proof. i has different expressions depending on ). We need to consider three cases.

Case-1 0, <  : We have ~; = 22:% v > 0. It is clear that 7) = (1 + 2i)7;

142
Case-2 ;< 6,<2%: We have ) = (5’“9 and ~; = 25529’“ Vi > 1. After a simple
algebra we get 7y = Qﬂfl’“ 4(11;?:)1% = %ﬁ For 6, > we have 4(1 — 6;)0; < 1 which
yields (1 + 2i)y; < 7k4(1lziz)9k =y Vi>1.
Case-3 §ZI;< 0,<1: )= and v = 2k (i—i—%—\/@_ﬁ + 2i6;) Vi > 1. Fromi > 1 we
get 0, > g;i; 2 = 0, < . We try to show that — 20k > (2i+ 1) (i +0p — /O + 2i0;).The
LHS is increasing in 6, so we have -1 > = 2.0n the other hand, the derivative of RHS

20, — (1/4

with respect to 6, is (2i 4+ 1)51 — (i + BYAY. 0" + 2i0; and it less than zero for all 0, < L 1,50

RHS is decreasing in ). This yields

1 1 1 12 1
(2@+1) (i + 0 — O +2i0;) < (2 +1)= (z—|—4 2 —1—211)

(204 1)(1 +4i — /1 + 8i)
B 442
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As a result we get LHS — RHS > 2— (2i+1)(1+4i—VTF80) _ 2iy/TF8i+v/IF8i—(6i+1) >0 forVi>

442 442

1 [l

2.8.9 Lemma [2.8.9.1]

Lemma 2.8.9.1. For~y{ < s < 7y if the package price PP is fived then arg mazx w(s, PP) =

Y2

Proof. Note that 7(s, PP) = 3_»_, ap(P? — ¢)i(s, PP)s and maximizing profit means maxi-
mizing total weighted sales. For 7{ < s < 7, since Type-1 customers buy only one package
it is clear that 7, maximizes Type-1‘s purchase amount. On the other hand for Type-2,
since purchase amount is maximized at the points where iy(s, PP) change, we need to con-

sider s = 73 st v <95 < Fp. For 6y < 34 Type-2 buys (n + 1)255% amounts of

2862

product when s = 7. We have (n + 1)73 — (n +2)y3 ™' = 5201%,

> 0, which shows as n
increases the amount of product the customer buys decreases. Since 7, is the jump point

with the lowest n value, purchase amount of Type-2 is also maximum at 7. Same logic also

applies for 0, > gzg O

2.8.10 Lemma [2.8.10.1]

Lemma 2.8.10.1. For a given package price PP, customer with lower By (Type-1 in our

setting) buys only one package or none at optimal solution.

Proof. Suppose Type-1 buys n; packages and Type-2 buys ny packages at an optimal solution
where ny > 2 and ny > n;. And suppose optimal package size is s*. We will show that one

can always find a better solution s where Type-1 buys one package and Type-2 buys ns

packages such that (272—{1) < ng < 72. When Type-1 buys n, packages and Type-2 buys ny

packages, weighted total sales with package size s* is equal to anis* + (1 — a)ngs*. We know
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that Type-1 buys the product as long as package size is less than 7?. Thus, Type-1 will still

buy the product if we set package size as 5 which satisfies:
nyst <5< (2.14)

For such an s, Type-1 will buy at least as much as he buys when package size is s* but,
we don’t know how Type-2‘s decision will change. He may buy more or less depending on
utility he gets. But if we find an n, value which satisfies and 755 = nys* then we can
guarantee that Type-2 will buy same amount of product when the package size is 5. So we

need to find if such an 7, exists. From 7155 = nys* we have i, = 22 and by using {D we

s

can write

127 q, <2 (2.15)

0 -
" ni

Now we are looking for an integer value n, which satisfies (2.15). At the beginning we

assumed Type-1 buys n; packages with package size s* which implies s* < fyfnrl) and from

Lemma [2.8.9.1| we have 7f > (2i + 1)7i. By combining these two we get:
st < %m_l) = (2n; —1)s" < (2ny — 1)%”1_1)
= (2n; — 1)s* <A} (2.16)

This allows us to write (2.14)) as nys* < § < (2n; — 1)s* which this reduces (2.15) to

U]

(277,1 — 1)

3

<y < — (2.17)

2|

As shown in Lemma [2.8.9.1| there always exists o which satisfies (2.17). In fact, ny = 2(5)

because:

Uk(n25) = Ug(nas™) > Ur((ng + 1)s*) = Uk(nas™ + s*) = Ug(725 + s™)

= Ug(n25) > Up(nas + s¥) (2.18)
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We know that Ui (Q) is concave and n25 < 195 + s* < n95 + 5. This with (2.18]) implies:
Uk(n95) > Ug(nas + 5) = Uk((ng + 1)3) (2.19)

With the same logic it can also be shown that Ug(7n95) > U((n2 — 1)3). O

2.8.11 Back to the Proof of Theorem [2.4.2.1]

First we establish that the optimal package size for a given price P? must be one of the
threshold values v} for £ = 1,2 and n = 0, 1, .... If it was not the case, a marginal increase
in the package size would lead to customers from both segments buying more total quantity
since %k(s, PP)s is strictly increasing in s between two v thresholds. As a result the retailer’s
profit, which is equal to 7 (s, P?) = (P? — ¢)aiy(s, PT) + (1 — a)is(s, PY), would increase.
Hence the optimal package size must be equal to one of the v threshold values.

Next we show that 7 is such that 7§ < ¥ < ~42~!. This condition is equivalent to:

2B 0P 2B0
<o gr < =2
1+2n 2n — 1
o Ba 1 . _ B 1
9B, 2~ —2B; 2
| By
&S n= |
" {23;‘

Depending on the parameters, it might be optimal for the retailer to sell only customer
Type-2 (since his expected demand is higher he buys more than Type-1). In this case retailer
sets package size as 7Y because it gives the highest weighted sales. Notice that Type-1 will
not buy any product when s = 49.0n the other hand, it might be optimal to sell both
customer types. In this case from Lemma [2.8.10.1) we know that at optimal solution Type-1
customer will buy one package. So optimal package size is greater than ~{. Besides, from
Lemma we know that 7, dominates all jump points between 7{ and 4, . This leaves

us two jump points as a candidate of optimal solution ¥, and 7).

20



2.8.12 Proof of Theorem [2.4.2.2]

We evaluate the expected profit of the retailer for each of the optimal package size candidates
points 79,9 and 7% given in Theorem [2.4.2.1]
When the package size is 79, Segment 2 customers buy one package and Segment 1

customers buy nothing. Hence the retailer’s profit as a function of PP is given by:

R8P = (7= o a2y (LI

v+Tr4w

When the package size is 77, Segment 1 customers buy one package and Segment 2

customers buy n = L%ﬂ as defined in Lemma X. Hence the retailer’s profit as a function

of PP is given by:

772, P?) = (PP — )2, (7;17;—;];) (a (- a) L%D . (2.20)

When package size is v3' with n = {%W, Segment 1 customers buy only one package

and Segment 2 customers buy 7 + 1 packages.

Hence, the retailer’s profit as a function of PP is given by:

W(fygl’pp) = (P"—¢)2By (Zirrlip) (a—l— (12f;}1<—‘{ﬁ-‘ + 1))

First note that all three profit expressions are maximized at P? = *+<.

The corresponding packages sizes are:

v+Tr—=c

0 _
N vV+Trt+w r
o vt+r—c
T2 T v+7r+w "
A v+r—c By

vhrtwy| Bl
L

o1



And the profit values simplify to

m(yp, P) = %Bﬂ(l—a), (2.21)
m(7), P) = %BL (a+(1—a) H%LD (2.22)
p oy _ larmop (ot (-a)([5g] 1))
By {QB; B

We have that (73, PP*) > m(), PP*) if and only if @ <

By
have (79, PP*) > w(y%, PP*) if and only if a < iwﬁj . Finally, w(v%, PP*) > 7(+Y, PP*) if

But | syfl | (Bu—BL-28. 7L )
L-ﬂ -‘(BH“FBL QBL{ BHL

o] But || (BB 23% i)

If LQB?*;—‘ < 53H then 1+{?T}H < Bﬁﬂiiw 257 )

highest value of profit to be obtained at 7(v3, PP*).

and only if o <

2.8.13 Proof of Theorem [2.4.3.1]

To prove this result we take the following five steps (i) we obtain the optimal prices and
packages size when the retailer offers bulk to Segment 1 customers and packages to Segment
2 customers, (ii) we show that it is never optimal for the retailer to offer only bulk, (iii) we
obtain an upper bound on the profit the retailer can obtain when she offers bulk to Segment
2 customers and packages to Segment 1 customers, (iv) we show that it is never optimal
for the retailer to offer bulk to Segment 2 customers and packages to segment 1 customers
and (v) we provide necessary and sufficient conditions under which each possible solution is
optimal and show that it is never optimal for the retailer to offer only packages which are
tailored to Segment 2 customers.

For use in the analysis below, we define V?(P?) as the utility received by k-segment

customers when buying the product in bulk in the quantity which maximizes their utility,
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that is, V2(P?) = Ur(Q;?) — P*Q;? where Q;? = By ’i}t’;ﬁb, for P* < v+r. Because only one
segment of customers buy the product in packages, the packages size can be designed such
that they buy only one package (i.e., if the optimal package size was such that the segment
which buys them buys n > 1 packages of size s, then the retailer could change the packages
to ns and earn the same profit as it would not impact the decision of the other customer
segment). So let V/(s, PP) denote the utility received by k-segment customers when buying
one package of the product, that is, V(s, PP?) = Uy (s) — PPs. Finally, let V)2 denote the
By

utility segment-k customers get from buying nothing, that is V0 = — kT,

Step (i)

We analyze the case where P’, PP and s are set such that Segment 1 customers, buy the
product in bulk and Segment 2 customers buy the product in packages. The problem can

be formulated as a mechanism design problem as follows:

_ pb
_max, 7(P’.Ps) = a(P'—c)B; <1;++Tr—+];> +(1-a) (PP —c)s  (2.23)
s.t. VY(P®) > VP (s, PP) (ICY)
Vi (s, PP) > Vy(P") (1C)
VE(By) >V (IRy)
Vi (s, PP) >V (IRs)

In this formulation the first two constraints correspond to the incentive compatibility
constraints and the last two are the individual rationality constraints. The (I Ry) constraint
in ([2.23)) is equivalent to P® > v + r which is also equivalent to V?(P?) > V3, which makes
(I Rs) redundant given (I/C3). We argue that (/Cs) must be tight at optimality. Suppose it
is not and we increase PP* (keeping s* same) until (/C5) becomes binding. This increases the
retailer’s expected profit. At the same time (IC}) continues to be satisfied because V{’(s, PP)

decreases with PP. The same is true for (I R;) since it does not depend on PP. Therefore
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by increasing PP until (IC5) is binding, the retailer can increase expecting profits without
violating constraints, which is a contradiction. Next we use the fact that (/Cs) is binding

to express PP as a function of P’ and s and obtain:

Bup(v+r—P%?  s(v+r+w)
Pr(pb — _ — 2.24
( 75) ’U+T 23<U+T+w) 2BH ( )

Plugging this expression into the objective function of [2.23| and solving for P° and s, we

obtain:

(1—a)By(v+r)+aBr(v+r+c)

Pb*
(1 —a)By + 2aBy,

*

s* = Bun

Plugging these values into (2.24]), we get:

pr v+r+c a’B1%(v+ 71 — ¢
B 2 2(By(1 — a) + 2aB1)?

Since these values satisfy constraints (ICy) and (IR;), they must be solution for the con-

strained problem. By substituting these values into the profit expression we obtain a profit

§ (aBp+(1—a)Bp)*

value equal to 3 50+ (o) By

Step (ii)

We show that it is never optimal for the retailer to offer only bulk by showing that the profit
of offering bulk only, denoted 7}y ypyLk, 15 dominated by the profit obtained when the
retailer offers bulk for Segment 1 customers and packages to Segment 2 customers, denoted

ThuLkerack (s computed in Step (i)). We have:

0 (aBL+ (1—a)Bu)® 6 (aB+ (1—a)By)

W*BULK&PACK - 7TEF)NLYBULK ~ 9 20B; + (1 — a)BH 2 2

(5 BH(l — Oé)(BH(l — Oé) -+ BLCY))
2 2(By(1—a)+2BLa) =0
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Step (iii)
We analyze the case where the retailer sets P°, PP and s such that Segment 1 consumers

buys packages and Segment 2 consumers buy bulk. The problem can be formulated as:

max  w(P? PP, s) = a(P?—c)s+ (1 —a)(P" - ¢)By (W—Pb)

Phopas v
s.t.

VI(s, PP) >V (P) (ICh)

VP (s, Pr) = VP (IRy)

VY(PY) > VJF (ns,PP) Vne Nt (1Cs)

Vi(ph) = VY (1Ry)

Instead of solving this problem, we find an upper bound on the optimal profit by relaxing

IRy, IC5, and I Ry. The relaxed problem is:

max  w(PY P?,s) = a(P? —¢)s + (1 —a)(P’ — ¢)By (+_4>)

Pb pp g v+rtw

(2.25)
s.t.

VP(s, PP) = V) (P) (ICh)

We observe that the constraint must be binding in the optimal solution. This is because
otherwise one could increase PP* without violating constraints and get more profit. Hence,

we can write PP as a function of P? and s as:

Br(v+r— P%)? _slvtr+w)

PP(P’ s) = -
(Phs) =vr 2s(v+ 1+ w) 2B

(2.26)

vE+T—w

Note that, because we have assumed that ¢ > *=

, it is enough to consider the case of

s < By. Plugging this into the profit function and solving for P’ and s we obtain P =
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By (c+r+v)(1—a)+ B (r+v)a
QBH(17Q)+BL04

((:igli)) and the optimal profit as: 75 = g

(BH(17Q)+BLD()2
(

and s = By, 2Bg(1—a)+Bra)’

which the solution to the relaxed problem and therefore an upper bound on the profit the
retailer can obtain when offering bulk to Segment 2 customers and packages to Segment 1

customers.

Step (iv)

Next we show that this upper bound is dominated by the profit obtained from selling only

packages or by the profit obtained when offering bulk to Segment 1 customers and pack-

ages to Segment 2 customers. More precisely, we show that for By > BLﬁ we have

Thurkerack = Tr and for By < Bpfs we have moy 1y pack = Tk (The package size is

assumed to be 7? for only package sale case). As a reminder we have:

. § (By(l—a)+ Bra)?
™ =5
BULK&PACK = 9B (17— o) + 2B«

TONLY PACK = QBL(”(l —a)+a)

(v+7r—c)? (By(1 —a) + Bra)?
2(r+v+w) (2Bg(l — o) + Bra)By(l —a) + 2Bra

TBULK&PACK — TR = (Bu(1—a) - Bra)

>0 for By(l—a)— Bra>0 or BHZBL(la ]
—

(v+r—-c)? (1—-a)
2(r+v+w)2By(1l —a) + Bra
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We want to show that BZna + 2B Byn(l —a) — B4(1 —a) > 0 for By < Brzfs We

consider o > % and o > % cases separately.

For a > % : Notice that n = LB—HW > B _

5By | = 3By and the function is increasing in n. So

1
2
we have:

By 1 By 1

BZna+ 2B Byn(l —a) — B4(1—a)> B2 [ =L — ~ ) a+2B.By [ - — =) (1 —a) — B4(1 — a)
2B, 2 2B, 2

Br

= 7(BH(30472)7BL01)
> %(BH(:sa—z) —BH¥OK)
= %BH(4()L—3)

3
> 0 f > —
>0 01"(1_4

For o < % . Notice that (lfa) < 3 and this implies By < BLﬁ < 3B1.We have

n= L%-‘ =1for By, < By < 3B. For n =1 we get:
Bina +2BrByn(l —a) — B4(1 —a) = Bia + 2B By (1 — o) — B (1 —a)

> <BH(1;a)>za+2(BH(l;a)>BH(1—a)—B%{(1—a)

2
- %(3— Ta + 40?)

3
> 0 fi < —
> ora_4

Step (iv)

From the above analysis there are four possible solutions to consider for the retailer: (a) offer
only packages and tailor to Segment 1 customers, earning a profit of B (n(1 — o) + a);
(b) offer only packages and tailor to Segment 2 customers, earning a profit of g(l —a)By;

(c) offer only packages and compromise, earning a profit of g% and (d) offer both

bulk and packages with bulk aimed at Segment 1 customers and packages at Segment 2

aBr+(1—a)Bg)?

customers, earning a profit of g(2a Bt (o) B By comparing the profit expressions in those
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four cases we obtain the following full characterization of the optimal solution for the retailer

who is able to offer both bulk and packages, which is given in Table below.

Table provides the value of the retailer’s profit, consumers’ purchase quantity, utility

and waste for each possible solution.

Table 2.4: Retailer’s profit and consumers’ purchase quantity, utility and waste when the
retailer can offer bulk and packages.

Solution

Tailor to Segment 1

Compromise

Bulk&Pack

Conditions

a >

K>lorM>1
By+n(Byg—Bp—2Bpn)

K>lorM>1
o< By+n(Byg—Bp—2Bpn)

Br,+n(By+Br—2Bn)

— Br+n(By+Bjy—2Bpn)

K>1lorM>1

. . By (v+r)(1—a)+aBj, (v+r+c)
Bulk unit price NA NA Bu(1-o)f2aB,
‘4o +r+ +r+ +r+ a”Bj (v+r—c)
Package unit price e % e (BH(1_La)+2aBL)2
Package size nBr N15n nBu 5
iler’ [ dn(l—a)+l 5 (B +(1—a)B
Retailer’s profit 5("(1 —a)+a)Bg bl n(1+62¥7)1 B 5%

Purchase quantity

B2

Segment 1 nBr, (one pack) nﬁBH (one pack) UW (in bulk)
Segment 2 nnBr (n packs) nﬂ_'gln By (n+ 1 packs) nBp (one pack)

Consumer utility

Br((Bra)?(8—4r)—rBy(1—a)(By (1—a)+4Ba))

_r Bp(Br(14+2n)—By) _ r
Segment 1 5sBL 1 2B (1120)7 5BL 2(BH<1*04)+§BL>2
on _ nBp _r By n(l4n)  r Ba 6(Bpa) _
Segment 2 2 (1 Br )BL 2Bn 2 (112n)?  2DH 2 ((BH(I—Q)+2BLQ)2 )

Absolute waste

2 2 2 2 3 2
n n° _(Bu)” n__ Brer
Segment 1 5 BL2 2 By, (1+2n)? 2 (Bg(l—a)+2Bra)?
Segment 2 "22772 % %M éBH
H (142n)
Relative waste
n n__ By m__Bra
Segment 1 QB 2 BL({}:,_Q)n) 2 (Bg(l—a)+2Bp o)
nn Bp n n n
Segment 2 2 By 2 (142n) 2
_ By _ vtr—c _ (v4r—0)? _ (2Bra+By(1—-a)) —
where n = {E-" N = e 0 = Srge K= Bu(n(l - a) + Q)W and M =

n(l—a)+1 (2Bpa+Bg(1—a))
B T5en (BratBu(i—a)®"

Note that it is never optimal to offer only packages tailored to Segment 2 customers when

the retailer is able to offer bulk. This is b (1 By < 8@Bir(=)Bu)® ¢ 1] 1o
e retaller 1S aple 1o o1ler bpulk. 1S 1S ecauseﬁ( —Oz) H_im Or all values

of the parameters. In other words, the retailer can always increase profits by offering bulk

to Segment 1 customers.

2.8.14 Proof of Theorem [2.4.3.2]

In order to get the bound, we investigate profit increase where selling bulk and pack at the

same time becomes optimal. The percent increase in profit is calculated by (%) x100. It
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is enough to find a bound on ;—g. We have:

(aBr+(1—a)Bg)?
(n(l—a)-l—oz)BL(2aBL+(1—a)BH)
TBp _ (aBL+(1-a)By)?
Tp (1-a)Bp (2aBr+(1-a)By)
(aBr+(1—a)Bg)?(1+42n)
By (n(l—a)+1)(2aBr+(1—a)Bpg)

,if Tailor To Segment-1

,if Tailor To Segment-2

,if Compromise
We consider 3 cases separately.
CASE-1: Tailor to Segment-1: We want to find a bound on:

(aBL + (1 — Oé)BH)2
(n(l — Oé) + O{)BL (20{BL + (1 — Oé)BH)

(2.27)

under the conditions stated in Tablef2.4] and Theorem{2.4.2.21 For the first condition of

BH—l—n(BH—BL—QBLn)

BL—‘,-n(BH—l-BL—QBLn)

Bu+Bra—Bpa)(B%(a—1)—3BrByo+2B2na)
Br(By+2Bpa—Bga)?(nta—na)?

By
n < 55 and o >

we have the first derivative of (2.27]) with respect to «

is equal to ( and it is negative for n < % which means

2.27) is decreasing in « for n < BZ. We have a > Bu+n(Bu—Br=2B.n)

so we plug in a =

2B, Br+n(By+Br—2BLn)
gfiggg;gﬁ:;gﬁg 2.27) and get BLB(fg-IBJrLBB%H(z;fZi)_—BBL; fz(gi?ifm)) which is also increasing
in n. We plug in n = % and finally get (n(l_a)(if)ﬁgt%;ogfﬁ)f_a) B < %.By similar analysis
we get the same upper bound for the second condition of n > 2BTHL and o > %
CASE-2: Tailor to Segment-2: We want to find a bound on:
0B 0B (2.28)

(1 — O{)BH (QOéBL + (1 — OZ)BH)

under the conditions stated in Tablef2.4] and Theorem{2.4.2.21 For the first condition

of n < % and « < - we have the first derivative of (2.28)) with respect to « is equal to

ZB%O((BH—FBLO(—BHOZ)
BH(—I—‘,-C!)Q(BH(—I—FCM)—ZBLCM

2 and it is positive which means ([2.28]) is increasing in . We have

a < = so we plug in a =

<1 2.28) and get B(BLBL"F) which is also increasing in n. We

v (Ba+2BLn
(aBr+(1—a)Bg)?

_n_
14+n

plug in n = B—fi and finally get i < %. By similar analysis we get the

2B —OC)BH(204BL+(1—O¢)BH)
L BH BH—TLBL
same upper bound for the second condition of n > 52 B and a < Bt By B

CASE-3: Compromise: We want to find a bound on:

(aBy + (1 —a)By)* (1+2n)
By (n(1 —«a)+1) (2aBr + (1 — a)By)

(2.29)
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n Bp+n(Bg—Br—2Brn)

under the conditions n < % and is decreasing

in a. We have v > 175 so we plug in o = 77 into (2.29) and get lﬁé;—%
(aBp+(1—a)Bg)%(1+42n)
n(l—a)+1)(2aBr+(1—a)By) —

which is

increasing in n. We plug in n = 2’%‘2 and finally get Bl g.

2.8.15 Proof of Theorem [2.4.3.3

In order to get bounds, we first investigate profit increase where only package sale is optimal.
Then, we investigate the profit difference where selling bulk and package at the same time
is optimal. Comparison of Only Bulk Sale and Only Pack Sale: The percent increase

in profit is calculated by <M> x 100. It is enough to find a bound on 77:_; We have

TB

% ,if Tailor To Segment-1
Tp —a . .
- - % ,if Tailor To Segment-2

2By (n(1-a)+1)

(aBL+(1—a)Bg)(1+2n) ;if Compromise

We consider 3 cases separately.
CASE-1: Tailor to Segment-1: We want to find a bound on:

2B (n(1 —a) + «)

ozBL —+ (1 — Oé)BH (23())

under the conditions stated in Tablef2.4] and Theorem{2.4.2.21 For the first condition of

B BH+n(BHfBL72BLTL) : : : BH+TL(BHfBL72BLn)
n < 55- and o > Brtn(Br By —2Brn) 2.30) is decreasing in a. We have Brtn(Br By —2Brn) <

% < 2. By similar analysis we get

a <1 so we plug in @ = 1 into (2.30)) and get

BH—?"LBL

the same upper bound for the second condition of n > QB?HL and a > yET Y

CASE-2: Tailor to Segment-2: We want to find a bound on:

under the conditions stated in Table42.4l and Theorem-2.4.2.21 For the first condition of

n < 2%2 and o < 17 (2.31)) is decreasing in a. We have 0 < a < 7 so we plug in v =0

60



2.31) and get % < 2. By similar analysis we get the same upper bound for the

By—nBj,

BH _bu—nbp
second condition of n > and o < By BB

CASE-3: Compromise: We want to find a bound on:

2By (n(l —a) +1)
(aBr + (1 —a)Bg) (1 4+ 2n)

(2.32)

B +n(BH—BL—2BLn)
<a<ZE
1+ a> Br+n(Bpg+Br—2Bpn) " 2.32

under the conditions n < 5 H and is increasing in

BH+n(BH BL QBLTL)

2By (n(1—o)+1)
By (Bt Br —2BLn) in (2.32) = < 2.

(aBr+(1-a)By)(1+2n)

a. We plug in a =

Comparison of Only Bulk Sale and Bulk-Pack Sale: We want to find a bound on

7%’ = (2(32215% which is is decreasing in . We plug in o« = 0 and get % <

2.

2.8.16 Proof of Theorem [2.4.4.1]

We first consider the absolute waste and then the relative waste.

Absolute Waste: We first compare Only Bulk Sale and Bulk-Pack sale and show that
W4k > W4 Then we compare Only Bulk Sale and Only Package sale to show that Wabs >
Wb,

Abs
WBP

Abs
WB

Comparison of Only Bulk Sale and Bulk-Pack Sale: It is enough to show that > 1. We

wab  4(B%(1-a)?43BBy(l—a)at+B2a?)

have WAk = Br(—1ta)-2Bi0)° and it is decreasing in a.We plug in @ = 1 and
get it > 1
Comparison of Only Bulk Sale and Only Pack Sale: It is enough to show that % > 1. We
have

- i 4(3%1(5%{2%5{;?{%%?5 iB%a2) ,z: f Ta%lor To Segment-1

b = Br(—Tta) 2B ,if Tailor To Segment-2

4By (Br(14+n)*(1—a)+Bua)
BL(1+27’L)2(BH+BLO(—BHC¥)

,1f Compromise

We consider 3 cases separately. For the first case of Tailor to Segment-1, we want to show

that 4BL(5§” (1—)+Bra) > 1 under the conditions stated in Theorem-2.4.2.2| For the first
H(]- a)—i—BLa)
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B By—Br—2B
Ba and o > H+n(Br—BL Ln)

condition of n < 2 By tn(By B, 2B the expression is increasing in . We plug

BH—l—n(BH—BL—QBLn)
BL+7L(BH+BL QBLn)

in a = and get another expression which is increasing in n. We plug in

n:B—H—landget

TAn 3 > 1.By similar analysis we get the same result for the second

WAbs

By —nBj,

Bt B B For the second case of tailor to Segment-2 we

condition of n > 2BTH and o >
L

have Bulk-Pack sale optimal which we considered above. The third case of compromise is

similar to the first case.

Relative Waste: We first compare Only Bulk Sale and Bulk-Pack sale and show that

WEel > WEel Then we compare Only Bulk Sale and Only Package sale to show that Whe! >

WRel'

Comparison of Only Bulk Sale and Bulk-Pack Sale: It is enough to show that WRel > 1. We
WEe! 2(B% (—14a)?—3B1 By (—14+a)a+B2a

have ngf ;= <(B§((_1:a))_2 BLZ) (g; i J; +)a) )) It is decreasing in .We plug in o« = 1 and get

Wik >

W’é‘bs -

Comparison of Only Bulk Sale and Only Pack Sale: We have the same cases as shown for

the absolute waste case. For the first case of tailor to Segment-1, we want to show that

xﬁizs — (BL”(anl o)j fj’ @) /> 1 under the conditions stated in Theorem-2.4.2.2 For the first

Abs

WA —L— is increasing in a.We plug in o = 0 and get an expression

condition of n < B Sp- we have

which is increasing in n. After plugging in n = 2 — 1 we get

R 2 > 1.By similar analysis

A
WAbs
we get the same result for the second condition of n > B Sp- and a > %. For the
second case of tailor to Segment-2, we have Bulk-Pack sale optimal which we considered

above. The third case of compromise is similar to the first case.

2.8.17 Proof of Theorem [2.5.2.1]

The threshold corresponds to values of B such that the customer is indifferent between buying
n — 1 and n packages, and can be obtained by solving u”(n — 1, s, PP; B) = uP(n, s, P¥; B)

for B.
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2.8.18 Proof of Lemma 2.5.2.2]

If G has a uniform distribution on [0, B] we have:

( v4+r—PP J_

1 s(vt+r+w) 1 1
WP = (PP Y ns( DAETHO o1 m(%_m)
n=1

20471 — Pr S 2u+r— Pr
— e 11 — — Pr
R et il N PR Bk T (R ket sl BEPA
s(v+r+w) B2v+r—Pp s(v+r+w)
— —pr 1 _ —_pr|?
= (P?—¢) B—U+r s——_s2—v+r+w(Pp—c) B—U+T
s(v+r+w) 2B v+4r—Pr s(v+7r+w)

For a given PP it is to set s so that {E;L";ﬁz)J is a integer greater or equal to one. If it

was not the case, one can increase s until this value becomes an integer and it will increase

the retailer’s profit. So let N = E;Ejl;flz) so that s = F&ti—;ﬁ)) where N =€ {1,2,...}.

From this, we get:

w(Prs) = (PPog3t
We see that the profit does not depend on s. The optimal package price is PP = % The
optimal package size is then equal to n% where N € {1,2,...}.
Given the optimal price and packages size, we have: 5" = (2n + 1)%. Note that g > B.

Using (?7), we calculate absolute waste as:

N-1 .pn 2 B 2
Wwabs  — 12/ @dB_‘_l/ Mdg

B )31 2B B Jov 2B
_ BNt (2t (2N
R P C P 2N — 1
Wabs _Wabs

Wrel —_ _
Total Purchase 77%

N-1
o n 2n+1 2N
) [Z N21n(2n—1)+1n(2N—1

n=1
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2.8.19 Proof of Lemma [2.5.3.1]

We will first solve for a given $° and then optimize over 3°. We assume s < 3° in
order to simplify the problem. (Otherwise we need to work with piecewise functions which
make the problem more complex. There could be other solutions with s > % but since
we are looking for a lower bound, working s < 3° is fine as long as the the result satisfies
s < 3%). For a given 3° we need to have u?“*(Q**u* 39) = yPeck(1, 3°). From this equation

we derive package price as a function of bulk price and package size as:

» B Bo(v+7r—P"2  s(v+r+w)
PP s) == G e T (2.33)

After plugging in (2.33]) in (2.10) the problem becomes:

max 7 = (P’ —c) () vtr - P + (PP(P",s) — c)SB _BBO

Pbs 2B v+r+4w

which is a concave optimization problem for a given b and the first order conditions give

P+ = 23(””);?(””*@ and s* = —ﬂ((;(iﬁ;;) . From (2.33) we get PP* = 432(””“)879(5 Drlotr—o),

Now we plug in these values in the original problem (2.10) and optimize over b. The problem
(2.10) reduces to:

B°(2B — b1)?(v + 1 —¢)?
max m = =
B 8B2(r + v+ w)

which is a simple optimization problem with (3°)* = % with 7* = %. Besides

2B — * .
we have Pbr = 2ut2rte g« _ 2Blodr—c) )\ q pp* — dvtdribe Notice that we have s* < 3° as
3 ’ 3(r+v+w) 9
we assumed.
Does the structure holds?

Since P** < v +r all the consumers prefer to buy bulk to buying nothing. We need to

show that consumers with B > S° prefer to buy at least 1 package to buying bulk. Formally,
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we need to show that uP**(1, B) > u**(Q*** B) or A = uP**(1, B) —u*(Q** B) >0

for B > % With PP, P’ and s* found above we have A = —3(632725 g?:fffi))()””*c)z and

Z—g = (36222];3?2(5:;)_0)2 > 0, hence A is increasing in B. Recall that A = 0 for B = 3°. Since

A is increasing in B we have A > 0 for B > /3°.

2.8.20 Proof of Theorem [2.5.4.1]

The result follows from Lemma+2.5.3.1l Comparison of optimal profit from only bulk sale
(or only package sale since they are the same) with the lower bound for co-existence case

gives 18% difference.
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CHAPTER 3
ASSORTMENT PLANNING STRATEGIES FOR

VARIETY-SEEKING CONSUMERS

3.1 Introduction

Retail operations consist of several important decisions ranging from inventory management
to promotions. One of these important decisions is Assortment Planning, which is defined
by choosing which products to offer and how to stock them. Which products does a retailer
offer among alternatives affects the consumers’ purchase decision. When a retailer offers a
few alternative there is a risk that consumers will go to another store with more selection of
a specific type of product. Carrying a high variety of items thus increases the chance of a
purchase but it also brings together more cost and more problems like inventory management
of high variety of products, shelf space allocation, cannibalization of high margin products
etc. The purpose of assortment planning is finding the product combination that maximizes
the profit by considering the associated costs and problems.The assortment a retailer carries
has an enormous impact on sales and gross margin, and hence assortment planning has
received high priority from retailers, consultants and software providers.

Consumers’ purchase decision making process involves various external or internal guides.
One of the interval driver for a consumer that affects purchase decisions is the attitude
towards escaping from or searching variety in consumption. In product categories where
consumers have large consideration sets and make many choices over time, there may be
some desire for more variety because of satiation or curiosity. This is called variety-seeking
behavior. For example in the yogurt category, consumers tend to purchase some flavors they
like and some they just want to try. In other products categories such as paper products,
consumers tend to be loyal towards one brand and buy the same products constantly over
time. This is called variety-avoiding behavior. There is vast literature, especially in mar-

keting field, about the existence and causes of variety seeking/avoiding behavior. One of
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the earliest studies is by [McAlister and Pessemier| (1982) where they define variety as ”"the
proverbial spice of life”. They make a conceptual analysis on the topic and offer a structural
taxonomy of causes of varied behavior which has been adopted by most of the proceeding
research on variety seeking related studies. According to their study, the explicable causes
of variety seeking can be divided into two. One is derived variation and the other one is
direct variation. Derived variation is a result of external or internal forces that have nothing
to do with the gain from change of preference itself. For example buying various brand or
type of product due to the different taste of the family members. On the other hand, a vari-
ation in purchase motivated by a utility gained by the change itself is called direct variation.
The reasons for direct variation could be desire for an unfamiliar alternative, desire for the
information and alternation among the familiar.

There are studies in the marketing literature, especially on brand loyalty, that incor-
porates variety seeking/avoiding behavior into the consumer choice models. |Givon| (1984))
proposes a dynamic stochastic choice model for the variety seeking/avoiding behavior mo-
tivated by switching among familiar brands. The main idea of this model is that consumer
choice behavior is determined not only by the mean inherent utility of the different brands,
but also by the utility (or disutility) derived by the consumer from switching brands from
one period to the next. An individual consumer’s utility (or disutility) from the switching
action depends on the change itself, irrespective of the brands she switches to and from.
The tendency of the consumer to seek/avoid variety is captured by a continuous variable
that extends from the extreme tendency to avoid variety to the extreme tendency to vary
consumption.

Although there is a substantial evidence about the existence of variety seeking/avoiding
behavior, the previous research on retailers assortment planning problem has not incorpo-
rated variety seeking behavior of customers into the choice models. In this essay, we work on

the multi-period assortment problem for a retailer with variety-seeking/ avoiding consumers.
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We extend the |Givon (1984) consumer choice model to make it possible to study the effect
of customers’ attitude towards variety on the optimal assortments to offer in a multi-period
setting. We assume that each consumer is characterized by a parameter V' € [—1,1] which
measures the consumer’s attitude towards variety such that: (i) V = 1 corresponds to the
extreme search for variety case, (ii) V' = 0 means consumer has no utility (positive or neg-
ative) from active search of variety and (iii) V' = —1 means consumer tries to avoid variety
at all costs. In our analysis, we consider two different firm types which we call the Dy-
namic and the Static firms. The Dynamic firm optimizes the profit over the entire horizon
by changing (if necessary) the assortment offered in each period dynamically, whereas, the
static firm has to decide one assortment to offer throughout the horizon. We consider the
assortment problem both under finite and infinite time horizons. We compare the retailer’s
profitability under each scenario. We show that the retailer profitability increases with the
dynamic assortment strategy. We also show that it is possible to generate a high level of
satisfaction at the customer level by having a mixed assortment strategy, e.g., assortment 1
(products 1,2,3,4,5) in some periods and assortment 2 (products 1,2,3,6,7) in other periods.
Under this strategy, customers are still exposed to a large number of products over time. At
the same time, the retailer gains economies of scale for the products it carries every period
because the product line is less fragmented. This assortment strategy can be achieved quite
easily by asking the vendors to change the product mix they ship according to some sched-
ule or a probabilistic structure. This is an example of joint value creation in the retail and
consumer-packaged goods industries. All three parties involved benefit from the application
of this dynamic assortment strategy: The retailers benefit from increased profitability, the
consumers from access to a higher level of variety over time, and the manufacturers from
increased consumption of their products. We also provide some structural properties of the
optimal assortments such as, when is it a popular set, when is it decreasing/increasing in size

over time, when does it have a cycling nature, etc. We also numerically investigate the profit
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loss from not varying the assortment or ignoring the consumers’ variety seeking/avoiding
behavior.

Literature Review:

We divide the related literature into three parts. The first part is about the existence
and causes of variety seeking/avoiding behavior. The second part includes the studies in
the marketing literature with consumer choice models based on variety seeking/avoiding
behavior. And the third part is (dynamic) assortment planning studies.

The existing studies form a rich literature about the existence and causes of variety
seeking behavior. One of the most important studies about of the causes of variety seeking
behavior is McAlister and Pessemier| (1982)). They define variety as the proverbial spice of
life. They propose a conceptual analysis and offer a structural taxonomy of causes of varied
behavior which has been adopted by most of the proceeding research on variety seeking
related studies. According to their study, the explicable causes of variety seeking can be
divided into two groups. One is derived variation and the other one is direct variation.
Direct variation is caused by satisfaction from the changing behavior itself whereas derived
variation is caused by the forces that are not related with a preference for change in and
of itself. van Trijp (1995) presents an extensive study on the theory on variety seeking
behavior especially in the food sector. They discuss the intrinsic and extrinsic motivations
for switching behavior. They also study the effect of variety seeking behavior on brand
loyalty, its effect on consumer choice and threats /opportunities to marketing management.
Ratner et al.| (1999)) studies the pleasure effect of varied behavior on consumers. That is,
the level of enjoyment from a switched product compared to a repeated purchase. Their
study is different from other studies in the sense that they try to analyze the enjoyment
from switch instead of utility. Their results show that people get less pleasure when they
switch from their favorite product. They propose two different explanations about what

is behind this behavior. Another study about the causes of variety seeking is |Ju| (2015)).
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The paper investigates how the information presented to the customer about the product
affects the variety seeking behavior. They conducted experimental studies with university
students and show that if the information is low, degree of variety seeking is high. Besides,
they show that novice customers tend to seek variety more than expert customers when the
information is limited. |Kahn| (1995) provide a literature review on the subject and discuss
the motivating factors of variety seeking behavior among the consumers. Different from
McAlister and Pessemier| (1982), they provide one other reason for variety seeking which
they call future preference uncertainty. It is defined as seeking variety in order to decrease
the risk from future uncertainties. They also provide literature review of the measurement
tools and predictive models.

Variety seeking behavior has received considerable attention in the marketing literature.
One of the earliest studies is |Jeuland| (1979) which study the variety avoiding behavior of
consumers to the brand loyalty. It is the first paper to integrate variety related behavior
to MNL choice model. They add a parameter to the MNL choice model to capture variety
avoidance of the consumers. They use a maximum likelihood estimation procedure and use
an individual data on cooking oil purchases in France. We also use MNL choice model in our
study. But the formulation of our consumer choice model is an extension of |Givon, (1984)).
It is one of the fundamental papers in variety seeking brand loyalty area. He proposes a first
order markowian stochastic choice model based on variety seeking/avoiding behavior. He
assumes that there is utility /disutility for a consumer derived from the change of the last
purchased brand itself which is independent of the brands she switches to or from. The ten-
dency to seek or avoid variety is measured with a parameter called VS that varies from -1 to
+1 where -1 refers to extreme inertia and +1 refers to extreme variety seeking. Givon| (1984))
and most other studies assume that an individual is either variety secker or avoider but Bawa
(1990) considers the coexistence of variety seeking and avoiding behavior within the same

individual. They empirically estimate their proposed model parameters by a household level
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panel data. They show that according to the empirical results, half of the households reveal
hybrid behavior instead of pure inertia or pure variety seeking. There are also studies in
the marketing literature which investigate the effect of variety seeking/avoiding behavior on
marketing variables, such as price, promotions etc. Seetharaman and Chintaguntal (1998)
works on the effects of price and promotions on variety avoiding and variety-seeking behavior.
They use the term habit-persistence instead of variety avoidance. They extend stochastic
model of (Givon| (1984) to include marketing variables such as price and promotions. They
empirically test their model with panel data from six different brands of canned tuna fish and
show that customers strongly avoid variety and are price sensitive for this specific product.
Kahn and Louie (1990) studies a stochastic variety seeking model where the uncertainty
comes from the unknown promotion times. They assume that at an arbitrary time there is
a probability of product being in promotion. They extend |[Kahn et al.| (1986) model and
incorporate price promotions to the stochastic variety seeking model along with intrinsic
utility of switching itself. They derive steady state choice probabilities for different price
discount cases and show how variety seeking or avoiding customers react to the promotions.
Kahn and Louie (1990) also investigates price promotions with variety seeking customers
similar to Kahn and Raju (1991) but they focus on effects on market share. They show
how the brand choice probabilities change depending on the price promotions and number
of promoted products. They show that, if consumers are variety avoider, a promoted brands
share decreases after the removal of promotion if it is the only brand to be promoted. On
the other hand, if consumers are variety seeker, the brands share does not decrease after the
removal of promotions. Another study on market sharing is [Feinberg et al. (1992). They
study the implications of variety seeking magnitude on market share. According to their
results, as variety seeking increases, the most unpopular brand gains market share and the
most popular product loses share. |Chintaguntal (1998) try to incorporate the variety avoid-

ing /seeking behavior into a brand purchase timing model. They claim that if a consumer
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is variety avoider, the next item she switches will be close to his last choice with some at-
tributes and vice versa for variety seekers. Hence, they propose a choice model where variety
seeking/avoiding behavior is captured at the attribute level of the brands. They propose a
failure time model and test their model with an empirical study. A relatively new study,
Sajeesh and Raju (2010), investigates variety seeking effect on competitive positioning and
pricing strategies. The variety seeking effect on consumer choice is captured by the decrease
of willingness to pay for the last purchased product. They show that product differentiation
reduces when there are variety seeking consumers in the market. They also show that, in
a two period problem, prices drop in the second period due to the incentive to prevent los-
ing variety seeking customers and that existence of variety seeking reduce the firm profits.
Zeithammer and Thomadsen| (2013) studies the price and quality competition in a vertically
differentiated duopoly market. The consumers are variety seekers and variety seeking is mod-
eled as the diminishing marginal utility for repeated purchase of same product. They find
that when the qualities are similar, variety seeking increases both prices and profits. On the
other hand, if qualities are different, price competition is sharper and profits are lower. The
most recent study in the marketing literature is Xiong et al.| (2017). Similar to [Zeithammer
and Thomadsen (2013)), this paper also studies price and quality competition in a duopoly
market but they also consider variety avoiders. They use the term habit formation instead
of variety avoiding. They assume that there are two consumers segments in the market, one
segment is the variety seekers and the other is variety avoiders. With a two period problem
of Hotelling type setting, they show how firms' optimal price and quality decisions change
when variety seeking and variety avoiding exists among consumers.

There is a growing body of literature that considers dynamic assortments. In these
papers, the rationale for changing the assortment through time is either (i) the need to learn
about consumer preferences (see for example (Caro and Gallien| (2007)), Chen and Plambeck

(2008) and Ulu et al. (2012) ) or (ii) the need to adapt to changing customer preferences

72



(see for example Caro and Martinez-de Albeniz (2009), Caldentey and Caro (2010) and
Saure and Zeevi (2009)). We refer the reader to Kok et al.| (2015) and Mou et al. (2017)
for the detailed (dynamic) assortment planning literature. To the best of our knowledge, no
paper has incorporated the consumers’ attitude towards variety as a motivation for changing
assortments.

This essay is organized as follows. In §3.2] we develop our model. In §3.3] and
we work on the finite and infinite horizon problems respectively and show some structural

results. In we show some numerical examples.

3.2 Model

We consider a product category where the set of potential products to offer is N = {0, 1, ...,n}
and 0 denotes the outside option. Let S; C N denote the assortment offered by the retailer
in period ¢ and S denote a generic assortment. We assume that 0 € S; for all ¢[T]

We represent consumer choice using the model from |Givon| (1984). As discussed in the
introduction, the main idea of this model is that consumer choice behavior is determined
not only by the mean inherent utility of the different products, but also by the utility (or
disutility) derived by the consumer from switching products from one period to the nextE|

Mean inherent utilities for the products are given by u = (ug, us, ..., u,,) such that u; >

uy > ... > u,. We define 6;(S;) = <—~— for j € S; (zero otherwise), which corresponds

Zkest Uk
to the probability of choosing product j from assortment S; when consumer preferences

are only driven by the mean inherent utility of the products (as in the classic Multinomial

Logit (MNL) model. Also we define v(S) = (70, 71, ..., V) such that ~;(S) = |—é,| for j € S

'In what follows the outside option is, unless otherwise stated, treated like a product with zero selling
price and cost.

2While Givon| (1984) assumes that all n products are available in each period, we have modified his model
to allow the firm to offer S; C N in period t.
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(zero otherwise), which corresponds to the consumer making a random choice amongst the
products offered in the assortment, with each product being equally likely to be chosen. Let
0 = (0,01, ....,0,) and v = (Y0, -, Vn)-

As in |Givon| (1984), we let V' € [—1,1] be a parameter which measures the consumer’s
attitude towards variety such that positive (negative) values correspond to the case of a
variety seeking (avoidance) behavior. Let P;;(S;) be the probability that a consumer with

variety attitude parameter V' who bought product ¢ € S;_; in period ¢ buys product j in

period t:
(
MV (1 [V])8,(S)) JESLj=i
VIV A (SN LY + (1 — [V)0;(S,) ,j € Si€ Sy, 7 i
P,(5) = ;i (S\{i}) + (1= |[V)0;(Sy) .je S, 1 J # (31)
(V17 (Se) + (1= |V])8;(Sy) ,J €Sy ¢ S j#i
0 7j ¢ St

MY+ (1= [VDO;(S) G €Sii=i
) A A= VDO(S) € Shi€ S #i (3.2)
ek + (L= VD)8;(S))  ,j€Shi¢SjAi

L 0 7j¢st

In this expression, the first row corresponds to the probability of buying the same product
in periods ¢t — 1 and ¢. The second row is the probability of switching to a different product,
even though the product purchased in period ¢ — 1 is still available in period ¢. Finally the
third row is the probability of switching to a different product when the product chosen in
period t — 1 is no longer available in period t.

In particular, the extreme case of V' = —1 corresponds to a behavior of extreme rejection
of variety with no regard for the mean inherent utility of products: the consumer is always

looking to buy the same product which he purchased in the previous period (referred to as
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perfect product inertia). In this case, (3.2)) simplifies to

;

1 JE S =1
0 jeSt,ZGSt,j#Z
Fi(S) = (3.3)
A JESLiIE S A
| 0 j &S
We see that the consumer with V' = —1 always chooses the same product as in the previous

period, unless it is no longer available, in which case he chooses randomly amongst all
products in the assortment (and the outside option).

The case of V = 1 corresponds to a behavior of extreme search for variety with no regard
for the mean inherent utility of products: the consumer is always looking to buy a different

product from the one he purchased in the previous period. In this case, (3.2)) simplifies to:

0 j€Suj=i
S JESLIES,jF#i
o] JESLIE S Al
0 Jj &S

P(Sy) =

We see that the consumer with V' = 1 always buys a product which is different from the
one he purchased in the previous period, with all other products being equally likely to be
chosen.

Finally the case of V' = 0 corresponds to the classical multinomial logit model behavior,
wherein the consumer’s choice only depends on the mean inherent utilities of the products.
In this case, simplifies to P;;(S;) = 6;(S;) for all j € S; and 0 otherwise, that is the
choice does not depend on the product purchased in period t — 1.

Let P(S;) denote the consumer choice transition probability matrix (P;;(S:)) from

ij=1,..n

period ¢ — 1 to period t.ﬂ

3Note that the following formulas calculate P;; for i ¢ S;_1 but these values will not be used.
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Model discussion

Inherent to |Givon| (1984)’s model are two key assumptions. First, it is assumed that
only the previous period’s purchase matters in the consumer’s choice decision. Second,
the probability of switching to brand j does not depend on the brand switched from, i.e.,
P,;(S:) = Pyj(S) for all i,k # j. See |Givon (1984) on page 4 for more detail about the
consumer choice model.

We write down P for V' € {—1,0, 1} for a particular example below:

Example 3.2.0.1. Let n =2 and S ={0,1}. If V =1, we have:

0 1 0
P = 1 0 0
1/2 1/2 0

where the products are listed in the following order in rows and columns: 0, 1, 2.

If V = —1, we have:

1 0 0
P = 0 1 0
1/2 1/2 0

If V=0 and up = 1,u; = 2,us = 1 then 8(S) = (1/3,2/3,0) and

1/3 2/3 0

P=11/3 2/3 0

1/3 2/3 0
As we see from the example, since product-2 is not in the assortment, probability to
switch to product-2 is zero in all cases. On the other hand, we see that in both V=1 and
V=-1 cases, the transition probability from product-2 to other products is allocated equally.

If an individual buys product-1 or buys from outside, then for V=1, the transition to the
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other product (extreme search for variety) is for certain , and for V=-1, purchasing the same
product (extreme avoidance from variety) is for certain. For V=0 case, since utility from
switching itself is zero, the transition probabilities are equal to 6;(5)

In Table{3.1] and Table{3.2] we present the change of switching probabilities from product
i to j by 0; and V where the assortment size is 5. The difference between the two tables is
in Tablef3.1] we have i € S; and in Table{3.2] we have i ¢ S; (in other words, product ¢ is
dropped from the assortment). When we compare the two tables, we see that for V' < 0,
the probability of switching increases when product ¢ is dropped from the assortment and it
decreases for V' > 0. The reason is: when V' < 0 and i ¢ S;, the avoiders not being able to
find product ¢ will look for other options (including the outside option) and this will increase
the switching probabilities to the products that are in the assortment. For V > 0, when
the previously chosen product is in the assortment, the share from variety seekers will be
distributed among the other n-1 (which is 4 in the example) products. But when the product
is dropped from the assortment (and the assortment size is kept the same by adding another
product) it will be shared among n (which is 5 in the example) products. We also see from
Tablef3.2] that when the product is dropped from the assortment the switching probabilities
are symmetric over V = 0.

In Table{3.3] we present the probability of purchasing the same product in a row when it
is offered in both periods. Note that probability of buying the same product is decreasing in
V for a given 6, which is very straightforward because as V' increases people become more
variety seeker and thus more inclined to change their choice. We should also emphasize that
these probabilities do not depend on the size of the assortment set.

Let X denote the market size, which we assume is constant over the time horizon. We
assume that all consumers in the market have the same variety attitude parameter V' for
the given product category. Let ¢, ;(S;) be the probability that a customer buys product j

in period ¢ given assortment S;. We refer to q; = (g0, qt.1, -, ¢t.n) as the demand probability
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Table 3.1: Probability of switching from product i to j where i € Sy and |S;| =5

g V=-1 V=-05 V=0 V=05 V=1

0 0 0 0 0.125 0.25
0.2 0 0.1 0.2 0.225 0.25
0.25 0 0.125 0.25 0.25 0.25
0.5 0 0.25 0.5 0.375 0.25
0.75 0 0.375 0.75 0.5 0.25

1 0 0.5 1 0.625 0.25

Table 3.2: Probability of switching from product i to j where i ¢ S; and |S;| =5

0, V=—1 V=—05 V=0 V=05 V=1

0 0.2 0.1 0 0.1 0.2
0.2 0.2 0.2 0.2 0.2 0.2
0.25 0.2 0.225 0.25 0.225 0.2
0.5 0.2 0.35 0.5 0.35 0.2
0.75 0.2 0.475 0.75 0.475 0.2

1 0.2 0.6 1 0.6 0.2

Table 3.3: Probability of purchasing the same product ¢ in a row where ¢ € S;_; and i € S,

g V=-1 V=-05 V=0 V=05 V=1

0 1 0.5 0 0 0
0.2 1 0.6 0.2 0.1 0
0.25 1 0.625 0.25 0.125 0
0.5 1 0.75 0.5 0.25 0
0.75 1 0.875 0.75 0.375 0

1 1 1 1 0.5 0

vector and qu\ as the demand volume in period t. In the very first period (¢t = 1), because the
product has has never been sold before, we assume that q;(S;) = |V|v(S1) + (1 —[V])0(S1),
that is, we assume that the consumer’s choice in period 1 is a weighted average of a choice
driven solely by the mean inherent utilities of the product (i.e., 8(S7)) and an equally likely
choice amongst all the offered products (i.e., v(S1)), with the weight being the absolute value

of the consumer’s variety attitude parameter V.
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In subsequent periods, i.e., t = 2,3, ..., we have q; = f(q;—1,S;) where f is the demand

probability update function defined a

f(aq,S) =qP(5) (3.5)

We have q; = q;—1P(S;) = qi Htr=1 P(S;).

The retailer receives a revenue of r per unit sold and incurs an inventory stocking cost
according to a concave function of the demand volume given by oz® where o > 0, 3 € [0, 1]
and z is the demand volume. This function is used by Ryzin and Mahajan (1999). Like
them, we assume that \'?¢ >> o0¢® which implies that the probability of having negative
demand is small. (For a detailed informations refer to Ryzin and Mahajan (1999)). The

retailer’s profit in period ¢t > 1 is given by:

n

mi(S) =Y {rhas(5) - o Das(S)1° |

j=1

Let I1(Sy, ..., S7) = Zthl m:(St) denote the total expected profit the retailer receives from
offering assortments Sy, ..., St in periods 1 to T

We consider three versions of the retailer’s problem: the dynamic firm, the static firm

and the myopic firm.

The dynamic firm

The dynamic firm is able to select a different assortment in each period to maximize
its expected profit over the entire horizon. This problem can be formulated as a dynamic
program where the state space is the (1 x n + 1) demand probability vector at the end of
the previous period. Let V;(q;_1) denote the optimal expected profits from periods t to T.
We have:

Vi(qi-1) = gtlg]}éﬂt(sﬁqt—l) + Vi1 (f(qe-1,5:)), for 1 <t <T

and Vpy =0.

Let S} denote the optimal assortment in period ¢ for the dynamic firm.
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The static firm

The static firm is unable to vary the assortment from period to period but chooses the
assortment which, under this constraint, maximizes expected profit over the entire horizon,
that is, the retailer solves maxgcy Sr, m(S).

Let S® be the optimal assortment for the static firm.

The myopic firm
The myopic firm maximizes the one-period expected profit function in each period, with
no regard to the impact the assortment has on future profits. Let S}"(q;—1) be the assortment

chosen in period t, given the demand probability vector in period t — 1. We have:
Syt = arg max (S5 qe-1). (3.6)

We now define two important sets, namely Sg and S~, which are important for the
later analyses. Let Sy be the set that optimizes one period expected profit with demand
probability vector (5), that is,

m(8) = > {ra0s(8) = oA (6,(9))°}
This is the classical assortment planning problem with the MNL model studied by |Ryzin and
Mahajan|(1999)). The optimal assortment is known to be a popular set, that is, S* = {1, ..., k}
for k€ {1,...,n} with uy > us > ... > up > ... > u,.
Let S, be the set that optimizes one period expected profit with demand probability

vector y(.9), that is,
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Table 3.4: Notation

Symbol  Definition
Decision variables
S; : Assortment in period ¢

Parameters
N :  Set of potential products N = {0, 1, ...... ,n}
u: Product mean inherent utilities u = (ug,u1,....un) U > Ug.... > Uy
6 : Variety attitude-neutral choice probabilities given assortment S 6 =
(00,01, ...,0r)
V' :  Consumer variety attitude parameter —1 <V <1
P;;(S): Probability that a consumer who bought ¢ buys product j in the next period
with assortment S
q:,;(S) :  Probability that a customer buys product j in period ¢ given assortment S.
Goo(S) :  The stationary distribution for P(S)

Other variables
r: Selling price
A Market size i
o : Cost function magnitude parameter
B : Cost function concavity parameter

Sy Dynamic Firm Optimal Assortment
S Myopic Firm Optimal Assortment
S* Static Firm Optimal Assortment

Sy The set that optimizes one period expected profit with demand probability
vector y(.5)
So The set that optimizes one period expected profit with demand probability
vector 0(5)
So(V)  Optimal assortment with ¢;
(V)  Optimal assortment with with ¢, for 0 <V <1
(V)  Optimal assortment with with g, for —1 <V <0

m

(S) = AL o (m — 1) (i)ﬁ (3.7)

The second derivative of with respect to m is less than zero. Thus, 7; is concave in
m. Let m denote the value which optimizes the FOC. The optimal value m* is obtained

by rounding this value either up or down, up to a maximum of n. In other words, S, is
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any set of of size m*. In particular we can set S, = {1,..,m*}. This is summarized in

Lemmad3.2.0.2

Lemma 3.2.0.2. S, is any set of of size m* where m* = argmax r)\# — o\ (%)6 —

meZmIN

oA B(m —1) (L)

3.3 Finite Horizon Problem

We first study the finite horizon problem where assortment decision is made for some T' < co.
We first investigate the optimal solution when the firm wants to maximize the revenue.

By our transition probability definition, the process is Markovian such that the current
period purchase decision only depends on the last purchased product. The demand prob-

ability of product 7 € S; in period t as a function of its value in period ¢ — 1 is equal

to:
(
1
G157 T 157 D igs, B-1,i V=-1
(L+V)0;(S:) = Vi1 — SL Y oics, Q-1 -1<V <0
ISt | &5t
G, (S di—1) = 0,(S;) V=0 (3.8)
(1 =V)0;(S:) + ﬁ Zigfjt Q-1 + ﬁ Digs, k-1 0V <1
L |St1—1| Zifjjt Q-1+ ﬁ Zigs qt—1, V=1

and ¢, ; =0 for j ¢ S.

In the special case of S;_; C S; (i.e. no products are dropped from period ¢ — 1 to period

t), reduces to:

qi—1,5 V=-1
(1+V)0;(S:) = Va1, -1<V <0
G5 (St) = 0;(St) 0 (3.9)

V =
(1 — V)9j<St) + ﬁ Ezzejjt qi—1,i 0 S % S 1

<
I

1
9,1 2 i€5t Qt—1,i
|St 1| Z i£]
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3.3.1 Revenue Maximization Problem

Suppose objective of the firm is to maximize the revenue. It is mathematically equivalent
to assume that § = 1 in The following lemma shows that offering all the products is

optimal when the firm‘s objective is maximizing the revenue.

Lemma 3.3.1.1. [Revenue mazimization] If = 1, then S™(q;—1) = S; = S* = N for all

q.

Proof. The retailer’s problem can be written as maxscy rA Y7, ¢:;(S) which is equivalent

to mingc y 7Age0(S). Hence, the problem reduces to minimizing no-purchase probability.

When 0 <V <1, we have:

@o(S) = (1=V)0(S ZQt 1+ \S| ZQt 1

i€S
1#£0

For k ¢ S let " = S U{k}. We have:

'L;ék

S = (1- F + P
Gt0(S") ( |S|Z% 1 Qt Lk |S|+1ZQt 1
z#O

And therefore:

00(S) = aialS') = (1= V) (60(S) — 60(S")) + (| S |—g|) S g
€S
i£0

\%4 %4
+ (51~ ) S

ik

>0

since 0y(S) > 6p(S’) and V > 0.
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When —1 <V <0, we have:

@o(S) = =V 41+ V)0(S +VZQt 1,_]+V ZQt 1
JES ¢S
Jj#0
qro(S) = _V+(1+V)90(S,)+VZQt—1,j+VQt—1,k+V’S‘+1ZQt 1
B
V
S)—qo(S") = (1+V)(6o(S) —60(S")) — = q >0
q0(S) — qro(S) ( ) (60(5) 0(5")) |S|Qt Lk — K |S|—|—1 ZQt 1
1¢k

since 0y(S) > 6p(S’") and V < 0.
Since adding a product to S decreases the probability of outside option for all values of

q:-1, the myopically optimal assortment always includes all products. O]

In general, when the objective is revenue maximization, offering all the products is not
surprising for assortment planning problems. Because, when the revenue is maximized,
the problem reduces to minimizing the outside option (no purchase) probability and in a
classical setting, adding a product usually decreases that probability. But when there is
variety seeking behavior, it is not straightforward to see if adding a product will decrease
the outside option. In fact, we proved that adding a product to S decreases the probability

of outside option.

3.3.2 Structural Results

In this section we provide some structural results for the benchmark case of V' = 0 and
extreme cases of V=1 and V=-1. We show the tradeoffs between myopic, static and dynamic
firm with a 2 period problem example. Besides, we show that the static firm

The benchmark case of V =0
When there is no variety seeking behavior among the consumers, the inherent utilities from
the products determines the consumer purchase probabilities and there is no change in the

transition probability since the inherent utilities remain the same throughout the horizon.
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Lemma 3.3.2.1. IfV =0, then S™(q;—1) = S} = S° = Sy for all q;—4

Proof. When V' = 0, we have q;(S:; q;—1) = 0;(S;) for all q;_1. Therefore m;(.S;) is maximized
at Sp. O

This result also means that the optimal assortment is a popular set as shown by Ryzin
and Mahajan! (1999).

Extreme Inertia V = —1
Now assume that all the customers in the market extremely variety avoider. They want to
buy the same product in every period as long as the product is offered. Now we go back to
the original problem of profit maximizing and investigate what happens in the extreme case
of V.= —1. When V = —1 we have

Gt,i(St; @t—1) = qi—1,j + ﬁ Z Q1,5

¢S

Let the first period optimal be S5, with ¢, ; = SL for all j € S§
1

Now consider the second period. Since V = —1, we know from [3.9] that adding a product

1
|57

to S} won‘t change g2 ; and we will get ¢ ; = for j € S7 and ¢o; = 0 for j ¢ S}. Hence,
profit will be the same.
Now consider the case where we remove k products from S}. Let the new assortment be

S. Notice that |S| =S} — k| . For all j € S we get:

_ 1 1 k
;S q) = oo T o "
2SS — K| ]Sq]

IS — K|+
EREIER
B 1
St — K|

Which is the same with ¢; ;(.S) such that |S| = |S] — k| . Since we know that 7 (S}, ¢1,,(S})) >
m(S;q1,5(8)) we get (ST, q1,;(S1)) > m(Siq2,(S)) -
For t > 2, same logic applies and we get the following lemma for the static and dynamic

firm.
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0.7p3 2 3 3

06p3 2 3 3 3

g 053 2 3 3 3 3
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0.2p3 2 3 3 3 3 3 3 3

0.1p3 12 1 1 1 1 1 1 1 1
0423 H3- 43 43 43 H3. H3 43 43 13 !
0 0.1 0.2 0. 04 0.5 0.6 0. 0.8 0.9 1

1, 4-1)
Figure 3.1: An example of myopic firm optimal assortment for a given ¢ when V = —1

Lemma 3.3.2.2. IfV = —1, then Sf = 5°=9,, fort=1,...,T.

Lemma[3.3.2.2]doesn’t apply for the myopic firm because the starting period is important
in order to get S,. By our definition, myopic firm solution is for any given ¢,_; (even if it
is not reachable). In Figure we present the optimal assortment for an example of 2
product case depending on ¢;—; (V = —1,r =2.1,0 = 2,A = 20,5 = 0.6 ). In the figure
x-axis represents ¢;;—; and y-axis represents gs;—1. We see the optimal solution in period
t as a combination of this two values. Notice that, ¢;;—;=0 corresponds to the case where
only product-2 is offered in the previous period and vice versa. We denote the assortments
as Assortment 1= {Product 1}, Assortment-2={Product 2} and Assortment-3={Product
1, Product 2}. For the given parameters we have S,={Product 1, Product 2} but we for
¢11—1 = 0.5 and g2;—1 = 0.1 the optimal assortment is offering Product 1. Which is a counter
example of Lemma for the myopic firm (We have ties for some combinations which

is also shown in the figure by 13, 23 or 123).
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Extreme variety seeking V =1
When the consumers are extremely variety seeker, they won‘t buy the same product they
purchased in the last period even if it is the only product offered. We have the following

lemma for static firm.

Lemma 3.3.2.3. When V =1, we have S* = 5,.

Proof. When V = 1 we have q; = (S5) and from 3.9 we can see that q, = v(S) for all
t=2 ..T 0

According to our numerical analysis, the optimal solution for myopic and dynamic firm

is not necessarily S,.

Two-period Dynamic Firm Problem

Finite horizon dynamic firm problem is the most challenging case in our study. As discussed
earlier, dynamic firm tries to optimize profit by changing the assortment in each period.
Because of the variety seeking/avoiding behavior, customer choice is changing in every period
and not taking into account this change will definitely hurt the retailer. For example, when
customers are highly variety seekers, offering a popular product in a two consecutive period
can decrease the profit from the popular product in the second period. Adding or removing
a product is going to change consumers purchase decisions and taking the advantage of this
change is possible by dynamically changing the assortment. The following example illustrates

the trade-offs for a 2-period 2-product problem.

Example 3.3.2.4. Letn=2,T=2r =10,A=100,0 =9, = 0.9 u = (1,40, 8).

When V = 0.75 we have:

S q1(S1) m1(S1) S22 =S5"(q1) a2(5%) m2(S%) I

I (0.38,0.62,0)  250.18 27 (0.26,0,0.74) __307.00 557.18

{2} (0.40,0,0.60)  240.14 {1} (0.23,0.77,0)  321.14  561.28
1,2} (0.26,0.45,0.29) 279.01 1,2} (0.29,0.41,0.31)  265.65  544.66
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We see that it is optimal to offer {2} in the first period, followed by {1} in the second
period. However, notice that the myopically optimal assortment in period 1 is {1}. The
intuition 1s as follows: by offering only product 2 in the first period and only product 1 in
the second period, the retailer is able to maximize sales and save on inventory costs. This is
because of the surge in the purchase probabilities of the popular product in the second period
caused by the variety seeking customers who bought less popular product in period 1. By not
offering the popular product in the first period, retailer loses some demand but the increase
of demand of the popular product in the second period outweighs the loss in the first period.

When V = —0.4 we have:

Sy q1(S1) 71(S1) S22 =S"(qi1) a2(57) m2(5%) II

{1} (0.21,0.79,0) 328.48 {1} (0.10,0.90,0) 383.27 711.76

{2} (0.27,0,0.73) 303.78 {2} ((0.17,0,0.83) 348.21 653.00
(1,2} (0.15,0.62,0.23) 33138 1 (0.12,0.88,0)  374.28  705.66

We see that it is optimal to offer {1} in the first and second periods. Again, notice that
the myopically optimal assortment in period 1 is {1,2}, which is different from the optimal

assortment of the dynamic firm in period 1.

In general, as the previous example illustrates, it is not necessarily optimal for the dy-

namic firm to offer the myopically optimal assortment in each period.

3.4 Infinite Horizon Problem

For most of the products in food retail, there is a chain of recurring transactions over time.
Consider the yogurt example which has high variety seeking potential. It is a repeat purchase
product and retailer-consumer interaction goes on for a long time period. Thus, a steady
state analysis of the system could be more appropriate for this type of products. In this

section we consider the infinite horizon problem where T' = +4-c0.
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3.4.1 Static Firm

In order to study the infinite horizon problem we need the steady state demand probability
distributions. Let q..(S) denote the steady state probability, obtained by solving q = qP(S).
It is obvious that when j ¢ S we have ¢ ;(S) = 0. For V € {—1,1} from Lemma
and Lemma{3.3.2.3 we have ¢ ;(S) = 7(S). For V € [0,1) we solve the equation:

0o (S) =D Gsek(S) P ()

1= V) + 2 (5 + 1= VIS o (S)

k#j
keS
Note that have Zqoo’k(S) = 1 which implies qu7k(S) =1 — g ;(5). After plugging
kes k#j

kes
this expression in the above equation we get :

10(5) = 1 (S0 = VIE) + (g + (1= VIS)) (1= 4s(8))

which has a straightforward solution. For V' € (—1,0) we use the similar approach and the

final result is:

v(S) V=1
0(9) ~1<V <0
Goo.j(5) = " y (3.10)
(1= V)6;(5) IS|-1+V + [S[-1+V 0<V<1
Y(5) V=1

and ¢oo; =0 for j ¢ S.

Note that interestingly, the steady state distribution jumps from ~(S) when V = —1 to
0(S) for V.= —1+e. This is because even a very small chance of buying a different product
enables consumers preferences to converge to the popular products when the horizon is
infinitely long.

We have the following result as a direct consequence of [3.10]
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Lemma 3.4.1.1. When —1 <V <0 and T = oo, S* = Sy. When V € {—1,1}, then
S*=5,.

This is an interesting result, because we see that in the long run, except extreme va-
riety avoiders, having variety-avoiding consumers, do not have any affect on the optimal
assortment. The static firm is safe when he disregards the existing variety avoiding behavior
among the consumers because optimal solution in both cases are the same. The following

theorem summarizes this result.

Theorem 3.4.1.2. In the long-run, except extreme variety avoidance, ignoring existing

variety-avoiding behavior among the consumers does not hurt the static firm.

Lemma. also says that the optimal assortment is a popular set for variety avoiding
case V € (—1,0]. What about variety-seeking case? We define a type of assortment set
below, which also appears in |Alptekinoglu and Grasas (2014), to explain the structure of

optimal assortment in that case.

Definition 3.4.1.3. Suppose there are n different products with uqy > uy > ........ > Uy,
The set S is "popular-eccentric” if, (i) the most popular product is in- b-* S and (ii) when

product k is in S then either products {1,2,...k — 1} or{k+1,k+2,..,n} arein S.

Notice that popular set is also a popular-eccentric set with only popular products being

in the set.

Lemma 3.4.1.4. For V € [0,1) the optimal assortment for the static firm infinite horizon

problem is a popular-eccentric Set.

We provide the proof in §3.6.1} The Proof is similar to Mahajan-van Ryzin (1999) popular
set proof. The difference comes from adding a product with u; = 0 to the assortment. In

Mahajan-van Ryzin,1999 if you add a product with u; = 0 to the assortment, the profit
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VAN RYZIN- MAHAJAN (1999) OUR MODEL

Profit before adding
product

Profit before adding
product

L L L L |
50 100 150 200 250

Adding a product with u > 60 will increase Adding any product will increase profit.
the profit. Include the most popular product Depending on u ( for the products that are not in
with # > 60 (if none, do not add any) the assortment yet) it might be optimal to add a

product, for example with u=35 which is the
most eccentric product.

Figure 3.2: The explanation of proof for Lemma-3.4.1.4] - Ryzin and Mahajan| (1999) vs our

model comparison

doesn’t change. But if you add a product with uy = 0 in our model, for V' > 0, some

consumers will buy that product and this will change the profit (can be negative or positive)

The following is an example of an optimal assortment being popular-eccentric set.

Example 3.4.1.5. Let n =3, r = 4.2, X\ = 50,0 = 4,5 = 0.8 u = (5,250,60,10). In this

case the optimal assortment is {1,3} and the retailer’s profit is 80.7265.

Up to now, we have shown the structure of the optimal assortment for different values
of V. Now we provide a result on the structure of the optimal profit. In order to prove our

next result, we use the following definition and result from Ryzin and Mahajan (1999).

Definition 3.4.1.6. We say vector & = (x1, ..., Z,,) majorizes vector § = (y1, ..., Ym), denoted
by & =m Y, if Dot = > e, ys and ZLI Ty > 25:1 yfﬂ forj =1,...,m — 1, where xy,

denotes the i-th highest component of vector .
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Example 3.4.1.7. Consider ¥ = (3,1,5) and y = (3,3,3). We have & = § because after
sorting each vector in decreasing order we have (5,3,1) and (3,3,3) and 5 >3, 5+3 > 3+3

and5+3+1=3+3+ 3.

Lemma 3.4.1.8. If g(-) is a conver function and T =y § then Y70 g(xi) > D770 9(yi)-
Proof. See Lemma 2 in (Ryzin and Mahajan) 1999) O

Let 7o (S; V) denote the per-period retailer’s profit in an infinite horizon problem with

static inventory S.

Theorem 3.4.1.9. For any S, 1 (S; V) is decreasing in V' for V € [0, 1].

Proof. Without loss of generality let S = {1,2,...,n} and assume that u; > uy > ... > u,.
First note that ¢eo1 > Goo2 2> ... > Goon SO that the i-th largest element of ¢ is the i-th

element. For j =1,...,n, we have:

J i .
Su S -1 jV

0.0 S,V = 1-V 711_

;q SV = U=VISSe s v T s o1

Taking the first derivative:

O 4ei(S;V) 1S — 1] ( I |S|>

oV (S —1]+V) D et Uk
which is negative because we have %2:122 > IJ?I given that uy > us > ... > u,. Therefore it
k=1

follows that goo ;(S; V) = oo j(S; V') for VI > V.
Let g(q) = mq—o(A\g)?. As Van Ryzin and Mahajan (1999) does, we assume \!~?q >> o0¢”.
This implies that g is convex. Also we have 7o (S;V) = > 7, 9(¢oo ). Using Lemma 3.4.1.8}

we conclude that m(S; V) > 7o (S; V'); therefore mo, is decreasing in V for V € [0,1]. O
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3.4.2 Cycling Firm

In this section we consider a retailer which cycles through a series of assortment over the
infinite horizon. We refer to a k-cycle with sets S, ..., S*~! as an assortment policy such that
Sy =8 med (tk) for t = 1,..., where mod (z,y) denotes the remainder when x is divided by
Y.

For example a 2-cycle policy with S° and S is such that S; = S! for t = 1, 3,5, ... and
S, =S fort = 2,4, ...

As we have shown in the previous section, we need stationary distributions in order to
solve the assortment problem. Because of the dependency of the transition matrix on the
previously offered assortment, a general solution of stationary distribution for an arbitrary

k-cycle is intractable. To simplify the calculations we limit our study to 2-cycle assortments.

Steady State distribution for 2-cycle

Let oo, ;(S1]52) be the infinite horizon purchase probability of product j when assortment Sy

is offered and the preceding assortment was Ss. We have the following formula (derivation

of the formula is in §3.6.2)).

H2(hl—gh)—Hlg' (h2—g)+¢" (1-g?—(1-V)0(S))+(1-V)0, (S1)

jGSlandjESg

1_9291
Goo,j (51]52) = W H? + g (1 — H?) + (1 — V)6,(5Y) j €S and j ¢ S
0 else
where
H! = (m2D3D1—Dimg(mo—1)(m1—Wa)—mi(m1—1)ma(ma—1)W1)

D2D1 —ml(ml—l)mg (mz—l)

my = |Sl|, D1 = V|Sl\SQ|, hl = mll’ gl = mel

€S
i¢Ss
Notice that the expression reduces to [3.10
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Two-product analysis

Suppose there are only two products: product 1 and 2 with u; > us > ug. The retailer has
three options. Let assortment A = {1}, assortment B = {2} and assortment C' = {1, 2}.
We want to find out when it is optimal to have a 2-cycle solution. By using the notation for
cycling case (We drop oo for the ease of reading) the 1-cycle (or non-cycle) probabilities can

be written as:

. - 1 V i o 1 174
A = (1= VIR + s B(BIB) = (L= VBB +
. B 2 V . o 2 \%4

G (ClC) = (1 V)01<C)2+V+2+V @(ClC)=(1 V>92(C)2+V+2+V

When there are only two products, the 2-cycle options are AB, AC and BC. When the

assortment is cycling between A and B we have ¢;(B|A) =0, ¢2(A|B) = 0 and

WAIB) = 5 + T ()~ Vou(B)
W(BIA) = s + e (26l ~ Vo (A)

When the assortment is cycling between A and C' we have ¢;(A|C) = 0 and

1-V)
2 V2

MAIC) = G - VO +

(201(A) = V0(C))

o) = T2 B Do) - ST en - vae)
B(C14) = 5 + (1= V)(C)

When the assortment is cycling between B and C' we have ¢;(B|C) = 0 and

w(B10) = oo - 2= vae) + L= enm) - vae)
wcl) = SE=E 2= a0) - =T o) - vaue)
B(C1B) = 5 + (1= 1)8(C)
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By using the above expressions for purchase probabilities in different cycle combinations,
we can compare non-cycle and 2-cycle profits. We compare profit in a period, for example
m(AJA) with w. We have the following two lemma regarding the optimal solutions

for V.=0and V = —1 cases.

Lemma 3.4.2.1. When V =0, k-cycle, s.t. k > 2 is never optimal.
Proof. 1t is a direct result from Lemmad{3.3.2.1 [

Lemma 3.4.2.2. When V = 1;

(a) Offering only A or Only B yields the same profit. (which is also true for k > 2)

(b) For p < 1 cycling between assortments A and B always gives more profit than offering
only assortment C'. For f = 1 cycling between assortment A and B and offering only
assortment C' yields the same profit. (both are optimal)

(c) For m > a\~!, the optimal assortment is cycling between assortment A and B.

Proof. (a) We have ¢1(A|A) = ¢(B|B) = 3 which implies that it offering either products
yields the same profit.

(b) m(C|C) — w = —%(2 —2%) < 0 for B < 1 which implies cycling between
assortment A and B always yields more profit than offering only assortment C'.

(c) We compare offering only A with cycling between A and B.

7(A]A) — TABHRBIA) _ 9 (—1 + (4/3)5) oAF — Am

We have 277 (—1 + (4/3)ﬁ> < & which implies if m > oA’~! (or we can say m > o) then

cycling between assortment A and B yields more profit than offering only assortment A.

Then we compare cycling A and B and cycling A and C.

W(A‘C);”F(C‘A) — W(A|B);W(B‘A) = ((%) B — —2(14125) — 2%) o\’ — ’\Q—T. Which is negative for m >

o\?~1 implying, cycling between assortment A and B yields more profit than cycling between

assortment A and C' .

We have ”(A‘B);”(BM) > N(Aw)g”(q’q) and w > 7(A|A) = 7(B|B) and from (b)
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7(A|B)+w(B|A
TABERBIA) 5, (C|C). 0

3.4.3 Dynamic Firm

In this section we study the optimal policy in the infinite horizon for a dynamic firm, that
is a firm which is free to vary the assortment from period to period. In particular we study

in which case a static or k-cycle policy is optimal .

Lemma 3.4.3.1. A static (1-cycle) policy is optimal in the infinite horizon problem when
V ={-1,0}. For V = —1, we have S; = S~ fort=1,...,00. For V. =0, we have S} = Sg

fort=1,... 00.

Proof. Follows directly from Lemmas |3.3.2.2] and [3.3.2.1} m

3.5 Numerical Analysis

Our numerical study is divided into three parts. The objective of part I is to compare
the performance of the dynamic firm with that of the static firm. In the second part we
investigate the value of cycling the assortment for the infinite horizon problem. And in the
last part, we show numerical examples about the magnitude of profit loss when the retailer

ignores the variety seeking/avoiding behavior in the market.

3.5.1 Value of Dynamic Assortment

In this section we study the value of varying the assortment from period to period. We
numerically compare the retailer’s profit under (i) the optimal dynamic firm policy (ii) the
optimal static firm. We try to see how two different firm types differ in terms of profit
depending on V' and T. We assume there are 3 products (Product 1 is the most popular
and product 3 is the eccentric product) that can be offered. We use the parameters r = 5,

o=48, =09, A =50 and v = {10,60,20,5}. In table we present the profit
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Table 3.5: Static and Dynamic Firm profit comparison by T’

Static Firm Dynamic Firm
T | Assortment Total Profit Assortment Total Profit | %Profit Difference
1 {1} 62.2236 {1} 62.2236 0
2 | {1,3} 119.6562 | {1}-{1,2} 121.1195 1.29
31 {1,3} 178.5402 | {1}-{2}-{1} 182.4124 2.17
4 {1,3 237.3652 | {1}-{1,3}-{2}-{1} 240.7544 1.43
5 {1,3} 296.1990 | {1}-{2}-{1}-{2}-{1} 301.6901 1.95

difference between dynamic and static firm by 7" when V' = 0.3. For the one period problem
the optimal assortments for the two type of firms are the same and it is offering the most
popular product. When T = 2, the optimal assortment for the static firm becomes the most
popular product and the eccentric product. As we discussed before, having popular and
eccentric product at the same time in the assortment is a result of variety seeking behavior.
The Dynamic firm optimal assortment is offering the popular product in period-1 and offering
the most popular two products in period-2. We see that while static firm offers the eccentric
product, dynamic firm does not. The optimal assortment does not change for static firm as
T increases after T' = 2. For the dynamic firm we observe the cyclic pattern when 7" = 5.
The average profit difference is around 2%.

In Table[3.6] we present the profit difference between dynamic and static firm by V' when
T = 4. We observe that the difference between dynamic firm and static firm is very low
when consumer are variety avoiders (V' < 0), whereas it is close to 9% when consumers are
highly variety seekers. We also see that optimal profit decreases as consumers become variety
seeker/avoider (as V deviates from zero). As seen when V' = —0.9 case, in the last period,
dynamic firm drops product 3 from the assortment. As a general numerical observation we
observe that, when V is less than zero the dynamic firm never adds a product to the previous

period’s assortment.
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Table 3.6: Static and Dynamic Firm profit comparison by V'

Static Firm Dynamic Firm %Profit Difference
V | Assortment Total Profit Assortment Total Profit | (PunepicoStatic « 40)
—0.9 {1,2,3} 202.8351 {1,2,3}-{1,2,3}-{1,2,3}-{1,2} 203.0012 0.08
—0.5 {1} 258.4016 {13-{1}-{1}-{1} 258.4016 0
0 {1} 292.047 {(-{1}-{1}-{1} 292.047 0
0.5 {1,2} 217.9938 {2,3}-{1}-{2}-{1} 227.1293 4.19
0.9 {1,2,3} 194.7385 {2,3}-{1}-{2}-{1} 211.9995 8.86

3.5.2 Value of a Cyclic Assortment

As we discussed in section , for infinite horizon problem when consumers are variety
seekers, it might be better to cycle between two assortments instead of offering 1 assortment.
In this section we provide some numerical examples about the magnitude of profit increase
when cycling is better, namely we compare infinite static and infinite cycling firms. We
assume there are 3 products and use the same parameters as section. Notice that 1 cycle
also can be a solution for cycling firm, which is a special case of cycling between the same
same assortment. The results are presented in Table[3.7| The profit values in the table are per
period. According to the results, for V' < 0 infinite static and infinite-cycling firms has the
same solution. But for V>0, the optimal assortment for the cycling firm is offering product
1 in one period and product 2 in the other period. Compared with infinite static firm, this
strategy yields 12.35% more profit when the consumers are highly variety seekers. In this
example the optimal assortments are different for the two firm types when V>0 but it is
not always the case. We may have infinite static and cycling firms have the same optimal

assortment when V>0, depending on the other parameters.

3.5.3 Value of Variety-Seeking Behavior

In this section we discuss the impact of the retailer ignoring the consumers’ attitude towards
variety. Specifically we assume that the retailer considers that V' = 0 and optimizes the

assortment accordingly, offering S = Sg in each period.
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Table 3.7: Infinite Static and Cycling Firm profit comparison by V

Infinite-Static Firm | Infinite-Cycling Firm | %Profit Difference
V | Assortment  Profit | Assortment  Profit (W X 100)
—0.9 {1} 73.0118 {1} 73.0118 0
—0.5 {1} 73.0118 {1} 73.0118 0
0 {1} 73.0118 {1} 73.0118 0
0.5 {1,2} 54.0666 | {1} «+— {2} 57.7791 6.87
0.9 {1,2,3}  48.6273 | {1} +— {2} 54.6373 12.35

Table 3.8: Finite Horizon Ignorant Firm profit loss by V/

Ignorant Firm % Profit Difference
V | Assortment Total Profit | Static Firm Dynamic Firm
-0.9 {1} 182.7487 10.99 11.08
—-0.5 {1} 258.4016 0 0
0 {1} 292.047 0 0
0.5 {1} 201.0796 8.41 12.95
0.9 {1} 159.4545 22.13 32.95

Finite Horizon:

In Table |3.8| we compare the ignorant firm profit to the static and dynamic firm of finite
horizon with T" = 4. We use the same parameters as before. The optimal assortment
when V=0 is offering only product 1 as seen in the table, the total profit corresponding
the Ignorant Firm is the profit from offering only product 1 with purchase probabilities
calculated by using the real V' values. The results show that not taking into account the
variety seeking behavior can result in a profit loss of about 33% when there exist a significant
variety seeking tendency.

Infinite Horizon:

We do similar analysis with the same parameters for the infinite horizon case and compare
ignorant firm profit with infinite static and infinite cycling firms. The results are in Table (3.9

According to the results ignorant firm is losing about 37% percent profit when the variety
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Table 3.9: Infinite Horizon Ignorant Firm profit loss by V

Ignorant Firm % Profit Difference
V | Assortment Total Profit | Infinite-Static Firm Infinite-Cycling Firm
—0.9 {1} 73.0118 0 0
—0.5 {1} 73.0118 0 0
0 {1} 73.0118 0 0
0.5 {1} 49.3558 9.54 17.06
0.9 {1} 39.7884 22.21 37.31

seeking tendency is very high. Even when it is moderate, the loss is around 17% which is a
big amount especially in the retail market.

In the infinite horizon problem with static firm, for V' € (—1, 0], the optimal assortment
is to set 5™ = Sg therefore the retailer who ignores consumers attitude towards variety will
not suffer any profit lost. However, if V' € (0,1), he might. In particular if V' = 1, the
optimal assortment is S* = S~ but the retailer who ignores variety will set Sg.

The profit difference in this case is given by:

TeolSy) = ee(Sg) = D {r A (S) = 0 NSy}

— Zi: {r)\qow-(Se) -0 [AC_Ioo,j(SH)}B}

When V =1 we have q(S) = v(95) for all S. Therefore,

1 1" 1 L)
Too(Sy) — Tss(Sg) = Z {TAW -0 [)\W] } - Z {7“/\@ -0 [)\@] }

jES/y jESB

Syl =1 |Spl—1 ([Syl=1) {A%r
:m( )—0 v

SyT 1Sl ’
K ¢ ~(I1Sgl = 1) | Mg

As a result we see that the difference in profits only depends on the difference in size
of the two assortments. In table [3.10] we show the magnitude of this difference depending

on different parameters and product numbers. According to the results, when there are
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Table 3.10: S, and Sy comparison when V' =1

rameter u o 7(Sp 7 o Differen
Parameters S, S, S, s,) % Difference
, \ (10,50, 20,9, 70 {1} 67.46  {1,2,3,4} 91.04 25.89
r=4.8, o=
(60, 50,20,9,7) {1,2,3 8948  {1,2,3,4} 91.04 1.71
A=50, B=08
(600, 50, 20,9, 7) {1,2,3} 8948  {1,2,3,4} 91.04 171
r=48, oc=4 (5,100, 60, 40,
1} 34.86  {1,2,3,4,5,6}  50.33 30.73
A=50, B=0.95 30,15,10)
r=12, oc=4 (5,100, 60, 50, 45, 44, {1,2,3,4,5,
1} 29752 441.99 48.52
A=50, B=09 43,42, 41,40, 39) 6,7,8,9,10}

4 products the highest difference occurs when outside option is not very popular. As it
becomes more popular, the difference increases. When there are 6 and 10 products, we see
bigger differences. In those cases, while Sy is only the most popular product, S, includes all

the products. For 10 product case, S, yields 48.52% more profit.

3.6 Proof of Some Results

3.6.1 Proof of Lemma [3.4.1.4]

Proof: Proof is very similar to Ryzin and Mahajan| (1999). We show that profit associated
with adding a product is quasi-convex and thus optimal can be achieved in extremes of the
function. In Ryzin and Mahajan| (1999) adding a product with u=0 makes the profit same
with offering only S. But in our case, due to the variety seeking behavior, even a product

with v = 0 can increase the profit. Let B and |5|‘er = ¢.When we add product &

to assortment S the purchase probability of product j becomes:

_ uj(1—V)w

ooj (S U{K}) m
Je J

+¢
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Then the profit becomes:

T(SU{kY) = ) mAe (S U{k}) — oMoy (S U {k}))’

jESU{k)
8
(1— (1-V
S (u@ e ¥ (uﬂ,)
sty \ 2uies U T Uk jesotny \ 2ies U T Uk

mA <]S +1llp+(1—-V)w [Zjes u; + uk])

a Zjes uj + ug
B
geXS jes (w1 = VIw+ 005+ our)

(Spsw+w) |+ (0= Vit o)+ o Tm)

Let 0 < 6 < uy. and define the following functions:

= (j{:uj4—5> (3.11)

jes

g@) =mA [ 1S+ 1p+(1=V)w | > uj+0
jeSU{k}

=

g B
—oc)’ Z(uj(l—V)w+gOZuj+<p5> +(5(1—V)w+<,0(2uj+6>> =

jes jeS jeS

We will show that h(d) = f% is quasi-convex. We use the following result from Mangasarian
(1969): ”The function g(-)/f(-) is quasi-convex on X if (i) g(-) is convex and f(-) > 0 for
all v € X and (ii) f(-) is linear on X.”

The function f(-) is linear in 6. We need to show that g(-) is convex in d. Notice that x”
is concave for # < 1. Then, } . ¢ (u]-(l —V)w+9d su+ goé)'g and
<(5 (1=V)w+p <Zj€S uj + 6))8 are increasing concave in ¢ and summation of two increas-
ing concave is also increasing concave. Besides, f1~” is increasing concave and multiplication

of increasing concave functions is concave. And finally, linear minus concave is convex.
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The function h(J) = % represents the profit associated with adding a variant with
preference ¢ to the existing set S. In Ryzin and Mahajan (1999) when § = 0 the function
reduces to 7(.S) but in our case it is not. But if you add a product with 6 = 0 in our model,
for V' > 0, some consumers will buy that product due to variety seeking behavior and this

will change the profit (can be negative or positive) Which means even adding a product with

preference § = 0 will change the profit (can be negative of positive).

3.6.2 Derivation of Steady State Distribution for 2-Cycle

Suppose the retailer cycles between assortments S; and S;. We try to find ¢ (.5;]5;) which
is the stationary probability of purchasing product k in assortment S; given that previous

assortment was S;. Assuming that stationary distribution exists, we should have:

Gr(SilS)) =D de(Sil ;) Per(S:15))

£es;
= Ge(SilS) D Gu(SilS;) Puk(S:)
£ES; wESj

For 0 <V <1 we get:

. V . V .
qx(5i55) = (1 = V)0 (S:) + S > (515 + T > Ge(S519)
¢ £eS; v £es;
£¢S; £€S;
ek ek

Let |S; — Sj| = A; and |S; N S;| =T. Also define: H* = Y ¢(S;|S;) which is the sum of
keS;
kES;

stationary purchase probabilities of products that are in S; but not in S; (Distinct products)

and G' = > ¢,(S;|S;) which is the sum of stationary purchase probabilities of products

kES;
k‘ESj

that are in S; and in S; (Common Products).
Notice that H*+G* = 1 and we can write G* = 1— H*. We first derive H* and then ¢x(S;|5;).

Derivation of H' :
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(i) Consider product j where j € S; and j ¢ S;, We have:

> ae(SilS) = > @u(SilS;) = H' and 37 Ge(SilS;) = > an(SilS5) — ¢;(Si]S;)

kES; kES; kES; kES;
k¢S, k¢S, keS, kES,
k#j k]

Since j ¢ S; = ¢;(S:1S;) = 0 and thus > Gx(Si|S;) = G*. Define h' = ‘;{_I
tes)
[

For the product j with j € S; and j ¢ S;, we have:

G;(S190) = WY a(SilS)) + 97 D aw(SilS;) + (1= V)8;(S))

kes; kesS;
k#j k#j

Then we can write:

= 2 ai(Sil5) = 3 [WH' + G+ (1= V)05(5))]

jGSj jGSj
J¢Si J¢Si
= AW H + Nyg’ G + V)Y 0i(S))
JES;
JESi
As a result we get:
=N [WH' + G+ (1=V) > 0,(
JES;
JESi
and by using similar calculations we can easily get:
H = A [WH 4+ g G+ (1=V) ) 0,5
JeS;
JES;
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(i) Now consider product j such that j € S; and j € S;. We have > qx(5;|S;) =
S;
i
| K]
> qe(Si]S;) = H*. So we can write ¢;(5;]S;) as
keS;
kéS,

G;(S190) = WY a(SilS) + 97 D aw(SilS;) + (1= V)8;(S))

keS; keS;
k#j k#j

— WH + ¢ (G = d5(Si1S)) + (1= V)0,(S))

We use the same trick and sum ¢;(S;]5;) for all j € S; and j € S; to get G”.

= 4(S18) =D [WH' + ¢ (G" = §;(SilS;)) + (1 = V)6;(S5))]

JES; JES;

jes; jes;
=Y WH +Y ¢ (G —4(SiIS) + > (1-V
JES; JES; JES;
jeS; jes; jeS;
=T[WH +¢ (G)] =g Y ;(Sil8;) + > _(1-V)
JES; JES;
jESi jESi
=THH + (I = 1)gG' + > (1 -V)0,(S
jGS]'
JES;

As a result we have:

Gl =TWH + (I — )G + Y (1 -V),(S
jeSj
JES;

105



(iii) Now we go back and reconsider j € S; and j ¢ S; case.

4;(S;18) = WH' + ¢G" + (1 — V)8;(S;)

=1 | A [WPH + g/ Q)+ (1=V) ) 0,(S;
JeS;
J¢5S;
+¢ |ThWH + (I —1)¢'G7 + V) 0S| + (1= V)8;(5))
Jes;
JES;

= WAKWH + 1WA g G+ W (1=V) Y 0,
JeS;
J¢S;
+ ¢ThH + ¢(I —1)§'GY + V) > 0i( V)8,(S;)
JeS;
JESj

=hH [WA +¢T] +¢'G [WA + ¢ (D —1)] + K3+ (1= V)0,(S;)

Define: K; = b [W A, + ¢'T), Ky = g' [W A + ¢/ (T —1)]

and K5 = h? 3 M;(Si) +¢7 > M;(S;)
JES; JES;
J%Sj jESj

Then we get:
QJ(SASI) = HjKl + GjKQ + K3+ (1 — V)HJ(SJ)
=H K+ (1-H)K,+ Kz + (1= V)0;(S;)

= §(Si1S) = Ao [H Ky + (1 — H) Ky + K3 + > (1= V)8;(S;)

JES; JES;
JESs JES;
= H' = Ny [Ko + HI(Ky — Ko) + K3] + (1= V)8;(S;)

JES;
J¢S;
Ao [Ky + K3] + > (1= V)0,(S5))
jES]'
= H) = JE5:
1-— AQ(Kl — Kg)
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After simplifications, for 0 <V < 1 we get:

i — YiDiD; — DiYi(Y; — Wi) — V;YiW)
DiD; = Y;Yi
Y, = |8
o= Yi(Yi-1)
Where : D,= VIS, — 5]
Wi= (1-=V) > 6;(S)
JES;
7és,

Now we are ready to derive ¢x(5;|S;).
Derivation of ¢ (S5;]5;) :

Consider k € S; and k ¢ S;. We have:

G (Si|S;) = K H? + ¢'(1 — H)) + (1 = V)0,(S:)

qx(S;1Si) =0
Now consider k € S; and k € S;. We have:

G (S;]S:) = WH' + ¢’ (1= H' = §;(Si|S;)) + (1 = V)8;(5))

Gk (S:i|S;) = W H 4+ ¢' (1 — H — x(5;]5:)) + (1 = V)6,(S))

We plug in ¢, (5;|S;) in ¢x(S;]S;) and solve the equation. After some algebra we get:

H(W —g¢)—-Hgh —g)+g(1—g —(1=V)0(S:)) + (1 = V)b(S;)
1—g'gl

ar(S;19:) =
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