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It is shown that the normal-superfluid transition in bilayer graphene predicted to occur at a high
temperature is strongly affected not only by the dielectric constants of the substrate, interlayer, and
gate insulators but also by the proximity of ideal metal gates. Even assuming optimistically a
completely unscreened interlayer Coulomb interaction—thus bypassing the controversial problems
regarding the proper way to screen the interlayer Coulomb interactions—it is shown that employing a
gate-insulator thickness smaller than about 2-to-5nm of equivalent SiO,-thickness pushes the
transition temperature significantly below 300K to the 1 K—1 mK range, depending on the dielectric
constant of the gate insulator and on the dielectric mismatch of the insulators employed.
These results imply that thicker and low-dielectric-constant gate insulators should be employed
to observe the phase transition, but exploiting the superfluid state of gated graphene-bilayers in
room-temperature device applications may be challenging. © 2014 AIP Publishing LLC.

[http://dx.doi.org/10.1063/1.4873637]

. INTRODUCTION

The theoretical prediction that a phase transition from a
normal to a superfluid state in bilayer graphene (BLG) should
occur at high temperatures' ™ has triggered interest motivated
not only by the scientific importance of such a transition but
also by its promise of new technological applications. The
possibility of designing high performance, low-power elec-
tronic devices that could exploit the properties of the super-
fluid state is illustrated by the bilayer pseudospin field-effect
transistors (BiSFETSs) proposed by Banerjee and coworkers®
(Here “pseudospin” refers to the “which layer” degree of free-
dom that plays a role analogous to spin in the Bardeen-
Cooper-Schrieffer (BCS) theory of superconductivity.).

Unfortunately, some confusion remains about the role
that dielectric screening—dynamic or static, in the normal or
superfluid state—plays in determining the transition
temperature.”® The situation has been summarized by
Abergel et al.:'® Given the difficulty of accounting for the
dielectric response of free carriers or excitons in such a bro-
ken symmetry gapped system, they conclude that the “truth”
lies somewhere between the results obtained using static
screening—predicting a normal-superfluid transition temper-
ature T, smaller than ~1077 EF/kB,S’7 where Efg is the Fermi
energy and kg is the Boltzmann constant—and those
obtained using the dynamically excitonic-state-screened
interaction, kg7, ~ 0.1 EF,9 in agreement with the original
predictions.'™ An additional upper bound to the transition
temperature is set by the Berezinski-Kosterlitz-Thouless
temperature, TggT, above which thermally generated topo-
logical defects (mainly vortices) destroy the coherence. In
Ref. 2, this is estimated to be kgTgkr ~ EF/8 whereas the
obvious upper bound 7. < Tkt is found in Ref. 7. Since
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here interest will be focused on even lower values for T, this
issue will not be discussed further.

The difficulty of realizing an exciton condensation at
room-temperature has been argued to originate from the ba-
sic fact that the linear dispersion in graphene renders the sys-
tem weakly interacting.!' Additional arguments supporting
the lack of this experimental evidence in real systems have
been presented by Abergel et al.:'*'? Employing interactions
statically screened in the normal state, they have shown that
the effect of density fluctuations and charge unbalance in the
two layers,'® together with disorder,'? may be responsible
for an additional reduction of the transition temperature. The
possible negative effect of misalignment of the two layers
has also been considered by Register et al.'>'* These consid-
erations may explain why Coulomb-drag experiments per-
formed so far,'>'® while uncovering interesting phenomena
at low temperatures (less than about 50K), have failed to
show the sharp increase of the drag expected from the occur-
rence of a normal-superfluid phase transition.

The discussion outlined above has been based mostly on
the idealized situation of a BLG embedded in a homogene-
ous dielectric medium described by a macroscopic dielectric
constant €. In practice, though, both in experiments aimed at
observing the elusive phase transition, as well in the realiza-
tion of the BiSFETS, a bias must be applied to least one of
the two graphene single-layers (SLGs) in order to induce the
charges required to form excitons. Moreover, despite
attempts to use low-dielectric constant intercalants'’ and
even air gaps'® between the layers and also between the
BLG and the substrate, most likely, different dielectrics will
be required to support the BLG and keep the two layers sepa-
rated. Most important, gates sufficiently close to provide the
required high capacitance will have to be employed. The
effect of an inhomogeneous dielectric environment (possibly
with high-x dielectrics) has been considered by Register,
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Reddy er al.'*'* who showed that a large dielectric mis-
match may pose additional challenges to the realization of
devices based on the superfluid state and that new device
designs employing lower-x and thicker dielectrics may be
required. The effect of an inhomogeneous dielectric environ-
ment has been considered also in Refs. 19-22. In particular,
Badalyan and Peeters'*~° have shown that dynamic screen-
ing effects in such inhomogeneous situations can enhance
the interlayer interaction beyond what could be expected
from estimates made assuming an average dielectric con-
stant. However, the effect of the proximity of metallic (or
highly conductive) gates has never been considered in detail.

The purpose of this paper is to quantify and extend the
qualitative results of Refs. 13 and 14, and show that, indeed,
the proximity of such gates and the presence of insulators
with different dielectric constants (here referred to as
“dielectric mismatch”) suppresses dramatically the normal-
superfluid transition temperature because of the screening
effect of the polarization charges of the metal and at the
interfaces even under the optimistic scenario of completely
unscreened Coulomb interactions. In particular, it is shown
that in single-gate structures gate dielectrics thinner than
about 2-to-5 nm of equivalent SiO, thickness? (here denoted
by t.q and defined as (esio,/€ins) t, Where ¢ and €;,, are the
physical thickness and static dielectric constant of the insula-
tor, respectively, and esjo, is the static dielectric constant of
SiO,) suppress the superfluid gap to values smaller than
1 meV, corresponding to transition temperatures of a few K.
Therefore, air gaps and remote gates are required in order to
observe the normal-superfluid transition, but the possibility
of fabricating devices with the high gate capacitance
required by the present scaling rules seems to be in serious
doubt. These considerations are likely to apply also to hybrid
double BLGs or SLG/BLG systems***® as well as
transition-metal dichalcogenides, since they are independent
of the particular two-dimensional systems employed, at least
when considering an unscreened interaction.

The paper is organized as follows: Section II reviews
briefly the basic theory of the normal-superfluid transition
and the gap equations that have to be solved to estimate the
transition temperature. While these are well-known expres-
sions, it is convenient to review them here explicitly in order
to discuss their numerical solution. The Green’s function of
Poisson equation for a double-gated gated BLG is derived in
Sec. III, also in its screened form (Sec. III B). Results are
presented in Sec. IV, mainly for single-gated geometries
(Sec. IV A), but also discussing briefly the effect of a double
gate (Sec. IV B). Section IV C briefly discusses the effect of
dynamic “un-gapped” screening also accounting for the
dielectric response of the dielectrics and, finally, conclusions
are drawn in Sec. V.

Il. THE NORMAL-SUPERFLUID GAP IN BLG

A. Gap equation

The main quantity of interest here is the superfluid
energy gap, A(k), that can be obtained form the Hamiltonian
of BLG following the standard mean-field BCS approach.
Assuming equal and opposite Fermi energies—so equal
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carrier densities—in the two SLGs, at zero temperature, the
gap is given by the integral equation,
1 +cosp A(K)

2 2E()

Alk) = J(dk/eV(k —K) (1)

2m)?

E(k)* + A(k)? is the energy of the

quasi-particles, vg ~ 10® cm/s is the Fermi velocity in gra-
phene, (k) = hop(k — kg) is the kinetic energy of the free
particles measured from the Fermi energy. As usual, k£ indi-
cates the magnitude of the electrons and holes wave vectors
measured from the Dirac point, kg is the Fermi wave vector,
and the factor (1 4 cos ¢)/2 (where ¢ is the angle between k
and k') is the overlap factor between the initial and final elec-
tronic states arising from the chirality of the electron and
hole wavefunctions in SLG. Finally, —eV/(q) is the attractive
Coulomb interlayer (exchange) interaction. In deriving this
expression for the gap intervalley interlayer interactions are
ignored, and the effect of intralayer Coulomb interactions
can be absorbed into a small renormalization of the free ki-
netic energy (k) via a slightly different Fermi velocity, 262
effect that is also ignored. Finally, interlayer tunneling is
neglected, so, usually a sufficiently large interlayer separa-
tion, d = 1 nm or more, must be considered and results occa-
sionally given for smaller interlayer separations should be
regarded as “optimistic.” Thanks to the isotropy of the elec-
tronic dispersion in graphene around the Dirac point, all
quantities in the expression above depend only on the magni-
tude k of k, and, in the following, the notation will be simpli-
fied accordingly.

The original predictions of a high transition
temperaturel*3 were obtained using an unscreened interlayer
interaction potential eV. In the ideal case of two SLGs sepa-
rated by a distance d and embedded in a uniform dielectric
medium with dielectric constant e, the potential is simply
eV(q) = €*/(2eq)e . Kharitonov and Efetov’ have shown
that it possible to account for the screening effects due to the
polarization of the free carriers in each graphene layer by treat-
ing the polarizability in an random-phase-approximation
(RPA)-like approximation whose validity stems from the
many “flavors” (spin, valley, and which-layer degeneracy) of
the screening carriers.”” Sodemann et al.” have later accounted
for dynamic effects along the complex axis i (see Sec. IVC
below), and have expressed the dynamically screened gap as a
self-energy in the form of a Dyson equation,

In this equation E(k) =

Alk,io)
dk’ 1 +cos ¢
_ J ot
y J“ d(ha) Ak ico') eVRPA) [k — K|, i(w — o))
Rw? + Ak i) + P02 (K — kg)*
(2)

0 T

In Ref. 9, dynamic screening effects have been considered
in the excitonic state accounting for the fact that electron
and holes bound as condensed excitons cannot screen as
efficiently as free carriers (they can do so only by
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polarization at wavelengths smaller than their size), so that
the dynamic polarizability IIa(g,iw) calculated self-
consistently in the superfluid state should be employed to
obtain an interaction potential eVéRPA)(q7 iw) in Eq. (2).
Given the critique of Ref. 10, in the following, attention
will be paid mainly to the wunscreened potential.
Nevertheless, comparison with results obtained using static
and dynamic screening in the normal state will be made
occasionally in order to emphasize the fact that the
“unscreened” results presented here constitute a very gener-
ous upper bound to the gap.

B. Weak-coupling limit

Well-known estimates for the gap can be obtained in the
weak coupling limit:>"* When A(kg) < Ep, the integrand
of Eq. (1) is strongly peaked at k ~ kg, so it is possible to use
solve Eq. (1) in its linearized form obtaining:

1
A(kg) = 20.Epexp (— v ff> , 3)

where v = Ep/(2nh*v2) is the density of states at the Fermi
surface and

Tde 1
Vet = J _¢ L"Sd’ v (RPA) (kacos?,0> )
o T 2 2

In the same limit, the critical temperature can be obtained in

a standard way by going back to the finite-temperature

expression for the gap:7’12’29

keT, ~ & 28.Epexp ( ) ~0.567Alks),  (5)
v

ereff

where y &~ 0.577 is Euler’s constant. In Eq. (3), d. is a cutoff
of the order of unity discussed in Ref. 29 in general and in
Ref. 3 in the specific case of interest here. Kharitonov and
Efetov’ have provided estimates for the effect of static
screening on the gap: In the absence of any gate and with the
bilayer surrounded by a homogeneous dielectric, indicating
with 5, = 5, = 2 the valley and spin degeneracy, VRPA(q)
~ e/[2e(q + 2K)] < e/(4ex) with k = €*I1/(2¢) = e*vn,n,/
(2¢) (see Eq. (10)), where IT is the long-wavelength limit of
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the static polarizability of a graphene single-layer (see Eq.
(11) below). Therefore veVey ~ 1/(25,%;), and, accounting
for a factor of 2 resulting from the integration of the chiral fac-
tor (14cos¢)/2 over ¢,A(kg)~28.Epe N ~25.Epe 10
~107720.Er. These estimates show how dramatically static
screening can affect the superfluid gap, especially considering
that they constitute strict and optimistic upper bounds obtained
assuming a vanishing interlayer separation and ignoring the ¢
dependence of the potential.

C. Some simple examples

Typical results for the gap A(k) are shown in Figs. 1 and
2: The first figure shows the gap for various values of the
Fermi energy (assuming perfect charge balance in the BLG)
using the bare interlayer potential e?(2¢q)e~ % (a) assuming
air gaps (¢/e¢p = k = 1) or the potential derived in Sec. III
below for a very remote gate ((b), gate insulator thickness of
100nm) and x =3.9 throughout. As predicted originally,'™
gaps of the order of Ey are observed at a sufficiently high
carrier density. On the contrary, the RPA-like-screened
potential (using the polarizability of SLG from Refs. 30 and
31) yields a gap orders of magnitude smaller (Fig. 2 to be
compared to Fig. 1(b)), consistent with the estimates pro-
vided by Eq. (3) above. The dependence of A(k) on Ef is
shown in Fig. 3 ((a) unscreened potential; (b) screened
potential). Note how in the unscreened case the gap increases
monotonically with Fermi energy while screening suppresses
the interaction at sufficiently high densities, as already
remarked by Abergel er al.'®'?

lll. POTENTIAL FOR GATED BILAYERS

In this section, the ideal geometry of a BLG suspended
in a homogeneous dielectric is replaced by the more realistic
geometry of a gated BLG in a heterogeneous medium. The
geometry considered here consists of graphene bilayers on
the (x,y) plane with the two SLGs at z=0 and z=d, an ideal
metal filling the half-space z < —#, an ideal metal filling the
half-space z>d + ¢, a substrate dielectric with dielectric
constant ¢, filling the bottom gate-insulator region
—t <z<0, a dielectric with dielectric constant ¢; in
0 <z < d, and a gate dielectric with dielectric constant ¢, in
the region d <z < d+t. The bottom and top metals are

10° T \ ‘ i 10_13? ‘
(a) d=1nm unscreened 1 o (b)
i i
) 3

no gate Kg=ks=ki=1
Er = 500 meV

\ Er = 500 meV

T T T
d=1nm unscreened

FIG. 1. (a) Calculated dependence of
t=100nm  k4=ks=K=3.9

the superfluid gap A on wave vector k
for a BLG in air with layers separated
by a distance d=1nm and using the
bare interlayer potential with Fourier
components ¢?/(2¢q)exp(—qd). The
curves are labeled by the value of the
Fermi energy Er =500, 400, 300, 250,
200, 150, 100, 75, 50, and 25 meV. (b)
As in (a), but assuming the BLG em-
bedded in a dielectric medium with
dielectric constant €¢=3.9 ¢, and
assuming a metallic gate with a gate
insulator thickness ¢ of 100nm, suffi-

ciently remote to have any significant
effect.
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10710 : :

1071 \
d=1nm screened (static)
t=100nm  Kg=Ks=k=3.9

.. 75meV

10—12* .N...»"";

A(k) (eV)

10—13 | 1 | |
0 1 2 3 4 5

K/ke

FIG. 2. As in Fig. 1(b), but using now the statically screened interlayer
potential. Note the dramatic reduction of the gap, consistent with the esti-
mate given by Eq. (3). The values of the gap for Ef larger than 100 meV are
too small to be shown, as seen in Fig. 3(b).

assumed to be “ideal” in the sense that at the wavelengths
and frequencies considered here (smaller than the screening
wave vector [e*mkp/( zhzeo)]l/z (~10-30/nm for a carrier
density n ~ 10”2 — 10* cm™ and a free electron mass n1)
and than the plasma frequency wp = [e*n/ (eom)]l/ 1e6
%1015 — 10'®/s ~ 10 eV, respectively) it is appropriate to
assume an infinite (negative) dielectric constant and so a
vanishing potential in the regions z < — and z > d + t. The
frequency dependence of the dielectrics is also ignored for
now but will be briefly considered in Sec. IV C2 below. The
relative dielectric constants €/¢,, where ¢ is the vacuum per-
mittivity, are denoted by x. The physical and dielectric thick-
ness of the insulators and their dielectric constants
considered here span a wide range of values in order to study
the problem “in principle.” The realistic range of values,
especially those pertinent to the BiSFET design, is consid-
ered in Refs. 13 and 14 and will be implicit in the discussion
of the results presented below.

A. Poisson Green’s function

For this geometry, the Green’s function g(g;z,z’) for
7' € (0,d) has the form

10°
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with coefficients a;(q), (i =0, 7) given by

2¢;
&74(q) — &y_(9)E(q)
y F(q)e”
q{1+F(q) — e[l
ai(q) = —ao(q)e_z"”
ao(q)y_(q)q[l — F(q)] + F(q)e”

ao(q) =

—F(q)l}

@) == {1+ Flg) — 1~ Flo)]}

a3(q) = ao(q)v—(q)qe”[1 —F(q)] + F(q)  (7)
q{1 + F(q) — e*[1 — F(q)]}

alg) = 2@~ (@) —e*/q

T+ 4T IH(g)
as(q) =—as(q)e**H(q)

ei as(q) —as(q)e >
a6<q) = g 1 + o2t
ar(q) =—as(q)e ",
where 7. (¢) = 1+e~2 and
(1 + ) — (1 — )
H(q) = el +ezqt)+ e (1 — o)
1= 2= (q)
F(q) = T+ @D H(q) : ®)
L+ F(q) + (1 — F(q)]
9 = ) w1 F ()

In terms of these Fourier components of the Green’s func-
tion, the in-plane Fourier components of the electrostatic
potential due to a charge e at r = (R',Z) will be
V(g;z,7") = (e/e)g(q; z,2'). The limit ¥ — oo corresponds

| t=100nm  unscreened
| d=1nm

1 0—3 1 | | |

t=100nm screened (static)
d=1nm FIG. 3. Dependence of the superfluid
- gap at the Fermi surface, A(kg), on
Fermi energy for a BLG embedded in
air (solid line) or a medium with rela-
tive dielectric constant k = 3.9 (dashed
(b) 4 line) calculated  assuming  the
unscreened (a) or screened (b) inter-
layer potential. The distance between
\ 1 the SLGs is assumed to be 1 nm and
the metallic gate is assumed to be too
N far (r=100nm) to matter. The results
\ shown here are obtained from Eq. (3)
with o, = 1.

00 01 02 03 04
Er (eV)
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1003 F T ]
¢[ d=1nm t=2nm ]
5| unscreened g
N Ks=Ki=Kg=1
shks=1 K=1.5 k=24
— 2F I
S .
< —1
2 107, =
T i ,
S o ]
4k |
sk |
.t (b) ]
1072 1 | |
0.0 0.5 1.0 1.5 2.0

teq (NM)

FIG. 4. (a) Total electrostatic potential in BLG with interlayer distance d = 1 nm due to a charge e located at z=0". In order to avoid the singularity, the poten-
tial is plotted at the very small in-plane distance of 0.001 nm away from the charge. Four different dielectric geometries are illustrated: 1. A “benchmark™ ge-
ometry of a BLG suspended in air with a gate 100 nm above the top SLG (solid line); 2. The same, but now with a reduced gate-insulator thickness (=2nm),
a high-k (24, as for HfO,) gate dielectric and a low-x (x = 1.5) interlayer dielectric (dashed line); 3. As in the previous case, but with a higher-x interlayer
dielectric (15, as for Al;03); 4. As in the previous case, but now replacing the air substrate with a dielectric with k =3.9 (as for SiO, or hBN). Note that as
soon as a nearby gate is introduced, the magnitude of the electrostatic potential at z =d is dramatically reduced. (b) Calculated electrostatic potential at z=d
as a function of equivalent oxide thickness for the 4 dielectric geometries used in (a) and a physical gate-insulator thickness of 2 nm. The potential is normal-
ized to the “un-gated” value ¢?/(4meod). In comparing cases 2 (k; = 1.5) and 3 (x; = 15), notice how a higher-x interlayer dielectric actually results in a stron-
ger interaction when an even higher-x gate insulator is present, since a larger dielectric discontinuity results in stronger screening via interface polarization

charges.

to the case of a single gate at a distance ¢ from the top SLG,
and this limit is employed in the following with the excep-
tion of the final discussion in Sec. IV C.

Figure 4(a) shows the total potential (e/€Q)>_,
2(q;z,7)e"® calculated at (R,z) with R=0.001 nm for a
charge ¢ at (R' = 0,7’ = 0T) for the various dielectric com-
binations indicated in the legend of that figure and for a
gate/top SLG distance of t =2 nm. Frame (b) of the same fig-
ure shows the dependence of the interaction potential (nor-
malized to the potential obtained in the absence of a gate for
a BLG in air) on the distance to the gate expressed in terms
of the equivalent SiO, thickness, t.q, when varying x, for a
fixed physical gate-oxide thickness ¢ (=2nm). Note the
strong effect of the gate in depressing the interaction poten-
tial at z=d. Since in the weak-coupling limit the superfluid
gap depends exponentially on this potential via Eq. (3), it is
easy to understand why an ideal-metal gate can have such a
strong effect on the gap itself, as shown below.

B. Dielectric screening

The screened (in the normal state) potentials
VRPA) (g i;0) and VRPA) (g iw;d) at z=0 and z=d,
respectively, due to a charge at z = 0" can be obtained
using the RPA-like approximation following the arguments
given by Kharitonov and Efetov,’ obtaining

VERA) (g, ico; d)
=V(g;d){[1 — (¢*/e)g(q;d,d) Ty(q, iw)]
X [1 - (€Z/Ei)g(q; 07 0) HO(‘]? lw)]
—(e*/e)’g(q;0,d)* Ty(q,iw) Hu(g, iw)} ', (9)

where ITy(g, i®) and I4(g,iw) are the dynamic polarizabil-
ities of the SLG at z=0 and z=d, respectively,

polarizabilities that may differ in principle. In deriving this
expression, it should be noted that V(¢;0) = (e/¢;)g(q;0,0),
V(g;d) = (e/ei)g(q;d,0), and that g,(z,z") = g,(z’, z). Note
that in absence of any gate, assuming that the bilayer is sur-
rounded by a homogeneous dielectric medium of dielectric
constant €, and considering the static limit and the optimal

case of equal densities in the two layers so that
Iy(q,iw = 0) = I4(q,iw = 0) = [1(g), this expression
reduces to the well-known form
—qd
V&) (g,0d) = 5 : (10)

T 2eq -2k +K2(1 —e2d) /g’

having set v(q) = V(q,0) = ¢/(2eq) and x = eqv(q)1(q),
following Ref. 7. Figure 5(a) illustrates the dependence of
the statically screened interaction potential on charge density
for the same combinations of dielectrics employed in Fig. 4.
Frame (b) of the figure shows the dependence of the screened
potential on #.q, as in Fig. 4(b).

IV. RESULTS AND DISCUSSION
A. Single-gate geometry

In order to assess how the proximity of a metallic gate
affects the magnitude of the gap, Eq. (1) is solved by itera-
tion starting from a Lorentzian initial guess of height
0.025eV and half-width 0.01 kg and using either the
unscreened potential given by Eq. (6) with the coefficients
given by Eq. (7) or the statically screened potential, Eq. (9).
The integration over the angle ¢ is performed employing
180 intervals in (0, 7) while the integration over the magni-
tude of k is performed employing a non-uniform mesh con-
sisting of three intervals: A first interval [0, (1 — 0)kg]
divided uniformly into 100 elements, an interval [(1 — d)kg,
(14 0)kg] in which the integration can be performed
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5 o | = layer potential as in Fig. 4(a) but now
= 2 1 é" 2r 1 statically screened and plotted as a
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analytically as done to obtain Eq. (3), and a third interval
[(1 + 0)kp, kmax] uniformly divided into ~1000 elements.
The cutoff parameter 0 is set to 0.05-0.1 after some numeri-
cal experiments aimed at avoiding numerical artifacts due to
this choice. The short-wavelength cutoff k... is set to
10-t0-50 kg. Convergence—established when both the root-
mean-square and the maximum relative error are smaller
than 10~ *—is usually reached in 10-50 iterations, depending
on the final magnitude of A(kg), smaller magnitudes requir-
ing a larger number of iterations. In some cases, such as for
screened interactions with large dielectric constants and
dielectric mismatches in the system, the iteration is halted
before convergence is reached since the magnitude of A(kg)
reaches excessively small values with little or no physical
meaning. In the strong-coupling limit (unscreened potential,
low k, large t), only the full solution of the integral Eq. (1)
can provide a quantitatively correct the maximum value of
the gap, usually close to (but not exactly af) kg. In the
weak-coupling limit (screened interaction, high-x dielectrics,
small 7), the value of the gap A(kg) obtained using Eq. (3)
(with 6.=1) is quantitatively close to the “exact” value
obtained using Eq. (1) but not identical, because of depend-
ence on the parameter J.. Therefore the results shown in
Figs. 1-9, obtained using Eq. (1), are quantitatively correct
within the approximations employed. On the contrary, the
results shown in Figs. 3—10, obtained using Eq. (3), are quan-
titatively correct only up to a factor of the order of unity. As
a comparison of the results shown in Figs. 6 and 3 illustrates,

the proximity of a metallic gate strongly depresses the value
of the gap, dramatically so when using the statically screened
potential but also in the unscreened case. This is even more
evident in Figs. 7 and 8 that constitute the main result of this
work: Figure 7 illustrates the fact even in the unscreened
case the gap is suppressed substantially as soon as a gate
realistically close (f.q=2nm (a) or 1nm (b)) is present.
Figure 8 quantifies this conclusion: For BLGs with substrate
and interlayer dielectrics with ks = x; = | (frame (a), as for
air gaps) and 3.9 (frame (b), as for SiO, or hBN), an equiva-
lent oxide thickness of 2 nm or less, as required in realistic
low-power device applications, reduces the superfluid gap to
values of 10meV (for ks =%x;=1) or 1meV (for
Ks = K; = 3.9), and so to T, ~ 100 K or 10K even when
using an air gap as gap insulator (that implies ¢ ~ 0.25 nm
and so unacceptable gate tunneling). Even the presence of
gate insulators with a relatively low x (such as ~4 for hBN)
depresses the gap even more to 1 meV or less. In particular,
for toq =~ 1nm, A(kg) ~ 0.1 meV, or T. = 1 K even assum-
ing an air gap as gate insulator, a single top or bottom gate,
and a completely unscreened interlayer Coulomb interac-
tion. This is the motivation behind the new device design
mentioned above.'>'*

Another interesting observation already made in connec-
tion with Figs. 4(b) and 5(b) is shown in Fig. 9: This figure
shows the k-dependent gap A(k) calculated assuming fixed
substrate and gate dielectrics with ks =4 and Kk, = 24,
respectively, and varying the dielectric constant of the

t=1nm
d=1nm

screened (static) |

FIG. 6. As in Fig. 3 but for a nearby

\ metallic gate, r=1nm instead of

\ 100 nm. Note the significant reduction

\ of the gap. As in Fig. 3, the results

shown here are obtained from Eq. (3)
with §. = 1.

0
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interlayer insulator. The largest value of A(kg) is obtained
not for the smallest value of k; but for a value of ~12 inter-
mediate between 1 and x, = 24. A small value of x; induces
a large dielectric mismatch that screens the attractive inter-
layer interaction while a larger value depresses it directly.
This is consistent with Badalyan’s and Peeters’ results show-
ing that approximating the effect of an inhomogeneous
dielectric environment with an “average” dielectric constant
may underestimate the strength of the inter-layer interac-
tion.'”?* Finally, Fig. 10 illustrates the dependence of the
unscreened gap on physical insulator thickness (a) and inter-
layer separation (b). Clearly, at small interlayer separations
(d smaller than about 1nm), interlayer tunneling would
dominate.

B. Double-gate geometry

A last important observation can be made about the
effect of the proximity a second gate in double-gate (DG)
configurations considered in device applications'*'* and
employed in Coulomb-drag experiments.'® Figure 11 illus-
trates the dramatic reduction of the superfluid gap in DG
structures as the dielectric constants of the gate insulators are
increased for the two cases of an air (a) or SiO, (or hBN)
interlayer dielectric (b). Comparing this figure to Fig. 8 (and
keeping in mind the lower values of Eg adopted there), the
much faster reduction of the gap with increasing r, = &
should be noted, especially in the case k; = 1 that is affected

10°

by a larger dielectric mismatch. Low-x (k < 2) and thick
(feq > 7.5-to-10nm) gate insulators are required to obtain
a room-temperature transition (A(kg) ~ 1072 eV) and,
indeed, these design constrains have been being accounted
for in Refs. 16 (feq > 20 nm and hBN insulators, x ~ 4), 13,
and 14 (t,q > 10 nm and low-x, x =~ 2, gate insulators).

C. Dynamic screening in the normal state

It has been already mentioned that accounting correctly
for the effects of dynamic dielectric screening in BLG is
extremely difficult.'” For this reason, so far, no attempts
have been made in this article to provide definite estimates
of its effect on the superfluid gap. However, at this point, it
may be useful to estimate at least qualitatively the effects of
dynamic screening, albeit only in the normal state, in order
to show explicitly how the values of A(kg) obtained here
assuming an unscreened interaction constitute extremely
optimistic (perhaps excessively so) upper bounds to the elu-
sive “truth.” In order to gain some qualitative insight on the
possible effect of dynamic screening, it is convenient to
look first at the dynamically screened potential. The
dynamic SLG polarizability for real frequencies, I1(g, ),
has been calculated in Refs. 30 and 31. Its continuation to
complex frequencies, I1(gq,i®), can be obtained from the
expressions given in these references and can be recast in
the form*>

10° . :

Ke=Ki=1

1072 102 o

>
(9
~

107 107

Alke) (eV)

Ake

rd=1nm unscreened
Er=200meV

@)

1078

1070

(b)

teq = 0.5 nm ]

1078

td=1nm unscreened
Er=200meV

lKS:Ki:B.Ql

- FIG. 8. Dependence of the calculated

gap at the Fermi surface as in Fig. 7 on
the dielectric constant r, of the gate
insulator assuming ks = k; = 1 (a) or
. 3.9 (b). The curves are parametrized
T=7 by the value of the equivalent oxide
thickness of the gate insulator:
T~ teq=0.5,1,2,3,5,7.5, 10, and 20 nm.
As in the previous figure, the calcula-
tions have been performed assuming a
J Fermi energy of 200meV and, as in
Fig. 3, the results shown here are

1 0—8 1 1 | |

obtained from Eq. (3) with 6. = 1.
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FIG. 9. Calculated gap A as a function of wave vector k assuming an
unscreened interaction, a Fermi energy of 200 meV, an interlayer separation
of 1nm, an oxide-equivalent gate thickness f.q=2 nm, and substrate and
gate relative dielectric constants k; = 4 and k, = 24, respectively. The four
curves are labeled by the relative dielectric constants of the interlayer dielec-
tric, k; = 1 (dotted line), 3.9 (dash-dotted line), 12 (solid line), and 24
(dashed line). Note that in the presence of a high-x gate insulator, a low-x
interlayer dielectric may actually be counterproductive, as already noted in
Refs. 13 and 14. An optimum k; is seen at ~12, since a larger value sup-
presses the direct attractive interlayer interaction, whereas a lower value
induces a large interface polarization charge that screens the interaction.

2
. _ MyNsq ’7v’75EF
Mg,i0) = = 2 2 2202
164/ 1°w?* + h*viq? F

Mg

+ Re {asin(y) +yy/1— yz} ,
87y /P w? + WPoiq?

with y = (2EF + ihw)/(hvgq). Figure 12 illustrates the de-
pendence of the screened potential VP (g, z), on complex
frequency (frame (a), z = iw) and real frequency (frame (b),
z = w) plotted as a function of the variable v = (h|w|/Eg)/
[1 + (h|w|/EF)], as done in Ref. 9. Note in (a) that the poten-
tial (normalized to the unscreened potential for an un-gated
BLG in vacuum) remains essentially statically screened up
to frequencies comparable to the Fermi energy. More inter-
esting, in (b), the interaction potential becomes repulsive for
o_ < o < w; when both plasmon singularities, w- (g), are

D
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present on the real axis. This occurs as long as the polariz-
ability of SLG, II(g, w), is real, that is, for ¢/kg < fiw/Eg
< 2 — q/kp. The dispersion of the plasmons, that exhibit
even modes (for free carries in the layers oscillating in
phase) and odd modes (out-of-phase oscillations), is given
implicitly by Mg, w-(q)] = (ei/€*)/[g0(¢) £ga(q)], that is,
by the roots of the denominator of Eq. (9) (see also Ref. 33
and Eq. (3) of Refs. 19 and 20),

1 —2(e*/e)go(q)I(q, ) + (€*/e;)?
07

x [30(9)" = 8a(9)"/T(q, @)” = (12)
having set g(¢;0,0) = g(¢: d,d) = go(q), g(q;0,d) = g(¢; d,0)
= g4(q), and TIy(q, w) = My(q, w) = (g, w). So, while at
large frequencies, the interaction potential approaches the
unscreened value, at lower frequencies, dynamic effects are
either not significant or even counter-productive when the
response of BLG plasmons lags so much as to change the
sign of the interaction. At the highest frequencies at which
dynamic screening could be beneficial, the denominator of
Eq. (2), or Eq. (13) below, becomes increasingly larger, so
the effects of dynamic screening per se, important in the
small-frequency range fiw ~ A(kg), are indeed expected to
increase the magnitude of the gap above its statically
screened value, but not all the way to its unscreened strength,
as remarked already by Abergel ef al.'” The role played by
dynamic dielectric screening at a finite temperature in
enhancing the strength of the inter-layer interaction has been
considered also by Badalyan and Peeters who have looked at
this interaction as a plasmon-mediated process in the context
of the Coulomb-drag resistance.'®*

An expression for the gap assuming a dynamically
screened interaction can be formulated in terms of the tem-
perature (Matsubara) Green’s functions as™*

- £ [ 8

n=—00

A(K, w,) VRN |k — K|, iw,)
W2+ AK) + W3k — kp)?

(13)

where 7iw, = mkgT(2n + 1) are the fermionic Matsubara fre-
quencies and the frequency dependence of the gap has been
neglected by taking its static value, as justified in Ref. 9. For

FIG. 10. Dependence of the calculated
superfluid gap at the Fermi surface on
physical gate-insulator thickness ¢ (a)
and interlayer separation d (b) assum-
ing the dielectric geometries indicated,
a Fermi energy of 200meV, and an
unscreened  interlayer  interaction.
Since interlayer tunneling is ignored,
small values of d represent an unrealis-
tically idealized situation. As in Fig. 3
the results shown here are obtained
from Eq. (3) with 6. = 1.
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FIG. 11. Dependence of the calculated
superfluid gap at the Fermi surface on
the relative dielectric constant Kk, = K
of the top- and bottom-gate dielectrics
for a fully symmetric double-gate ge-
ometry. An interlayer dielectric with
dielectric constant x; =1 (a) and 3.9
(b) is assumed. The curves are parame-
trized by the equivalent oxide thick-
ness over the range 7.4 = 20, 10, 7.5, 5,

AR and 3nm. A Fermi energy of 250 meV
and an unscreened interlayer interac-
tion is also assumed. As in Fig. 3, the
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a statically screened interaction, this equation reduces to the
usual equation for the gap at a finite temperature since,

- 1 1 X
ksT ————— = —tanh( —— | .
? Z Ro?4+x2 2 o (ZkBT)

n=-—00

(14)

In the limit 7 — 0, the sum over the Matsubara frequencies
can be converted into an integral, and the equation for the
< d(h
AW = | (o)

zero-T gap becomes
J dk' 1-+cos¢
o T (2n)* 2

A(K') eVRPA) (| — |, i)
R o? + A(K')” + 120K — ke)’

15)

which is Eq. (14) of Ref. 9 with the dependence of A on &
retained in the denominator.

1. Static response of the insulators

This equation is solved iteratively using the initial guess
and discretization of the integrals over ¢ and X’ described
at the beginning of Sec. IV A, about 200 intervals up to
ho = 10Eg for the integration over @ and with 6 ~ 0.1.

100 .
Ks=1 k=1 Kg=1 (a)
'_'5: t=100 nm
g o
5 107 —
2
2 k=1 k=15 Kg=24 t=2nm
E
g 102E .
[
= |- d=1nm
EZJWI:FLS Kg=24 Nop = 10'2 cm™
q=kF/2
10—3 | | | |
0.0 0.2 0.4 0.6 0.8 1.0

v = (ho/Eg)/(1+h0/EE)

results shown here are obtained from

10 15 20 25 Eq. (3) with §.=1.

Ks=Kg

Care must be taken since the contribution to the integral over
k' arising from integration in the &’-interval Zp = [(1 — 0)kF,
(1 + 0)kg] centered around the Fermi energy can be numeri-
cally troublesome around kg in the weak-coupling and
small- limits. Thus, for small A(kg), an analytic integration
is performed in the spirit of the approach followed to reach
Eq. (3).

The resulting dynamically screened (in the normal state)
value of the gap A(kg) as a function of Fermi energy is shown in
Fig. 13 for the case of a double-gated BLG with an interlayer air
gap and top and bottom gate insulators with static dielectric con-
stants k¥ =2 and physical thickness #=5nm. Note that, while
boosting the magnitude gap from its statically screened value,
dynamic screening fails to recover the “unscreened” value.

2. Dynamic response of the insulators

A final observation can be made about the dielectric
response of the insulators. In Ref. 13, it was tentatively sug-
gested that the high-frequency dielectric constant should be
employed. This may be the case if the frequency associated to
the energy exchanged in the interlayer electron-hole interac-
tion, ~A(kg) /%, was larger than the frequency of the insula-
tor(s) optical phonons, wto. However, the results presented so
far show that as soon as high-x dielectrics (with low hwro in

10?
i)
S 10°
g
=
i)
3 1072
=
< L k=1 k=1 Kg=1 i
& (t=100nm)
= 104 — k=1 k=15 k=24 ]
&-’ d=1nm - oo xe=1 k=15 kg=24
- | g=kg/2 . k=39 k=15 k=24 |
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10—6 | | | |
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v = (ho/Ep)/(1+ho/EF)

FIG. 12. Fourier components of the interaction potential calculated using the dynamic polarizability of SLG for complex (a) and real frequencies (b) for the
four different dielectric geometries considered in previous figures assuming g = kg /4 and a density n,p = 10'* cm 2. In both cases, the potential is shown nor-
malized to the un-gated, bare potential for BLG in vacuum. An interlayer distance d = 1 nm is assumed. Note that frame (b) shows the absolute value of the
real part of the potential. The plasmon singularities w+ are present only when ¢/kr < fiwo < 2 — q/kg). When both plasmons are undamped, the potential
becomes purely real and negative (repulsive) for o_ < @ < w., so that dynamic screening may actually depress the gap.
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FIG. 13. Calculated dependence of the gap at the Fermi surface, A(kg), on
Ep itself for a symmetric double-gate BLG with x; = 1, ky = k, =2 and a
physical thickness # of S5nm (f,q = 10 nm). Note that un-gapped, dynamic
screening still fails to boost the transition temperature to the value obtained
assuming an unscreened inter-layer interaction. The values of A(kg) for the
statically screened case are too small to show. The lines connecting the sym-
bols are just a guide to the eye.

the range of 10meV) are introduced, A(kg) is reduced to
much smaller values. Therefore, the use of the static dielectric
constant seems more appropriate. In order to quantify this ex-
pectation, the dynamically screened gap has been evaluated
by solving Eq. (15) with the dynamically screened interaction
potential eV ®PA) (g, iw), Eq. (9) now calculated using the
dynamic Poisson Green’s function, g(¢,iw;z,z'), given by
Egs. (6) and (7) with ¢, €, and ¢, replaced by their long-
wavelength frequency dependent expressions reflecting the
ionic response of the dielectrics. The specific case has been
considered of a double-gate BLG with interlayer separation
d=1nm, bottom and top gates = 5nm thick, and SiO,, hex-
agonal BN (hBN), and HfO, as bottom-gate, interlayer, and
top-gate insulators, respectively. The insulator dielectric func-
tions € (i) have been calculated using the expression and
parameters given in Ref. 35 for SiO, and HfO,, obviously
rotated to the imaginary-o axis. For hBN, a single optical
phonon with Ziwrg = 168 meV and high- and low-frequency
dielectric constants k., =4.10 and ko =4.95 (along the
c-axis of the hexagonal lattice) have been employed.*® HfO,
as top gate insulator has been chosen because its low-energy
TO phonons may maximize dynamic screening effects. Yet,
as expected, the value of the gap is largely insensitive to the
dielectric response of the insulators. This is illustrated in Fig.
14 showing that the gap at the Fermi energy calculated using
the full dynamically screened interlayer interaction including
the dielectric response of the dielectrics (A(kg) = 47.8 ueV)
is no more than a factor of 2 larger than the gap calculated
employing the interaction screened dynamically only by the
graphene free-carries and using the low-frequency (static)
dielectric constants of the insulators (A(kg) = 36.1 ueV).

V. CONCLUSIONS

The main conclusion to be drawn from the discussion pre-
sented above is that in BLG the proximity of an ideal-metal gate

J. Appl. Phys. 115, 163711 (2014)
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FIG. 14. Calculated dependence of the gap at the Fermi surface, A(kg), on Eg
itself for a double-gate BLG with SiO,, hBN, and HfO, as bottom-gate, inter-
layer, and top-gate insulators, respectively. HfO, has been chosen as top-gate
dielectrics to emphasize the possible ionic frequency response of insulator op-
tical phonons, thanks to the low frequency of its optical modes. Despite this
choice, the modifications of the gap due to the response of the dielectrics are
minor. The lines connecting the symbols are just a guide to the eye.

affects the magnitude of the interlayer Coulomb interaction and
so the superfluid gap and the normal-superfluid transition tem-
perature. Even assuming an unscreened interaction potential, a
gate-insulator equivalent-oxide thickness of 1 nm, as needed in
device applications, implies a transition temperature of 1 K even
under the most optimistic conditions. Indeed, modified designs
of the BiSFET'*!* have been proposed employing the thicker
(feq = 10 nm) low-x (/2) gate insulators required to form and
maintain the superfluid state at room temperature. This is partic-
ularly important in double-gate structures. Moreover, as already
hinted in Refs. 13 and 14, a strong dielectric mismatch has an
even stronger negative effect. Assuming very optimistically that
static screening results in a severe underestimation of the transi-
tion temperature, a homogeneous low-x dielectric environment
(ideally, air gaps), gate-insulator(s) thickness larger than about
10nm, and gate contacts with a non ideal-metal behavior (such
as not excessively heavily doped semiconductors) may be
required to observe the normal-superfluid transition. But the
required proximity of the gate renders vary challenging the use
of the superfluid state in high-performance, low-power devices.
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