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The theory and practice of pricing have advanced significantly over the past decades. Pric-
ing management, the process of integrating all perspectives and information necessary to
consistently reach optimal pricing decisions, is a critical key to business success. This disser-
tation explores the roles of pricing management in revenue maximization and supply chain
coordination. In particular, we study how firms price dynamic upgrades to improve revenue
and how supply chain members share inventory risk through promised lead time pricing con-
tracts. Adopting a methodology that combines theoretical modeling and numerical analysis,

we provide detailed pricing guidance and business insights to practitioners.
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CHAPTER 1

INTRODUCTION

This dissertation consists of two essays that focus on recent innovative pricing management
strategies. In particular, we study how firms price dynamic upgrades to improve revenue
and how supply chain members share inventory risk through promised lead time pricing
contracts.

Upgrading — offering a premium product to recall and replace a reserved but unused
regular product — has been widely adopted in practice by travel companies. Traditionally,
upgrades are static in time, since they are offered once to customers either at the check-in
time (e.g., car rental industry) or at the booking time (e.g., hotel industry). In Chapter [2]
we study the upgrades that are dynamically offered if profitable between and including the
booking time and the check-in time. They are more flexible in terms of offer quantity and
timing. We remark that the traditional static upgrades are special cases of the dynamic one
considered in Chapter [2]

The research question in Chapter [2| is motivated by a Dallas-based hotels upgrading
process. The hotel hosts several conferences every year and offers two types of rooms: the
premium room and the regular room. Room prices are predetermined for each conference,
and the price of the premium room is naturally higher. The revenue manager uses an
email upgrading method. If the number of leftover premium rooms is high, the manager
sends emails to regular room purchasers several days before the check-in date and asks
whether they want to upgrade to premium rooms for a small upgrade fee. Currently, the
hotel’s upgrade process is manually done. The hotel is exploring the possibility of using
an automated system to jointly optimize the timing, quantity, and pricing of upgrades.
Firms that are similar to the Dallas-based hotel can also benefit from upgrades offered via
emails. In fact, such upgrade capabilities have recently been incorporated into some existing

automated revenue management systems (e.g., Rentalcar.com and Malaysia Airlines). These



recent industry practices further attest to the timeliness and importance of studying dynamic
upgrades offered between the booking and the check-in times.

The trade-offs in the dynamic upgrade process are subtle. When the number of leftover
premium products is large, it is possible that some of them remain unsold by the check-in
time. Moreover, when the leftover regular products are few in numbers, they might be fully
booked, and the firm loses the chance to capture regular customers with low reservation
prices. These two outcomes can both be mitigated by upgrading. The firm also needs to
maintain enough premium capacity for forthcoming premium customers. When selling a
premium product through an upgrade, the firm loses the opportunity of selling it at the full
price but frees up a regular product capacity for a possible future sale. The firm needs to
analyze the trade-offs between the upgrade fee and the opportunity gain/loss of replacing a
leftover premium product by a regular one.

In Chapter[2], we focus on a firm selling two types of products, premium and regular, over
a sales season that naturally ends after the check-in date. No replenishment of products is
considered. Customers for each product arrive over time. Depending on the leftover capaci-
ties of both products at a particular time, the firm can incite regular product purchasers to
buy premium products by sending them upgrade notifications that contain upgrade links.
After receiving an upgrade link, a regular product purchaser becomes an upgradeable cus-
tomer. After clicking the link, the upgradeable customer is directed to the firm’s upgrade
website where she sees an upgrade fee. The upgrade process generates another customer
arrival stream in addition to the direct arrivals for premium and regular products. This
additional stream of demand depends on previous regular customer arrivals as well as how
the firm manages the upgrade process. The firm has the ability to deactivate some or all
upgrade links, if upgrading is no longer profitable. Deactivation of the link received by an
upgradeable customer cuts off the connection to the upgrade website and shuts down the

upgrade demand potentially coming from this customer. Upgrades are time-limited, and the



firm controls their durations by sending and deactivating upgrade links. The upgrade notifi-
cations sent to customers contains no pricing information. At the arrival of an upgradeable
customer to the upgrade website (when an upgradeable customer clicks the link), an upgrade
fee is instantaneously generated. The upgrade fee depends on the cost-benefit analysis of
replacing a premium product by a regular one, which is in turn driven by current leftover
capacities as well as the future demand expectations. Hence, postponing the upgrade fee
until the arrival of an upgradeable customer gives the firm the most up-to-date information
in determining an optimal fee.

Our main contributions include the description of the dynamic upgrade process and the
optimization of this process to provide insights. The firm’s revenue maximization problem
is formulated as a dynamic program, and we show that the optimal upgrade policy is of a
pulsing type; the firm either maintains zero or the maximum number of upgrade links. Both
the optimal number of active links and the optimal upgrade fee are monotone with respect
to the leftover capacities. When there are more regular (resp., premium) products leftover,
it is optimal for the firm to maintain fewer (resp., more) active upgrade links and to offer
a higher (resp., lower) upgrade fee. To obtain these results analytically, we introduce new
properties of DH-modularity and DV-modularity for a function and prove these properties
for the optimal expected revenue function. Using a systematic numerical study, we compare
the industry-standard check-in fixed-price upgrade and the dynamic upgrade and quantify
the potential revenue improvement by switching from the static strategy to the dynamic
one. We determine when the revenue improvement is significant and how different market
environment parameters affect it. For example, we show that a firm can improve its revenue
by as much as 49% (in a market with a high premium product capacity level, a low regular
product capacity level, a low premium demand, a high regular demand, a high premium price,
a low regular price, and a high click rate) when it switches from a static check-in upgrade

policy to a dynamic upgrade policy. Finally, our model takes notification spamming into



consideration and leads to a detailed guidance on industry implementations. We remark
that this chapter is written as a paper submitted for a publication. We request that the
interested reader to reference Cakanyildirim et al. (2018).

Chapter 3| focuses on the promised lead time contract (PLTC). In a two-level supply
chain where stochastic customer demand is fulfilled only by downstream retailers, a PLTC
designed by the upstream manufacturer specifies the delivery lead times between the supply
chain members. The manufacturer guarantees shipment of each order on time and in full to
a retailer after the lead time. When the lead time is zero, the retailer can receive shipment
immediately to fulfill end customer demand and does not need to hold any inventory, while
the manufacturer needs to have ample inventory to satisfy the retailer’s order. When the
lead time is long enough, the manufacturer can start production after receiving the retailer’s
order and does not need to hold any inventory, while the retailer needs to place advance
orders so that it can receive shipments timely to fulfill end customer demand. Supply chain
members share inventory cost under a PLTC. A cost-benefit analysis of the shared inventory
cost determines the pricing of a certain promised lead time — the retailer pays a premium
for a short lead time or gets compensated for a long one.

The research question in Chapter [3]is inspired by the PLTCs designed by Herman Miller, a
major American manufacturer which produces customizable office furniture. We investigate
why Herman Miller designs different contracts for its dealers. In our model, we specifically
study the PLTCs between a manufacturer and two retailers with different inventory costs and
end customer demands. The manufacturer’s optimal contract design depends on whether
retailers are in the same or different markets; the manufacturer has to treat same-market
retailers fair, while it can discriminate retailers from different markets. We characterize the
optimal PLTCs in both the same-market and different-market settings, and compare these
decentralized results to those in the centralized control setting. The PLTC is efficient in

the different-market setting but not in the same-market setting. The manufacturer applies



process standardization to produce multiple products; the initial steps in production are
standardized, and products are not differentiated until later customization steps. The stan-
dardized production process delays the differentiation point, increases flexibility of handling
fluctuating multiple-product orders from the retailers, decreases inventory costs and further
affects the optimal PLTCs. We quantify the impact of differentiation postponement on the
optimal promised lead times in all three settings and identify the conditions under which the
manufacturer shifts its production mode from make-to-order to make-to-stock. Chapter
explains why manufacturer offers different lead times to its retailers. Our analysis of post-
ponement illustrates and quantifies its indirect impact on supply chain PLTCs. For further

discussion and insights, we also refer the reader to Lutze et al. (2018).



CHAPTER 2

DYNAMIC PRICING AND TIMING OF UPGRADES
2.1 Introduction

Upgrading — offering a premium product to recall and replace a reserved but unused regular
product — has been widely adopted in practice by travel companies. Traditionally, upgrading
is free of monetary charges and incorporated as a key feature in loyalty programs to improve
customer relationships. Most traditional upgrades are offered at the check-in time depending
on the availability of the premium product. Take the “500-mile upgrades” program from
American Airlines as an example. If better seats (than booked) are available at the check-in
time, high-tier loyalty program members get complimentary upgrades, and low-tier loyalty
program members may need to redeem 500 miles for the upgrades. Some other traditional
upgrades are offered at the booking time. In “systemwide upgrades” from American Airlines,
the highest tier loyalty program members receive 4 complimentary one-way upgrades to
business class annually when they reserve economy seats.

Recently emerged upgrades require monetary charges in the form of upgrade fees and
bring extra revenues to firms. One basic type of revenue-generating upgrade is carried out
at the check-in time. Examples include the upgrades offered by the front desk personnel at
a hotel or the check-in kiosk software at an airport. Such upgrades are especially popular in
the car rental industry, in which check-in agents ask customers if they want to upgrade the
currently-reserved car to a premium one. According to the Consumer Federation of America,
an average car rental company makes 10% of its revenue from such upgradeq’] The other
type of revenue-generating upgrade is offered at the booking time. Upon completion of a
regular product reservation, customers may see an upgrade fee menu on the confirmation

webpage, based on which they decide whether to accept the upgrades or not. This type of

Thttps://www.allianztravelinsurance.com/travel /rental-cars /rental-car-upsells.htm



booking-time upgrade is popular in the hotel industry. It is designed by norl, a hospitality
merchandising technology company, under the name of eStandby Upgmd(ﬂ Both types of
upgrades are static in time, since they are offered once to customers either at the check-in
time or the booking time. In this chapter, we study the upgrades that are dynamically
offered if profitable after the booking time until the check-in time. They are more flexible in
terms of offer quantity and timing. We remark that the static check-in upgrade is a special
case of the dynamic one considered in this chapter.

This chapter is partially motivated by a Dallas-based medium-sized hotel’s upgrading
process. The hotel hosts several conferences every year and offers two types of rooms: the
premium room and the regular room. Room prices are predetermined for each conference,
and the price of the premium room is naturally higher. The hotel revenue manager uses
a simple upgrading method. If the number of leftover premium rooms for a particular
check-in date is high, the manager sends emails to regular room purchasers several days
before that check-in date and asks whether they want to upgrade to premium rooms for
a small upgrade fee. The manager prefers in-advance email upgrading to check-in front-
desk upgrading, because the former expedites the check-in process, gives more in-advance
visibility for cleaning the rooms and helps to realize the revenue earlier. Currently, the
hotel’s upgrade process is manually done. The hotel is exploring the possibility of using an
automated system to jointly optimize the timing, quantity and pricing of upgrades.

Firms that are similar to the Dallas-based hotel can benefit from upgrades offered via
emails. In fact, such upgrade capabilities have recently been incorporated into some existing
automated revenue management systems. Figure [2.1] shows screenshots of upgrade emails
from Rentalcar.com and Malaysia Airlines. These recent industry practices further attest
to the timeliness and importance of studying upgrades offered between the booking and

the check-in times. The medium of upgrade notifications is not restricted to email. eXpress

Zhttp:/ /www.norl.com/estandby-upgrade/



UpgmdeEl7 newly developed by norl, is an upgrade product adopting in-app push notifications
to engage customers (e.g., to deliver upgrade notifications). Recent statistics show that the

engagement rate of push notifications in the travel industry is about 30%ﬁ

Rentalcars.com 0800 358 7707 malaySIay @ MHUpgrade

alines

o

¥

Upgrade your trip!

Travel in comfort, get a better car for ONly

US$13.63 more per day.

Thanks for booking your car with us for your trip to
Caimns

Now your trip is a little closer, we wanted to let you
know there are even better cars available for you
and you'd be surprised at how little an upgrade
Toyota Camryor similar costs!

5 G5 @ Ves @ Automat 5
15 @ @ves @avomatic Unarade now FLY IN COMFORT
pgra Your current flight itinerary is eligible for FIND OUT MORE

an upgrade to Business Class!

; Tip: Don't wait until it's too late! Book now so you don't miss out on today's price.

Dear Passenger,

Thank you for choosing Malaysia Airlines.
About Us | Terms and Conditions | Privacy Policy | Help o 9 @ We look forward to welcoming you on board soon

Figure 2.1. Upgrade email examples from Rentalcars.com and Malaysia Airlines

The trade-offs in the dynamic upgrade process are subtle. When the number of leftover
premium products (e.g., rooms, cars, or seats) is large, it is possible that some of them
remain unsold by the check-in time. Moreover, when the leftover regular products are few in
numbers, they might be fully booked and the firm loses the opportunity to capture regular
product customers with low reservation prices. These two outcomes can both be mitigated
by upgrading. The firm also needs to maintain enough premium capacity for forthcoming
premium customers. When selling a premium product through an upgrade, the firm loses
the opportunity of selling it at the full price but frees up a regular product capacity for a
possible future sale. The firm needs to analyze the trade-offs between the upgrade fee and
the opportunity gain/loss of replacing a leftover premium product by a regular one.

In this chapter, we focus on a firm (e.g., a hotel, a car rental company, or a cruise oper-

ator) selling two types of products, premium and regular, over a sales season that naturally

3http://www.norl.com/express-upgrade/

4http://andrewchen.co/new-data-on-push-notification-ctrs-shows-the-best-apps-perform-4x-better-than-
the-worst-heres-why-guest-post/



ends after the check-in day of these products. No replenishment of products is considered.
Customers for each product arrive over time. Depending on the leftover capacities of both
products at a particular time, the firm can incite reqular product purchasers to buy premium
products by sending them upgrade notifications that contain upgrade links. After receiving
an upgrade link, a regular product purchaser becomes an upgradeable customer. After click-
ing the link, the upgradeable customer is directed to the firm’s upgrade website where she
sees an upgrade fee.

Firms often prefer to send upgrade notifications to a subset of regular product purchasers.
Reasons for limited upgrade notifications include the following. The duration between the
booking and the check-in times often allows firms to have several time epochs, each of
which provides an opportunity to send upgrade notifications. Some regular purchasers may
be contacted later, if they are not contacted at the present time. Discretely distributing
upgrade offers over time and sending notifications to a small set of regular purchasers at
a time epoch can reduce forgetting and inactivity of these purchasers. Moreover, sending
many notifications at once is riskier than sending a few at multiple times. If upgrades are
made available at once to all regular purchasers and are accepted, then all of the regular
sales can become premium sales. Consequently, the firm may be left with too few premium
products to sell at the original high price in the future. This outcome goes against the
spirit of upgrading, which is to smoothly balance the leftover capacities against the future
demands.

The upgrade process generates another customer arrival stream in addition to the arrivals
for premium and regular products. This additional stream of demand depends on previous
regular customer arrivals as well as how the firm manages the upgrade process. The noti-
fications emphasize the time-limitedness of the upgrade offers to create a sense of urgency
(similar to the Rentalcar.com email in Figure but do not specify the deadlines of the

upgrade offers (similar to the Malaysia Airlines email in Figure . The firm has the ability



to deactivate some or all upgrade links, if upgrading is no longer profitable. Deactivation of
the link received by an upgradeable customer cuts off the connection to the upgrade website
and shuts down the upgrade demand potentially coming from this customer. When upgrad-
ing becomes profitable again, the firm sends out new upgrade notifications with active links.
Therefore, upgrades are time-limited, and the firm controls their durations by sending and
deactivating upgrade links. Throughout the chapter, the number of upgradeable customers
and the number of active upgrade links are used interchangeably. The number of active links
maintained by the firm at any time affects the upgrade demand. Hence, the upgrade process
formulated in this chapter is a dynamic demand shaping strategy.

The upgrade notifications sent to customers include little pricing information (e.g., the
Rentalcars.com email in Figure or no pricing information (e.g., the Malaysia Airlines
email in Figure . At the arrival of an upgradeable customer to the firm’s upgrade website
(when an upgradeable customer clicks the link), an upgrade fee is instantaneously generated.
The upgrade fee depends on the cost-benefit analysis of replacing a premium product by a
regular one, which is in turn driven by current leftover capacities as well as the future demand
expectations. Hence, postponing the determination of the upgrade fee until the arrival of
an upgradeable customer gives the firm the most up-to-date information in determining the
optimal fee. A lower upgrade fee increases the chance of a sale but decreases the marginal
revenue of the sale. Thus, the trade-off in the specification of the upgrade fee is similar to
that in classic dynamic pricing models.

The upgrade demand stream is created to mitigate a leftover capacity imbalance, i.e.,
when there are too many premium products and/or too few regular products. Another
method of such mitigation is dynamic pricing of the premium and regular products through-
out the season. Despite the presence of some online retailers opting for dynamic pricing,
several firms including small- or medium-sized hotels and car rental companies do not dy-

namically optimize product prices. Keeping product prices constant during the season is

10



simpler to implement, fosters credibility of the firm and the trust between the firm and
most customers, eliminates cannibalization due to too-closely set dynamic prices, and avoids
strategic waiting of customers for lower prices. Because of these reasons and also to focus
on the problem of dynamic upgrades, we keep prices of both products constant during the
season. This setting also fits to our motivating example of the Dallas-based hotel. The firm
in this chapter dynamically decides on the timing, quantity and pricing of upgrades.

Some of our contributions include the description of the dynamic upgrade process and
the optimization of this process as well as its variations to provide insights. We develop
three model variations to study the dynamic upgrade pricing and timing problem. In the
base model, the firm chooses the upgrade fee from an interval. In the second model, the firm
is subject to fee restrictions and chooses upgrade fees from a subset of the interval (e.g., a
subinterval or a discrete set). In the third model, we incorporate upward substitution into
the base model; i.e., when the firm runs out of the regular product, it can consider selling
the premium product below its original price to an incoming regular customer. The selling
price can be interpreted as the regular product price plus a substitution fee. The firm’s
revenue maximization problems in all three models are formulated as dynamic programs. In
all models, we show that the optimal upgrade policies are of a pulsing type; the firm either
maintains zero or the maximum number of upgrade links. In the base and the restricted fee
model, both the optimal number of active links and the optimal upgrade fee are monotone
with respect to the leftover capacities. When there are more regular (resp., premium) prod-
ucts leftover, it is optimal for the firm to maintain fewer (resp., more) active upgrade links
and to offer a higher (resp., lower) upgrade fee. In order to obtain these results analytically,
we introduce new properties of DH-modularity and DV-modularity for a function and prove
these properties for the optimal expected revenue functions. By comparing optimal policies
across models, we show, for example, when restricting upgrade fees increases the optimal
number of upgrade notifications. We also show that the optimal substitution fee is always

smaller than the optimal upgrade fee.
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In addition, our model takes notification spamming into consideration and leads to a
detailed guidance on implementation. Using a systematic numerical study, we compare the
industry-standard check-in fixed-price upgrades and the dynamic upgrades and quantify the
potential revenue improvement by switching from the static strategy to a dynamic one. We
determine when the revenue improvement is significant and how the revenue improvement is
affected by the firm’s upgrade fee restriction and upward substitution. For example, we show
that a firm can improve its revenue by as much as 49% (in a market with a high premium
product capacity level, a low regular product capacity level, a low premium demand, a high
regular demand, a high premium price, a low regular price, and a high click rate) when it
switches from a static check-in upgrade policy to a dynamic upgrade policy.

The remainder of the chapter is organized as follows. In §2.2] we review the related
literature. In §2.3, we model the firm’s dynamic upgrade problem as a base model and
characterize the structure of the optimal upgrade policy. In §2.4] we analyze two variations
of the base model. In we illustrate the implementation of the dynamic upgrade policy.
In §2.6] we quantify the benefits of dynamic upgrades through a numerical study. In §2.7]
we conclude the chapter. Proofs, counterexamples and additional arguments are relegated

to the appendices.

2.2 Literature Review

Chapter [2| is mainly related to three streams of literature on (i) dynamic pricing and adver-
tising, (ii) firm-driven upgrades, and (iii) email and push notification management.
Dynamic pricing and advertising: The literature on dynamic pricing of limited
capacity was pioneered by Gallego and van Ryzin (1994) and Bitran and Mondschein (1997).
We adopt the modeling framework by Bitran and Mondschein (1997) in which the time period

is small enough so that at most one customer shows up’l This literature has been developed

®Dividing time into short intervals is common in the revenue management literature and allows for a
formulation with an arbitrary sequence of customer arrivals. An alternative formulation is to assume that
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subsequently to incorporate multi-product pricing, incomplete demand information, strategic
customer behavior and competition. We refer the reader to Talluri and van Ryzin (2004),
Bitran and Caldentey (2003), Ozer and Phillips (2012) and Chen and Chen (2015) for a
detailed review. Papers in this literature optimize prices of actual products, while we focus
on the optimal pricing of upgrades.

The dynamic upgrade notifications have an advertising effect as they inform the customers
about the upgrades. Thus, Chapter [2] is also related to the extensive marketing literature
on dynamic advertising; see Feichtinger et al. (1994) for a comprehensive review of earlier
papers. The most relevant papers within this literature focus on the pulsing policy, in which
a firm alternates between zero and a high level of advertising. One of the goals of these
papers is to identify models and conditions under which the pulsing policy is superior to the
policy of a constant level of advertising (e.g., Simon 1982, Mahajan and Muller 1986, Mesak
1992, and Aravindakshan and Naik 2015). The optimal upgrade policy in our model is also a
pulsing type: the firm either maintains zero or the maximum number of active upgrade links.
There is also a limited literature on joint dynamic pricing and advertising. This literature
focuses on a single product setting (e.g., MacDonald and Rasmussen 2010, Ye et al. 2015,
and Schlosser 2016). The key difference in our model is that the firm sells two products and
controls the upgradeable customer arrival rate by sending out upgrade notifications.

Firm-driven upgrades: Gallego and Stefanescu (2012) and Chen and Chen (2015)
refer to upgrading as replacing a customer’s regular product with a premium one for free.
They use upselling to denote a situation in which such a replacement comes with an extra
charge. In this chapter, we use the term upgrade to represent both the free and non-free
replacement. The literature studying firm-driven upgrades can be broadly classified into

three categories.

arrivals are according to a Poisson process. Instead of discrete time intervals, the decision controls can be
embedded at customer arrival epochs (see Puterman 1994, Chapter 11). Our results continue to hold for
this case as well.
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The first category studies upgrades for dynamic capacity management. In these studies,
a firm decides the initial capacities and allocates multiple classes of products to demands
from the same number of customer classes. Shumsky and Zhang (2009) find the optimal
allocation policy within the class of single-level free upgrade policies, in which a customer
whose preferred product has been depleted can be upgraded by at most one level. Extending
this work, Yu et al. (2015) study the optimal multi-level free upgrade policy. Unlike these
two papers primarily focusing on the capacity allocation problem, we concentrate on the
timing, quantity and pricing of upgrades.

The second category studies upgrades for revenue management, in which the number of
customer classes can be greater than the number of capacity classes. Gallego and Stefanescu
(2009) study capacity holder’s and reseller’s upgrade problems with both an independent de-
mand model and a multinomial logit model. They formulate the stochastic optimal control
problems and analyze the corresponding fluid models. Steinhardt and Génsch (2012) ana-
lyze the dynamic program with independent demands from Gallego and Stefanescu (2009)
and propose new structural results. They also propose two different dynamic programming
decomposition approaches to get tight upper bounds on the value of the original dynamic
program. Recently, McCaffrey and Walczak (2016) solve an airline-specific upgrade problem
with two classes of capacities (business and economy seats). The upgrades in these three pa-
pers are offered either at the booking time or postponed until the check-in time. In contrast,
Chapter [2| endogenizes the timing and pricing of upgrades as decisions.

The third category focuses on the recently emerged conditional upgrade pricing problem.
In the conditional upgrade, a customer upon completion of her booking of a regular product
may see an upgrade menu on the confirmation webpage or receive an email that leads to
an upgrade menu. The customer accepts or rejects the upgrade based on the corresponding
upgrade fee. The upgrade is fulfilled at the check-in time, and the customer pays the upgrade

fee only if the premium product is available. Cui et al. (2016) and Yilmaz et al. (2016) analyze
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the interaction between the firm and customers with game theoretic models and evaluate the
benefit of conditional upgrades in the presence of strategic customer behavior. Biyalogorsky
et al. (2005) study upgrades as probabilistic goods (payments of upgrades are required at the
booking time) and identify the situation in which upgrading is more profitable than advance
selling. The upgrades considered in this category of papers are offered at the booking time.
The upgrades, in Chapter [2| do not have probabilistic features and are dynamically priced
and offered from the booking time until the check-in time.

Email and push notification management: Emails and push notifications, the ve-
hicles of upgrade notifications in Chapter [2], are widely-adopted marketing tools in industry.
However, the dynamic management of such tools has received limited attention in marketing
and operations literature. Neslin et al. (2013) point out that a customer’s response to mar-
keting and purchase probability depend on her “recency”, which is the length of time since
the customer’s previous purchase. They suggest a recency-based customer targeting strategy
through emails. Investigating the impact of the number of emails sent by a firm on its prof-
itability, Zhang et al. (2017) provide a guidance for email marketing campaigns. The email
marketing policies in both papers are driven by customer response behavior. In contrast, our
optimal upgrade notification policy is driven by capacity imbalance. Recently, Wang et al.
(2017) formulate a dynamic push notification campaign as a large-scale resource-allocation

problem and analyze the problem in an asymptotic regime.

2.3 The Base Model

Here we introduce the base model for the dynamic upgrade pricing and timing problem. In
§2.3.1], we describe the dynamic upgrade process and formulate the firm’s revenue maximiza-
tion problem as a dynamic program. In §2.3.2] we show the structure of the optimal upgrade

policy and the corresponding monotonicity properties.
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2.3.1 Dynamic Upgrade Process and Formulation

Consider a firm that sells two types of products, premium and regular, at predetermined
prices over a finite sales season. No replenishment is allowed, and leftover products have
zero value after the end of the season (e.g., after the check-in date or the departure time).
Customers arrive over time and reserve the products whose consumption takes place at the
end of the season. Each new customer tries to reserve a premium or a regular product. If the
preferred product (premium or regular) is available, the customer pays the corresponding
price and becomes a (premium or regular) purchaser. Otherwise, the customer leaves without
purchasing. Cancellation is not allowed. As a consequence of random arrivals, leftover
capacities may be imbalanced compared to the future demands.

Dynamic upgrades are used to balance the leftover capacities until the end of the season.
When there are many leftover premium products and/or few leftover regular products, the
firm can balance the leftover capacities by sending upgrade notifications via emails or phone
push notifications to regular purchasers. An upgrade notification contains a time-limited
upgrade link, and its purpose is to incite a regular purchaser to upgrade to a premium
product at a discounted price. If upgrades later cease to be beneficial to the firm, the
links can be deactivated. A regular purchaser who has an active upgrade link is called an
upgradeable customer. After clicking the link, the upgradeable customer is directed to the
firm’s upgrade website and sees an upgrade fee. Based on the upgrade fee, the upgradeable
customer decides whether to accept the upgrade to a premium product or not.

The sales season is divided into N periods. Period 1 is the starting period of the season
and period N + 1 is the final consumption period after the sales season. Throughout the
chapter, we use the following notation for brevity. For any nonnegative integers a and b with
a < b, [a: 1] is defined as the set containing all integers between and including a and b;

la:b]:={a,a+1,..b}. All notations are summarized in Appendix [A.1]
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The firm tracks the leftover capacities as state variables. The premium product price
is higher than that of the regular product. We use (h,,[,) to denote the pair of leftover
capacities of premium and regular products in any period n € [1 : N 4+ 1]. In period 1, the
initial capacities of premium and regular products are H and L. In period n, the firm has
L — [, regular purchasers.

The firm has two decisions to make in any period n. The first decision is how many
upgrade links to send and to deactivate. Sending and deactivating upgrade links is equivalent
to deciding on the number w, of active upgrade links to maintain. With a greater wu,, it
is more likely that one of the upgradeable customers clicks the upgrade link. The firm
uses u, to control the clicking (or the arrival) process of the upgradeable customers. The
firm considers upgrades only when the leftover regular capacity [, is less than or equal to a
prespecified threshold M, which is the upgrade triggering level. This threshold is set by the
management to ensure that the firm sells enough regular products (or accumulates enough
regular product purchasers) before considering upgrades. When [, > M, the firm has an
ample leftover capacity of regular products, so an upgrade to release a unit of regular capacity
is likely to be unnecessary. This upgrade triggering mechanism is similar to eXpress Upgrade
by norl. Both upgrades are initiated closer to the end of the sales season. eXpress Upgrade
is triggered by a preset triggering date, while our upgrade process is triggered by the upgrade
triggering threshold M. The maximum number of active upgrade links the firm can maintain
is C', which measures the firm’s mazimum upgrade capability. A Firm often sets such a limit
on the total active upgrade links at any given time to better manage the spamming issue
and its brand image. The ratio of C' and L — M is set below 1, which ensures that the firm
has enough regular purchasers to notify once the upgrade process is triggered. We return to
the discussion of M and C in §2.5

The second decision is the upgrade fee p, to charge in period n when an upgradeable

customer clicks. We use p" and p! with p" > p' to represent the prices of the premium
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and the regular products, respectively. An upgradeable customer, who already paid p' for
a regular product, has an upgrade reservation price (willingness-to-pay for the upgrade) no
greater than p" —p'. We assume that the reservation price is identical and independent across
upgradeable customers and over time periods. The upgrade reservation price is modeled as
a random variable, whose distribution has a support of [0, p" — p!] and a tail probability of
a(+). When an upgrade fee p,, € [0, p" — p] is charged in period n, an upgradeable customer
accepts the upgrade with probability a(p,) and rejects it with probability 1 — a(p,). The
acceptance probability a(p,) is decreasing in pnﬂ The firm uses p, to control the upgrade
acceptance rate. An upgradeable customer who rejects an upgrade may receive upgrades
again in the future. The assumption of independence over time implies that an upgradeable
customer’s acceptance decision is not affected by her previous upgrade rejections, if any.
The assumption of identical reservation price over time allows us to simplify the notation by
using «(-) for all periods. If this assumption fails, the analysis in the chapter still holds by
appropriately replacing a(-) with «,(+).

The sequence of events is as follows: (1) At the beginning of period n, the firm observes
the leftover capacities (hy,l,). If h, > 0 and I, < M (the premium product is available
and the leftover regular capacity falls below the triggering level), the firm decides on (i) how
many active upgrade links u,, € [0 : C] to maintain and (ii) what upgrade fee p,, € [0, p" — p']
to charge if upgrades are offered. (2) During period n, a premium customer arrives with
probability A" a regular customer arrives with probability AL, an upgradeable customer
arrives with probability u,\,, where A, is the clicking probability if there is only one active
upgrade link. Alternatively, no customer arrives with probability 1 — A" — X —wu, \,,. (3)
The arriving premium /regular customer buys her preferred product if it is available. The
upgradeable customer clicking the link sees the upgrade fee p,,, who then accepts the upgrade

with probability «(p,) or rejects it with probability 1 — a(p,). The arrival process with at

SThroughout the dissertation, we use increasing and decreasing in the weak sense.
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most one customer per period is widely used in revenue management literature (see, e.g.,
Talluri and van Ryzin 2005), and is related to merging and splitting of Poisson arrival
processes.

We now formulate the firm’s revenue maximizing dynamic upgrade problem as a dynamic
program. In the sequel, we drop the time index n of the state variables, decision variables
and all probability parameters when their meanings are clear from the context. Let V,,(h,)
denote the firm’s optimal expected revenue at the beginning of period n € [1 : N + 1] with
h units of premium product and [ units of regular product. The dynamic programming

formulation is given by

Valhi) = max {(1 AN = MW (1)
pel0,p"—p!]
AN "+ Vo (= 1,0] + N p oy + Via (b, 1 = Tiz1))
+uda(p)[p + Vipi(h — 1,1+ 1)] + uA[1 — a(p)]Viura (b z)}
forhe[l:H|,le€[0: M]and n € [1: N, (2.1)
Va(h,l) = (1 =N = X)Wy (b 1) + X" + Vi (h = 1,D)] + N [p' + Viga (B, 1 = 1))
forhe[l:H|,le[M+1:Ljandn € [l:N], (2.2)
Vo(0,1) = (1 =N = XYWt (0,0) + X'V 1 (0,1) + N [p' sy + Vi1 (0,1 — Tpsy)]
= (1= XMYWoi1(0,1) + N[p' sy + Vg1 (0,1 — M;51)]
forle[0:Ljand n € [1: N, (2.3)

Visr(h,)) = Oforhe[0: Hland 1 €[0: L], (2.4)

where T4 € {0, 1} is an indicator function taking the value of 1 only when A is true. The first
term inside Equation is the firm’s expected revenue-to-go in the event that no customer
shows up. The second and third terms correspond to a premium and a regular customer
arrival, respectively. The forth and fifth terms correspond to the upgrade acceptance and

rejection respectively by an upgradeable customer clicking the link. Notice that the firm
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has one fewer premium product and one more regular product in the acceptance case. The
region [1 : H] x [0 : M] in Equation ({2.1)) contains all possible states (h,!) in which the firm
may offer upgrades, and is referred to as the potential upgrade region. Equation is for
the region above the upgrade triggering level M. In this region, the firm does not consider
offering upgrades. Equation ([2.3) is for the vertical boundary, where no premium product is
left and the firm cannot offer upgrades. Equation ([2.4]) is for the terminal condition, which

indicates that the salvage values of both products are zero.

2.3.2 Optimal Policy Structure

Equation (2.1)) can be simplified and equivalently written as

Vi(h,l) = (1 =N =AW (h D) + A" + Vipa (b — 1,0 + N [p' sy + Viga (B 1 — Tsy)]

+ max  uda(p)[p+ Anii(h, )]
u€[0:C]

p€l0,p"—p!]

= (1 - )‘h - Al)VnJrl (h7 l) + Ah[ph + Vn+1(h - 17 l)] + )‘l [pl]IIZI + Vn+1(h>l - HlZl)]

+ max {u)\ max oz(p)[p—l—AnH(h,l)]}, (2.5)

u€[0:C] pel0,ph—p!]

where A, 1(h,1) := V11 (h — 1,14+ 1) — V,41(h, 1) is the change in expected revenue after
replacing one unit of premium product by one unit of regular product in period n + 1 when
there are h units of premium product and [ units of regular product leftover. Equation
indicates that the firm’s joint optimization problem over (u,p) in period n can be solved
sequentially by finding the optimal upgrade fee first and then the optimal number of active
upgrade links.

We first solve the first-stage optimal upgrade pricing problem. For (h,[) € [1: H| x [0 :
M|, we define

dn(p,h,l) = a(p)lp+ Anii(h, )] and 05 (h,0) ;== max d,(p,h,l), (2.6)

p€e[0,ph—p!]
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where d,,(p, h,1) is the expected revenue from an arriving upgradeable customer in period n
when the upgrade fee is set to p, and &7 (h, ) is the corresponding optimal expected upgrade
revenue at the optimal upgrade fee.

Revenue maximization problem in the form of a(p)(p + A) similar to is commonly
seen in dynamic pricing literature (e.g., Bitran and Mondschein 1997 and Ye et al. 2015).
A usually has a negative value, and is perceived as the opportunity cost. A, 1(h,[) in our
model can be either positive or negative, and we refer to it as the upgrade opportunity value.
We make the following regularity assumption: The upgrade reservation price distribution
with tail probability «(-) is smooth enough, such that {p € [0,p" —p'] : 8, (p, h,1) = & (h, l)}
is a closed set. The assumption is satisfied by distributions with increasing failure rate,
which makes the set of maximizer(s) a singleton. It is also satisfied by certain distributions
with non-increasing failure rate, such as beta distribution with shape parameters of 1/2.
The assumption ensures that the set of maximizer(s) of the optimization problem in (2.6)) is
closed, and that we can pick the largest maximizer as the optimal upgrade fee in period n

at state (h,[):

pi(h,1) = max{p € [0,p" — '] : 6,(p, b, 1) = 6(h, )}.

The solution of the second-stage optimization problem in (2.5)) is the optimal number of

active upgrade links in period n at state (h,):
uy, (h,1) = arg max,c(.cuAd,, (h, ).
We have the following result.
Proposition 1. The optimal upgrade policy is of a pulsing type: uy,(h,1) = Ls: n1y>0C'.

First note that when 6} (h, 1) > 0, upgrading is profitable. Thus, the firm should maintain
as many active links as possible. When 6% (h,1) < 0, upgrading is not profitable and the firm

should deactivate all of the upgrade links.
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To better understand the optimal dynamic upgrade policy, we investigate properties of
Va(h, 1) over the region of [0 : H] x [0 : M + 1]. This region is the union of the potential
upgrade region [1 : H] x [0 : M], its left boundary {0} x [0 : M] and its upper boundary
[0: H] x {M + 1}. We have the following results.

Proposition 2. Forn € [1: N + 1], V,(h,l) satisfies the following properties:

a) Submodularity: V,,(h,l + 1) — V,(h,1) > V(b + 1,1+ 1) = V(b + 1,1) for (h,1) € [0 :
H—1] x[0: M],

b) DH-modularity: V,(h — 1,1 + 1) — V,,(h,1) < V(I + 1) = V(b + 1,1) for (h,1) € [1 :
H—1] x[0: M],

¢) DV-modularity: V,(h— 1,1+ 1) =V, (h,1) > V,(h — 1,14 2) = V,,(h, I+ 1) for (h,1) € [1:
H] x[0: M —1],

d) H-concavity: V,(h+1,1) =V, (h,1) < V,(h,1)=V,(h—1,1) < p" for (h,1) € [1: H=1]x[0:
M +1],

e) V-concavity: Vi, (h,[4+1) =V, (h,1) < Vo (h,1)=V,(h,1—1) < p! for (h,1) € [0: H|x[1: M].

Property a) of submodularity is based on horizontally comparing vertical differences of
Vi Va(h L+ 1) = Vi(hl) > Vi(h 4+ 1,1 + 1) — V(b + 1,1) illustrated in Figure 2.2 or
vertically comparing horizontal differences of V,,: V,(h + 1,1) — Vo (h, 1) > V(b + 1,1 +
1) — V,(h,l + 1). Interestingly, these two comparisons are equivalent, and there is no need
to differentiate them. Property b) DH-modularity and property ¢) DV-modularity are more
refined properties compared to submodularity. They can be written as A, (h, 1) < A, (h+1,1)
and A, (h,l) > A,(h,l + 1), respectively. These two inequalities involve the horizontal
and vertical comparisons of diagonal differences of V,,(h,[), hence named as DH- and DV-
modularity; see Figure 2.2l DH- and DV-modularity are not equivalent to each other and
require separate notations to differentiate between each other. Any four properties out of
five in Proposition [2] do not imply the leftover one. In Figure 2.2 we give a counterexample

by failing only submodularity. More counterexamples can be found in Appendix [A.T]
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Figure 2.2. Top-left panel: Diagonal difference on the right is larger. Top-right panel:
Diagonal difference above is smaller. Bottom-left panel: Vertical difference on the left is
larger. Bottom-right panel: Submodularity is not implied by DH- and DV-modularity, H-
and V-concavity.

Property a) states that the premium product and the regular product have a substitu-
tion effect on each other, i.e., the premium product can be used to capture regular product
demand (see Chapter 1 and 2 in Topkis 1998 for more about submodularity and substitutabil-
ity). Property b) of Proposition [2{implies that the expected revenue difference after replacing
one unit of premium product by one unit of regular product is larger when there are more
premium products. Property c¢) implies that the same expected revenue difference is smaller
when there are more regular products. Properties d) and e) imply that the marginal value

of either product is larger when there are fewer of them and that each product’s marginal

value is always smaller than its price.
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Properties a), d) and e) of Proposition [2| directly lead to the following proposition, which
implies that the marginal value of one premium product as well as one regular product is

decreasing when there are more leftover capacities.

Proposition 3. Forn € [1: N + 1], we have the following properties of V,(h,l)
a) Vi (h+1,1+1) =V, (k1) > Vo (h+2,1+1) =V, (h+1,1) for (h,]) € [0: H—2] x[0: M],
b) Va(ht1,141) = Va(h 1) > Vi (h+1,142) = Via(hy 1+1) for (h,1) € [0: H—1]x[0: M —1].

With properties b) and c¢) of Proposition , we can derive the following result.

Proposition 4. The optimal number of active upgrade links u}(h,l) is increasing in h and

decreasing in l. The optimal upgrade fee pk(h,l) is decreasing in h and increasing in [.

Proposition [4| characterizes the monotonicity properties of the optimal policy. When
there are more premium products, they are less likely to be sold out before the end of season.
Therefore, it is optimal to sell premium products through a large number of upgrade links
at a lower upgrade fee. When there are more regular products, they are less likely to be sold
out before the end of the season. The firm is less concerned about losing regular customer
demand and freeing up regular product capacity. Therefore, it is optimal to maintain upgrade
links for fewer regular purchasers at a higher price. Due to the monotonicities of the optimal
number of active upgrade links, the potential upgrade region [1 : H| x [0 : M] can be divided
into two subregions. The firm offers upgrades only in the lower right subregion (e.g., see
Figure , which can be referred to as the upgrade region and has high premium capacity
and low regular capacity.

Next, we consider the monotonicity of optimal upgrade links and fees over time. Classic
single product dynamic pricing literature shows that the optimal price decreases over time
for a given capacity level if the customer reservation price distribution is stationary (e.g.,
Gallego and van Ryzin 1994, Bitran and Mondschein 1997, and Zhao and Zheng 2000). The

reason for this classical time-monotonicity property is that the product’s opportunity cost is
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decreasing over time. In contrast, the time monotonicity is not true in the dynamic upgrade
pricing setting, even under the stationarity of the reservation price and the arrival processes.
The reason is that the upgrade opportunity value A,, ;1 (h, 1), which depends on both capacity
levels and future demands, is not monotone with respect to time. Hence, it is not optimal
to reduce or increase upgrade fees over time. Since the upgrade fee is not decreasing over
time, strategically-waiting customers are not guaranteed an upgrade offer with a lower fee.
Hence, the firm need not be overly concerned about strategic customer behavior and is more
willing to implement the dynamic upgrade policy.

The optimal dynamic upgrade fees are robust with respect to proportionally changing
prices. In a setting where p", p', and the upgrade reservation price increase or decrease by
the same proportion and the arrival rate parameters are kept the same, the firm can get
new optimal fees by simply increasing or decreasing the previous optimal upgrade fees by
the same proportion. However, in a setting where p" and p' increase or decrease by the same
amount and the upgrade reservation price stays the same, the firm needs to find the new
optimal policy by solving a new dynamic program. The reason for the difference is that
Any1(h, 1) is affected by p" and p!, instead of p" — p' alone.

Our model can be used to optimize the prices of both the premium and regular products
at the beginning of the sales season: maxg<,<,» V1(H, L|p", p'). Likewise, incorporated with
the cost ¢(H, L) of acquiring H and L units of premium and regular capacities, our model
can also be used to optimize the initial capacity levels: maxy >0 Vi(H, L) — ¢(H, L). These
price and capacity optimization problems are static, but their input V; is obtained from the

dynamic programming recursion of the upgrade pricing and timing problem.

2.4 Restricted Upgrade Fee and Upward Substitution

In this section, we build two model variations of the base model. The first considers a firm

choosing upgrade fees from a restricted subset. The second incorporates upward substitution,
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in which the firm can sell a premium product to an arriving regular customer if the regular

product stocks out.

2.4.1 Dynamic Upgrade with Restricted Upgrade Fee

Firms in industry may have varying levels of flexibility in adjusting prices; that is, they
may not be able to optimize the upgrade fee over the interval [0, p" — p']. In one scenario,
firms may deliberately restrict the upgrade fee choice set. One example is that firms want to
protect their brand images and avoid selling many premium products at low upgrade fees.
Another example is that firms want to avert high upgrade fees and make upgrades more
acceptable and effective. Therefore, the upgrade fee choice set may be [p,p] C [0, p" — p'].
In another scenario, firms want to avoid pricing at an arbitrary decimal (e.g., $13.76) and
changing prices dramatically. As another example, firms may prefer using a predetermined
discrete set of prices, such as a set of $4.99, $9.99, $14.99 and $19.99, from which they pick
the optimal one. When firms want to discretize the upgrade fee choice set, the set would
be {p1,...,pm} C [0,p" — p!]. An extreme example is that the upgrade fee choice set is a
singleton; firms charge a fixed upgrade fee over the sales season and only control dynamic
upgrade availability.

Define V) (h, 1) as the optimal expected revenue of the restricted fee model at state (h, ()
in period n. This revenue can be obtained by replacing [0, p" —p'] with [p,p] or {p1, ..., pm} in
Equation . V' (h,1) still satisfies the five properties in Proposition , and the analytical
results from the base model can be extended to the restricted fee model. The structure of

its optimal policy is stated in the following corollary.

Corollary 1. For a restricted fee model, we have the similar results in Proposition[1] and [{}
a) The optimal upgrade policy is of a pulsing type.
b) The optimal number of active upgrade links is increasing in h and decreasing in l, and

the optimal upgrade fee is decreasing in h and increasing in [.
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Figure 2.3. Upgrade region comparisons across three models and two time periods. Top to
bottom, rows have time period 70 and 360. Left to right, columns have restricted fee model
with p = 0.98(p" — p'), base model, and restricted fee model with p = (p" — p').

A common question of interest is how the price restriction affects the optimal expected
revenue and the optimal policy. Here, we answer the question by mainly focusing on the
comparison between the restricted fee model with choice set [p,p] and the base model with
[0,p" — p']. First, we compare expected revenues. The upgrade fee restriction decreases
the pricing flexibility and leads to a lower expected revenue; the restricted fee model always
provides a revenue lower bound for the base model. Second, we compare the optimal upgrade
regions. Unlike the expected revenue comparison, the upgrade region comparison is subtle
and depends on p. We provide six examples in Figure [2.3] which depict the upgrade region
comparisons between the base and restricted fee models. When p < p" — p', there is no clear

answer. Note from Figure that the upgrade region of the base model can be either larger
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or smaller than the restricted fee model. However, when p = p" —p', we numerically find that
the upgrade region of the restricted fee model contains that of the base model. This finding
of containment between upgrade regions indicates that if the base model optimally offers
upgrades at state (h,l) in period n, it is also optimal for the restricted fee model to offer
upgrades at the same state in the same period. We theoretically prove this numerical finding
of containment for the left boundary of the potential upgrade region by Proposition [5| and
Proposition [6] We define A7 (h,1) :== V,'(h — 1,14 1) — V;7(h,1) as the upgrade opportunity
value and u)*(h,l) as the optimal number of upgrade links in the restricted fee model at

state (h,l) in period n.

Proposition 5. Ifp = p" — p!, then forn € [1 : N + 1], we have the following across-model
comparisons:

a) Diagonal difference: A, (1,1) < Al(1,1) forl € [0: M],

b) Horizontal difference: V,,(1,1) — V,(0,1) > V.'(1,1) = V.7 (0,1) forl € [0: M],

c) Vertical difference: V,,(0,1+ 1) — V,(0,1) = V7(0,1 4+ 1) = V.7 (0,1) forl €]0: L —1].

Property a) states that the upgrade opportunity value is smaller in the base model.
Property b) implies that the expected revenue of a premium product (horizontal difference)
is larger in the base model. Finally, property c) says that the upgrade fee restriction does
not affect the marginal value of the regular product (vertical difference) when there is no
premium product leftover. Property a) in Proposition [5| leads to the containment result on
the left boundary of the potential upgrade region in Proposition [6] In particular, if the base
model offers upgrades at a state in a period, it is also optimal for a restricted fee model to

offer upgrades at the same state in the same period.
Proposition 6. If p = p" — p', u’(1,1) > 0 implies u"*(1,1) > 0 for 1 € [0 : M].

Despite its numerical illustration and analytical proof, the containment property is counter-

intuitive. At first glance, one would say that the firm is more inclined to offer upgrades when
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it has more control (less restriction) in choosing the upgrade fees. This general intuition has
traces in dynamic pricing literature. For example, Aydin and Ziya (2008), in an upselling
context, find that a firm is more inclined to offer upsells with discounts when there is more
flexibility of choosing the discount level. After a careful inspection, however, the containment
property makes sense in our upgrade context. Whether to offer upgrades or not depends
on whether upgrades can generate a positive revenue. A larger fee p helps bring in positive
revenues p + A,pq(h,l) and p + A7 (h,l) at more states of leftover capacities (h,1), but
lowers the upgrade acceptance probability a(p). The base model can charge lower fees to
make upgrades more acceptable, while the restricted fee model has less pricing flexibility,
which makes upgrades less acceptable. To compensate for the lower acceptance rate, the
restricted fee model offers upgrades at more states and its upgrade region contains that of

the base model.

2.4.2 Dynamic Upgrade with Upward Substitution

When the regular product is out of stock, the firm can offer the premium product to an
incoming regular customer. This practice can be termed as (stockout-based) upward sub-
stitution and be incorporated to extend the base model. Note that the premium product is
offered directly to a regular customer in the case of upward substitution, whereas it is offered
to an upgradeable customer through a notification in the case of upgrade. When the pre-
mium product is available but the regular product is not, the firm in the substitution model
offers a premium product at the price p' + f* € [p’, p"] to an incoming regular customer.
f# € ]0,p" — p'] is the substitution fee. The tail probability of the substitution reservation
price distribution is captured by a®(-), which satisfies a®*(0) = 1 and o*(p" — p!) = 0. A
regular customer accepts a substitution offer at fee f* with probability a*(f®). Both tail
probabilities a(-) associated with an upgrade and a°(-) associated with a substitution have

the same domain of [0, p" — p'].
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Let V?(h,l) denote the optimal expected revenue with substitution when starting in
period n with h units of premium product and [ units of regular product. The dynamic
programming equations for V*(h, ) are the same as Equation , and . However,
Equation (2.1]) applies only for h € [1: H], I € [1: M] and n € [1 : N] and the next equation

applies for h € [1: H|, [ =0and n € [1: N]|.

V0 = e {0 N w0 N V(- 1,0)
f2, p*e(0,ph—p]

AN ()P + Vi (h = 1,00+ N1 = a*(f)]V,5 (7, 0)

FuAa(p))[p* + Vi (h = 1,1)] + wA[1 = a(p)]Via (0, 0) |,

where u® and p® are respectively the number of upgrade links and the upgrade fee. Similar
to the base model, we can define A; (h,1) :== V> (h = 1,1+ 1) =V (h,1), 6;(p°, h,1) :=
a(p®)[p* + A3 1 (h,1)] and 65%(h, 1) = max{d5(p*, h,1) : p* € [0,p" — p']}. Using these to
rewrite the DP equations over the lower boundary and the interior of the potential upgrade
region, we arrive at the following equations analogous to Equation for h € [1: H] and

n € [1: N] and their consequence stated as the following corollary.

ViE(h,0) = (1= AYVE (R, 0) + A'[p" + Vi (h—1,0)]
L s £5\[l s s . /s
o max AN ()P V(b= 1,0) = Vi ()]

+ max {us)\éf;*(h, 0)},

ViR = (1= N = XYVe (R 1) + N + Vi, (b — 1,1)]

ir,.0 s . S\ £8,% .
X V(b= )]+ max {u G (h,l)} for [ e [1: M].

Corollary 2. The optimal upgrade policy is a pulsing type.

Unlike the base model, the optimal upgrade policy in the substitution model does not have

a monotone property with respect to the leftover capacities. The reason is that Proposition
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is no longer true for the upward substitution model; specifically, V?(h,l) may fail to
satisfy the DV-modular property. The DV-modularity requires A2 (h,l) > A?(h,l + 1). To
illustrate the failing of DV-modularity, we provide an example with the opposite inequality
A3 (h,0) < A%(h,1) in Appendix [A.2] The possibility of A (h,[) increasing in [ leads to the
possibility of the optimal number of upgrade links increasing in [. That is, the firm may
avoid offering upgrades when the regular leftover capacity is very low, but upgrades may be
offered when the regular leftover capacity is high. In contrast, the firm in the base model
always tends to offer upgrades with the purpose of increasing the regular leftover capacity
when it is low. The intuition of the finding in the upward substitution model is as follows:
Since the upgrade opportunity value A2 (h,0) might be smaller than A? (h, 1), upgrades are
less beneficial when the regular product stocks out. The firm may prefer the regular product
stockout and get a higher revenue through upward substitution. A further examination of
A2 (h,l) reveals that it may be neither increasing nor decreasing in [; the firm may avoid
upgrades when the regular capacity is either low or high but offers upgrades when the regular
capacity is medium.

The firm needs to make two pricing decisions when the regular product is out of stock and

the premium product is still available: the optimal substitution fee f**(h) and the optimal

S,*
n

upgrade fee p>*(h,0). The following proposition implies that the optimal substitution fee
is no greater than the optimal upgrade fee, when the substitution reservation price and the

upgrade reservation price are identically distributed.
Proposition 7. f>*(h) < py*(h,0), if a*(p) = a(p) for p € [0,p" - p'].

An accepted substitution consumes a premium product and at least generates p' revenue,
while an accepted upgrade consumes a premium product and frees a regular product capacity
whose value is at most p'. Since the opportunity value of a substitution p! + V* 1 (h—1,0) —

VS

#.1(h,0) is higher than that of an upgrade V7, ,(h — 1,1) — V;? ;(h,0), the firm charges a

n+1

higher upgrade fee to compensate for the lower upgrade opportunity value.
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2.5 Implementation of the Dynamic Upgrade Policy

A dynamic upgrade policy implementation requires firms to send notifications and engage
in after-sales interaction with regular purchasers. These notifications, if too many, can
cause inadvertent spamming indiscriminately and repetitively sending notifications to a
regular purchaser. Most firms consider upgrades as promotional eventsﬂ A large number
of upgrades sell the premium product below its original selling price and may devalue the
product in consumers’ minds. Hence, in order to protect their brand images (e.g., to appear
less promotional and reduce possibility of being perceived as spammers), firms often monitor
the number of notifications and the resulting upgrade sales. The extent of spamming and
the volume of upgrade sales are related to the values of the upgrade triggering level M and
the maximum upgrade capability C' introduced in §2.3.1] An implementation also requires
firms to maintain customer lists (such as the list of upgradeable customers). We elaborate
on these issues next.

The upgrade triggering level M < L ensures that a firm sells enough regular products
before considering upgrades. In other words, when [, < M, the firm has a limited number of
leftover regular products and can use upgrades to free regular products for future demand.
When upgrading is considered, the number of regular products sold or the number of regular
purchasers, L — [,,, is at least L — M. The firm can choose to offer upgrades to all regular
purchasers L —1[,,. However, the firm may want to maintain a small number of active upgrade
links, that is C' — the maximum number of active upgrade links at any given point in time.
The firm sets C' based on the consideration of spamming and premium product devaluation.
Broadly speaking, a larger C results in a larger number of notifications, more spamming and
more upgrade sales. Without a limit on the maximum active upgrade links (i.e., C' = o),

the pulsing policy of Proposition (1| remains optimal. This optimal policy requires the firm

"http://europe.etbtravelnews.global /99459 /rail-europe-announces-swiss-pass-free-upgrade-promotion /
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to send upgrade links to all regular purchasers or to deactivate all links. Such a policy
may cause the firm to send many upgrade notifications, leading to spamming. Kumar et al.
(2015), in a permission-based marketing context, empirically show that sending emails too
often speeds up customer opt-outs, reduces the number of receivers and eventually leads to
response reduction. To mitigate these concerns, our model employs the maximum upgrade
capability C' where C' < L — M. The firm, when needed, can draw C' customers out of L —1[,,
regular purchasers and maintains active upgrade links only for them. When the ratio of C
to L — M is small, the firm can identify and notify C regular purchasers who have not been

notified recently. Therefore, the firm can reduce spamming and limit upgrade sales.

Regular customer Premium customer
purchases purchases

1

1

1

1

A4
Upgradeable @

customer accepts

Firm notifies

L -~ Firm R
reminds/reloads )

So PRe

Upgradéable
customer rejects

Firm deactivates

Figure 2.4. Movement of purchasers among three lists. Upward substitution is not considered
here. Solid lines denote moves by the firm; broken lines denote moves by the customers.

The implementation of dynamic upgrades requires the firm to track three lists. H is the
list of purchasers with premium products, who are either premium purchasers or upgraded
regular purchasers. U is the list of upgradeable customers. L is the list of regular purchasers
who are neither upgradeable nor upgraded. The regular purchasers in £ are ordered based on
their upgrade notification recency; the purchasers who received an upgrade notification most

recently are put at the bottom of the list. H, U and £ are mutually exclusive. HUUUL is the
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set of all purchasers, and U U L is the set of all regular purchasers who are not upgraded yet.
When a premium (resp., regular) customer purchases a premium (resp., regular) product,
she enters H (resp., L), see Figure . The firm updates the three lists dynamically during
the sales season.

The implementation of dynamic upgrades requires the action of purchaser movement
among H, £ and 4. When upgrades turn profitable, the firm sends notifications to the top
C regular purchasers in £, and moves them to &/. When an upgradeable customer accepts the
upgrade, she is moved from U to H. When an upgradeable customer rejects the upgrade, she
is moved from U to the bottom of £. When upgrades turn unprofitable, the firm deactivates
all the upgrade links, and moves all upgradeable customers from i/ to the bottom of L.

We use a small-sized hotel as an example to show the purchaser movement among lists
H, £ and U. The hotel has 15 premium rooms and 20 regular rooms, i.e., (H, L) = (15, 20),
to sell over 500 periods. If each period is an hour, the sales season is approximately 20 days.
In the example, we use M = 10 and C' = 5. Suppose that upgrading becomes optimal for the
first time in period 250 when the leftover capacity is (hy,l,) = (8,5). The hotel has sold 15
regular rooms and keeps all 15 regular purchasers in the ordered list £ at the end of period
249. After the hotel sends active upgrade links to regular purchasers 1 : 5 and moves them
from £ to U, L contains regular purchasers 6 : 15. Suppose that the upgradeable customer
1 in U clicks the link but rejects the upgrade, the hotel moves her back to the bottom of list
L, which becomes 6 : 15,1. Then U contains four upgradeable customers 2 : 5, who have
not clicked the upgrade links. In period 251, the leftover capacity stays at (h,,l,) = (8,5).
Suppose the optimal decision is still to offer upgrades. The hotel then moves purchaser 6
from £ to U and sends her an upgrade link, and U contains upgradeable customers 2 : 6.
Suppose upgradeable customer 3 clicks the link and accepts the upgrade, she is moved to
H. U now only contains upgradeable customers 2,4,5,6. The hotel then has one fewer

premium room and one more regular room. In period 252, (h,,l,) = (7,6). If it is optimal
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to stop upgrading, the hotel deactivates all four active links and puts upgradeable customers
2,4,5,6 back to the bottom of £. Suppose a regular customer arrives, the hotel numbers
her as purchaser 16, adds her into £ and has one fewer regular room.

Regular purchasers who reject upgrades (i.e., customer 1 in the example above) are put
back into £. Such purchasers may receive upgrade notifications again in the future. We
assume in that upgrade reservation price distributions are independent over time.
This assumption helps simplify the dynamic upgrade pricing problem; the firm does not
need to keep a record of customers rejecting upgrade offers and the corresponding upgrade
fees. When the ratio of C' to L — M is relatively small, the firm can only notify a limited
number of regular purchasers each time it sends out new upgrade links. Since the list of £
is long (at least contains L — M regular purchasers), it will take a long time for a regular
purchaser to receive an upgrade link again. During this time, the purchaser may forget her
previous upgrade fee(s) and change her reservation price, which justifies the independence
of reservation prices over time.

An optional action of dynamic upgrade implementation is purchaser reminding/reloading.
This action is tied to the upgradeable customer clicking behavior. We assume in that
the upgrade link clicking probability is not affected by the length of the time duration after
an upgradeable customer receiving a notification. The customer clicking probability may
decay over time. However, the relaxation of this assumption requires the firm to track when
each upgradeable customer received her upgrade notification, which enlarges the state space
and makes the dynamic upgrade pricing problem intractable. To remedy this assumption
and to make dynamic upgrade implementation effective, the firm can adopt purchaser re-
minding/reloading. If an upgradeable customer does not respond to the offer for a certain
amount of time, the firm can either send a reminder to her or move her back to £ and reload
U with another regular purchaser from L.

To summarize, the dynamic upgrade model features parameters M and C. A small M

gives a long list of regular purchasers to upgrade from. A small C' ensures that each regular
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purchaser receives the upgrade notification infrequently. Together, they help the firm limit
the upgrade sales and protect its brand image. A small ratio of C' to L — M and the ordering
of purchasers in £ help the firm avoid repetitively and indiscriminately sending upgrade noti-
fications, hence reduce spamming. The dynamic upgrade implementation involves purchaser
movement and purchaser reminding/reloading among three lists. We provide an algorithm

in Table in Appendix to show a particular implementation.

2.6 Quantifying the Values of Dynamic Upgrades

In this section, we conduct a systematic numerical study to a) compare different upgrade
strategies and quantify the benefits of dynamic upgrades, b) quantify the impact of different
operating factors on the benefits of dynamic upgrades, and c) explain the trade-off between

revenue maximization and brand image protection.

2.6.1 Benefits of Dynamic Upgrades

Numerical Study Setup. We generate 2,187 = 37 different problem instances, for which
we solve dynamic programs to optimality. The parameter values used in our study are
summarized in Table 2.1 Parameters of instances come from the Cartesian product of
these sets. The number N of periods is 500; if each time period is an hour long, the entire
sales season lasts approximately 20 days. The value sets of initial capacity parameters (H, L)
apply to small to medium sized hotels with fewer premium rooms than regular rooms. We use
(", ut) = (NM, NAY) to represent the total expected demands over the entire sales season.
Possible combinations of (H, L, u", u') contain the instances where the capacity and demand
are balanced (e.g., (5,15,5,15) and (15,25, 15,25)) and imbalanced (e.g., (5,15,15,15) and
(15,15,10,25)). The click rate parameter A takes three values of low, medium and high. We
use 1 = N\ to represent the expected number of total clicks over the entire sales season if

only one upgrade link is active. Since the sales season is approximately of 20 days, u =1 (5
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or 10) implies that an upgradeable customer on average clicks the upgrade link once every 20
(4 or 2) days. (M, C) is fixed at (10, 5), which works for all instances because of C' < L — M
for all possible L. We use the uniform distribution for the upgrade reservation price; i.e.,

the upgrade acceptance probability for a fee p € [0, p" — p'] is a(p) = (p" —p' —p)/(p" — p}).

Table 2.1. Parameter value sets

Parameter Value set | Parameter Value set Parameter  Value set | Parameter Value set
N {500} H {5,10,15} | L {15,20,25} | p= N {1,5,10}
M {10} p" {1.2,1.5,1.8} | p! {0.4,0.7,1}
C {5} ph =N {5,10,15} | = NN {15,20,25}

Models of Interest. We consider four different dynamic upgrade strategies: dynamic
upgrade with a fixed fee (DF), dynamic upgrade with a set of discrete fees (DD), dynamic
upgrade with an interval of fees (DI), and dynamic upgrade with an interval of fees and
upward substitution (DIUS). DI is in our base model. We compare these four strategies
with the check-in upgrade with fixed fee (CF). In CF, the firm needs to decide only on the
check-in upgrade fee. If the firm has h units of premium product and [ units of regular
product leftover at the check-in time, it can offer at most min{h, L — I} upgrades. The

optimal expected revenue of CF strategy in period n and at state (h,l) is given by

Vi(h,l) = (1= N = M)WV (b, 1) + N [p " Thzy + Ve (b — Ty, 1))
AN [P sy + V(B L — W) for noe [1: N,

Vysi(h,l) = min{h,L —1} max op)p.
PE0.p" —p']

With the assumption of uniform upgrade reservation price distribution, the optimal check-in
upgrade fee is (p" — p')/2, and the corresponding accepting probability is a((p" — p')/2) =
1/2. The theoretical analysis in and does not incorporate check-in upgrades and
assumes Vyi1(h, 1) = Vi (h 1) = Vi, (h,1) = 0. To make a fair comparison, we replace
Vnia(h, 1) = VJG+1(h= l) = VJ@H(ha l) by

!

h _
Vyii(h,l) = min{h,L -1} max oa(p)p=min{h, L — l}p P

p€el0,ph—p!] 1

37



and incorporate the check-in upgrades into all four dynamic upgrade strategies. The new
terminal condition V¥, ,(h,l) does not affect the optimality of the pulsing solution in any
one of the four dynamic upgrade strategies. It also satisfies the five properties in Proposition
[2} so the monotonicity structure of the pulsing solution in DF, DD and DI still holds. In
DF, we assume that the upgrade fee is fixed at (p" — p')/2, which is equal to the optimal
check-in upgrade fee. In DD, we assume upgrade fees are dynamically picked from the set
of {0, (p" — p') /4, (p" — p!)/2,3(p" — p')/4, (p" — p!)}. Finally, in DIUS, we assume that the
upward substitution is accepted at fee f* with probability a(f*); the substitution reservation
price distribution and the upgrade reservation price distribution are the same.

Benefits of Dynamic Upgrades. Despite the clear advantage of dynamic upgrade
strategy, they are not always preferred for multiple reasons. Some firms simply do not have
the technical capabilities required for the implementation of a dynamic strategy, whereas
some others intending to adopt the dynamic upgrade strategy prefer to avoid changing up-
grade fee frequently and dramatically. Therefore, it is of interest to understand the potential
benefits that would be gained through dynamic upgrade availability, upgrade fee pricing flex-
ibility and upward substitution. The five strategies in our numerical study can be ordered
as CF, DF, DD, DI, and DIUS based on their sophistication levels. For the 2,187 instances
generated, we compute the optimal expected revenue under each policy and the percentage
improvements obtained by switching from less sophisticated strategies to more sophisticated

ones.

Table 2.2. Percentage improvements in expected revenue
CF - DF CF—DD CF — DI CF — DIUS DI — DIUS

Max 38.25 46.08 47.39 49.35 17.84
Min 0.00 0.00 0.00 0.00 0.00
Average 2.86 3.49 3.64 4.31 0.61

Table provides the summary statistics such as maximum, minimum and average im-
provements over the 2,187 instances. It demonstrates the value of dynamic upgrade strate-

gies; even the simplest dynamic strategy DF improves revenue by 2.86% on average over
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the static CF, and DIUS achieves an average 4.31% improvement. For a highly imbalanced
instance with premium product overcapacity and regular product undercapacity, such as
(H,L, ", u*) = (15,15,5,25), DIUS can generate a significant 49.35% revenue improvement
over CF.

For a firm currently using CF and considering switching to a dynamic strategy, the
amount of pricing flexibility to adopt is crucial. More flexibility brings in a higher revenue,
but often at the expense of a higher technological and transactional investment. The average
revenue improvements in DD and DI are 3.49% and 3.64%, respectively, which are not
significantly different from each other. For an average firm with tight budget constraint,
DD or even DF can be a good option. It is also important to check the extra benefit
of upward substitution on top of dynamic pricing and timing of upgrades. The average
revenue improvement gained by switching from DI to DIUS is 0.61%, whereas the average
improvement gained by switching from CF to DI is 3.64%. Therefore, although the upward
substitution brings in some extra revenue, the adoption of the dynamic pricing and timing

of upgrades has a much more significant impact.

2.6.2 Impact of Environment on Benefits of Dynamic Upgrades

We quantify the impact of various operating factors on the dynamic upgrade strategies. In
particular, we investigate how these factors affect the revenue improvements achieved by
advancing from CF to DF, DD, DI and DIUS . We use the following parameters in the base
instance: N = 500, H = 15, L = 20, u" = 10, ' =20, u =5, p" = 1.5, p! = 0.7, M = 10,
and C' = 5. For this instance, (H, L, u", u') = (15,20, 10, 20) means that the firm’s premium
capacity is slightly over its expected demand while the regular capacity and its demand
match. We choose this base instance, since most travel firms (e.g., airlines, cruise lines and
hotels) purposefully build extra premium capacity. Below we change one parameter at a

time while keeping the others constant.
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Figure 2.5. Impact of demand intensities p" and p!

Impact of Demand Intensities. We test the impact of demand intensities by varying
p" € [6: 15] and ! € [16 : 25]. The results are illustrated in Figure 2.5] We observe that
the percentage revenue improvements from CF to four dynamic strategies decrease with the
premium demand intensity while they increase with the regular demand intensity. Intuitively,
when the premium demand intensity is high, most of the premium capacity is going to be
sold at its original price. The firm has less incentive to offer upgrades, and the value of
dynamic upgrades shrinks. When the regular demand intensity is high, the regular capacity
depletion is more likely to happen, after which the firm loses the opportunity to capture the
regular demand. Dynamic upgrades, which allow the firm to free regular capacity, bring in a
higher revenue improvement when this capacity depletion happens faster. In the right panel
of Figure [2.5) we can also observe that the revenue improvement from DI to DIUS increases
with the regular demand intensity. The upward substitution, as an extra means to capture
regular demand, provides a larger value when the regular demand is higher.

Impact of Initial Capacity Levels. Figure[2.0]illustrates the impacts of initial capacity
levels as measured by H and L. A higher initial premium capacity amplifies the firm’s
ability to extract extra revenue from regular purchasers through dynamic upgrades. Hence,
the revenue improvements increase with H. In contrast, a higher regular initial capacity

reduces the firm’s need to free regular capacity through upgrades. Consequently, the revenue
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improvements decrease with L. We can also observe that the revenue improvement from DI
to DIUS is shrinking with a higher L; with a higher regular initial capacity, the probability of
regular product stockout is low, and the firm is less likely to collect revenue through upward

substitution.

©
=
Y

~

(o2}

(53]

S

w
N

N

Revenue improvement over CF(%)
N

Revenue improvement over CF(%)

1 : : : : : 0 : : : : :
10 12 14 16 18 20 16 18 20 22 24 26
Initial premium capacity (H) Initial regular capacity (L)
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Figure 2.7. Impact of price differential p" — p' and regular price p'

Impact of Product Prices. Companies in travel industry usually use state-of-the-art
price optimization software to set the regular product price, on top of which they add a
differential and get the premium product price (Yilmaz et al. 2016). The impact of the price

differential and the regular product price is shown in Figure 2.7 In the left panel of Figure
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2.7 a larger price differential gives the firm an opportunity to charge a higher upgrade fee
and further boosts the revenue improvements. Hence, the revenue improvements increase as
the price differential increases. In the right panel, since the price differential stays constant,
the revenue from upgrades stays about the same. Hence, a higher regular product price leads
to smaller percentage revenue improvements.

Impact of Click Rate. The click rate p is a measure of the dynamic upgrade effective-
ness. The percentage revenue improvements increase with the click rate, as shown in Figure
2.8 A high click rate and a high pricing flexibility are complementary. Even with a high
click rate, DF strategy with its fixed upgrade fee is not as capable as DD or DI strategy in
converting an incoming upgradeable customer into an upgrade purchaser. As a consequence,
the revenue improvement from DF to a flexible strategy (e.g., DD or DI) also increases with
the click rate. Both dynamic upgrade and upward substitution are tools to balance the
leftover capacities. When the click rate is high, the balancing effect from dynamic upgrade
dominates the one from substitution, and the revenue improvement gap between DI and

DIUS strategies decreases with the click rate.
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These numerical results help identify that dynamic pricing and timing of upgrades yield

a high revenue compared to check-in fixed-fee upgrades, in particular, when (i) the premium
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product demand is low, (ii) the regular demand is high, (iii) the premium product capacity
level is high, (iv) the regular capacity level is low, (v) the price differential is high, (vi) the

regular product price is low, and (vii) the click rate is high.

2.6.3 Impact of Environment on Revenues

In this section, we illustrate the impact of operating environment on optimal expected rev-
enues. In general, the revenues are increasing with higher initial capacities, higher prices,
higher demand intensities and a higher click rate. We now investigate how the upgrade
triggering level M, the maximum upgrade capability C' and customers’ upgrade reservation
price distribution affect the revenues.

Revenue Maximization versus Brand Image Protection. In the numerical study
above, we assume fixed M = 10 and C' = 5. Now we focus on the base instance with
N =500, H =15, L = 20, p = 10, p! = 20, p = 5, p" = 1.5 and p' = 0.7 and check
the impact of M and C. A larger M allows the firm to activate dynamic upgrades earlier,
and a larger C allows for notifying more customers. In the left panel of Figure 2.9, the
highest optimal expected revenue 30.87 is achieved at (M, C') = (10, 10). Although pursuing
the highest expected revenue is crucial, a firm deciding on (M, C') also needs to consider its
brand image. In the middle panel of Figure [2.9, we show the expected number of upgrade
notifications sent during the sales season, which measures the amount of spamming. The
highest expected number of notifications 24.62 occurs at (M, C) = (11,9). In the right panel
of Figure [2.9, we show the expected volume of upgrade sales during the sales season, which is
related to premium product devaluation. The highest volume 4.74 occurs at (M, C') = (12, 8).
As we can see from Figure 2.9, a slightly increased revenue comes with a much larger number
of upgrade notifications and a larger volume of upgrade sales. A firm deciding on M and C
can use our model and graphs similar to Figure to trade off a larger expected revenue

against a higher level of spamming and premium product devaluation.
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Figure 2.9. Impact of M and C

Impact of Upgrade Reservation Price Distribution. So far, we assume that the
upgrade reservation price distribution is uniform. Another question of interest is how dif-
ferent upgrade reservation price distributions affect the firm’s expected revenue, especially,
whether a larger variance has a positive or negative impact. A larger variance means that
the firm has less information about the reservation price distribution. Without a careful
inspection, one may say that a larger variance hurts the firm. The actual finding, in our dy-
namic upgrade pricing context, reveals that a larger variance may either increase or decrease
the firm’s expected revenue depending on the instance.

For the purpose of illustrating the benefit of a large variance, we construct the following
example for DI strategy. \* = X = X\ = 0.1, p" = 2, p' = 1, and C = 4. We consider
two reservation price distributions. Both distributions have the same mean 0.5. The base
distribution is one concentrated at the single point of 0.5; all upgradeable customers have
the same reservation price and at most want to pay 0.5 for the upgrades. The other one
is a two-point distribution with equal mass of 0.5 on each point; half of the upgradeable
customers at most want to pay 0.1 and the other half at most want to pay 0.9 for the
upgrades. The sales season has two periods. We now calculate the expected revenue V!
(single-point distribution) and V,? (two-point distribution) for period 2 and 1. As we can see
in Table 2.3 Vi'(h,1) > VZ(h,1) is true for all possible states. However, Vi'(1,1) < V(1,1)
for 1 € [0: M].
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Table 2.3. Expected revenue comparison

State (h, () Less variability More variability
(0,0) VE0,0)=0.00 > VZ(0,0) = 0.00
(h,0) with h € [1: H]  Vi(h,0)=040 > V2(h,0)=0.38
(0,0) with [ € [1: M]  Vi(0,0)=010 > V2(0,1) = 0.10
(h,)e[1:H] x [1: M] Vi(h,1)=0.50 > VZ2(h,1) =0.48
0,0) Vi (0,0)=0.00 > VZ ,(0,0)=0
(1,0) Vi (1,0) =064 < VZ_,(1,0)=0.67
(h,0) with h € [2: H] V&, (h,0)=084 > V2 ,(h0)=0.78
(0,1) Vi (0,1)=019 > V2 ,(0,1)=0.19
0,0) with [ € [2: M] Vi _,(0,1)=020 > V2 ,(0,1)=0.20
(1,1) Vi (1,1) =079 < VZ_,(1,1)=0.84
(h,0) withh € [2: H] Vi (h,1)=099 > V2 (h1)=0.95
(1,1) with [ € [2: M| Ve (1,1) =080 < VZ ,(1,1)=0.85
(h,)e2: H|x[2: M] Vi ((h1)=1.00 > V2 ,(h1)=0.96

This finding can be explained as follows. When the mean of the reservation price stays
unchanged, a larger variance implies the existence of more customers with lower reservation
prices. With a certain fee, it is less likely to make an upgrade offer acceptable. However, a
larger variance also means the existence of more customers with higher reservation prices,
which allows the firm to charge a higher fee and still to capture the demand from a customer
with high reservation price. These are the reasons why a larger variance may help or hurt
the firm. From a mathematical point view, this finding is due to the lack of convexity of the
revenue function in the customer reservation price. Jensen’s inequality cannot be applied; a

larger variance does not necessarily imply less revenue.

2.7 Conclusion

Upgrading has become a common operational tactic for companies to boost revenue. In
Chapter [2], we describe a dynamic upgrade process for a firm that sells two types of products
(premium and regular) at fixed prices and offers upgrades from the booking time until the
check-in time. The firm sends regular purchasers upgrade notifications (via email or push

notification) that contain upgrade links. The links lead customers to the firm’s upgrade
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website, who then accept or reject the upgrades based on the upgrade fees determined also
dynamically by the firm. An optimal policy specifies the timing (availability) and pricing
of the dynamic upgrades. Such decisions involve analyzing subtle trade-offs. The pricing
decision requires the firm to analyze the loss and gain of replacing a unit of premium capacity
by a regular one. The availability decision at a particular time depends on the profitability
of upgrades at that time. Based on a dynamic programming model that incorporates the
above trade-offs, we characterize the optimal upgrade policy as a pulsing policy. The firm
either maintains zero or the maximum number of active upgrade links. Both the optimal
availability and pricing decisions exhibit monotonicity properties with respect to the capacity
levels. We also consider two extensions of our base model. The first one restricts the upgrade
fee. We identify a condition under which the upgrade region of the restricted fee model
counterintuitively contains that of the base model. This optimal policy comparison further
reveals managerial insights related to upgrading. The second extension incorporates upward
substitution to capture the regular customer demand when the regular product stocks out.
We show that the substitution fee should be no greater than the upgrade fee.

Our comprehensive and systematic numerical study helps managers identify suitable
contexts to adopt the dynamic upgrade strategy and understand the effects of upgrade
fee pricing flexibility as well as upward substitution on the benefit of dynamic upgrades.
Specifically, the revenue improvement from the current industry-standard check-in fixed-
fee upgrades to dynamic upgrades is significant (e.g., up to 49% improvement) when the
premium product capacity level is high, the regular capacity level is low, the premium
product demand is low, the regular demand is high, the regular product price is low, the
price differential is high, and the click rate is high. A high pricing flexibility magnifies the
benefit of a high click rate. A low regular demand and a high regular capacity weaken
the contribution of the upward substitution. Emails and push notifications are widely used

marketing tools to attract customers. This chapter is the first one to study how to use such
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tools to engage existing purchasers for additional revenue through upgrades while managing
spamming and brand image related issues. The implementation of the upgrade models is
easy, and we provide an algorithm.

Given the novelty of dynamic upgrades, it has many potential applications in the practice
of selling services/products to maximize revenues. Potential application-oriented research
includes the incorporation of dynamic upgrades into existing dynamic pricing system, multi-
product dynamic upgrades, and demand learning through dynamic upgrade pricing. The
comparison of consumer behaviors towards dynamic upgrades and other existing upgrade

strategies would also be exciting.
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CHAPTER 3
IMPACT OF POSTPONEMENT MANUFACTURING STRATEGY ON

CONTRACT DESIGN
3.1 Introduction

Mass customization has been adopted by many industries in response to diverse customer
demands, even though it comes with higher production and inventory costs. To cope with
these disadvantages, firms apply process standardization to the initial steps in production,
so that products are not differentiated until later customization steps. Delaying the prod-
uct differentiation increases firms’ flexibility of handling fluctuating multi-product demands.
The strategy of postponement, or delayed product differentiation, was first introduced by
Alderson (1950). Since then, there has been an extensive literature studying this topic. We
refer the reader to Anand and Mendelson (1998), Swaminathan and Lee (2003), Yang et
al. (2004), Forza et al. (2008) and Cheng et al. (2010) for a detailed review. A stream of
research within this vast literature develops mathematical models to evaluate the benefits
of postponement. For example, Lee (1996) show that postponement always leads to inven-
tory reduction under stationary demand assumption; such reduction is greater when the end
product demands are negatively correlated. Lee and Whang (1998) extend Lee (1996) by
modeling the demand as a random walk process. They quantify the benefit of postponement
as the value of uncertainty resolutions and the value of forecast improvement. Aviv and Fed-
ergruen (2001) develop a multi-period model with demand learning in a Bayesian framework
and illustrate the incremental benefits of postponement from the learning effect. Hu et al.
(2016) evaluate the value of postponement for a two-product newsvendor under social influ-
ence, where customers arrive sequentially and their purchase decisions can be influenced by
earlier purchases. These papers focus on inventory systems of an individual manufacturer,

and study the benefits of postponement through inventory cost reduction. However, as a
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member of a supply chain, the manufacturer’s postponement strategy may also affect other
supply chain members as well as the contracts between them. In this chapter, our goal is to
evaluate the impact of postponement on supply chain contracts.

We consider a two-stage supply chain with a manufacturer and two retailers. The manu-
facturer first produces a batch of common intermediate products and customizes them into
different end products. This multi-product manufacturing system can also be interpreted
as a distribution system (see, e.g., Eppen and Schrage 1981, Federgruen and Zipkin 1984a,
Schwarz 1989, Erkip et al. 1990, Giilli 1997, Ozer 2003, and Giirbiiz et al. 2007), which
consists of a central depot and several warehouses. Demands are observed and satisfied at
the warehouses. The depot does not hold inventory; it only places orders and allocates them
to the warehouses. Both retailers order the customized end products from the manufac-
turer and meet their stochastic end customer demands respectively. Unsatisfied demands
are backlogged. Examples of this type of supply chain structure are common in traditional
manufacturing industry. Take Herman Miller, a major American manufacturer of office
furniture, as an example. It manufactures and sells customized office desks and chairs to
corporate customers through its dealerships (retailers).

Supply chain members face replenishment lead times. The manufacturer has a produc-
tion lead time and prefers retailers placing orders in advance of their requirement. However,
retailers face order fulfillment lead times and prefer that the manufacturer fully fulfills orders
quickly. Since the supply chain members in either stage want to avoid the demand uncer-
tainty during lead times, there are incentive conflicts between the two stages. The supply
chain incentive can be aligned by a promised lead time contract, which was discussed by
Hariharan and Zipkin (1995) and Lutze and Ozer (2008). Under such a contract, the retailer
places advance orders with the manufacturer. The manufacturer guarantees shipment of
each order on time and in full after a promised lead time. The promised lead time con-

tract eliminates the retailer’s risk from uncertain supply and decreases the manufacturer’s
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risk from uncertain demand. A cost benefit analysis of this interaction and the resulting
inventory costs determine who pays for the promised lead time contract. Notice that the
promised lead time is not the retailer’s replenishment lead time; his total replenishment lead
time is the promised lead time plus a transportation lead time from the manufacturer to
the retailer. When the promised lead time is zero, the manufacturer holds ample inventory
and satisfies the retailer’s order instantaneously. When the promised lead time is equal
to manufacturer’s total production lead time, the retailer places his order well in advance.
The manufacturer then holds zero inventory and starts production after receiving the order.
The longest promised lead time is the manufacturer’s total production lead time, since any
longer promised lead time does not further eliminate the manufacturer demand uncertainty
but hurts the retailer.

The contract design is affected by the supply chain setting. We study the promised lead
time contract in the two-stage supply chain under three settings. To create a benchmark, we
first establish optimal promised lead times for a centralized setting. When system control is
not centralized, we study the different market setting and the same market setting. In the
different market setting, the retailers are geographically dispersed and cannot observe each
other’s contract terms. The manufacturer can fully discriminate the retailers by offering them
different contracts. In the same market setting, contracts offered by the manufacturer are
public information to both retailers. Perfect discrimination is not feasible and the retailers
self-select their contracts from a menu designed by the manufacturer. In all three settings, we
show that an optimal promised lead time is either zero or equal to the manufacturer’s total
production lead time; it is never optimal to split the inventory between the manufacturer
and an individual retailer. The optimal promised lead times in the centralized setting and
the different market setting are the same. However, the same market setting has different
contracts, in which the retailer with a higher inventory cost always gets a shorter promised

lead time.
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Two papers studying promised lead times in a two-stage supply chain are closely related
to ours. Barnes-Schuster et al. (2006) study a centralized supply chain under normally
distributed demand. Retailers have identical holding and penalty costs. They show that the
manufacturer optimally offers the longest promised lead time to retailers with large stan-
dard deviations while giving the shortest promised lead time to retailers with small standard
deviations. Lutze and Ozer (2008) analyze a supply chain facing a finite planning horizon,
where the retailer may have private information about his shortage cost. To minimize her
own inventory cost while ensuring the retailer’s participation, the manufacturer designs a
contract which specifies a promised lead time and a lump-sum payment. They derive the
optimal contract under both full and asymmetric information. Chapter (3] is similar to the
above two in that we study how a manufacturer shares the demand uncertainty with down-
stream retailers by specifying promised lead times. However, the manufacturer in Chapter
produces multiple products.

This chapter characterizes the impact of postponement on supply chain contract design
(promised lead time contracts in particular) and the manufacturer production mode selec-
tion in three different market settings. When the promised lead times equal manufacturer’s
total production lead time (resp., zero), the manufacturer is applying a make-to-order (resp.,
make-to-stock) production mode. Postponement, under certain conditions, shifts the man-
ufacturer’s production mode from make-to-order to make-to-stock. Gupta and Benjaafar
(2004) and Su et al. (2010) are among the first to study postponement and production
mode. Both papers adopt queuing models to study capacitated manufacturing systems,
where the production modes (make-to-order and/or make-to-stock) are fixed. Gupta and
Benjaafar (2004) consider the production stage of the common intermediate product as a
make-to-stock system and the stage of the customized end products as a make-to-order sys-
tem. They specifically evaluate the benefits of postponement when delivery lead times are
load dependent and induced by the capacity constraint. Su et al. (2010) focus on a make-

to-order system and identify when and why postponement is beneficial using inventory cost
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and waiting time as performance metrics. In contrast, the production modes in this chapter
are endogenous and driven by the optimal promised lead time contracts, and we study how
postponement affects the contract design and further changes the manufacturer’s production
mode selection. For a comprehensive review of the broad literature on make-to-order versus
make-to-stock, see Soman et al. (2004).

The remainder of this chapter is organized as follows. In §3.2] we first treat the promised
lead times as given and study the production and inventory problems of the supply chain
members. In we characterize the optimal promised lead time contracts in three settings
based on the results from §3.2l We analyze the impact of postponement on the optimal
promised lead time contracts in and quantify the impact using numerical examples in
§3.5 In §3.6] we conclude the chapter. Proofs and additional arguments are relegated to

the appendices.

3.2 Two-stage Supply Chain

We study a two-stage supply chain consisting of a multi-product manufacturer and two
retailers, as shown in Figure[3.1] over an infinite planning horizon. The manufacturer requires
L periods to produce a common intermediate product and allocates this product among
customization sequences for J different end products. Each customization sequence requires
[ periods to complete. Retailer k € {1,2} orders J end products, and the manufacturer
ships out the full order s, > 0 periods later, i.e., the promised lead time. Retailer k receives
the order after a transportation lead time. Without loss of generality, we assume that the
transportation lead times are zero for both retailers; both retailers receive deliveries of full
orders immediately after the manufacturer’s shipments. All our results are still true when
the transportation lead times are positive. Stochastic end customer demands are satisfied
through retailers” on hand inventory. Otherwise, they are backlogged. Demand in period

t for end product j € {1,2,...,J} at retailer k& € {1,2}, denoted by D,Zj, is modeled as a
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sequence of stationary, independent and normally distributed random variables with finite
mean fi;; and standard deviation oy;. The manufacturer and the retailers know the demand

distributions. We use ¢(-) and ®(-) to represent the pdf and cdf of the standard normal

distribution.
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Figure 3.1. Supply Chain Structure

The inventory levels at both stages are periodically reviewed. The sequence of events
is shown in Figure At the beginning of each period ¢, the manufacturer receives both
finished intermediate products and customized end products. She then produces a new batch
of intermediate products. The manufacturer does not hold inventory for the intermediate

product and allocates them immediately to the J customization sequences. During period

t, the manufacturer fully fulfills retailer k’s orders d;;***, ... , d) ;"' which were placed
sk periods ago and are due for delivery. She also receives orders dfj“’“, ST di;’f]“’“ from

each retailer k£ to be delivered in period t + s,. The manufacturer incurs the same unit
holding cost h,, for any remaining inventory of J end products. The manufacturer’s unit

penalty cost p,, represents the cost of borrowing a unit of any product j from an emergency
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source when her on-hand inventory is not enough to satisfy retailers’ orders. The emergency
source must be returned, and the manufacturer incurs the penalty cost until doing so. To
our knowledge, the usage of an emergency source of this nature first appeared in Lee et al.
(2000) and Graves and Willems (2000). We remark that s; = sy = 0 corresponds to the

classical postponement inventory problem and formulation in Lee (1996).
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Figure 3.2. Sequence of events in period t

During period ¢, retailer k receives the orders of d',;s’“t, , d',i,f]s’“’t, and places a new
batch of orders d};’f“"’, ey d;’?s’c. At the end of period ¢, the end customer demand DZ]- for

every end product j at retailer k is realized. Retailer k either satisfies customer demands
through on-hand inventory or backlogs. He incurs holding cost for the leftover inventory or
penalty cost for backlog across J end products. We allow retailers to have different inventory
costs. In particular, retailer £ has unit holding cost ¢ih, and unit penalty cost c¢xp,. A retailer
having a higher value of ¢, can be interpreted as one located in a neighborhood where storage
space is more expensive and the cost of customer impatience is higher. This proportional
inventory cost structure was introduced first by Federgruen and Zipkin (1984b).

We assume that unit production costs, wholesale prices, and retail prices are exogenously

fixed constants across all J end products, respectively. The retailers capture all end customer
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demands, since unsatisfied demands are backlogged. Thus, for the retailers, maximizing
profit is equivalent to minimizing inventory cost. Similarly, the manufacturer fully satisfies
orders from the retailers due to the existence of the emergency source. Her goal of profit
maximization is also equivalent to inventory cost minimization. Hence, we focus on the
inventory cost minimization problems.

The promised lead times affect the distribution of demand uncertainty among two re-
tailers and the manufacturer. For retailer k, the promised lead time requires him to place
an order s periods in advance. A longer promised lead time increases retailer k’s demand
uncertainty, since he carries inventory to protect against end customer demand uncertainty
over the promised lead time. The promised lead times generate advance orders and reduce
the manufacturer’s demand uncertainty. Recall that the manufacturer’s total production
time is L + [ and she plans production based on the retailers’ orders. Note that when
s1 = 89 = L + 1+ 1, the manufacturer produces to order and carries zero inventory. Hence,
sy greater than L + [ + 1 does not further eliminate the manufacturer’s demand uncer-
tainty but hurts retailer k. Thus, it is never optimal to set s; greater than L + 1+ 1, i.e.,
s, € {0,1,...,L + 1+ 1}. Also note that when s; = s; = 0, the manufacturer employs

make-to-stock production mode, and retailers get instantaneous order deliveries.

3.2.1 Retailer’s Problem

For a given promised lead time si, retailer k& minimizes his inventory cost over an infinite
horizon. Due to the manufacturer’s emergency source that decouples the two-stage supply
chain, each retailer k is guaranteed on-time delivery of all orders and his optimal order
quantity is not affected by the availability of inventory at the manufacturer. Also note that
end customer demands for different end products are independent. Hence, for each product j,
retailer £ independently solves a stationary, single location, periodic review inventory control

problem with a fixed lead time s; and no upstream supply restriction. This problem, shown
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by Arrow et al. (1958), can be rewritten as a problem with zero lead time by modifying the
demand distribution to incorporate all demands during the lead time. A myopic base-stock
policy is optimal for this problem under either the expected discounted cost criterion or
the long-run average cost criterion (e.g., Veinott 1965, Iglehart 1961, and Lovejoy 1990).

Retailer k can obtain the optimal base-stock level for end product j by solving the following

problem:
Sk Sk
t+n\+ t+n\—
rrylg_x Elexhy (yr; — nZ:O Dy )"+ cepr (Y — RZ:O Dy )7l (3.1)

Yr; is the base-stock level, and the expectation is taken over > % D,t:jr", which is the total
demand during lead time s;. Since the end customer demand arrives after retailer k receives
the delivery, he still needs to hold inventory against one-period demand uncertainty even
if s, = 0. Retailer k’s optimal inventory cost over an infinite horizon can be characterized
by the expected average cost per period under the optimal base-stock policy. We provide
closed-form expressions for retailer k’s optimal base-stock levels and the resulting expected

average cost per period as follows.

Proposition 8. Given a promised lead time sy, retailer k’s optimal base-stock level yy;(si)

for product j, and the corresponding optimal expected cost per period Gy (sy) are

yki(sk) = (s +1)+ <I>—1(p ]—th JoriVsk + 1, and

Gelse) = culhe +p)o(@7 ()l

where Yy (sx) = (ijl o)V Sk + 1 is concave increasing in sy.

The first term of y;(sy) is the expected demand for product j over retailer k’s promised
lead time. The second term is his safety stock. The function v (sx) in Proposition
represents the effective standard deviation of demands for all J products over the promised

lead time at retailer k. 1 (sx) and retailer £’s inventory cost are increasing in s,. Therefore,
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the retailer prefers a short promised lead time. The concavity property of 1 (sx) implies
that retailer k is more sensitive to an increase in his promised lead time (or, equivalently,
benefits more from a decrease in his promised lead time) when the promised lead time is

short.

3.2.2 Manufacturer’s Problem

The manufacturer’s problem can be modeled as a two-echelon inventory problem over an in-
finite horizon. It requires L periods to produce a common intermediate product and another
[ periods to customize the intermediate product into J end products. The manufacturer’s
demand depends on the retailers’ ordering policy. From Proposition [§] we know that retailer
k optimally follows a stationary base-stock policy. As a result, he orders in each period to
recover the units demanded by the end consumers from the previous period. The manufac-
turer, therefore, observes the same end consumer demand stream after a single period delay.
That is, dfé“’“ = D,tg;l ~ N (,ukj,a,%j). At the beginning of each period ¢, the demand for

end product j due for delivery in period t + n is the sum of the observed portion

ti+n . jt+n—si,t+n t+n—so,t4+n
0; = dlj ]I{51>n} + d2j ]I{Sl>n}

and the unobserved portion

tit+n . gt+n—si,t+n t4+n—sa,t4+n
U; = dlj ]I{slgn} + de ]I{52§n}7

where T4 € {0, 1} is an indicator function taking the value of 1 only when A is true. The
manufacturer may incur unit holding cost h,, for leftover inventory of J end products or
unit penalty cost p,, for borrowing products from an emergency source.

Establishing the manufacturer’s optimal policy is computationally intensive, even in the
absence of retailers’ advance demand information. Our goal here is to obtain a good approx-

imation to the problem, so that we can quantify manufacturer’s inventory cost in a closed
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form. We use one of the best methods known to date to solve the manufacturer’s complex
production problem. The method is based on restricting the policy space to a set of base-
stock policies with myopic allocation and invoking the Allocation Assumption from Eppen
and Schrage (1981). Several other researchers (e.g., Federgruen and Zipkin 1984a, Erkip et
al. 1990, Aviv and Federgruen 2001, Ozer 2003, and Alptekinoglu and Tang 2005) have used
this method since then. Under the policy restriction, the manufacturer produces a batch
of intermediate products in period t and brings the system inventory to a base-stock level.
She then distributes the finished intermediate products in period ¢t + L among .J customiza-
tion sequences by following a myopic allocation rule. The myopic allocation minimizes the
expected costs in period t + L + [ when the allocation actually takes effect, while ignores
costs in all subsequent periods. Under the Allocation Assumption, the manufacturer always
receives sufficient intermediate products in period t+ L, so that each customization sequence
can be allocated sufficient intermediate products to ensure an equal probability of stockout
(or the same service level) across all J end products in period t + L + [. With the policy
restriction and the Allocation Assumption, we can find the optimal base stock level and the
corresponding expected inventory cost per period in closed forms.

Now, we develop the manufacturer’s cost function. Due to the base-stock policy, a batch
of intermediate product is produced to bring the total system stock to y* at the beginning
of period t. The system stock 3 includes the on-hand and in-transit inventory of both the
intermediate product and J end products. It protects the system from unobserved demand
variation over L + [ + 1 periods. We define the total demand over the intermediate product

production lead time L as

~
—

J
§ : tt+n tt-l—n)

J=1

3
Il
=)
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and the total demand for end product j € {1,2, ..., J} during periods ¢t + L through ¢t + L +1

as

L+1
t+L Litn | ttin
With .= E (07" +uy ™).

n=L

At the beginning of period t + L, the amount of all end products to be finished by period
t+L+1isy" — V' To minimize the inventory cost at the end of period t + L + [, the

manufacturer solves

min E Gy( t+L
t t+L t+L

) 7y1 ’” 7yJ

st Z yt+L t

T o € 1,200,

where y§+L represents the total amount of on-hand and in-transit inventory of end product
7 in period t + L after the myopic allocation, and the inventory cost of product j at the end

of period t + L + [ is represented by
G. (y;f—i-L) E[h (y;H-L W]H_L) + pm( t+L Wt+L) ]

where the expectation is taken over product j’s unobserved demand from period ¢t + L to
period t + L 4+ [. The equality constraint exists because the manufacturer does not hold
inventory of intermediate product; all available intermediate products must be allocated to
J end products. The inequality constraints ensure that the allocation of intermediate prod-
ucts to each end product is non-negative. Given the Allocation Assumption, the inequality

constraints are always satisfied, and the myopic allocation problem can be simplified into

Yy t+L _ ot i
t,yig,m, o Z Gj(y:™) s. t. Zy =y -V (3.2)

Since the end customer demand is independent and stationary, the expected inventory cost

charged to period t + L 4 [ would be the same as any other period during the infinite time
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horizon. Hence, we characterize the manufacturer’s inventory cost over infinite horizon by
the expected average cost per period solved from (3.2). Next, we provide the multi-product
manufacturer’s optimal inventory policy and the resulting expected inventory cost in closed

forms.

Proposition 9. Given lead times (L,l,s1,$2), the manufacturer’s optimal base-stock level

in each period t and the resulting expected inventory cost per period are

yt(Lala 31752)

J L+l J 2
t,t+n -1 Pm
ZZOj +ZZ L+l+1—8k)uk]+q) (m) 1/Jm(L,l,81,82)
7j=1 n=0 j=1 k=1
and
L, — (h ot Lm L1
Gm( ’ 731732) ( m+pm>¢[ (hm+pm>:| ¢m( ) a81782>7
where
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A 4 Zk:l(l + 1)0-lzj]1{3k<[/}
E § Ukj]I{Sk<L} + : : 9 2

j=1 k=1 i=t \ + 2 (L 1+ 1 = sp)og Win<s, <nriv1y

The first term of y*(L, [, s, s2) is the observed demand during the production lead time,
the second is the expected value of the unobserved demand, and the third is the safety
stock. The function ¥,,(L, [, s1,s9) represents the effective standard deviation of the total
demand during the production lead time for the multi-product manufacturer. The first term
measures the demand variation during the first L periods and the second term measures the
demand variation during the [ periods of end product customization. Proposition [J] extends
the multi-product inventory control literature to account for advance demand information
from retailers with possibly different promised lead times. Proposition [J9] can also be easily

extended to consider more general supply chain settings with more than two retailers.
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Proposition 10. ¥,,(L, [, s1, s2) satisfies the following properties:

a) U (L, 1, s1,82) > ¥m(L, 1, $1+ 1, 89),

Um (L, 1, 81,89) > (L, 1, 51,82 + 1),

¢) Ym(L, 1, 81,82) — U (L, 1,81 — 1,82) > (L, 1,81+ 1, 82) — (L, 1, 81, 82),
d) Y (L, 1, s1,82) — (L, 1, 51,80 — 1) > (L, 1, 81,82 + 1) — (L, 1, 51, 82).

Proposition [I0]implies that the manufacturer’s effective inventory cost and total inventory
position are concave decreasing in s; and sy respectively. Therefore, she prefers longer
promised lead times. For an extreme case in which s; = s = L4141, the manufacturer has
perfect information about future demand, employs make-to-order production and carries no
inventory. The concavity property implies that the marginal benefit of promised lead times
increases as they get longer. In other words, a reduction in promised lead times hurts the
manufacturer more when the promised lead times are long.

So far, we provide an approximation of the manufacturer’s inventory cost with the help of
policy restriction and Allocation Assumption. The accuracy of this approximation depends
on whether Allocation Assumption actually holds. Eppen and Schrage (1981) and Erkip
et al. (1990) show that this assumption holds with high probability. Even if Allocation
Assumption does not hold, Federgruen and Zipkin (1984a) show that the resulting production
and allocation decisions yield expected costs very close to optimal for multi-product inventory
systems with a low demand coefficient of variation. We remark that prior applications of
Allocation Assumption do not consider the possibility of promised lead times, i.e., s, > 0.

We examine the impact of promised lead times in the following proposition.
Proposition 11. Allocation Assumption holds with certainty when s, > L+1 for k € {1,2}.

When the promised lead times are shorter than L+1, the necessary condition of Allocation
Assumption is similar to that from Eppen and Schrage (1981), making it equally possible to

restore the system to an equal probability of stockout across all J end products. When the
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promised lead times are equal to or longer than L + 1, Allocation Assumption holds with
certainty. When s, > L + 1, the manufacturer at period ¢ fully observes all the demands
from period t to period t+ L. She knows in advance how the multi-product inventory system
will shift away from the equal probability of stockout, so that she can produce just enough

intermediate products and allocate them exactly to restore the equal probability of stockout.

3.3 Optimal Lead Times

Our goal is to arrive at optimal promised lead times in the two-stage supply chain. Propo-
sition [§] and [L0] highlight the incentive conflicts between the manufacturer and the retailers.
The concavity properties of their costs imply potential structural results of the optimal
promised lead times. As a benchmark, we first determine the promised lead times that min-
imize the expected per period inventory cost of a supply chain under centralized control.
Next, we study two decentralized systems from the manufacturer’s perspective, whose goal
is to design promised lead time contracts for the retailers which minimize her own inventory
cost.

We assume, without loss of generality, that the retailers’ inventory cost and risk param-

eters satisfy the following inequality:

J J
0120'1]‘ >02202j. (33)
j=1 j=1

This assumption guarantees G (s) > Go(s) for any s € {0, ..., L+I+1}. It means that retailer
1 faces higher holding and penalty costs and/or a greater uncertainty in her end customer
demands. We introduce the following notations, which will be used in the derivation of

optimal lead times.

a, = (hr+pr)¢><<1>‘1( Z_th )> Om = (hm+pm)¢(@_l (pmp+—mhm»
(0

a = c [ (L+1+1)— ), bi=co[o(L 41+ 1) —y(0)],

r = Un(L,1,0,0), y:=vn(L L0, L+1+1), z:=¢,(L I, L+1+1,0).
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a, and «,, measure the costs of demand uncertainty. We can rewrite the manufacturer’s and
retailer k’s inventory costs as G, (L, [, 51, $2) = am®m (L, 1, 51, s2) and Gi(sg) = crevVp(Sk)-
We have a > b > 0 because of inequality . a,a and a,.b measure the additional inventory
costs when retailer 1 and 2 respectively shifts his promised lead time from 0 to L + [ + 1.
amT, QpY, @,z represent the manufacturer’s inventory costs under different combinations

of promised lead times. Also notice that z > y > 0 and x > z > 0 are always true from
Proposition [I0]
3.3.1 Centralized Supply Chain

When the supply chain is centralized, we denote the promised lead times that minimize the

total supply chain inventory cost G, (L, 1, s1,52) + G1(s1) + Ga(s2) as s¢(L,1) and s§(L,1).

Proposition 12. The optimal promised lead times that minimize the expected inventory cost

of the centralized supply chain are characterized as follows:

(L+1+1,L+1+1), if 2= ¢ (0,M]
L+1+1,0 if 2= e (M, M]n (0, M
(Sf(L,l),sg(L,z)):<( ) Jam € ( _] o)
(0,L+1+1), ifg%E(M,M]ﬂ(M,+oo)
| (0,0), if 2= ¢ (M, +00)
where M o= min {5,233, T = e {5, 252, 532), and M = 255

Since the supply chain total cost is concave in s; and s, respectively from Proposition
and its minimum must occur at one of the extreme points. Sharing responsibility
for inventory uncertainty between the manufacturer and a retailer is not optimal for the
supply chain. The ratio of «,./a,, measures retailers’ cost of demand uncertainty relative
to the manufacturer’s. When the ratio of a,./a,, is lower than M, the manufacturer’s cost
of uncertainty is sufficiently higher than the retailers’. It is cheaper to store inventory at

the retailers’ end. The optimal promised lead times are L + [ + 1, and the manufacturer
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makes to order for both retailers. When the ratio of «,./a,, lies between M and M, the
manufacturer’s cost of uncertainty is close to the retailers’, and the retailers have different
promised lead times. Whether retailer 1 or 2 gets 0 promised lead time depends on the
magnitude of supply chain cost reduction by shifting the inventory from either retailer to
the manufacturer. For example, when «,/q,, is smaller than M, retailer 2 is an expensive
location to store inventory. It is optimal for the manufacturer to hold inventory for retailer 2
under 0 promised lead time. When the ratio of . /a,, is higher than M, the manufacturer’s
cost of uncertainty is sufficiently lower than the retailers’. It is cheaper to store inventory at
the manufacturer end. The optimal promised lead times are 0, and the manufacturer makes

to stock for both retailers.

Corollary 3. When c; = ¢, and 24 =c forall j € {1,....,J}, M = M = % and

O'Qj ll+b

L+14+1,L+1+41), if & e (0,2
(310([/;1),820(11,[)): ( ) fam ( a+b]

(0,0), if 5= € (G5, +00)

Note that ¢; = ¢y implies both retailers have the same holding and penalty costs. %

=c
implies that the ratio between the standard deviations of two retailers are identical across J
products. Corollary |3| gives a condition under which different promised lead times are never
optimal. We remark that Proposition and Corollary [3| also generalize the result from
the single-product supply chain in Barnes-Schuster et al. (2006) to a multi-product supply

chain.

3.3.2 Decentralized Supply Chain

The previous section establishes the optimal promised lead-times for a centrally controlled
supply chain. Next we focus on a decentralized supply chain in which the manufacturer’s
goal is to minimize her inventory cost by designing promised lead time contracts for the

retailers. Proposition |8 and [10| imply that the manufacturer prefers a longer promised lead
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time while retailers prefer shorter promised lead times. The concavity properties of the cost
functions suggest that the manufacturer may need to compensate/charge retailers with a
non-linear pricing scheme, so that the retailers are willing to accept different promised lead
times.

A promised lead time contract has two parameters: promised lead time s, and correspond-
ing per-period payment 7. The analysis of inventory costs under a certain s; determines 7.
When 7, is positive, we interpret the monetary transaction as a payment from the manufac-
turer to retailer k. When designing promised lead time contracts, the manufacturer should
take two important factors into consideration. First, each retailer k’s inventory cost under
the contract should not exceed the market protection level, that is, the maximum acceptable
inventory cost U,. Market protection levels prevent the manufacturer from over-exploiting
the retailers and create sufficiently profitable margins for them. Only if retailer £’s total
expected cost under promised lead time s, plus the corresponding payment 7 is below Uy,
he is willing to accept the manufacturer’s contract. Second, the manufacturer should also
consider whether the retailers are in different markets (the manufacturer may offer different
contract terms) or in the same market (the manufacturer needs to offer similar terms and
let the retailers self select). In the following two subsections, we solve for the optimal lead

times for both market settings.

3.3.3 Different Market Setting

When the manufacturer sells to retailers in separate (e.g., geographically dispersed) mar-
kets, retailer £ only observes his own promised lead time contract. The manufacturer can
design one contract for each retailer individually, while making sure each retailer accepts

the contract. The U; and U, may be different due to the different market setting. The
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manufacturer’s inventory minimization problem is as follows:

minimize Gm(L,1, s1,89) + m1 + 73
(s1,m1), (s2,2)
subject to Gi(s1) —m < U (3.4)
Go(s2) —m < Uy
s1,80 € {0,...,L+1+1}

We denote the optimal solutions to as sP(L,1), sP(L,1), 7P (L,1), and 72 (L,1). The
manufacturer’s objective function requires her to consider the total cost in both markets while
offering separate contracts in each. Even when the retailers operate in different markets, the
manufacturer’s problem above is not separable; the contract terms that the manufacturer
offers in one market depend on the contract terms offered in the other market. This occurs
because the manufacturer’s two-stage production process makes multiple customized end

products, each potentially serving to replenish inventory in both markets.
Proposition 13. s£(L,1) = s{/(L,1) and 7 (L,1) = Gy (sP(L,1)) — Uy for k € {1,2}.

When the multi-product manufacturer faces two retailers in different markets, she op-
timally offers the promised lead times that minimize not only her own expected cost, but
also the total supply chain expected inventory cost. In other words, the promised lead time
contracts coordinate the supply chain when retailers operate in different markets. Also no-
tice that the manufacturer may offer different terms to retailers from Proposition [I12] and [I3]
Retailers always incur their maximum acceptable inventory costs regardless of the promised

lead times.

3.3.4 Same Market Setting

When the retailers are in the same markets, the manufacturer may not be able to offer differ-

ent terms to different retailers in the same market, since offering retailer 1 a shorter promised
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lead time than that of retailer 2 may appear to be preferential treatment. Since passing the
Sherman Antitrust Act in 1890, the United States Congress has repeatedly demonstrated
the interest of the federal government in protecting normal marketplace competition in inter-
state commerce. The Federal Trade Commission enforces fair and nondiscriminatory business
practices according to statutes such as the Sherman Act (1890), Clayton Act (1914), and
Robinson-Patman Act (1936). Yet even if such service discrimination were legal, retailers
may demand fair treatment, an equal service policy. The manufacturer can avoid this com-
plication and maximize her profit by offering both retailers a menu of (s1,7;) and (s2,7s)
and allowing them to pick the contract of their choice. The retailers then segment themselves

according to their self-selections. The manufacturer’s optimization problem is as follows:

minimize Gum(L, 1, s1,892) + m + 7o
(s1,m1), (82, 72)
subject to Gr(sy) —m, <U for k € {1,2} (3.5)
Gr(sk) — m < Gi(sy) —my for k,q € {1,2} and k # ¢
sp€40,...,L+1+1} for k € {1,2}

Problem is a nonlinear program over si, So, m, and m. We denote its optimal
solutions as s7 (L, 1), s5(L,1), 7 (L,1), and 75 (L,1). The first set of participation constraints
in problem ensure that the total expected cost Gy (sr) — 7 for each retailer k will
not exceed his maximum acceptable inventory cost U. Due to the same market setting, we
assume without loss of generality (and to keep notation and discussion simple) the market
protection levels are the same for both retailers, i.e., Uy = Uy = U. The second set of
self-selection constraints ensure that each retailer k prefers the promised lead time contract

the manufacturer designs for him over the other.
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Proposition 14.

(L+14+1,L+1+41) if 2= € (0,N]
(s7(L,D),s5(L, D) = S (0,L+1+1) if 2= € (N,N]
(0,0) if 2= € (N, 4o0)

T (L1) = Gui(s{(L1)) = U,

w3 (L,1) = [Gi(s7(L 1)) = GalsT(L, )] + Ga(s7 (L, 1)) = U,
where N := min{z, 52}, N := max{Z, *7¥}, and n{’ (L, 1) < nP(L,1).

According to Proposition , the optimal promised lead times fall into the set of {(L +
l+1,L+1+41),(0,L+1+1),(0,0)}. When the ratio of a,/a,, is lower than N (resp.,
higher than N), the manufacturer’s cost of uncertainty is sufficiently higher (resp., lower)
than the retailers’. It is cheaper to store inventory at the retailers’ (resp., manufacturer’s)
end. The optimal promised lead times are L + [+ 1 (resp., 0), and the manufacturer makes
to order (resp., makes to stock) for both retailers. Recall that in both the centralized setting
and the different market setting, either retailer may get 0 promised lead time when the
manufacturer’s cost of uncertainty is close to the retailers’ (i.e., M < a,/a,, < M). In
contrast, when the ratio of a,/a,, lies between N and N in the same market setting, the
manufacturer designs a shorter promised lead time for retailer 1 who has a higher inventory
cost, and compensate him less or charge him more for his acceptance of the shorter lead time.
The difference is due to the self-selection constraints in problem (3.5). The manufacturer
knows that retailer 1, compared to retailer 2, has a higher inventory cost and is more sensitive
to an increase in promised lead time. To induce retailer 1 to select the contract intended
for him, the manufacturer need to design retailer 1’s contract with a shorter lead time. By
charging a higher premium for the shorter lead time, the manufacturer also prevents retailer

2 from selecting retailer 1’s contract.

68



3.4 Postponement Effect

A postponement strategy corresponds to increasing the production lead time for the common
intermediate product L, while keeping the total production time L+ fixed. By increasing L
for a fixed L+ 1, the manufacturer can delay the point of product differentiation and thereby
be more responsive to retailers’ orders. We explore the properties of 1,,(L, [, s1, $2) that are

necessary in determining the impact of postponement on the optimal lead time contract.

Proposition 15. The manufacturer’s effective standard deviation of production lead time

demand 1, (L, 1, 81, $2) is concave decreasing in postponement.
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Figure 3.3. Impact of postponement p,, = 3, by, =2, L+1=15, J =4, 0f; =3, 05, = 2

Postponement affects the manufacturer’s effective standard deviation and therefore af-
fects both the optimal base stock level and the resulting expected per-period inventory cost.

An example is given in Figure [3.3] to illustrate Proposition [I5] We fix L +1 = 15 and let L,
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or the postponement point, change from 0 to 15. If we also fix s; and s, the manufacturer’s
inventory cost G, is a function of postponement. In Figure [3.3] G, is concave decreasing
in postponement. When min{s;, ss} > L, the manufacturer knows all necessary demand
information before allocating intermediate product for customization. Further delaying the
production differentiation point does not bring in any extra benefit. Thus G,, is unaffected
by the postponement.

So far, we have extended existing literature about the impact of postponement on in-
ventory cost by incorporating promised lead times. Now we want to take supply chain
contract design into consideration. From Proposition [12] and [14] optimal lead times in
three different market settings are specified by critical thresholds M, M, N and N. The
changing tendency of these thresholds with respect to postponement reveals the impact of

postponement on the promised lead time contracts.

Proposition 16. a) M and N are always decreasing in postponement,

b) M is decreasing in postponement if

J J J J

J 9 = 7 5 5 2 7 9 = P 5 : 35
[23:1 Ulj} [Zj:l \/ 71 T 03 |:Zj:1 ‘721} [Zj:l \/O1; T 03

c¢) N is decreasing in postponement if
J J
Zj:l U%j S Ej:l(a%j + U%j)
2 7 2
J J
[23:1 Ulj] [Zj:l U%j + U%j

Proposition illustrates the condition under which M, M, N and N are decreasing

in postponement. When the promised lead times are long (resp., short), the manufacturer
adopts a make-to-order (resp., make-to-stock) production mode. A postponement strategy
increases the likelihood that the manufacturer should optimally offer short promised lead

times and make to stock. In other words, a postponement strategy enables the supply chain
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to carry more inventory at the manufacturer end and be more responsive to the retailers.
Proposition also shows that considering only the manufacturer’s inventory cost while
overlooking the impact on promised lead time contracts under estimates the benefits of

postponement strategy.

Corollary 4. When J =2 or 24 = ¢ for all j € {1,...,J}, M, M, N and N are always

decreasing in postponement.

If there are only two end products or the ratio between the standard deviations of retailers’
demands are identical across J products, postponement always leads to shorter promised lead

times.

3.5 Quantifying the Value of Postponement

To illustrate the impact of postponement on the optimal promised lead time contracts and
supply chain members’ inventory costs, we present a simple example in which the manufac-
turer produces two products in L + [ = 4 periods. We set p,, = p, = 3 and h,, = h, = 2
for both the manufacturer and retailers. Retailer 1 has cost parameter ¢; = 0.8 and demand
variances o7 | = 0}, = 7, while retailer 2 has cost parameter ¢; = 1.5 and demand variances
0371 = 0372 = 1.5. Compared to retailer 1, retailer 2 suffers less demand variation but more

holding and backlogging costs. The market protection levels are U; = Uy = 10 for both the

retailers in both the different market setting and the same market setting.

Table 3.1. Postponement Impact in Centrailized Setting
Postponement Total Cost M’s Cost  R’s Costs ~ Optimal Lead Times

L l Gm + G1 + GQ Gm G1 G2 Slc SQC
0 4 37.42 0 20.03 1739 5 )
1 3 37.17 10.04 20.03 710 5 0
2 2 36.59 9.46 20.03 7.10 5 0
3 1 35.98 8.85 20.03 710 5 0
4 0 34.78 19.51 818 710 0 0
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In Table [3.1], we display the optimal promised lead time contract as a function of post-
ponement (L, ). From the first row, we can see that the optimal lead times are long, since
postponement effect is not strong enough to have an impact. It is optimal to store inventory
at the retailers’ end. Retailer 2 has much larger cost parameters than the manufacturer does.
When the manufacturer redesigns its production process and delay production differentia-
tion to a later point in the manufacturing process (i.e., for large L), storing inventory at the
manufacturer becomes less costly than at retailer 2. Thus, the manufacturer, in the 2nd, 3rd
and 4th rows, begins offering instantaneous delivery for retailer 2. As postponement goes
even further, manufacturer’s cost gets low enough to store inventory for the entire supply
chain. The promised lead times become zero in row 5. It is also easy to notice that the
supply chain total cost is decreasing with postponement. In Table [3.2] the total costs and
optimal lead times are the same as those in Table [3.1] The market protection level balance
the total cost among the manufacturer and the retailers. Both retailers always suffer their
largest cost, which is 10. In Table [3.3] the first interesting finding is that the total cost is
not decreasing in postponement. Compared to the different market case, the same market
setting has a higher manufacturer’s cost and lower retailers’ costs and different promised

lead time contracts.

Table 3.2. Postponement Impact in Different Market Setting
Postponement Total Cost M’s Cost  R’s Cost Optimal Lead Times Optimal Payments

L l Gm + G1 + G2 Gm G1 GQ S? Sé) W{) W?

0 4 37.42 17.42 10 10 5 ) 10.03 7.39
1 3 37.17 17.17 10 10 5 0 10.03 -2.90
2 2 36.59 16.59 10 10 5 0 10.03 -2.90
3 1 35.98 15.98 10 10 5 0 10.03 -2.90
4 0 34.78 14.78 10 10 O 0 -1.82 -2.90
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Table 3.3. Postponement Impact in Same Market Setting
Postponement Total Cost M’s Cost  R’s Cost Optimal Lead Times Optimal Payments

L { Gm + G1 + GQ Gm G1 G2 8‘19 SQS 7T‘19 7T‘29

0 4 37.42 20.06 10 736 5 ) 10.03 10.03
1 3 37.42 20.06 10 736 5 ) 10.03 10.03
2 2 37.80 18.88 10 892 0 0 -1.82 -1.82
3 1 36.34 17.43 10 892 0 0 -1.82 -1.82
4 0 34.78 15.86 10 892 0 0 -1.82 -1.82

3.6 Conclusion

In Chapter |3, we extend existing supply chain inventory cost models to a multi-product,
multi-retailer model with advance orders and delayed production differentiation. Addition-
ally, we allow retailers to differ in the products and service levels they provide to end con-
sumers. We discover the significant influence that postponement has on optimal promised
lead time contracts between a manufacturer and two retailers.

Due to supply chain coordination issues between the multi-product manufacturer and
the retailers, the manufacturer may need to compensate retailers with a non-linear pricing
scheme to accept different promised lead times. The ensuing portfolio of promised lead time
agreements is influenced by the extent to which the manufacturer postpones customization.
In a centrally controlled system, the manufacturer optimally offers either make-to-stock or
make-to-order service to each retailer.

When system control is not centralized, even when the retailers are geographically dis-
persed or in different markets, the manufacturer’s problem of determining optimal promised
lead times is not separable. That is, the optimal choice of promised lead times is not same
as the optimal promised lead time for a single retailer. Hence, our results provide a valu-
able guide to determining the optimal promised lead time agreement. Retailers incur their
maximum acceptable inventory cost, regardless of promised lead times or postponement.

When retailers are in the same market, the manufacturer provides a shorter promised

lead time for the retailer with a higher expected inventory cost, but the retailer pays more for
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it. We examine the behavior of the manufacturer’s non-linear pricing scheme with respect to
promised lead times. For the retailer having lower inventory costs, corresponding payment
is concave increasing in the promised lead times for both retailers. For the retailer having
higher inventory costs, the result differs. The corresponding payments to such a retailer is
concave increasing in his own promised lead time but not affected by the low cost retailer’s
promised lead time.

Our main contribution is the analysis of the impact of postponement on promised lead
time contracts. Postponement increases the likelihood that the manufacturer should opti-
mally make to stock (immediate delivery), and the retailers optimally do not carry inventory.
Our numerical example illustrate the potential requirement of supply chain contract reopti-

mization after postponement being adopted on the manufacturer end.
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CHAPTER 4

CONCLUSION

This dissertation explores how firms price dynamic upgrades to improve revenue and how
supply chain members share inventory risk through promised lead time pricing contracts.

Upgrading is a travel industry practice used to mitigate supply-demand mismatches
among products of different quality levels. Such upgrades are usually implemented either
at the booking time or at the check-in time. In Chapter [2, we consider dynamically-offered
upgrades between the booking and the check-in times by a firm that sells two types of
products (premium and regular). The firm decides on the timing and quantity of upgrades.
Customers who purchased the regular product may be offered upgrades via notifications con-
taining a link to an upgrade website. A regular product purchaser either accepts or rejects
the upgrade offer after clicking the link and observing the upgrade fee (price) dynamically
determined by the firm. The upgrade is time limited. When the upgrade process is not
profitable, the firm can stop it by deactivating the upgrade links. Formulating the firm’s
revenue maximization problem as a dynamic program, we show that the optimal upgrade
policy is of a pulsing type. The firm either maintains zero or the maximum number of active
links. Both the optimal number of active links and the optimal upgrade fee are monotone
with respect to the leftover capacities. We then propose and analyze two model variations:
one with a restricted upgrade fee choice set and one with upward stockout substitution, in
which the firm can sell a premium product to an arriving regular customer at a discount if
the regular product stocks out. Finally, through a systematic numerical study, we quantify
the revenue improvement from industry-standard check-in fixed-price upgrades to dynamic
pricing and timing of upgrades. We also identify the market environment, in which the
revenue improvement is significant across various models.

Postponement, or delayed product differentiation, is a common strategy for mass cus-

tomization. It directly affects the inventory policy and cost of a multi-product manufacturer,
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and may also have an impact on the interactions among supply chain members. In Chap-
ter [3, we focus on a two-stage supply chain consisting of a multi-product manufacturer and
two retailers. We specifically study the impact of postponement on promised lead time con-
tracts, under which the manufacturer guarantees on-time shipments of complete orders to
the retailers within the promised lead times. The optimal contracts designed by the man-
ufacturer depend on whether the retailers are in different markets (both retailers cannot
observe each other’s contract terms, and the manufacturer may discriminate between them)
or in the same market (contract terms are public information, and both retailers self-select
their contracts from a menu designed by the manufacturer). We characterize the optimal
promised lead times in both settings and compare them to those in a base setting where the
supply chain is under a centralized control. In all three settings, the optimal promised lead
time for each retailer is equal to either the total length of the manufacturer’s production
time (the longest) or zero (the shortest). In contrast to the centralized and different market
settings, the retailer with a lower inventory cost always gets a shorter promised lead time
in the same market setting. We then analyze the impact of postponement on the optimal
promised lead times in all three settings and characterize the conditions under which the
manufacturer shifts its production mode from make-to-order (when the promised lead times
are the longest) to make-to-stock (when the promised lead times are the shortest). Finally,
through numerical examples, we quantify the impact of postponement on the promised lead

time contracts and the inventory costs of supply chain members.
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APPENDIX A

SUPPLEMENTAL MATERIALS FOR CHAPTER 2

A.1 Notations and Proofs

Table A.1. Notations for Chapter

Firm
H : premium product initial capacity
L : regular product initial capacity
p": premium product price
p' . regular product price
M : upgrade triggering level
C': maximum upgrade capability (i.e., maximum number of active links the firm can maintain)
h: premium leftover capacity
[ : regular leftover capacity
u :  number of active upgrade links
p: upgrade fee
n: time period
N :  total number of time periods in the sales season
Va(h,1) . expected optimal revenue function over periods [n : N + 1]
A, (h, 1) : upgrade opportunity value (i.e., diagonal difference of expected optimal revenue function)
dn(p, h,1) :  expected upgrade revenue from an upgradeable customer at upgrade fee p
uk(h,1) : the optimal number of active upgrade links
pi(h,1) . the optimal upgrade fee
0% (h,1) :  the optimal expected upgrade revenue from an upgradeable customer
V7 (h,l): expected optimal revenue function of the restricted upgrade fee model
AI'(h,l) : upgrade opportunity value of the restricted upgrade fee model
u" :  number of active upgrade links in the restricted upgrade fee model
ul*(h,l) - the optimal number of active upgrade links in the restricted upgrade fee model
5(h,1) :  expected optimal revenue function of the upward substitution model
A2(h,l) : upgrade opportunity value of the upward substitution model
f?: upward substitution fee
s*(h) : the optimal upward substitution fee
p® . upgrade fee in the upward substitution model
5*(h,l) : the optimal upgrade fee in the upward substitution model
u® :  number of active upgrade links in the upward substitution model
Customer
A . premium customer arrival probability
A regular customer arrival probability
A upgradeable customer arrival probability when there is only one active link
a(p) : upgrade accepting probability at upgrade fee p
a*(f*): upward substitution accepting probability at substitution fee f*

We define the revenue function 7(p, A) = a(p)(p + A) for a sale between a seller and a
buyer. A > 0 can be interpreted as a third-party subsidy paid to the seller after each sale,

whereas A < 0 is a cost suffered by the seller. a(p) defined on [a, b] is the probability of a
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sale when the price is p, which can be derived from the tail probability of the reservation
price distribution. Let the maximum revenue be II(A) = maxpcp, 4 @(p)(p + A). The set
of optimal prices is {p € [a,b] : w(p, A) = II(A)}, which is assumed to be closed. This
assumption is satisfied by distributions with an increasing failure rate, which makes the
set of optimal prices a singleton. Distributions with a non-increasing failure rate, such as
beta distribution with shape parameters as 1/2, also satisfy this assumption. The maximal

optimal price is defined as p*(A) = max{p € [a,b] : 7(p,A) = TI(A)}.
Lemma 1. For Ay > Ay, we have TI(A1) > TI(As) and p* (A1) < p*(Ag).

Proof of Lemmal[1} The revenue function inequality follows from II(As) = a(p*(As)) (A +
P*(A2)) < a(p*(A2)(p*(As) + A1) < a(p*(A1))(p* (A1) + Ay) = TI(A;). A sufficient con-
dition for the optimal price inequality is 7(p, Az) < w(p*(Aq),Ag) for p < p*(A;). Since
m(p* (A1), Ay) — w(p, Ay) > 0, the sufficient condition holds if 7(p*(A;), Ag) — w(p, Ay) >

7(p*(A1),Ar) — w(p, Aq) for p < p*(A;). The last inequality reduces to a(p)(A; — Ag) >
a(p*(A1))(A;—As), which is true because A} > Ay and a(p) > a(p*(Ay)) for p < p*(A). O

From LemmalI] the optimal revenue increases while the optimal price decreases in A. In
classic dynamic pricing literature, A usually represents the opportunity cost of one unit of
product, which is always nonpositive. In Chapter [2 A can be either positive, zero or neg-

ative. It represents the upgrade opportunity value A, 1(h,l) = Vi1 (h—1,14+1) =V, 11 (h, ).

Proof of Proposition [1} For (h,l) € [1: H] x [0 : M], the optimal expected revenue is:

Vn(h7 l) = (1 — )\h _ )\l)Vn+1(h7 l) + )\h[ph + Vn+1(h - 17 l)] + )\l[plI[IZ]_ + Vn+1(h7l — ]IlZ]_)]
A
" uren[gu:)é] {u)\ pé[{)rvlpa’bl}ipl] aP)lp+ Ana(h l)]}

= (1 - )‘h - )‘l)VnJrl (h7 l) + )‘h[ph + Vn+1 (h - 17 l)] + )‘l [pl]Il21 + Vn+1(h7l - ]IlZI)]

+ max {u)\é,“;(h, l) }

u€(0:C|
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Notice that V,,(h,!) is linear in u, whose coefficient is A&} (h, ). If 6% (h,1) > 0, u} (h,l) = C.
If 6% (h,1) <0, ul(h,l) =0. Thus, the optimal number of upgrade links in period n at state
(h, l) is: U;(h, l) = ]I(;;(h7l)>06’. O

To better understand the optimal dynamic upgrade policy, we study the properties of the
value function V,,(h,1). The following Lemma [2| is part of property d) and e) in Proposition
and can be proved separately. It implies that the expected value of one unit of product is

never greater than its price.
Lemma 2. V,,(1,0) — V,(0,0) < p" and V,,(0,1) — V,,(0,0) < p' forn € [1: N +1].

Proof of Lemma : For brevity, we use p}, to represent pi(h,l) during this proof.
Because the optimal upgrade fee is picked from [0,p" — p!], we have 0 < Phy < ph — pl.
Since V,,(0,0) = 0, Lemma [2| is equivalent to V,,(0,1) < p! and V,,(1,0) < p". The proof
is by induction. In period N + 1, Vy;1(0,1) = Vy41(1,0) = 0 < min{p!, p"}. Assuming
Vii1(0,1) < phand V,,11(1,0) < ph, we want to validate V,,(0,1) < p' and V,,(1,0) < p". We
have V,(0,1) < p', since V,(0,1) = (1 — A)V,,41(0,1) + Ap'. For the inequality of V,,(1,0),
we use Equation . When 6%(1,0) <0, V,(1,0) = (1 = A")V,,11(1,0) + Mph < ph. When

6,(1,0) > 0,
Va(1,0) = [1- A — CAV,41(1,0) + /\hph + CAa(pT,O)[pT,O + Vara (0, 1))
+COAML = a(p] o)]Vara(1,0)
< L= = ONP" + A"+ Cha(pi ) (P + P') + CA[L = alpio)lp"
< L= M= CAp" 4+ X" + Cha(pi o)p" + CA[L — a(po)]p"
So V,(0,1) < p' and V,,(1,0) < p", which complete the induction step. O
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We introduce three new notations to shorten our following proofs:

\Ij[v’fl-‘rl(h? l)] = (1 - >‘h - /\Z)Vn—i-l(hv l) + /\h[phﬂhzl + Vn-‘rl(h - Htha l)]
+/\l [plﬂlzl + Vn+1 (h, l — ]1521)],
AM(n 1) = V(b 1) = V,(h—1,1),

AL(h,l) = Vi(h,1) = Vy(h,1—1).

Functional ¥ in W[V, 14(h,l)] is a short-hand notation to capture the expected revenue at
state (h, 1) over periods [n : N+1] if upgrades are not offered in period n. Thus, the expected
optimal revenue at (h,l) € [1: H] x [0 : M] can be written as

Va(h, 1) = Y[V (h D) + max ula(p)[p + Anya(h,1)].

u€[0:C] and p€[0,p"—p']

The horizontal difference A% (h, 1) is defined to represent the marginal value of the hth unit of
premium product when the leftover capacities are (h,1) in period n. The vertical difference
Al (h,1) is defined to represent the marginal value of the Ith unit of regular product when
the leftover capacities are (h,[) in period n.

Before the proof of Proposition [2 we provide two counterexamples in Figure to
show that neither DH-modularity nor DV-modularity follows from the other four proper-
ties. Similar to these and the counterexample in the main body of Chapter 2| showing that
submodularity does not follow from the other four properties, we can also construct coun-
terexamples showing that neither H-concavity nor V-concavity follows from the other four
properties. Thus, each property needs to be individually proved.

Proof of Proposition 2 We prove all five properties by induction. They are true in period
N + 1, since Vyi1(h,l) = 0. As the induction hypothesis, we assume all five properties are
true in period n + 1, and validate them one by one in period n. DP formulations are

different on the corner point (0,0), two boundaries (0,[) for [ > 0 and (h,0) for h > 0, and
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Only DH-modularity fails ) Only DV-modularity fails

- V(1,3)=2 V(2,3)=4 V(3,3)=6 - V(1,3)=2+¢ V(2,3)=4 V(3,3)=6-¢
£ £
L, o o o L, o o °
s V(1,2)=1 V(2,2)=3 V(3,2)=5 8 V(1,2)=1 V(2,2)=3 V(3,2)=5-¢
. .
[0 [0
4 12
V(1,1)=-2¢ V(2,1)=2-¢ V(3,1)=4 V(1,1)=-¢ V(2,1)=2 V(3,1)=4-¢
Premium leftover h Premium leftover h

Figure A.1. DH-modularity and DV-modularity counterexamples

in the interior region (h,l) for h,l > 0. The proof of each property consists of four parts
corresponding to these four regions. For brevity, we use pj,; to represent pi(h,l).

When properties DH- and DV-modularity are true in period n+ 1, d,(p, h,1) = a(p)[p +
Apy1(h, )], 65 (R, 1) = max,cpo ph_p on(p, b, 1) and Lemma imply

Su(hyl+1) < 85(h0) < 85(h+ 1,0) and pi ) = phy = By (A1)

Inequalities in are used repeatedly to determine if upgrades should be offered at a
certain state (h,!) in period n. Because of inequalities in , the proof for each property
in each region contains multiple cases listed in Table DH-, DV-, sub-modularity are two-
dimensional properties, whose proofs are similar. H- and V-concavities are one-dimensional
properties, whose proofs are similar. We introduce the following three notations to shorten

our proofs for the interior region:

V[Vasa(h, D] = (1= A" = AYWora (1) + N [p" Tzt + Via (B — Tz, 1))
+)\l [Plﬂlzl + Vn+1 (h‘vl - HlZl)]?

AL(h1) = Vi(h1) = Vi(h1—1).
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Table A.2. Number of cases and the required properties in period n + 1 for each property

and region pair

Regions
Property in period n Interior Horizontal boundary Vertical boundary Corner
a) Submodularity 6 cases 6 cases 3 cases 3 cases
Proof of a) requires | a), b), ¢), d) ,e) a), b), ¢), d), e) a), b), ¢) a), b), ¢)
b) DH-modularity 5 cases 5 cases 4 cases 4 cases
Proof of b) requires b), ¢) a), b), ¢) a), b), ¢), Lemma a), b), ¢), Lemma
¢) DV-modularity 5 cases 5 cases 3 cases 3 cases
Proof of ¢) requires b), ¢) a), b), ¢), Lemmaﬁl a), b), ¢) a), b), ¢), Lemmam
d) H-concavity 4 cases 4 cases 3 cases 3 cases
Proof of d) requires a), b), ¢), d) a), b), ¢), d) a), b), ¢), d), Lemmam a), b), ¢), d), Lemmam
e) V-concavity 4 cases 4 cases 1 case 1 case
Proof of e) requires a), b), ¢), e) a), b), ¢, e), Lemmalgl e) e), Lemmam

Proof of property a): [0: H—1]x [0 : M] is partitioned into the interior [1 : H—1]|x[1 : M],

the horizontal boundary [1 : H —1] x {0}, the vertical boundary {0} x [1 : M] and the corner

(0,0). The submodularity property at state (h,l) € [0 : H — 1] x [0 : M] in period n can be

equivalently expressed as

Va(hy L +1) =V, (h,1)
Al (h,1+1)
Va(h +1,1) = Vi, (h, 1)

An(h+1,0)

Vi(h+ 1,0+ 1) = Vo (h +1,1),
AL (h+1,141),
Vi(h+ 1,14+ 1) =V, (h,l + 1),

AR+ 1,1+ 1).

For most cases, we obtain the last two inequality. The inequalities involve states (h,l + 1),

(h,0), (h+ 1,01+ 1) and (h+ 1,1). Specializing Inequalities (A.1)) for these states, we obtain

r(h,l4+1) < 8:(h, 1) <8 (h+1,1) and 8 (h, 1+ 1) <8 (h+ 1,1+ 1) <55 (h+1,1). Notice

that not all of 6* can be ordered. In particular, ¢ (h,[) can be either larger or smaller than

55 (h+1,1+1).

Interior [1: H — 1] x [1 : M]. There are 6 possible cases.
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Case 1: 0 (h,l +1) <{6:(h,1),05(h+ 1,1+ 1)} <0f(h+1,1) <0.

Vo(h+1,1)
= 1=MN=MWori(h+1,0) + N'[p" + Vi1 (0, D] + N[p' + Vi (b + 1,1 — 1)),
Va(h, 1)
= (1= A = YWt (1) + A"+ Vo (h = 1,0)] + Npt + Vi (B, L — 1)),
Va(h+1,1+1)
= (=N = MWopr(h+ L1+ 1)+ NP" + Visa (b, L+ D]+ Np' + Viga (B + 1,1)],
Va(h, 1+ 1)
= (L=XN' =M )Wopa (b L+ 1) + N [p" + Visa (b = L1+ )] + N p' + Voga (b, )]
From the submodularity in period n + 1, we have A"(h +1,1) > A"(h + 1,1 + 1) through
term-by-term comparisons.
Case 2: 6/ (h,l+1) < {55 (h,]),05(h+ 1,1+ 1)} <oi(h+1,1).
Vi(h+1,1) = VUV (h+1,0]+CA6(h+1,1) > U[V,pa(h + 1,1)],
Va(h, 1) = W[Voga(h, D],
Vah+1,14+1) = UV, (h+ 1,1+ 1))
Vah,l+1) = W[V (h, 14+ 1)].
The inequality is from % (h + 1,1) > 0. Due to the submodularity in period n + 1, we have
AR+ 1,0) > Ar(h + 1,1+ 1).
Case 3: 0% (h,l+1) <oi(h+1,1+1) <0< di(h, 1) <65 (h+1,1).
Vi(h+1,1) = VY[V(h+1,0)]+Cro,(h+1,1),
Va(h, 1) = Y[Vopi(h D)+ CAS (R, D),
Valh+1,1+1) = Y[V(h+1,1+1)],

Vo(hl+1) = W[V (h 1+ 1)
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Alh+1,0) = (1= =X)A! (b4 1,0) + N"Ar (D) + NAE (W + 1,1 1)
FONG (R +1,1) — 67(h, 1)]
> (1 o >‘h - )‘Z>AZ+1(h +1, l) + )‘hAZ-H(ha l) + AlAZ—H(h +1,0— 1)7

AlMh+1,1+1) = Q=N =XYA! J(h+ 1,1+ 1)+ N"AL (b 1+ 1) + NA! (R +1,1).

The inequality is from 6 (h + 1,1) > 6/ (h,l). Due to the submodularity in period n + 1, we
have A"(h +1,1) > A"(h + 1,1+ 1) through term-by-term comparisons.
Case 4: 6% (h, 1+ 1) < 6%(h,1) <0 < 65 (h+ 1,1+ 1) < 6% (h + 1,1).

Vo(h+1,0) = U[Vy(h+1,0)]+ CAGE(h+ 1,1),
Va(h,l) = VY[V (h, D),
Vi(h+1,1+1) = UV(h+ 1,1+ 1)]+CAo;(R+ 1,1+ 1),
Va(h,l4+1) = U[V,pi(h,l+1)].
Alh+1,1) = (1=X"=X)A" (R +1,0) + N A (B 1) + NAL (A +1,1-1)
+ONSE(h+1,1),
Alh+1,14+1) = (1=MN=XHA! (h+ 1,1+ 1)+ XAl (L + 1) + NAL (b +1,1)

FONSE(h+ 1,1+ 1).

Due to the submodularity in period n + 1 and §5(h + 1,1) > 6:(h + 1,1 + 1), we have
AMh+1,1) > A"(h + 1,1+ 1) through term-by-term comparisons.

Case 5: 05 (h,l+1) <0< {8 (h+1,1+1),65(h, 1)} <8:(h+1,1).

Since 07 (h+1,[+1) can be larger or smaller than % (h, 1), this is the most complicated case
in the entire proof. We consider two subcases: Subcase A is A, 41(h, 1) < A1 (h+1,1+1) and
Subcase Bis A, 1(h, 1) > A,11(h+1,141). We obtain different but equivalent submodularity
inequalities for each case, in particular Al (h, 1+ 1) > Al(h + 1,1 + 1) for Subcase A and
AMh+1,1) > AP(h + 1,1+ 1) for Subcase B.
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Subcase A: A,y (h,1) < Apii(h+1,1+1). By Lemmal[l] A,iq(h, 1) < Appq(h+1,141)

implies 0; (h,1) < 85 (h+ 1,1+ 1), p};,l 2 p71+1,l+1 and Of(plt,l) < Of(p2+1,l+1)-

Valh,l+1) = V[Vou(h, 1 +1)]

> UV (b L+ 1)] + CAS (R, 1+ 1)
> ‘IJ[VVLJrl(hv [+ 1)] + C)‘a(p;,lﬂp;,l + Vn+1<h - 17 [+ 2) - Vn+1(h> [+ 1)]7

Vn(h7 l) = \I/[Vn-i-l(h’ l)] + CA&(PZ,Z)[PZJ + Vit (h -1+ 1) - Vn+1(h7 l)]?

Volh+1,0141) = U[V,q(h+1,14+1)]

FCOX(Phir 40 Phirisr T Vari (Bl +2) = Viga (b + 1,14+ 1)),

Valh+1,0) = U[Vau(h+ L]+ CAa(phir ) Phirg + Vasr(hy L+ 1) = Vipa (b + 1,1)]

v

U[V1(h+1,0)]

+C)‘O‘<p;;+1,l+1)[p2+1,l+1 + Vn-i-l(hv [+ 1) - Vn+1(h + 1» l)]

Above, the first inequality follows from ¢ (h,l 4+ 1) < 0. The second and third follow from

the facts that p;; and pj, ., are not the optimal fees for 6, (p, h,1 + 1) and d,(p, h + 1,1),

respectively.
AL (h, 1+ 1)
2 (1 A" )\l)AiL-‘rl(h? I+ 1) + AhAf’L-‘rl(h -Li+ 1) + )\lAf’L-‘rl(h? l)

A%

+CNa(p ) Vi (h = 1,1+ 2) = Viy (b = 1,1+ 1) + Vipy (B, 1) — Vipa (B, 1+ 1)]

[1 =N = N = Cha(py 1)) AL (R L+ 1) + NAL L (R =10+ 1) + NAL L (R,D)
+FCA(p ) AL 1 (h = 1,1+ 2) + CAa (D1 41) — a(ph )] A4 (h 1+ 1)

[1 =N = N = Chalpy 1)) AL (R L+ 1) + NAL (R =11+ 1) + NAL L (R,D)

+C)\a(p2+1,l+1)AiL+l(h7 [ +2)
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The second inequality is from a(pj ;1) —(p};) > 0, the submodularity Al (h—1,142) >

Al (h,1+2) and the V-concavity Al (h, 1+ 1) > AL (h,1+2).

Al (h+1,1+1)
< (=N =M)AL (h+ 11+ 1)+ AALL (B L+ 1)+ NAL L (h+1,1)
+CXa(Ph1050) [Vas1 (M U 4+2) = Viga (B U+ 1) + Vi (R +1,0) = Vi (b + 1,1+ 1))
= [1=X' =X = COxa(phiy0)| AL (B + 11+ 1) + XN AL (B 1+ 1) + NAL (R +1,0)

+C>\O‘(p2+1,l+1)Aiz+1 (h,1+2)

The submodularity in period n + 1 then implies the submodularity AL (h,l + 1) > AL (h +
1,1+ 1) in period n through term-by-term comparisons.
Subcase B: A, 11(h, 1) > A,q(h+1,1+1). By Lemmall] A, 1(h, 1) > Apyq(h+1,141)

implies 67 (h,1) > 0y (h+ 1,1+ 1), p?l,z < P2+1,l+1 and Oé(pz,l) > Oé(p2+1,l+1)-

Valh+1,0) = O[Vpa(h+ 1,0] + CNa@sr ) Phsrs + Vira (By L+ 1) = Vgt (B 4 1,1)]
> U[Vi(h+ 1,0+ Cralpy)phy + Vasr (b L+ 1) = Vi (R 4 1,1)],
Va(hoD) = V(b D] + A} )Py + Viesa (B — 1,1+ 1) = Vi (B, )],
Vah+1,1+1) = U[V,(h+1,1+1)]
+CXa(Ph 1) Phargor + Ve (B 0 +2) = Vo (R + 1,1+ 1),

Va(h,l4+1) = U[V,ii(h,l+1)]

v

U Vg1 (h, L+ 1))+ CAo, (R, 1+ 1)

v

U [V,t1(h, 14 1)]

NP s + Vit (b= L1 42) = Vi (b 1+ 1),

Above, the first inequality follows from the fact that pj ; is not the optimal fee for 9, (p, h+

1,1). The second inequality is from 6/ (h,l + 1) < 0. The third inequality follows from the
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fact that p;,,, ., is not the optimal fee for d,(p, h, 1 +1).

Al +1,1)

v

(L=MN = M)A (h+1,0) + N A (B 1) + NA! (R + 1,1 - 1)
+CNa(P; ) Vi1 (B, L+ 1) = Viy (b= 1,1+ 1) + Vg (1) — Vipa (b + 1,1)]
= [L=XN =X =Cxalp; )AL (h+1,0) + XAl (B, 1) + NAL (R +1,1—1)
—l—C’)\a(pZ’l)AZH(h,l +1).

AM(h+1,1+1)

IN

(1 =N = M)AR (A4 1,0+ 1) + NAL (B L+ 1) + NAL (h+ 1,1)
FCN(Phs1a40) Vi1 (B U+ 2) = Vi (= 1,1+ 2) + Via (B U+ 1) = Vg (R4 1,1+ 1)]
= =M= A = O )AL+ 1)+ NEAR (B L4 1) + NAR (b +1,1)

+CA04(P2+1,1+1)AZ+1(]% [+2)+ C)‘[CY(Z?Z,Z) - Of(p2+1,z+1)]AZ+1(h +1,01+1)

IN

[1= X" = X = Chalpy DAL (B 4+ 1,1+ 1) + N AL (B L+ 1) + NAL (h+ 1,1)

+ONa(ph )AL (k1 + 1),

The third inequality follows from the submodularity A, (h,1+2) < Al (h,141) and the
H-concavity AP (h+ 1,1+ 1) < Al (h,1+1). The submodularity in period n + 1 then
implies the submodularity A"(h+1,1) > A"(h+ 1,1+ 1) in period n through term-by-term
comparisons.

Case 6: 0 < 0% (h,l+1) < {0:(h+ 1,1+ 1),05(h, 1)} < 65(h+1,1). The proof follows

similar arguments as in Case 5.
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Subcase A: A,y (h,1) < Apii(h+1,1+1). By Lemmal[l] A,iq(h, 1) < Appq(h+1,141)

implies 67 (h,1) < 0y (h+ 1,1+ 1), pz,l 2 Phi,i41 and Oé(p;;,l) < @(p2+1,l+1)-

v

Va(h, 1+ 1)

U Vg1 (h, L4+ 1))+ CAo, (R, 1+ 1)

Vo (14 D] + A )[piy + Vs — 11+ 2) = Voa (b, 1+ 1)

Vi (h, 1)

Vo (D] + A )[Biy + Vs b — L1+ 1) = Vo (. )

Valh+1,1+1)

UViea(h 4+ 1,0+ 1]+ CAa(pPhyr 1) Phirirs + Vo (b L+ 2) = Vi (h+ 1,1+ 1)),
Va(h+1,1)

WV (h+1.0) + CAair )by + Voa (1 + 1) = Vaa (1,0

U[Viga(h+ L0+ CA(pp g i0) [Phirien + Vasa (b +1) = Vi (b + L]

Above, the first and second inequalities follow from the facts that pj; and pj,,,, are not

the optimal fees for d,(p, h,l + 1) and 0, (p, h + 1,1), respectively.

v

v

Al (h,1+1)

(L=M = AHAL L (R L+ 1)+ NALL (B =11+ 1) + XNAL L (B, 1)
+CA(py ) [Viga(h — 1,14 2) = Viga (h — 1,14 1) + Vi (b, 1) = Viga (b, 1+ 1)]
1= A = X = CAa(phyr a1 )JAL (B L+ 1) + NPAL (h— 1,14 1) + NAL, (B, 1)
+0Aa(p27z)Aiz+1(h = 1L,1+2)+ CNa(phyi1) — O‘(p;:,l)]Ail-i—l(ha [+1)

[1— A" =\ — O)‘a(p2+1,l+1)]Aiz+1(h> [+1)+ )\hAﬁH_l(h —1,1+1)+ )\lAiH_l(h, 0)

+C)\Oé(p2+1,l+1)AiL+1(ha [+ 2).
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The second inequality is from a(pj ;1) —(p};) > 0, the submodularity Al (h—1,142) >

Al 1 (h,1+2) and the V-concavity AL, (h, 14+ 1) > AL, (h,1+2).

Al (h+1,1+1)
< A=N=XHAL L (h+ 1,1+ 1)+ NAL (A L+ 1)+ NALL (R +1,1)
+CA(Phi1 1) Va1 (B U4+ 2) = Via (B L+ 1) + Vi (B + 1,1 = Vi (b + 1,1+ 1))
= [1=X' =X =Cxa(pjiq )AL (B + 1T+ 1) + XN AL (B 1+ 1) + NAL (R +1,0)

+C>\O‘(p2+1,l+1)Aln+1 (h,1+2).

The submodularity in period n + 1 then implies the submodularity AL (h,l + 1) > AL (h +
1,14 1) in period n through term-by-term comparisons.
Subcase B: A, 1(h, 1) > Apiq(h+1,1+1). By Lemmall] A, 1(h, 1) > Apya(h+1,141)

implies 0y (h,1) > 6, (h + 1,0+ 1), pj; < Pp i1y and a(ph;) > (phigpp)-

Va(h+1,1) = Y[V (h+1L0] + CAu(ph 1) [Phsrs + Varr (bl +1) = Vi (h 4 1,1)]
> UV (h+1,0] 4+ Cxalpy ) pns + Vi (b L+ 1) = Vi (b + 1,1)],
Va(hd) = OVa (b D] + CXap )Pjs + Vara (b = 1,1+ 1) = Vg (A, 1),
Vi(h+1,1+1) = UV,(h+1,14+1)]
FON(Dh 1040 Phsrair + Vit (B L+ 2) = Viga (h+ 1,1+ 1),

Va(hl4+1) = UV (hl+1)+CA(h 1+ 1)

v

UVasa (b I+ 1)

+CON(Phi1,040) [Pro1ger + Vo (h = 1,1+ 2) = Vi (b L+ 1)),
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Above, the first and second inequalities follow from the facts that pj; and p},,;,, are not

the optimal fees for 6, (p, h + 1,1) and 0,(p, h, [ + 1), respectively.

An(h+1,1)

v

(T=N = XHA! (W +1,0) + N A (B D) + NAL  (h+1,1-1)
+OXa(p} ) Vi1 (hy L+ 1) = Vi (h = 1,1+ 1) + Viga (B, 1) = Via (b + 1, 1)
= [1=XN =X =Cxalp; )AL (h+1,0) + XAl (B, 1) + NAL (R +1,1—1)
+Cha(p; )AL (R, 1+ 1).

AMh+1,1+1)

IA

(L =N = XN)AL (1,0 4+ 1) + A AR (B 1+ 1) + XA (B +1,1)
FCN(Phs140) Vi1 (B U+ 2) = Vi (= 1,1+ 2) + Vi (B U+ 1) = Vg (R4 1,1+ 1)]
= [1= X' =X = Chalp; )AL (B4 1,1+ 1)+ XN AL (B L+ 1) + NAL (b +1,1)

FCA(Drs1,400) Dsa (0 L+ 2) + CXNa(pr) — @i ge)| D (B + 1,14 1)

IN

(1= X=X = Chap;, )AL (h+ 11+ 1) + XN AL (h L+ 1) + NAL (h+1,1)

+ONa(ph )AL (b + 1),

The second inequality follows from the submodularity A" (h,1+2) < A, (h,1+1), the H-
concavity Al (h+1,14+1) < Al (h,I1+1) and a(p}, ;) —a(Pf 41 141) > 0. The submodularity
in period n + 1 then implies the submodularity A"(h + 1,1) > A?(h + 1,1+ 1) in period n
through term-by-term comparisons.

Horizontal boundary [1: H — 1] x {0}. There are 6 possible cases similar to the interior

region.
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Case 1: 6% (h,1) < {05(h,0),0:(h+1,1)} < 0:(h+1,0) <0.

Vn(h+ 1a0> = (1 _)‘h)vn+1(h+170)+)\h[ph+vn+1(h7 0)]7
Vn(ha O) = (1 - /\h>Vn+1(h7 0) + Ah[ph + Vn+1(h - ]-7 0)]7
Va(h+1,1) = (1=MN =)W (h+1,1) + X" + Vooa (b, D)] + N[p' + Vg (R + 1,0)],

Vn(ha 1) = (1 - )‘h - )‘Z)VnJrl(hv 1) + )‘h[ph + Vn+1(h - 17 1)] + )‘l[pl + VnJrl(ha O)]

Al(h+1,0) = (1=M)A!  (h+1,0) + N'A!, (R, 0)
= (1= = )AL (h+1,0) + N"A"_ (h,0) + XA (h+1,0)
Alh+1,1) = (1=X"= M)A (h+1,1) + N"AL (k1) + NAL (b + 1,0).
Due to the submodularity in period n+1, we have (1—=A"—X)A" | (h+1,0)+ N AL, (h,0) >
(1=A = XHAL (R +1,1) + AN*Al, (h,1). Thus A(h+1,0) > Al(h+1,1).
Case 2: 0%(h, 1) < {6%(h,0),65(h+1,1)} <0 < 6% (h +1,0).
Va(h4+1,0) = (1 =X)Woii(h+1,0) + N [p" + V1 1(h,0)] + CAS:(h + 1,0)
> (1= AWVsi(h+1,0) + N [p" + Vi (b, 0)],
Vo(h,0) = (1 =MV, 11(h,0) + N'[p" + V,ir (b — 1,0)],
Va(h+1,1) = (1=MN =)W (h+1,1) + X" + Vg (b, )] + N [p' + Viya (R + 1,0)],
Vi(h,1) = (1 =N = M)Wy (h, 1) + N [p" + Vi (b — 1, 1)] + XN [p' + Vi (R, 0)].

The inequality is from ¢ (h + 1,0) > 0. Then, the proof is similar to Case 1.
Case 3: 6%(h, 1) < 0%5(h+1,1) < 0 < 6%(h,0) < &*(h + 1,0).

Vo(h+1,0) = (1= M)WV (h+1,0) + N [p" + V,y1(h, 0)] + OS5 (h + 1,0),
Voa(h,0) = (1= MN)V,1(h,0) + N'[p" + Viura (h — 1,0)] + CAG:(h, 0),
Vn<h +1, 1) = (1 o )‘h - )‘Z)VnJrl(h +1, 1) + )‘h[ph + Vn+1<h7 1)] + )‘l[pl + Vn+1(h +1, O)]>

Vo(h,1) = (1 =M =XV (h, 1) + N p" 4+ Visr (b — 1, 1)] + M [p' 4 Vg1 (b, 0)].
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Alh+1,0) = (1=XAL (h+1,0)+ NAL (h,0) + CA[S:(h+ 1,0) — &% (h, 0)]
> (1= M)A (R +1,0) + N'A! (R, 0),

Alh+1,1) = (1= =M)A (h+1,1) + \"AL_ (b, 1) + NAL (b +1,0).

The inequality is from ¢’ (h + 1,0) > 6/ (h,0). Then, the proof is similar to Case 1.

Case 4: 0% (h,1) <65 (h,0) <0< (h+1,1) <06:(h+1,0).

Vo(h+1,0) = (1—=MN)V,ii(h+41,0) + X' [p" + Vi 1(R,0)] + CAG: (R + 1,0),
Vi(h,0) = (1 =AYV, (h,0) + N [p" + Vipr (h — 1,0)],
Va(h+1,1) = (1=MN = X)W, (h+1,1) + N p" + Voa (b, D)] + N[p' + Vg (4 1,0)]
+CNE(h +1,1),
Vo(h, 1) = (1 =X =AYV (b, 1) + N p" 4+ Vigr (B — 1, D] 4+ N [p" + Vi1 (B, 0)].
Al(h+1,00) = (1=MN)AL (h+1,0)+ A"AL_ (h,0) + CAS:(h + 1,0),
Alh+1,1) = (L=M=M)A! [(h+1,1) + N"AL (b, 1) + NA" (R +1,0)

O (R +1,1).

We have 0%(h +1,0) > 6% (h + 1,1). Then, the proof is similar to Case 1.
Case 5: 0% (h,1) <0 < {6:(h,0),0:(h+1,1)} <5 (h+1,0).
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Subcase A: A,4q1(h,0) < A,q(h+1,1). By Lemma [I] A,1(h,0) < Aypi(h+1,1)

implies d;,(h,0) < 4, (h+1,1), p;,o 2 Phit1a and Oé(p;,o) < O‘(p;kﬂrl,l)'

Vo(h,1) >

v

Vo(h,0) =

Vo(h+1,1) =

Va(h+1,0) =

(1 =X = XYV (A, 1) = X" 4 Vi (b — 1, 1)] + N [p! + Vi1 (h, 0)]
+CNE(h, 1)

(1= XN = AW (B, 1) + NP + Vi (b — 1, 1)) + N [p" + Vi (b, 0)]
+CA(pp0)Pho + Va1 (h = 1,2) = Visa(h, 1)),

(1 =N = XV, 1(h,0) + N [p" 4+ Vis 1 (h — 1,0)] + AV, 1(R, 0)
+CA(ph o) Pho + Var1(h = 1,1) = Vi (B, 0)],

(1 =N = M)W (h+1,1) + N [p" + Vo (B, D] + NP + Vg (R + 1,0)]
+OX(Pj11)Phirs + Virr (R, 2) = Viga (R + 1, 1)],

(1 =N =AYV, (h 4+ 1,0) + M [p" + Vi1 (R, 0)] + AV, i1 (h +1,0)

+CXa(Phi1.0)Phir0 + Vari(h, 1) = Vigi(h +1,0)]

> (1 - )\h - )‘l)VnJrl(h + 17 O) + Ah[ph + Vn+1(h7 0)] + )‘lvn+1(h + 17 O)

+C)\a(p;‘;+171)[p;’;+171 + Vas1(hy 1) = Viga (b + 1,0)].

Above the first inequality follows from §%(h, 1) < 0; the second and third respectively follow

from the facts that pj , and pj,, ; are not the optimal fee for 6,(p, h,1) and d,(p, h + 1,0).

Al(h,1) >

v

(1 =M= 2AHAL (B, 1) + MALL (h—1,1) + N
+CAa(pp o) [Vari(h = 1,2) = Vipa (b = 1,1) + Viya (R, 0) = Viya (R, 1)]
[1 =N =X = Cxa(p) g )] AL (1) + N AL (= 1,1) + AP
+CX(pf, 0) A% 11 (B = 1,2) + CA [(phi11) — a(p )] A1 (B, 1)

(1= N =X = Cxalp) g )AL (1) + N AL (R —1,1) + \pf

+C)\a(p;kz+1,1)AiL+l(hv 2).
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The second inequality is from a(pj,,,) — a(p} o) > 0, the submodularity AL, (h—1,2) >

Al 1 (h,2) and the V-concavity Al (h,1) > AL (h,2).

Ap(h+1,1) < (1= = X)AL(h+1,1) + AAL (R, 1) + AP
+C)‘O‘(p;kz+1,1)[vn+l<hv 2) - Vn+1(h> 1) + Vn+1(h + 17 0) - Vn+1<h + 17 1)]
= [1- A= N — 0)\04<p2+1,1)]A£L+1(h +1,1) + )‘hAfw—i—l(ha 1)+ \pf

"’C)‘O‘(PZHJ)ALH(}L, 2).

The submodularity in period n + 1 then implies the submodularity Al (h,1) > Al(h+1,1)
in period n through term-by-term comparisons.
Subcase B: A,11(h,0) > A,yq(h+1,1). By Lemma [I] A,1(h,0) > Aypi(h+ 1,1)

implies d;,(h,0) > 6, (h +1,1), Pho < Phtt and a(pz,()) = a(p2+1,1)-

Vn(h + 17 0) = (1 - >‘h - )‘l>Vn+1(h + 17 0) + Ah[ph + Vn-i-l(ha O)] + )‘an+1(h + 1a O)

+CA(Pra10)Pharo T Var1(h, 1) = Vi (R +1,0)]

v

(1= XN —= AYVa (h+ 1,0) + M [p" + Vi1 (R, 0)] + AV, i0 (R +1,0)
+CAa(ph o) [Pho + Vari(h, 1) = Vi (b +1,0)],
Vo(h,0) = (1 =M= MN)WV,u1(h,0) + N [p" + Vi1 (h — 1,0)] + A'V,11(h, 0)
+CA(ph0)[Pho + Varr(h = 1,1) = Voa(h, 0)],
Va(h+1,1) = (1=X" =AYV (h+1,1) + Mp" + Visa (b, V)] + NP + Viga (b +1,0)]
+CAa(phy11)Phara + Vari(h,2) = Vi (b + 1, 1))
Vo(h,1) > (1 =M= M)V, (R, 1) + MN[p" + Vi (b — 1, D] + N [p' + Vigr (B, 0)]

FONGE (R, 1)

v

(1 - )‘h - )‘l)VnJrl(ha 1) + )‘h[ph + VnJrl(h - 17 1)} + )‘l[pl + Vn+1(h7 O)]

+C’)\a(p;‘;+171)[p;;+1’1 + Vaga(h —1,2) = Vi q (R, 1))

94



Above the second inequality is from §%(h, 1) < 0; the first and third respectively follow from

the facts that pj , and pj,, ; are not the optimal fee for 6,(p, h +1,0) and d,(p, h, 1).

Al(h+1,0)

> (1= M= Xha!

n+1

(h+1,0) + A"A% L (B, 0) + NAL L (B +1,0)
+CA(ph o) Var1 (B 1) = Vi (h = 1,1) + Vi 1.(7, 0) = Vigypy (A + 1,0)]
= [1 — A= - C/\Oz(p;;’o)]AZH (h +1, 0) + )\hAZH(h, O) + /\ZAZH(}L + 1, 0)

+ON(p0) Al (1, 1),

AM(h+1,1)
< (=M= N)AR (B4 1,1) + NAR (B 1) + NAR (h+1,0)

+C)\04(p2+1,1)[vn+1(h7 2) - Vn-l-l(h - 17 2) + vn+1<h7 1) - Vn-i-l(h + 17 1)]

= [1=A" =X = Cxa(p; )] A% (h+1,1) + A"AL (B, 1) + NAL (B +1,0)
+C’/\a(p2+1’1)AZ+1(h, 2) + Ck[a(pi,o) - O‘(p;H—l,l)HAZ—i-l(h +1,1)]
S [1 - >‘h - >‘l - CAO‘(PZ,O)]AZH(I“L + 17 1) + )‘hAZ-i-l(ha 1) + )‘ZAZ-H(h + 17 0)

+ON(p o)Al (1),

The second inequality follows from the submodularity A", (h,2) < AP, (h,1), the H-
concavity Al (h+1,1) < Al (k1) and a(p},) — a(pfy1,) = 0. The submodularity in
period n+ 1 then implies the submodularity A"(h+1,0) > A"(h+1,1) in period n through
term-by-term comparisons.

Case 6: 0 < &%(h,1) < {6%(h,0),8%(h+1,1)} < 8% (h + 1,0).
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Subcase A: A,4q1(h,0) < A,q(h+1,1). By Lemma [I] A,1(h,0) < Aypi(h+1,1)

implies d;,(h,0) <4, (h+1,1), p?i,o > p2+1,1 and Oé(pz,(J) < O‘(p;kﬂrl,l)'

Vi(h,1) = (1 =N =AYV (R, 1) + X" 4+ Vi (b — 1, D)) 4+ N[p' + Viga (b, 0)]

FONGE (R, 1)

v

(1= X' = XYV (B, 1) + N " 4 Vi (b = 1, 1)) + N [p! + Vi1 (b, 0)]
+CAa(ph o) Pho + Vari(h —1,2) = Vi (R, 1)),
Va(h,0) = (1 =N = XN)W,p1(h,0) + N'[p" + Vyii (b — 1,0)] + A'V,11(h, 0)
+CAa(ph o) [Pho + Va1 (h —1,1) = Viya (b, 0)],
Vah+1,1) = (1=XN' =MV, (h+1,1) + X' p" + Vi (b, D] + N p' + Vi (R +1,0))
+CA (D1, [Phira + Vot (B, 2) = Vi (R + 1, 1)),
Vi(h+1,0) = (1=XN =XV, q1(h+1,0)+ N[p" + Vi1 (h, 0)] + XV, iq (b +1,0)

+CA(Pra1.0)Pharo T Var1(h, 1) = Vi (h +1,0)]

v

(1 - )‘h - )‘l)VnJrl(h + 17 0) + )‘h[ph + Vn+1(h7 O)] + )‘lvn+1(h + 17 O)

+0Aa(p2+1,1)[p2+1,1 + Vagi(h, 1) = Viga(h 4+ 1,0)].

Then the proof is identical to that of Case 5 Subcase A.
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Subcase B: A,11(h,0) > A,yi(h+ 1,1). By Lemma [l A,1(h,0) > Aypa(h+ 1,1)

implies d;,(h,0) > 6, (h + 1,1), Pho < Phi1n and Oé(pz,o) > Oé(p2+1,1)-

Va(h+1,0) = (1=X'=X)WVoa(h+1,0) + A" + Vo1 (h, 0)] + NViya (b +1,0)

+C}‘Oé<p2+1,o)[p2+1,0 + Vag1(h, 1) = Viga (b +1,0)]

v

(1= N = MNYWoia (h+1,0) + A" [p" + Vi1 (B, 0)] + AV, (R + 1,0)
+CA (P, 0)[Pho + Vayi(h, 1) = Vi (b + 1,0)],
Vo(h,0) = (1 =M= MN)WV,1(h,0) + N [p" + Vi1 (h — 1,0)] + A'V,iq(h, 0)
+CA(ph o) Pho + Var1(h = 1,1) = Vi (B, 0)],
Va(h+1,1) = (1=X" =AYV, 0 (h+1,1) + M p" + Vi1 (b, )] + AP + Vigi (b +1,0)]
+C)\a(p2+1’1)[p2+171 + Vag1(h,2) = Vigi (b + 1, 1)),
Vi(h, 1) = (1 =N = M\)Woi1 (R, 1) + MN[p" + V(b — 1, D] + N[p' + Viyr (b, 0)]

+ONS (B, 1)

Vv

(1 - )‘h - Al)Vn—H(ha 1) + /\h[ph + Vn—l—l(h - 1a 1)} + )‘l[pl + Vn+1(h7 0)]

FONPh ) Phr 1+ Vi (B = 1,2) = Vi (1)),

Then the proof is identical to that of Case 5 Subcase B.
Vertical boundary {0} x [1: M]. With h =0, ¢}(0,[) and §%(0,1 + 1) are not defined as no

upgrades can be offered with no premium product. We have §(1,1+ 1) < 6%(1,1) and there
are 3 possible cases similar to Cases 1, 2 and 4 in the interior.

Case 1: 6/(1,1+1) <d:(1,1) <0.

Vo(0,141) = (1 =AYVt (0,14 1) + N[p' + V,,11(0,0)],
Vo(0,1) = (1= 2AYV,1(0,0) + N[p' 4+ Vs (0,1 — 1)],
Vo1, 14+1) = (1 =X = XYV (1, 14+ 1) + N [p" + Vst (0,1 + 1)) + Np' + Vit (1,1)],

Vo(L,D) = (1 =X =AYV (1,1 + N [p" + Vi1 (0, 0] + N[p! + Vit (1,1 = 1))
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A0 +1) = (1= N)AL (0,1 +1) + NALL(0,1)
= (L= A" = N)AL (0,0 + 1) + NALL(0,1) + XA 0,1+ 1),
AL(LI4+1) = 1=MN=M)AL (L,1+1) + MNAL (1,0 + N'AL L, (0,1 + 1),
Due to the submodularity in period n+1, we have (1= —=A)AlL _(0,14+1)+ A "AL,,(0,1) >
(T=A = XHAL (1,1 +1) + A"AL_(1,1). Thus AL(0,1+1) > AL(1,1+1).
Case 2: 05 (1,14+1) <0 < 0;:(1,1).

Vo(0,14+1) = (1= A)Wop1(0,1+1) 4+ Np' + Vi1 (0,1)],

Va(Ll+1) =

(

Vo(0,1) = (1=XYV,1(0,0) + N[p' 4+ Vi (0,1 — 1],
(1= N = MW (L1 4 1) + N [p" + Vi (0,1 + 1)) + X' + Vira (1, )],
(

Vo(LD) = (1=X = XYWt (L, 1D + X' [p" + Vit (0, D] 4+ N[p! + Vit (1,1 = 1))
+CNE(1,1)

> (1= = NWoia (1,0 + A" + Vaya (0, )] + Np' + Vi (1,1 = 1],
where the last inequality is due to 6;(1,1) > 0.

A0, +1) = (1= N)AL (0,14 1) + NALL(0,1)
= (1= A" = N)AL 0,1+ 1) + NAL(0,1) + N'AL L, (0,1 + 1),
ALLI+1) < 1=M=M)AL (L1 +1) + NAL (1,0 + A"AL (0,1 +1).
Due to the submodularity in period n+1, we have (1= —=M)AL _(0,14+1)+ A "AL,,(0,1) >
(1= A= XHALL (1, 1+ 1) + MAL L (1,1). Thus AL(0,1+1) > AL(1,1+1).
Case 3: 0 < 05(1,1+ 1) <05(1,1).
Vo(0,14+1) = (1 =AYVt (0,14 1) + N [p' + V,11(0,0)],
Vn(07 l) = (1 - Al)Vn+1(0> l) + )‘l[pl + Vn+1<07 [ — 1)]7
VoL, I+1) = (1 =N = XYVt (1, 1+ 1) + M[p" + Vi1 (0,1 + D] 4+ N [p' + Vit (1,1)]

FONSE(L,1+ 1),
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Vo(L,D) = (1=X" =AYVt (1L, 1D + X' [p" + Vit (0, D] 4+ N[p! + Via (1,1 = 1))
+ON:(1,1).
AL, 1+1) = (1=X)ALL(0,1+1)+NALL,(0,1)
= (1= A"= )AL 0,1+ 1)+ NALL (0,1) + MNALL, (0,1 + 1),
AL(LI+1) = Q=N =X)AL (1, 1+1) + NAL (1,0 + A"AL L (0,1+1)
+CNO) (1, 0+ 1) — 67 (1,1)]
< (=N =MHAl (1,0 + 1)+ NALL (1,1 + AAL 0,1+ 1).
The last inequality is from 6} (1,[+1)—0;(1,7) < 0. Due to the submodularity in period n+1,
we have (1—A"—=A)AL (0,14 1)+A"ALL(0,1) > (1=M=XHAL L (1, 14+1)+ M AL (1,1).
Thus AL (0,1 +1) > AL (1,1 +1).
Corner (0,0). There are 3 possible cases similar to the vertical boundary.
Case 1: 6(1,1) < 6:(1,0) <0.
Vo(0,1) = (1 =M = X)WV, 01(0,1) + A0 + V. 11(0, )] + N [p' + V,11(0,0)],
V,(0,0) = (1 =N = A)V,41(0,0) + MN[0 + V;,41(0,0)] + A0 + V;,44(0,0)],
Vo(1,1) = (1=MN = X)WV (1, 1) + N'p" + Va0, D] + N p' + Vi1 (1,0)],
Vo(1,0) = (1 =M= M)V,pi(1,0) + N'[p" + Vir1(0,0)] + A0 + Viya (1,0)].
AL, 1) = (1=MN = )AL (0,1) + A"AL L (0,1) + Np,
AL(L1) = (T=M=M)AL (1, 1)+ A"AL L, (0,1) + Nph.
Due to the submodularity in period n+ 1, we have Al (0,1) > Al (1, 1) through term-by-term
comparisons.
Case 2: 05(1,1) <0< 6:(1,0).
Vi(0,1) = (1 =N = X)V,p0(0,1) + A0 + V. 11(0, )] + N [p' + V,11(0,0)],
V(0,00 = (1 =M= X)V,41(0,0) + A0 + V,,11(0,0)] + N0 + V.1 (0,0)],

Vo(1,1) = (1 =M= XYV (1, 1) 4+ N [p" + Vi (0, D] + N [p' + Vi1 (1,0)],
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Vo(1,0) = (1= A= 2AHV,1(1,0) + M [p" 4+ Vi1 (0,0)] + N0 + V,41(1,0)]
+CON6%(1,0).

AL0,1) = (1—=M=MHAL,(0,1) + A"AL L (0,1) + Np,

AL(LT) = 1 =A"=M)AL (1, 1)+ NALL(0,1) + Npt — CASZ(1,0)

< (1=M=XHAl, (1,1) + A"AL L (0,1) + Alph.

The last inequality is from 6/ (1,0) > 0. Due to the submodularity in period n + 1, we have
Al (0,1) > Al (1,1) through term-by-term comparisons.
Case 3: 0 < d7(1,1) < 8%(1,0).

Vo(0,1) = (1 =A=MYV, 0(0,1) 4+ A0 + V,iq (0, 1)] + N [p' + V,,11(0,0)],

Vo(0,0) = (1 =M= A)V,31(0,0) + N[0 + V;,41(0,0)] + N[0 + V;,41(0,0)],

Vo(1,1) = (1 =M= XYV, (1, 1) + N p" 4 Vi (0, D] + A P! + Vgt (1,0)] + CASE(1, 1),
Vo(1,0) = (1 =M= M)WVt (1,0) + N [p" + V;11(0,0)] + N[0 + V,1(1,0)] + CAS(1,0).
AL(0,1) = (1—=A"= )AL, 1(0,1) + A"ALL(0,1) + \'p,

AL(LT) = (1= = ADAL L (1,1) + MAL L (0,1) + Np! 4 CA (1, 1) — 85(1,0)]

IN

(T=A=2HALL (1,1) + A"ALL 1 (0,1) + Aph

The last inequality is from 6/ (1,1) < §%(1,0). Due to the submodularity in period n+ 1, we

have Al (0,1) > Al (1,1) through term-by-term comparisons.

Proof of property b): [1: H—1] x [0 : M| is partitioned into the interior [2: H — 1] X [1 :
M], the horizontal boundary [2 : H — 1] x {0}, the vertical boundary {1} x [1 : M] and
the corner (1,0). The proof is customized for each region. The DH-modularity at state

(h,l) € [1: H—1] x [0: M] in period n can be equivalently expressed as
Valh—1,14+1) = Vo (h, 1) < Vo(h,l4+1) =V, (h+1,1),
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An(hl) < An(h+1,0),
Va(h+1,1) = Vy(h,l) < Vo(h,l4+1) =V, (h—1,1+1),

Al(h+1,1) < Al(h,l+1).

We focus on the last two expressions since they are more convenient to prove. These in-
equalities involve states (h+1,1), (h,1), (h,l+1) and (h— 1,1+ 1). Specializing inequalities
(A.1)) for these states, we obtain

Pho1i+1 = Phivi = Phy = Phyy and Op(h —1,141) <65 (h, 1+ 1) <65 (h, 1) <6, (h+1,1).

Shifting 0 from the right-hand side of the last inequality to its left-hand side, we construct
cases for each region.

Interior [2 : H — 1] x [1 : M]. There are 5 possible cases.

Case 1: 0 (h— 1,1+ 1) <& (h, 1+ 1) < 6*(h,1) < 6% (h+1,1) < 0.

Vio(h —1,1+1)
= (=A=MY (h =11+ 1)+ Np" + Viga (b — 2,1+ D]+ NP + Voa (b — 1,1)],
Va(h, 1)
= (1 =N = XYV (h, 1) + N p" + Vi (h — 1,D] + N[p' + Viya (b1 — 1)),
Va(h, 14 1)
= (=A=MY (h I+ 1) + N p" + Vi (h— 1,14+ 1)] + N[p' + Viga (B, )],
Vi (h 4+ 1,1)

= (1=MN = 2XYWa(h+1,0) + N [p" 4+ Vi (b, D] + N p' + Vi (R + 1,1 — 1)].

Due to the DH-modularity in period n + 1, we have V,,(h + 1,1) — V,(h,1) < V,(h, I+ 1) —

Vi(h — 1,1+ 1) or A"(h +1,1) < A*(h,l + 1) through term-by-term comparisons.
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Case 2: 0 (h— 1,1+ 1) <8 (h,l+1) <d8(h 1) <0< i(h+1,10).

Vih—1,041) = UV, q(h—1,141)],
VilhoD) = W[Vsr(hD)] > U[Vir (b )] + CAS (. 1)
> UVir (h D] + CAa(] 1 )10+ Viesa(h = 11+ 1) = Vi (B D),

where the first inequality is due to d%(h,l) < 0 and the second inequality follows from the

fact that pj,; is not the optimal fee for d,(p, h, ).

Vn(h> l + 1) = \I][Vn-i-l(hvl + 1)]7
Va(h+1,1) = W[V (h+1,0)] + CA(h+1,1)

— VWi (b + L0)] + ONhgn ) Ph g + Vi (14 1) = Via (B + 1, ).
Using the three equalities and one inequality from above,

Ah(h+1,0)

IN

(1= X' = N)AR, (o 1,0) + XA (b, 1) + NAR, (A 1,1 — 1)
+C>‘O‘(p2+1,l)[vn+l(hvl +1) = Vapr(h = L1+ 1) + Vi (b 1) = Vi (b + 1,1)]
= [1=XN =X =Cxalp 1 )AL (h+1,0) + N AL (B 1) + NAL (h+1,1—1)
FON(p 1 )AL (b1 4 1),
Ar(h T+ 1)
(1= AP = N)AR (4 1) APA (B — 1,04 1) + NAR (b, D).
Application of the DH-modularity in period n+1 shows NA” (k1) < MA! (h—1,141)

and NA? [ (h+ 1,1 —1) < XNA" (h,1). Hence, for A(h +1,1) < AP, (h, 1+ 1), it is

sufficient to prove

[1— A=\ — C)‘a(pZ-i-l,l)]AZH(h +1,0) + C)\a(p2+17l)AZ+1(h,l +1)

< (L= X = )AL, (1),
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This also follows from the DH-modularity in period n+1: [1—=X* =X —CXa(pj ;)AL (h+

L) < Q=N =XN—=Cxa(pyyq,)AL (h, 1+ 1). Hence, Al(h41,1) < A}, (h, 1+ 1) and

n+1

the proof for this case is complete.

Case 3: 65(h— 1,1+ 1) < 5% (h,1+1) <0 < & (h,1) < 55(h +1,1).

Va(h—=1,1+1) = Y[V, (h—1,141)],

Va(h,)) = U[Vii(h, )] + CAS: (b, 1)

> U[Voa(h, D)) + C/\O‘(p;kL+1,l)[p2+1,l + V(b =11+ 1) = Vi (b, 1],

Vn(h> l + 1) = \I][Vn—i—l(hy l + 1)]a

Valh 4 1.0) = OVia(h+ 10) + ONhar ) Whra + Vo (b, 1+ 1) = Vi (h 4+ 1,1)]

We further have

IN

Al(h+1,1)

(L= M = M)A (h+1,0) + N A (B D)+ NA" (R +1,1-1)

+CN D1 0) Vipr (B L+ 1) = Viga (b = 1,1+ 1) + Vi (1) — Viga (b + 1,1)]
[1 =N = N = Chalpj g )AL (W + 1,0 + NAL (b D)+ NAY (R +1,1-1)
+CONa(Ph 1) AL (B 1+ 1),

Ar(h T+ 1)

(L= M= M)A (R L+ 1)+ N A (= 1,1+ 1) + NAL (b, D).

n+1

Then the proof of A"(h+1,1) < Al (h,1+1) is identical to that of Case 2.

Case 4: 0 (h—1,1+1) <0< (h, 1+ 1) <6:(h, 1) < 5:(h+1,1).

Va(h—1,141) = U[Vy(h—1,0+1)]

Vo(h,0) = W[V (h,1)] + CAS: (R, 1)

> U[Vi(h, )] + C)‘O‘(pZH,z)[pZH,l + Vasi(h = 1,1+ 1) = Vg (R, 1],
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Vi(hl+1) = UV (h 1+ 1)]+CA(h1+1)
> \IJ[Vn+1(h7l+1)]7

Valh+11) = UV (h+ 1, 0] + Cr(pf 1) Phirg + Vasr (1 +1) = Via (b + L]
The second inequality is from 9§} (h,l + 1) > 0. Then,

Alh+1,1) < 1=X"=XN— CA@(PZH,Z)]AZHW +1,1) + )\hAZH(h, l)
FNAL (h+ 1,1 = 1) + CAa(phi ) AL (B T+ 1),

AR I+1) > (=N = XHAL (B 1+ 1)+ N AR (h—1,1+ 1)+ XA (D).
n n+1 n+1

n+1

Then the proof of A"(h+1,1) < Al (h,1+1) is identical to that of Case 2.
Case 5: 0< 8% (h— 1,1+ 1) < 6 (h,1+1) < 65 (h,1) < 8 (h + 1,1).

Volh—=1,1+1) = Y[V, q(h=1,1+1)]4+CA;(h—1,1+1),
Vi(h,1) = U[Vpa(h, D] + CA6 (R, 1)
> U[Voia(h D)) + CAa(phi1 ) [Phyrg + Varr(h = L1+ 1) = Vi (b, 1],
Valhl+1) = Y[V (h, I+ 1)]+CAo(h, 1+ 1),
Vi(h+1,1) = UViei(h+ 1LD]+ Cra(p) 1) Phiry + Vasr (B L+ 1) = Vipy (A + 1, 1))
Alh+1,1) < D=XN =N =Cra(p )AL (h+1,1) + XA (R,1)
FNAL (W + 11— 1) + Che(pf )AL (b, 1+ 1),
Alhl+1) = Q=N =X)A! (b 1+ 1)+ N"Al (b= 1,1+ 1) + NA! (B,
+CN[65 (R, 1 +1) — 05 (h — 1,1+ 1)]

> (1=N = MHAL (b 1+ 1)+ N AL (W= 1,1+ 1) + MAL (B, D).

The last inequality is from 6% (h,l 4+ 1) > §*(h — 1,1+ 1). Then the proof of A*(h+1,1) <

A" (h,1+1) is identical to that of Case 2.
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Horizontal boundary [2: H — 1] x {0}. Exactly the same 5 cases of the interior are used.

Case 1: 6%(h —1,1) < 6%(h, 1) < 6*(h,0) < 62(h +1,0) < 0.

Va(h—1,1) = (1=XN =XV, q(h—1,1) + N [p" + Vi1 (h — 2,1)]
X[’ + Vo (h = 1,0)],
Vi (h,0) = (1= AN)V,pi(h,0) + N[p" + Vi (b —1,0)],
Vi(h, 1) = (1 =X =XV, 1 (R, 1) + N p" + Vi1 (R — 1, 1)] + N[p' + Vi1 (h, 0)],

Vn(h’ + 17 0) = (1 - )‘h)vn+1(h + 17 O) + )‘h[ph + Vn+1<h7 0)]

AZ(h + 17 O) = (1 o )‘h)AZJrl(h + 17 O) + )\hAZJrl(hv O)?
Al(h, 1) = (1=MN=M)AL (B, 1)+ NA" (R —1,1) + NAY (h,0)
= (1 - /\h)A?L—l-l(h? ]-) + /\hAZ—i-l(h - 17 1) + /\Z[AZ+1(h7 0) - AZ—l—l(hv 1)]

> (1 - )‘h)A?H-l(h) 1) + )‘hAZ-H(h - 17 1)-

The inequality is from the submodularity in period n + 1: A, (h,0) > A" (h,1). Due
to DH-modularity in period n + 1, we have A(h 4 1,0) < A”(h,1) through term-by-term
comparisons.

Case 2: 0% (h — 1,1) < 8%(h,1) < 6%(h,0) < 0 < &*(h + 1,0).

Vi(h—1,1) = (1 =X = X)W,a(h—1,1) + N [p" + V1 (h —2,1)]
+)‘l [pl + Vn+1 (h - 17 0)]7

Vn(h7 0) = (1 - )‘h)vn+1<hv 0) + )‘h[ph + Vn+1 (h - 17 0)]

v

(1= NYWoi1 (R, 0) + N [p" + Vi1 (h — 1,0)] + CAS%(h, 0)

v

(1= X)Vorr(h, 0) + N [p" + Vi (h = 1,0)]

FOAU(Ph11,0)Phiro + Varr(h = 1,1) = Vi (B, 0)],
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where the first inequality is due to §%(h,0) < 0 and the second inequality follows from the

fact that pj ., is not the optimal fee for d,(p, h,0).

Vi(h,1) = (1 =M = MYWVoi1 (R, 1) + MNp" + Vi (b — 1, 1D)] + N [p' 4 Vit (R, 0],
Vo(h+1,0) = (1 =MV, 1(h+1,0) 4+ N[p" + V4 1(h,0)] + CAG:(h +1,0)
= (1= M)W (h+1,0) + X [p" + Voya (h, 0)]

+CXa(ph1.0)Phi10 + Vari(h, 1) = Vi (b +1,0)],
Then

Al(h+1,0) < (1—=AMA" (h+1,0)+\"AL (R, 0)
+CN (D) 41.0) Vas1 (B 1) = Vg (b = 1, 1) + Vigr (B, 0) — Vit (R + 1,0)]
= [1-\— C)‘O‘(p;;—i-l,())]AZ-i-l(h +1,0) + A"AL (b, 0)
+C)\04(P2+1,0)[AZ+1(h7 1),
Al(h,1) = (1=MN = M)AL (A1) + NAP (R —1,1) + NAL (h,0)

= (]' - /\h>AZ+1(h> 1) + )‘hAZ—l-l(h - ]-a ]-) + /\Z[AZ—H(h: 0) - AZ—l—l(ha 1)]

v

(L= MAL (b 1) + M Al (R —1,1).

The second inequality is from the submodularity in period n + 1: A" (h,0) > Al (R, 1).
Application of the DH-modularity in period n + 1 yields N*A”_ (h,0) < \'Al (b —1,1).

Hence, it is sufficient to prove
[1 = A" = CAa(ph11,0)]A% 41 (7 + 1,0) + CAa(pri1,0) An i1 (B 1) < (1= X)ATL (B, 1).

This also follows from the DH-modularity in period n + 1: [1 — A" — CAa(pj 41 )AL (b +
1,0) < (1 =N = Chlphyr )AL, (h,1). Hence, Al(h+1,0) < Al(h, 1) and the proof for

this case is complete.
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Case 3: 0} (h—1,1) <06 (h,1) <0< d:(h,0) <6 (h+1,0).

Va(h—=1,1) = (1=X'=N)Vpa(h—1,1) + \'[p" + Viia (b — 2, 1))

Va(h,0)

Va(h, 1)

Vo(h+1,0)

+ APt + Vi (h = 1,0)],

(1= AMYWuia (R, 0) + N [p" + Vii1(h — 1,0)] + CAS% (R, 0)

(1 = A"YVoi1 (R, 0) + N [p" + Vit (h — 1,0)]

FCA(Phs1,0) [Phyr0 T Varr(h = 1,1) = Viya (R, 0)],

(1= A" = X)WVopa (B, 1) + X" + Viga (h = 1L, 1)) + N [p' + Viya (B, 0)),
(1 =MWV (h +1,0) + M [p" 4+ Vi1 (h, 0)] + CASE (R + 1,0)

(1 =MW1 (R +1,0) + N [p" + Vi1 (R, 0)]

"’C)‘O‘(pZH,o)[PZH,o + Vag1(h, 1) = Viga (b 4 1,0)].

Then the proof of A(h+1,0) < Al(h, 1) is identical to that of Case 2.

Case 4: 0}(h—1,1) <0 < d:(h,1) <05 (h,0) <6 (h+1,0).

Va(h —1,1)

Va(h,0)

Va(h, 1)

Vo(h+1,0)

(1= A= XYV (h = 1,1) + N [p" + Vi (b — 2,1)]

N[+ Vo (h = 1,0)],

(1= ANYWVoy1(hy 0) + N [p" + Vi (b — 1,0)] + CA6% (R, 0)

(1= M)Wy (R, 0) + N'[p" + Vi (h — 1,0)]

+COX(Phy1,0)[Phiro T Var1(h = 1,1) = Vi (h, 0)],

(1= A= XYV (B, 1) + N 4 Vigr (B = 1, 1)) + N [p! + V1 (h, 0)]
+CAE(h, 1)

(1= A" = XAV (B, 1) + N " 4 Vigr (B — 1, 1)) 4+ M [p' + V1 (b, 0)],
(1= NYWoii(h +1,0) + N'[p" + Vi1 (h, 0)] + CASE (R + 1,0)

(1 =MW1 (R +1,0) + N [p" + V1 (R, 0)]

+CAa(phi1.0)Phir0 + Vari(h, 1) = Vi (h 4+ 1,0)].
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The second inequality is due to 6% (h,1) > 0. Then the proof of A"(h + 1,0) < Al(h, 1) is
identical to that of Case 2 .

Case 5: 0 < 05(h —1,1) < 6% (h,1) < 05(h,0) <65 (h+1,0).

Va(h—=1,1) = (1 =X =XV, 1(h—1,1) + N [p" + Vi (h — 2,1)]
NP+ Vi1 (h = 1,0)] + CAG: (b — 1, 1),
Vo(h,0) = (1= MN)V,1(h,0) + N'[p" + Vira (h — 1,0)] + CAG: (R, 0)
> (1= MYVopa (B, 0) + N [p" + Vipr (b — 1,0)]
+CA(Ph1,0) [Phiro + Vi1 (B — 1,1) = Vi (h, 0)],
Vi(h, 1) = (1 =N =XV (h, 1) + N p" + Vi (b — 1, 1)] + X [p' 4 Vi1 (b, 0)]
+CNE(h, 1),
Vo(h+1,0) = (1= MN)Woa(h+1,0) + N [p" + V1 (h,0)] + CX6(h + 1,0)
= (1=X)Woui(h+1,0) + X' [p" + Vi1 (h, 0)]

+CA(Phs1,0) [Phyro T Vari(h, 1) = Vaga(h + 1,0)].

AR +1,0) < (1—=MMHAL(h+1,0) +A"Al (R, 0)
+CNa (P} 11.0) [Vas1 (7, 1) = Vg (b — 1, 1) + Vg1 (B, 0) = Vipgy (o + 1,0)]
= [1-\— C)‘Oé(pZH,o)]AZH(h +1,0) + A"AL (b, 0)
+0M(p2+1,o)[AZ+1(h, 1),
Alh, 1) = (1=MN=M)AL (A, 1)+ NAP (R —1,1) + NAL_(h,0)
+CN[0%(h,1) — 6% (h—1,1)]
= (1= A)ALL (A1) + A AR (= 1,1) + N[AR (R, 0) — ARy (h,1)]

+CA[0) (h,1) — 6 (h —1,1)]

v

(1= AMA (b, 1) + N AL (h—1,1).
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The last inequality is from the submodularity A", (h,0) > A", (h,1)] and &7 (h, 1) — 65 (h—
1,1) > 0. Then the proof of A"(h+1,0) < A”(h,1) is identical to that of Case 2.

Vertical boundary {1} x [1: M]. When h —1 = 0, 6(h — 1,1 + 1) is not defined as there

is no premium products to offer upgrades. There are 4 possible cases similar to the first 4
cases in the interior. In addition to the DH-modularity and submodularity properties, the
arguments also need Lemma [2 Lemma [2] and the submodularity property together imply
Ana(1,0) < ph.

Case 1: 6:(1,1+1) < 6:(1,1) < 6%(2,1) < 0.

Vo(0,0+1) = (1= X)V,ur (0,14 1) + N[p' + V,11(0,1)]
= (1 =M= MY, (0,1 4+ 1) + NVt (0,14 1) + N [p! + V. 11(0,1)],
Vo(1,0) = (1 =X = XYV, (1,0) + N [p" + Vi (0,0)] + N[p' + Vi (1,1 = 1)],
Vo(Li4+1) = (1 =N = M)W (L, 1+ 1) + N [p" + Vo1 (0,1 + 1)) + Np' + Vi (1,0)],

Vi(2,0) = (1=XN = XHVi(2,D) + N [p" 4+ Vit (1, D] + N [p' + Vi (2,1 — 1)].

A2 D) = (=M= XHAL L (2,0) + N Al (1,1 + MNAP (2,1 - 1),

AR(LI+1) = (=N =MN)A%, (1,1+1) + N+ NAR (1,0).

From the DH-modularity in period n+1 and A”_,(1,1) < p", we have A"(2,1) < Al(1,1+1)

through term-by-term comparisons.
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Case 2: 07(1,1+1) <6:(1,1) <0< d:(2,1).

Vo(0,14+1) = (1 =X)WVopt (0,14 1)+ N [p' + Vit (0,1)]
= (1=X" =AYV (0,14 1) + MV,i1 (0,1 + 1) + N [p' 4 Viyr (0,1)],

Va(L,D) = UV (1,0)]

v

UV,11(1,0)] + CX6(1,1)

Vv

\D[Vn+1(1v l)] + C)‘a(p;,l)[p;,l + Vn-i-l(Oa [+ 1) - Vn-i-l(la l)]’

V(1,14 1) (1 =M = XYWV (L, 1+ 1)+ N " + V1 (0,1 4+ D] + N [p' 4 Vit (1,1)],

Va(2,1) U Vo1 (2,0)] 4+ CXoy(2,1)

= UV (2, D]+ Chalps)ps; + Vara (L 1+ 1) = Vi (2,0)].
The first inequality is due to ¢ (1,7) < 0 and the second inequality follows from the fact that
p5, is not the optimal fee for d,(p, 1,1).
Al2,1) < (T=N"=XHA (2,0) + N" AL (1,1) + NAR (2,1 - 1)
+C/\O‘(p;,l)[vn+1(1’ [ + 1) - Vn—l—l(O’ [ + 1) + Vn+1(17 Z)] - Vn+1(27 l)]
= [1 - >‘h - >‘l - O/\a(pg,l)]AZ—&—l(Q? l) + /\hAZ—&-l(la l) + /\ZAZ—H(Q’Z - 1)
+ONa(p3) Ay (1,14 1),
AR(LIHT) = (1= A= A)AR (1,14 1) + N+ NAR (1,1,
Application of the DH-modularity in period n+ 1 to the multiplier of A and A, (1,1) < p"
show that it is sufficient to prove
1= =N = C/\a(p;,l)]AZH(Za l) + C)‘O‘(p;,z)AZH(L [+1)

<(1=A"=X)AL (1,1 +1).
This also follows from the DH-modularity in period n + 1:
[1- A=\ — OA@(?ZJ)]AZH(Z ) <[1- A=A - C’)\a(p;l)]AZH(l, [+1).
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Hence, A"(2,1) < A"(1,1+ 1) and the proof for this case is complete.

Case 3: 0 (1,14+1) <0< 8:(1,1) < 8:(2,1).

Vo(0,141) = (1 =AWyt (0,14 1) + A[p' + Vi1 (0,1)]
= (1=X" =AW (0,14 1) + NV, 1 (0,1 + 1) + N [p' 4 Vi1 (0, 1],
Vo(1,0) = U[Vi(1,0] + CAG*(1,1)
2 V[V (L] 4+ Chalps) 3y + Vasr (0,0 + 1) = Viya (1, 1),
Va(LI4+1) = (=N = MN)Woa (1,1 + 1) + N [p" + Vo1 (0,1 + 1)) + Np' + Vira (1, 1)),
Vo(2,1) = U[Vir(2,0)] + CAG*(2,1)

= Y[Vaia(2,D)] + Cra(ps ) [Pay + Vara (1,1 +1) = Vaa (2, 1)].

Then the proof of A(2,1) < A(1,1+ 1) is identical to that of Case 2.

Case 4: 0 < 0x(1,1+1) < 65(1,1) < 85(2,1).

Vo(0,0+1) = (1 =XYWq (0,14 1) + N[p' + Vgt (0,0)]
= (1= X" = XOYW1 (0,14 1) + NV, 1 (0,1 + 1) + N p' + Vi1 (0,1)],
V(L) = W[V (1,D)] + CAE(1,1)

> \IJ[Vn+1(1, l)] + C)‘O‘(p;l)[p;,l + Vn+1<07 l+ 1) - Vn+1(17 l)],

Va(LI4+1) = (1=MN =)W, (L,1+1) + A [p" + V1 (0,1 + 1)) + N p" + Vira (1,1)]
+CNE(1, 1+ 1)
> (1= A= MY, 0 (L1 4+ 1) + X" + Via (0,14 1)] + N ph 4 Vi (1, 1],
Vo(2,1) = W[Vt (2,1)] + CAGE(2,1)

= UV (2, )]+ Chalps)Ips, + Vo (L 1+ 1) = Vi (2,0)].
Then the proof of A"(2,1) < A(1,1+ 1) is identical to that of Case 2.
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Corner (1,0). There are 4 possible cases similar to the 4 cases in the vertical boundary.
0x(0,1) is not defined, since upgrades cannot be offered when there is no premium product.
In addition to the DH-modularity and submodularity, the arguments also need Lemma [2]

Case 1: 0%(1,1) < 6%(1,0) < 62(2,0) < 0.

Vo(0,1) = (1= A)WVoy1(0,1) + XNp' + V,11(0,0)]

= (1= XN)Vy1(0,1) + X'V, 41(0,1) + N [p' — Vi1 (0,1) 4+ V,11(0,0)],
Vo(1,0) = (1= M)V,pi(1,0) + MN[p" 4+ V,11(0,0)],
Vo(1,1) = (1 =M =AYV (1, 1) + M p" + Vi1 (0, D] 4+ N [p" + Vi1 (1,0)]

= (1= AWV (1L,1) + X" + Viya (0, D] + XN [p' = Viaa (1,1) + Vopa (1, 0)],

Vo(2,0) = (1= M)V,01(2,0) + N [p" + Vit (1,0)].

Al2,0) = (1-MMAL(2,0) +A"Al (1,0),
Al1,1) = (1—=MN)A! (L, 1)+ A"+ N[AL,(0,1) — AL, (1,1)]

> (1= AMA! (1,1) + N'ph,

where the last inequality is from the submodularity Al ,(0,1) > Al (1,1). Then, A%(2,0) <

A"(1,1) is implied by Al (1,0) < p" through term-by-term comparisons.
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Case 2: 0:(1,1) <d5(1,0) <0 < 9:(2,0).

Vn(oa 1) = (1 - )\h)V,H_l(O, 1) + )‘hVn-i-l(O, 1) + >‘l[ F— Vn+1(07 1) + Vn-i—l(oa O)]v

Vo(1,0) = (1= X")V,1(1,0) + N[p" 4 V,11(0,0)]

v

(1= A"V, (1,0) + A [p" 4 V,,11(0,0)] + CAS(1,0)

v

(1= A")Varr(1,0) + A [p" + V5i44(0,0)]
+COX(p3,0)[P20 + Vis1(0,1) = Viia (1, 0)],
Vo(1,1) = (1 =MV (1, 1) + N p" + Vit (0, D)] 4+ N p! — Vg1 (1,1) + Viyr (1,0)],
Vi(2,0) = (1= A)V0i1(2,0) + AN'[p" + V41 (1,0)] + CASE(2,0)
= (1= A)V,41(2,0) + A"[p" + V,41(1,0)]

+CAa(p30)[p30 + Var1(1,1) = Viya(2,0)].

The first inequality is due to 6%(1,0) < 0 and the second inequality follows from the fact

that pj, is not the optimal fee for d,(p, 1,0).

An(2,0) < (1= AARL(2,0) + N"ALL(1,0)
+OX(p3,0)[Var1(1,1) = Vaya(0,1) + Viga (1,0) = Vg (2,0)]
= 1= A" = OXa(ps)]A%1(2,0) + A" AR (1,0) + Cha(ps o) Ay (1,1),
AML,1) = (1= AMAr (1, 1) + A"+ N ALL(0,1) — AL (1,1)]

> (1= AMALL (L 1) + A",

where the last inequality is from the submodularity Al (0,1) > AL (1,1). A, (1,0) < p"

shows that it is sufficient to prove
[1- A" — C’/\oz(pgo)]AZH(Z, 0) + CAO‘(PS,O)AZH(L <(1- /\h)AZH(l, 1).
This follows from the DH-modularity in period n + 1:
1= A" = CAa(ps )JAL,, (2,0) < [1 = M — CAalpi, )AL, (1, 1).
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Hence, A"(2,0) < A”(1,1) and the proof for this case is complete.

Case 3: 67(1,1) <0< 6(1,0) <6:(2,0).

Vo(0,1) = (1 =AYV (0,1) + NVt (0,1) + N p' — Viyet (0, 1) + V,,11(0, 0)],
Vo(1,0) = (1= A)Voia(1,0) + N [p" + V,41(0,0)] + CAS%(1,0)
> (1= N)WVoyr (1,0) + N [p" + V,41(0,0)]
+CAa(p30)[p30 + Vir1(0,1) = Vira (1,0)],
Vo1, 1) = (1 =MV (1, 1) + X" + Vo (0, D]+ XN p' = Voa (1, 1) + Vopa (1,0)],
Vn(2,0) = (1= M)Vi1(2,0) + N [p" + Vi,41(1,0)]

+CAa(py0) P50 + Vari(1,1) = Vi (2,0)].

Then the proof of A"(2,0) < A"(1,1) is identical to that of Case 2.

Case 4: 0 < d5(1,1) <6%(1,0) < 6:(2,0).

Vo(0,1) = (1 —=XYVp1(0,1) + NVt (0,1) + N p' — Vi1 (0,1) + V,,11(0,0)],
Vo(1,0) > (1= X"V, 1(1,0) + N [p" + V,11(0,0)]
+CAa(ps0)[p30 + Vir1(0,1) = Vira (1, 0)],
Vo(1,1) = (1=XN" =AYV 0 (1, 1) + N [p" + Va0, )] + N p' + Vi1 (1,0)] + CAGE(1, 1)
> (1= AV (1,1) + X p" 4 Viga (0, D] + N [p' = Visa (1,1) + Vopa (1, 0)],
Vi(2,0) = (1= MN)Voit(2,0) + N [p" + V1 (1,0)]

+OXa(p50) [P0 + Va1 (1, 1) = Vira (2, 0)).

Then the proof of A(2,0) < A"(1,1) is identical to that of Case 2.

Proof of property c): [1: H]x[0 : M —1] is partitioned into the interior [2 : H]x[1 : M —1],

the horizontal boundary [2 : H] x {0}, the vertical boundary {1} x [1 : M — 1] and the corner
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(1,0). The DV-modularity at state (h,l) € [1: H]x[0 : M —1] in period n can be equivalently

expressed as

Vi(h =1,141) = V,(h, 1) > Vo(h—=1,1+2) =V, (h,l+1),
An(h 1) > Au(hl+1),
Vi(h, 1 +1) = V(b)) > Vi(h—1,142) = Vo (h—1,1+1),

Al (hl4+1) > AL(h—1,1+2).

We focus on the last two expressions since they are more convenient to prove. These inequal-
ities involve states (h,l), (h,l +1),(h — 1,14+ 1) and (h — 1,1+ 2). Specializing inequalities
(A.1)) for these states, we obtain

* * * *
Ph-1+2 = Ph-t1,+1 = Phit1 = Phs

Si(h—1,01+2) <8(h— 1,14+ 1) <6 (h, 1+ 1) < 55 (h,1).

Cases are constructed by shifting 0 from the right-hand side of the last inequality to its
left-hand side.
Interior [2 : H] x [1: M — 1]. There are 5 cases.

Case 1: 6% (h— 1,1+ 2) < 8(h— 1,1+ 1) < 6*(h, 1+ 1) < &*(h,1) < 0.

Va(h,l) = (1=MN = X)Wy (b 1) + X" + Vi (b — 1,0)] + N[p' + Vaga (B 1 = 1)],
Vil +1) = (1=X' =XV (b 1+ 1) + X' p" + V(b — 1,14 1)]
NP+ Vi (B, 1),
Va(h—=1,14+1) = Q=N =XM)Wopi(h—1,1+1) + XN p" +V, 1 (h—2,141)]

NP+ Vi (h = 1,1,

Vi(h—=1,14+2) = (1 =N =XV, i(h—1,1+2) + \'[p" + V1 (h — 2,1+ 2)]

+>‘l[pl + Vn-l-l(h -1+ 1)]
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From DV-modularity in period n + 1 and through term-by-term comparisons, we have

V(b L+ 1) = V(b 1) > Vio(h — 1,1+ 2) = Vo (h— 1,1+ 1) or AL(h,1+1) > Al (h—1,1+2).

Case 2: 6:(h—1,1+2) <65 (h—1,1+1) < 6% (h,l+1) <0< 8:(h,1).

Vi(h,l) = Y[V (h, 1)+ CAS; (R, 1)

= V[V (h O] + Cra(ps ) phg + Vara(h = 1,14+ 1) = Vi (b, )],

Vo(hl4+1) = UV (hl+1)] > O[Visr(hy L+ 1)] + CAS (b, 1+ 1)

= UVapi(h U+ D]+ Cha(py)lprg + Vasr(h = 11+ 2) = Vi (h, L+ 1)),

Valh—1,1+2) = Y[V, (h—1,142)],

where the first inequality is due to 6% (h,l + 1) < 0 and the second inequality follows from

the fact that p;, is not the optimal fee for d,(p, h,l +1). Then,

Vv

Al (h,1+1)

(T=M = AHAL L (B L+ 1)+ NAL (B =11+ 1) + NALL (B, 1)
+CX(p), ) Vasr(h = 1,14 2) = Vs (h = 1,1+ 1) + Vigr (B, 1) = Vosa (R, 1+ 1)
[1 =M =X = Chalpy )AL (B, L+ 1) + XN AL (B — 1,14+ 1) + NAL L (R,1)
+ON(py ) Apa (h = 1,1+ 2),

Al (h—1,1+2)

(1= A= M)Al (R — 1,14+ 2) + A"AL(h — 2,1+ 2) + XAl (R — 1,1+ 1).

Application of the DV-modularity in period n+ 1 to the terms multiplied by A* and A\' shows

that it is sufficient to prove

[1 =M= XN = Cha(p; )AL (b, L+ 1) + Chalp;, )AL, (h— 1,14 2)

> (1=A"=N)AL (h—1,1+2).
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This also follows from the DV-modularity in period n+1: [1—M =X —Ca(p;, )AL, (h, 1+
1) > [1 =M= XN —=Cxa(p; )AL, (h—1,1+2). Hence, Al (h,14+1) > Al (h—1,1+2) and
the proof for this case is complete.
Case 3: 05 (h—1,14+2) <8 (h—1,1+1) <0< 0(h,l+1) <0:(h,l).
Va(h,l) = Y[V (h, )]+ CAo; (b, 1)
= U[Vos1(h, D] + CAa(ph ) Phy + Vasi(h = 1,14+ 1) = Vi (B, 1],
Valh,l+1) = Y[V (h, I+ 1)]+CAo(h, I+ 1)
> U[Vapa(h, L+ 1]+ Cha(py )phy + Varr(h — 1,14+ 2) = Vi (b, L+ 1)),
Volh—=1,1+1) = VU[V,1(h—1,141)],
Valh—=1,1+2) = Y[V,(h—1,142)].
Then the proof of Al (h, 1+ 1) > Al (h — 1,1+ 2) is identical to that of Case 2.
Case 4: 0:(h—1,1+2) <0< (h—1,14+1) <0o:(h,l+1) <55 (h,1).
Va(h,l) = W[Viia(h, D] + CAa(ph ) [Phy + Visr(h — L1+ 1) = Vi (R, 1)],
Va(hyl+1) = U[V,1(h, L+ 1)]+CN:(h, 1+ 1)
Z V[Vaia(h L+ D]+ Chalpy )lpng + Vara(h = 1,14 2) = Vaga (h, 14+ 1)],

Voth—=1,1+1) = Y[V, q(h=1,14+1)+CNo:(h—1,1+1)
G

(h
[VnJrl (h

Vi(h—1,14+2) = Y[Vi(h—1,1+2)].

- 1,0+ 1),

The second inequality is from 6;(h — 1,1 + 1) > 0. Then the proof of Al(h,l + 1) >
Al (h — 1,1+ 2) is identical to that of Case 2.
Case 5: 0 < 0%(h— 1,1+ 2) < 8% (h— 1,1+ 1) < 6% (h, 1+ 1) < 5% (h,1).
Vn(h7 l) = \I][VnJrl(h’ l)] + CAa(p;,l)[p;,l + Vn+1(h -1, [+ 1) o Vn+1(h, l)]?
Valh,l+1) = Y[V (h, I+ 1)]+CXoy(h, 1+ 1)

> UV (b L+ D]+ Cra(py ) [Ph + Vara(h = 1,0+ 2) = Vo (b, L+ 1)),
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Valh—1,14+1) = U[Viey(h— 1,1+ 1)] + O (h— 1,1+ 1),

Valh—=1,14+2) = Y[V, 1(h—1,14+2)]4+ CA;(h—1,1+2).

AL(hl+1) > L= N =X = Cha(ph )AL 1 (h L+ 1) + XA (B = 1,1+ 1)
+>‘ZAZTL+1 (h7 l) + C/\a(pz,l)A{n—l-l(h - ]-a l + 2)a
AL(h=1,1+2) = Q=M= M)AL L (h—1,14+2) + AL (h—2,1+2)

+ANAL L (= 1,14 1) + CA[05(h — 1,1+ 2) — 65 (h — 1,1+ 1)]

IN

(L=A"=XHAL (h=1,1+2) + N'AL(h = 2,1 +2)
+NAL (b= 1,14 1).
The last inequality is from 6% (h — 1,1+ 2) — 6} (h — 1,14+ 1) < 0 in Inequalities (A.1)). Then

the proof of Al (h,1+ 1) > Al(h — 1,1+ 2) is identical to that of Case 2.

Horizontal boundary [2 : H| x {0}. Exactly the same 5 cases of the interior are used. In

addition to DV-modularity in period n + 1, the arguments also need AL (h —1,1) < p',
which can be derived from the submodularity property in ¢) and Lemma .
Case 1: 0% (h —1,2) < 0:(h—1,1) < 5% (h,1) < 6% (h,0) <0.
Vi(h,0) = (1= XN)V,1(h,0) + N [p" + Viy1(h — 1,0)]
= (1=XN" =AYV (h,0) + N'[p" + Vigr (B — 1,0)] + A'V,p1 (B, 0),
Vi(h, 1) = (1= X' = AYWopr (B, 1) 4+ M [p" + Vipr (B — 1, 1)) + AN [p! + Vit (B, 0)],
Va(h—1,1) = (1 =X =YV, 1(h—1,1) + N [p" + Vi (h — 2,1)]
N+ Vs (R = 1,0)],
Vo(h—1,2) = (1=M =XV, q(h—1,2) + N[p" + Vpq(h —2,2)]

+X[p' + Vaga(h = 1,1)].

Aiz(}% 1) = (1 - )‘h - )‘l)Aiz—i-l(h’a 1) + )‘hAfl—&-l(h - 17 1) =+ )‘l la

AL(h=1,2) = (1=XN"=X)AL  (h—1,2) + VAL (h—2,1) + NAL_ (h—1,1).
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From DV-modularity in period n+1 and p' > Al (h—1,1), we have Al (h,1) > AL (h—1,2)
through term-by-term comparisons.

Case 2: 0} (h—1,2) < df(h—1,1) <65 (h,1) <0 < 5;(h,0).

Voi(R,0) = (1= M)Vo1(h,0) + X' [p" + Vi1 (h — 1,0)] + CA: (R, 0)
= (1 - )‘h - )‘l)VnJrl(h? 0) + )‘h[ph + Vn+1(h - 17 O)] + )‘lvn+1<h7 0)
—|—C/\Oé(p2’0>[p;;0 + Vn-‘rl (h - 17 1) - Vn+1(h7 0)]7

Vn(h7 1) = (1 - )‘h - )‘l)anrl(h? 1) + )‘h[ph + Vn+1(h - 17 1)] + )‘l[pl + Vn+1<h> 0)]

> (1 - )‘h - )‘l)Vn-l-l(ha ]-) + Ah[ph + Vn—i—l(h - ]-a 1)] + )‘l[pl + Vn+1(h7 0)]
+CA(h, 1)
> (1= M= X)W (B, 1) + X" + Viga (h = 1, 1)) + N [p' + Viya (b, 0)]

+CAa (P 0)[Pho + Vasr(h — 1,2) = Vi (b, 1)),
Va(h—=1,1) = (1 =X =AYV, 1(h—1,1) + N [p" + Vi (h — 2,1)]
N[+ Voyr (b = 1,0)],
Va(h—1,2) = (1=X" =AYV, 1(h—1,2) + N'[p" + V1 (h — 2,2)]

+>‘l[pl + Vn+1(h - 17 1)]7

where the first inequality is due to 6/ (h,1) < 0 and the second inequality follows from the

fact that pj ; is not the optimal fee for 6, (p, h,1). Then,

AL, 1) = (1=A"= )AL (B, 1)+ APALL (W —1,1) + NP
+CAa(ph ) [Vas1(h = 1,2) = Viga (h = 1,1) 4+ Vg1 (R, 0) = Visa (b, 1)]
= 1= XN =X =Cxa(p} )AL (h 1) + N AL (R —1,1) + Npf
+C}‘04(P71,0)A£z+1(h - 1,2),

Ab(h—1,2) = 1=X"=\HAL  (h—1,2) + MNAL L (h—2,2) + XA (h—1,1),
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Application of the DV-modularity in period n + 1 to the term multiplied by A" gives

AAL

Lii(h=1,1) > XAl L (h—2,2). We also have p' > Al | (h—1,1). Then, we only need

to prove

1= X' — N = Chalp )AL, (b, 1) + Ol )AL (h - 1,2)

> (1=M=MHAL, (h—1,2).

This also follows from the DV-modularity in period n41: [1=X"—X—CAa(p;, o)]AL (k1) >
[1— M — M — Cha(p; )AL, (h — 1,2). Hence, AL(h,1) > Al (h —1,2) and the proof for
this case is complete.

Case 3: 0;(h—1,2) <0%(h—1,1) <0< 65 (h,1) <55 (h,0).

Vo(R,0) = (1= M)Vo1(h,0) + X' [p" + Vi1 (h — 1,0)] + CA5: (R, 0)
= (1=X"= YV (h,0) + N'[p" + Vi (h — 1,0)] + AV, 41 (R, 0)
+CXa(ph0)[Pho + Vasr(h = 1,1) = Viia (R, 0)],
Vo(h,1) = (1 =N = MX)WVoia (R, 1) + MN[p" + Vi (b — 1,1)] + N[p' 4 Vigr (R, 0)]

FONGE (R, 1)

v

(1= A" =AYV (B, 1) + N 4 Vigr (B = 1, 1)) + N [p! + Vi1 (h, 0)]
+CAa(ph0)[Pho + Vasr(h = 1,2) = Vi (b, 1)),
Va(h—1,1) = (1=MN =M )Woq(h—1,1) + N[p" + Vi (h — 2,1)]
+ APt + Vi (h —1,0)],
Va(h—1,2) = (1=MN =M )WVq(h—1,2) + N[p" + Vi (h — 2,2)]

+>‘l[pl + Vn+1(h - 17 1)]

Then the proof of Al (h,1) > Al (h — 1,2) is identical to that of Case 2.
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Case 4: 0} (h

Via(h,0)

Va(h, 1)

Vo(h—1,1)

Vo(h —1,2)

—1,2) <0< 0% (h—1,1) < 6%(h,1) < 6%(h,0).

= (1= N")Woi1(h,0) + N'[p" + Vi1 (h — 1,0)] + CA5E (R, 0)

= (1=MN =AYV, (R, 0) + N'[p" 4+ Vs i (h — 1,0)] + AV,i1 (R, 0)
+CA(pp0)[Pho + Vis1(h = 1,1) = Viya (h, 0)],

= (1= =AYV (h, 1) + X" + Vi (b — 1, D] 4+ N [p' + Vi (b, 0)]

+CONS? (R, 1)

v

(1= A" = N)Wopa (B, 1) + N [p" + Vigr (b = 1, 1)) + X [p' + Vg1 (R, 0)]
+C)\0¢(p2,o)[p2,o + Vn+1 (h - 17 2) - Vn+1<h> 1)]7
= (L=XN'=X)Woa(h = L) + X" + Voya (h = 2,1)]

MNP 4 Vg1 (b — 1,0)] + CAS (R — 1, 1)

v

(1 - )‘h - )‘l)anrl(h - 17 1) + )‘h[ph + Vn+1(h - 27 1)]
X [P+ Viga(h = 1,0)],
= (1=X =MW (h—1,2) + A'[p" + Via (h — 2,2)]

AP+ Vi (h = 1,1)].

The second inequality is from & (h —1,1) > 0. Then the proof of AL (h,1) > AL (h—1,2) is

identical to that of Case 2.
Case 5: 0 < 0x(h—1,2) <85 (h—1,1) <65(h,1) < 55(h,0).

Va(h,0)

Via(h, 1)

v

(1 = ANYVogi(hy 0) + N2 [p" + Vi (b — 1,0)] + CA6* (R, 0)

(1= A" = AYWoi1 (B, 0) + N [p" 4+ Viga (B — 1,0)] + A'V,p1(h, 0)
+CAa(Ph0)[Pho + Va1 (h = 1,1) = Visa(h, 0)],

(1= X" = N)Wora (k1) + N " + Vigr (b = 1, 1)) + N [p' + Vg (, 0))
+CAG: (R, 1)

(1= A" = M)W (b, 1) + N p" + Vi (b — 1, )] + N [p! + Viya (R, 0)]

+CONa(ph0)[Pho + Vara(h = 1,2) = Vi (b, 1)],
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Vi(h—=1,1) = (1=X'=M)Va(h—1,1) + \'[p" + Viia (b — 2, 1))

N[ + Vi1 (h = 1,0)] + CAGZ (h — 1, 1),

Va(h—1,2) = (1=X'=X)Woa(h—1,2) + N'[p" + Via (h — 2,2)]

[P 4 Visr (b — 1,1)] 4+ CAS* (R — 1,2),

where the first inequality follows from the fact that pj, ; is not the optimal fee for 9, (p,h,1).

Then,

Al(h,1)

Al(h—1,2)

IN

(1 =M= M)ALL (B, 1) + APAL (B —1,1) + AP/
+CNa (P} o) Vi1 (h — 1,2) = Vg (b — 1,1) + Vg1 (R, 0) = Vigr (B, 1)]
[1— N =\ = Cxa(p; )AL 1 (h, 1) + A"AL L (R —1,1)

+A'p' + C)‘O‘(pZ,O)A;—&-l(h —-1,2),

(T=N=XHAL L (h=1,2) + MALL (h—2,2) + NAL (h—1,1)
+CONo:(h—1,2) =85 (h —1,1)]

(T=N=XHAL L (h=1,2) + N AL (h—2,2) + NALL (h—1,1).

The last inequality is from 0 (h — 1,2) — ¢ (h — 1,1) < 0 in Inequalities (A.1). Then the

proof of Al (h,1) > AL(h — 1,2) is identical to that of Case 2.

Vertical boundary {1} x [1: M — 1]. With h — 1 = 0, neither 6 (h — 1,2) nor §5(h —1,1) is

defined as there is no premium product to offer upgrades. Remaining two 9 values satisfy

dx(h,l +1) < 6% (h,l). Hence, we have 3 cases that are similar to the first 3 cases in the

interior. Arguments need the DV-modularity and the submodularity in period n + 1.
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Case 1: 0% (h,l+1) <06 (h,1) <O0.

Vn(l,l"‘l) —

Vn(07l+1) —

Vn(07l+2) ==

Al (1,14 1)

AL (0,14 2)

The inequality

(1= N = XDV (1,1) 4+ M p" + Vi (0,D)] + Mp! + Vi (1,1 — 1))

(1= X)Wt (1,1) + N[p' 4 Vg (1,1 = D] + N p" + Vit (0, 1) — Vit (1, 1)],
(1= N =AYV (L, 14+ 1) + N p" 4 Vg (0,1 4+ D] + N ph + Viaa (1,1)]
(1= AWt (1,14 1) + N [p' + Vgt (1,1)]

AN " 4+ Vi1 (0,1 + 1) = Vi (1,1 + 1),

(1 = AYWoir (0,1 4+ 1) + N[p" + V,41(0,1)],

(1 = M)WV (0,14 2) + Np' + V,y1 (0,1 + 1)].

= (1= N)AL (L1 1)+ NAL (1) + VAR (1,0) = Al (1,14 1)

> (1=MHAL (1,0 + 1)+ NALL(1,1),

= (1 =A)ALL(0,14+2) + NAL,(0,1+1).

is from the submodularity property A  (1,1) > A (1,1 +1). Due to

DV-modularity in period n + 1, we have Al (1,1 + 1) > Al (0,1 + 2) through term-by-term

comparisons.
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Case 2: 05 (h,l+1) <0 < & (h,1).
Vo(1,D) = (1=X"= XYVt (1,0 + N p" + Vi1 (0,0)] + Np' + Vi (1,1 = 1)]
+CNE(1,1)
= (1= X)Wt (1, 1) + N[p' + Vit (1,1 = D] + N [p" + Vi 1(0,1) = Vit (1,1)]
+CAa(pi)p1; + Va1 (0,0 +1) = Vira (1, 1],

Va1, i4+1) = (1 =M = XYV (1L, 1+ 1) + M [p" + Vi1 (0,1 + D] + N [p" 4 Vi (1,1)]

> (1= M)W (1,1 + 1) + N[p 4+ Vi (1,1)]
FMN "+ V1 (0,1 +1) = Vit (1, 1+ 1)) + CAGE (1,1 + 1)
> (1= AWara(L1+ 1)+ N[p' + Viga (1, 1)

AN 4+ Vo1 (0,04 1) = Vg (1,14 1)

+CAa(py ) [pig + Var1(0,1+2) = Vi (1,1 + 1)),

Vo(0,0+1) = (1=X)WVpt (0,0 4+ 1) + N [p' + V51 (0, )],

Va(0,1+42) = (1= X)Vopa (0,14 2) + XN[p' + Visr (0,1 + 1)),
where the first inequality is due to 6%(1,/+ 1) < 0 and the second inequality follows from
the fact that py; is not the optimal fee for 0n(p, 1,1+ 1). Then,
AL(LI4+1) > (1=MAL(LI+1) + NAL (1,0 + MA! (1,0 — Al (1,1 +1)]

+CAa(p] ) [V (0,0 +2) = Vi1 (0,1 4+ 1) + Vi (1,1) = Via (1,14 1)
B CAa(pi,z)]Aiz+1(1a [+1)+ )‘ZALH(L l)+ CAa(pf,z)Aiz+1(0»l +2),

AL0,1+2) = (1=MN)AL(0,1+2)+NAL(0,141).
The second inequality is from the submodularity property A", (1,1) > A, (1,1+1). Appli-

cation of the DV-modularity in period n+1 to the term multiplied by A' gives N'AL,(1,1) >

MALL(0,1+1). Then, we only need to prove

[1— A - C’)\a(pil)]Af]H(l,l +1) + C’)\a(p’{l)ALH(O, [+2)>(1— Al)A;H(O» L+2).
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This also follows from the DV-modularity in period n+1: [1—=X—CAa(p; )AL, (1,1+1) >
[1 =X — Cha(p; )AL, (0,1 +2). Hence, AL(1,141) > AL(0,1+ 2) and the proof for this
case is complete.

Case 3: 0 < 85 (h, I+ 1) <85 (h,1).

Vn(la l) = (1 - /\h - /\Z)Vn—l—l(lv l) + /\h[ph + Vn+1(07 l)] + /\l[pl + Vn+1(]—7 [ — 1)]
FONE (L, 1)
= (=MWt (LD + N+ Vi (1,1 = 1)) + X [p" + Voya (0, 1) = Vi (1,1)]

—|—C)\a(pil)[p?l + Vn-i-l (Oa [+ 1) - Vn-i-l(l? l)]?

V(L i+1) = (1 =XV (L1+1) + N[p" + Vot (1,0)]

AN+ Vo1 (0,1 4+ 1) = Vipr (1, 1+ 1)] + CASE(1, 1+ 1)

v

(1= AW (1,14 1) = A+ Vit (1,0)]
NP+ Vi1 (0,14 1) — Vit (1,1 + 1)]
+CAa(py)[p1y + Va1 (0,0 +2) = Via (1, 1+ 1)),
Vo(0,141) = (1 =AYyt (0,14 1) 4+ N[p" + V. 11(0,1)],

Vo(0,1+2) = (1= X)W,p1(0,14+2) + Np' + V. 11(0,1 + 1)].

Then the proof of Al (1,14 1) > AL (0,1 + 2) is identical to that of Case 2.
Corner (1,0). There are 3 cases, which are the same as those in the vertical boundary. The

proof uses Lemma [2 the DV-modularity and submodularity.
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Case 1: 0/(1,1) < d7(1,0) <O0.

Vn(1,0)

V(1,1

)

V,(0,1)

V,.(0,2)

AL(1,1)

A (0,2)

= (1= A)Voua(1,0) + N [p" + V;,11(0,0)]

= (1= MYV (1,0) + MN[p" 4+ V,11(0,0) — Vi1 (1,0)] + AVipa (1,0),

= (1=N' =AYV (1, 1) + MN[p" + Vit (0, D)] + N[p' + Viya (1,0)]

= (1= M)Wart (L, 1) + A" + Vi1 (0,1) = Vaa (1, D] + N [p' + Va (1, 0)],
= (1= X)Voura(0,1) + N[p' + V211 (0,0)],

= (1= A)Vor1(0,2) + N[p' + V311 (0, 1)].

= (1= MA)AL (L1 + X'+ N [ARL(1,0) = AR (1,1)]
> (1-AHAL, (1, 1) + M,

= (1 - )\I)A;H(O, 2) + )\lAf’L-‘rl( )

The inequality follows from submodularity property ¢) A" ;(1,0) > A, (1,1). Due to DV-

modularity in period n+1 and Lemmal[2} we have Al (1,1) > Al (0,2) through term-by-term

comparisons.

Case 2: 0:(1,1) <0< 6:(1,0).

Va(1,0)

Va(1,1)

Vn(0,1)

V. (0,2)

v

v

(1= AYV,i1(1,0) + N [p" + V,,11(0,0)] + CAG%(1,0)

(1 =AYVt (1,0) 4+ N [p" 4+ Vi1 (0,0) = Vi1 (1,0)] + NVpa (1,0)
+CAa(pio)lpio + Vas1(0,1) = Viya (1,0)],

(1= A" = XYV (1, 1) + Mp" + Vi a (0, )] + N p* + Vi (1,0)]

(1= A" = MYV (1, 1) + N [p" + V10, )] + N [p' 4 Viyr (1,0)] + CAGE(1, 1)
(1= A)Wora (1, 1) + N[p" + Vo1 (0,1) = Via (1, )] + N [p' + Viya (1, 0)]
+CAa(pio)[Pio + Var1(0,2) = Vira (1, 1)),

(1= A)Voia (0, 1) + M p' + Via (0,0)),

(]- - )\Z)Vn-i—l(oa 2) + )‘l[pl + Vn+1(07 1)]a
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where the first inequality is due to 6(1,1) < 0 and the second inequality follows from the

fact that pj, is not the optimal fee for 6,(p, 1,1). Then,

AL(L 1) > (1= M)Al (1,1) + Ap + AMAE L (1,0) — AP (1,1)]
+CA(p1 ) [Vi41(0,2) = Vir1(0,1) + Viya (1,0) = Vi (1, 1)
> [1- A — OAO‘(pT,o)]AZnH(L 1)+ )\lpl + C)\&(pio)Ale(O, 2)
AL0,2) = (1—=A)AL,(0,2) + NAL,(0,1).

The inequality is from the submodularity property A" ,(1,0) > A, (1,1). Due to Lemma

, we also have A'p! > M A! . (0,1). Then, we only need to prove
=X - Cka(p’f,o)]Afwl(l: 1)+ C)‘a(pT,O)AiLJrl(Ov 2) =2 (1- AZ)ALH(O, 2).

This also follows from the DV-modularity in period n + 1: [1 — X — CAa(pi )AL, (1,1) >
[1— A — Chxa(pi)]ALL1(0,2). Hence, AL(1,1) > AL(0,2) and the proof for this case is
complete.
Case 3: 0 < 95(1,1) <6%(1,0).
Vo(1,0) = (1= MN)Voua(1,0) + AN [p" + V;,41(0,0)] + CAS5(1,0)
= (1= MA)Wou1(1,0) + M [p" + V,11(0,0) — Voy1 (1,0)] + AV,41(1,0)
+C(pi p)[P1o + Va1 (0,1) = Vara (1,0,

Vo(1,1) = (1= A= 2XOV, (1, 1) + N p" 4+ Vi1 (0, D] + N p! + Vi1 (1,0)] + CAGZ(1,1)

v

(1 =AYVt (1, 1) + N [p" 4 Vg1 (0,1) — Vi (1, D] + N [p' 4 Vigr (1, 0)]
—I—C)\Oé(pio)[pio + Vn+1 (07 2) - Vn+1<17 1)]7
Va(0,1) = (1= X)Voaua(0,1) + X [p' + Vo1 (0,0)],

Vo(0,2) = (1= M)Voyr(0,2) + AP’ + Vst (0,1)].

Then the proof of Al (1,1) > Al (0,2) is identical to that of Case 2.
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Proof of property d): [1 : H]x[0 : M+1] is partitioned into the interior [2 : H|x[1 : M+1],
the horizontal boundary [2 : H| x {0}, the vertical boundary {1} x [1 : M + 1] and the corner
point (1,0). H-concavity in period n is V,(h + 1,1) — V,(h, 1) < Vi(h,1) — V(b — 1,1)
or A"(h +1,1) < Al(h,1). This inequality involves states (h + 1,1),(h,l) and (h — 1,1).
Specializing Inequalities for these states, we obtain pj,, < py; < py_,, and §;(h —
1,1) < 6% (h,l) < 6:(h+1,1). Cases are constructed by shifting 0 from the right-hand side
of the second inequality to its left-hand side.

Interior [2: H] x [1 : M + 1]. There are 4 possible cases.

Case 1: 0} (h —1,1) <6} (h,1) <8 (h+1,1) <O0.

Vn<h‘+ 17l) = (1 _)\h _)‘l)vn+1<h+17l)+)\h[ph+vn+l(h7 l)]
+)‘l[pl + Vn-l-l(h + 1>l - 1)]7
Vn(h7 l) = (1 - )\h - Al)vn—l-l(ha l) + Ah[ph + Vn—l—l(h - ]-7 l)] + /\l[pl + vn—l—l(h? l— 1)]7

Vn(h - 17 l) (1 - >‘h - )‘l)VnJrl(h - 17 l) + Ah[ph + Vn+1(h - 27 l)]

AXN[P' + Viga(h = 1,1 = 1)).

The H-concavity in period n+ 1 and term-by-term comparisons of the value functions above
yield A (h+1,1) < Al(h,1).
Case 2: 6 (h —1,1) <65 (h,1) <0< 85 (h+1,1).

Valh+1,1) = W[V,pi(h+1,0)] + CA5(h + 1,1)
= UVarr(h+ 1,01+ Cra(phir) Phary + Varr (b L +1) = Vi (b + L 1],
Va(h,l) = O[Visr(h,1)]
> Vi1 (h, )] + CAS; (R, 1)
> U[Vasa (D) + Cra(Dh 1) Phis + Ve (h = 1,141) = Vi (D),

Valh—1,1) = VY[V(h—1,1)],
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where the first inequality is from &% (h,1) < 0 and the second is from the non-optimality of

Py for 6,(p, h,1). Then,

IA

Al +1,1)

(L= M = M)A (h+1,0) + M A (B D) + NAM (h+ 1,1 - 1)
+CNa (D) 1) Vasr (B L+ 1) = Vigr (B — 1,1+ 1) + Vg (1) — Vg (R + 1,1)]
[1 =N = N = Chalpj g )AL (W + 11 + NAL (b D)+ NAL L (h+1,1-1)
+C)\a(p;‘l+17l)AZ+1(h, [+ 1),

Al (h, 1)

[1 =N = N = Chalpj 1 )AL (B D)+ XAL (R —1,0) + XA (b1 —1)

+C}‘04(PZ+1,1)AZ+1 (h,1).

Using submodularity in period n + 1 on the terms multiplied by C'Aa(p;,,;) and the H-

concavity in period n + 1 on the other terms, we obtain A”(h + 1,1) < Al(h,1).

Case 3: 0 (h—1,1) <0 < & (h,1) < 6*(h+1,1).

Vn(h + 1’ l) = qJ[VnJrl(h + 17 l)] + C>‘Oé<p2+1,l>[pz+1,l + Vn+1<h> [+ 1) - Vn+1(h + 1a l)]’

Vo(h—1,1)

Va(h, 1)

U[Vipir(h 1) + ONG (B, 1)

v

\I}[Vn-&-l (h’ l)] + OAa(pZ—&-l,l)[pZ—i-l,l + vn-l—l(h -1+ 1) - Vn+1<h7 l)]?

Va(h,l) > Y[V (h,1)],

U[Va(h —1,1)).

Note that two lower bounds are given for V,,(h,1); the first is used to find an upper bound

for A"(h+1,1) and the second for a lower bound for A”(h, ). By following the arguments of

Case 2, we can show that the upper bound of A”?(h+1,1) is not more than the lower bound

of Al(R,1), so Ab(h+1,1) < Ab(R,1).
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Case 4: 0 < 95 (h—1,1) <0k (h,1) <65 (h+1,1).
Vn(h + 17 l) = \II[Vn+1(h + 17 l)] + C)\&(pz+1,l)[plt+l,l + Vn+1(h7 l + 1) - Vn+1(h + 17 l)]v
Vo(h,0) = UV (h, )] + CAS% (R, 1)
= UVapa(h D] + CAa(phyg ) Phirg + Vasr(h = LI+ 1) = Vi (b, 1)

Va(h—1,1) = UV (h—1,0)]+CA*(h—1,1).

AM(h41,1)

IA

(L= M =D)AL (41,0 + N Al (B 1) + NA! (h+1,1-1)
+CNa (P 1) Vet (B L+ 1) = Vi (B = L1+ 1) + Vigr (B, 1) — Viga (A + 1, 1)
= [1 =M =X = Cha(phy ) AR (h+1,0) + NALL (1)

ANAL (41,1 = 1)+ Chaphy )AL (b L+ 1),

Al (R, 1)
= (1-A"=XN)An,

FONS (R, 1) — 65(h — 1,1)]

(R, 1) + N Al (R —1,1) + NAL (b1 — 1)

> (1= A= Xha!

n+1

(h, 1) + X" Al (R = 1,0) + N AL (b1 - 1)
= [1-A" =N~ C)‘O‘(p;—&-l,l)]AZ—i-l(h’ 1)+ )\hAZH(h -1
+)‘ZAZ+1<hal - 1)+ O)\a(p2+1,l)AZ+1<ha 1),
where the last inequality is from 67 (h,1) — 6% (h —1,1) > 0. Then the proof of A"(h+1,1) <

A(h,1) is finished as in Case 2.

Horizontal boundary [2 : H| x {0}. There are 4 cases.

Case 1: 0%(h —1,0) < 6%(h,0) < 8%(h +1,0) < 0.

Vn(h + 17 0) = (1 - )‘h)VnJrl(h + 17 0) + )‘h[ph + VnJrl(ha O)]a
Vn<h7 0) = (1 - )‘h)VnJrl(ha O) + )‘h[ph + VnJrl(h - 1a O)]a

Vi(h—1,0) = (1—=MN)Voii(h—1,0)4+ Np" + Vi (h —2,0)].
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The H-concavity in period n is inherited from that in period n + 1.

Case 2: 0%(h — 1,0) < 8%(h,0) < 0 < §*(h + 1,0).

Vo(h+1,0) = (1 =MWV (h+41,0) + N [p" + Vi1 (h,0)] + CA6:(h +1,0)
= (1 - )‘h)vn—l—l(h + ]-7 O) + /\h[ph + Vn—l—l(hu 0)]
+CXa(phi1.0)Phir0 + Vari(h, 1) = Vi (b +1,0)],

Vn<h7 0) = (1 - )‘h)VTLJrl(ha O) + )‘h[ph + Vn+l(h - 17 O)]

Vv

(1= MYWop1 (R, 0) + N'[p" 4 Viyi(h — 1,0)] + CAS% (R, 0)

v

(1= X"Vop1(h, 0) + N[p" + Via (R — 1,0)]
+CXa(phi1.0)Phir0 + Vari(h = 1,1) = Vi (A, 0)],

Vo(h—1,0) = (1 =M)WVpi(h—1,0)+ N[p" + V. i1(h —2,0)],

where the first inequality is from 6/ (h,0) < 0 and the second is from the non-optimality of

Phiio for dn(p, h,0). Then,
Alh+1,0) < (1= MHAL(h+1,0) + A"AL (R, 1)
FCA(Pri1,0)[Var1(h, 1) = Viga(h = 1,1) + Vi1 (B, 0) = Viya (R + 1, 0)]

= [1 =M= Cha(phy10)] D041 (h+1,0) + N AL (h,0)

‘f'C)\O‘(pZH,o)AZH(ha 1),

AR(h,0) = [1 =N = CAa(pj41,0)] A% 41 (R, 0) + N'ATL, (h —1,0)

"’O/\O‘(pZH,o)AZH (h,0).

Using submodularity in period n + 1 on the terms multiplied by CAa(p},,,) and the H-

concavity in period n + 1 on the other terms, we obtain A"(h + 1,0) < A”(h,0).
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Case 3: 0} (h —1,0) <0 < d5:(h,0) <0d:(h+1,0).

Vo(h+1,0) = (1 =MWV (h41,0) + N [p" + V41 (h,0)] + OG5 (h +1,0)
= (1= AVi1(h+1,0) + N'p" + V11 (R, 0)]
FCA(Phy1,0)[Phiro T Vara(h 1) = Viga(h 4 1,0)],
Vi(h,0) = (1= MN)V,1(h,0) + N'[p" + Vit (h — 1,0)] + CAS%(h, 0)
> (1= MYWop1(h,0) + N[p" + Vipr (b — 1,0)]
FOXU(Dh41,0) [Pharo T Vasr(h — 1,1) = Vs (h, 0)],
Vi(h,0) > (1= M)V, 1(h,0) + N'[p" + Viia (b — 1,0)],

Vn(h - 17 0) = (1 - )‘h)VnJrl(h - 17 O) + )‘h[ph + Vn+1<h - 27 O)]

Note that two lower bounds are given for V,,(h,0); the first is used to find an upper bound
for A"(h +1,0) and the second for a lower bound for A”(h,0). By following the arguments

of Case 2, we can show that the upper bound of A”(h + 1,0) is not more than the lower
bound of A(h,0), so Al(h+1,0) < A(h,0).

Case 4: 0 < 6%(h —1,0) < 6%(h,0) < &*(h +1,0).

Vo(h+1,0) = (1 =M)Wpi(h+1,0) 4+ N [p" + Vg1 (R, 0)] + CAS:(h +1,0)
= (1 =M1 (h+1,0) + X" + Viy1 (R, 0)]
+CXa(Phy1.0)Phiro + Vari(h, 1) = Vigi (b +1,0)],
Vi(h,0) = (1= M)Voi1(h,0) + X' p" + Vi1 (h — 1,0)] + CA% (R, 0)
> (1= ANV (B, 0) + A'[p" + Vi (R = 1,0)]
+CA(Phi10)Phi10 + Vari(h —1,1) = Vi (R, 0)]

Vo(h—1,0) = (1= X)Woia(h—1,0) + N'[p" + Vi1 (h — 2,0)] + CAG: (b — 1,0).
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AL(h+1,0)

< (1= A (R4 1,0) + XAl (B, 1)
+CAa(phy1.0) Va1 (1) = Vi (b = 1,1) + Vi1 (B, 0) = Via (B + 1,0)]
= [1-X'— C)‘a(pZ—&-l,O)]AZ—&-l(h +1,0) + )\hAZH(h, 0)
—l—C’)\a(p";LH’O)AZH(h, 1),
A(h,0)
= (1= AAL (R, 0) + +MN'Al (h—1,0) + CA[6;(h,0) — 5% (h — 1,0)]
> [1 — M- CAO‘(PZH,O)]AZH(}% 0) + )‘hAZH(h -1, 0) + O)\Of(pZJrl,o)AZH(h, 0)7

where the last inequality is from 67 (h,0) — &% (h—1,0) > 0. Then the proof of A?(h+1,0) <
A(h,0) is finished as in Case 2.

Vertical boundary {1} x [1: M +1]. Since h —1 =0, 6 (h — 1,1) is not defined. We have

0%(1,1) < 6%(2,1) and 3 cases similar to the first three in the interior. Proofs require sub-
modularity, H-concavity in period n + 1 and A, (1,1) < p”, which is from Lemma [2 and
submodularity. We prove the H-concavity in Case 1.

Case 1: 67 (1,1) <6:(2,1) <0.

Vi(2,0) = (1=X' =XV, 0(2,) + N[p" + Vot (1L, D]+ AP + Via (2,1 — 1)),
Vo(1,0) = (1 =X = X)W (1,0) + MNp" 4+ Vi1 (0,0)] + N[p' + Vipa (1,1 = 1)],
Vo(0,1) = (1=X' = M)Vt (0,1) + NVt (0, 1) + A [p! + Vgt (0,1 — 1)].

Al D) = Q=N =XHAL L (2,0) + N AR (1,1 + NAP (2,1 - 1),

A1) = (L= = MHAE (1,0 + NP+ NAE (1,1 - 1),

H-concavity in period n + 1 and A”_,(1,1) < p" imply A"(2,1) < Al(1,1).
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Case 2: 0:(1,1) <0< 6:(2,1).

Vu(2,]) = (1 =M= M)Wt (2,1) + X" 4 Vit (1, D] + N [p' + Vg (2,1 — 1)]
+CONE(2,1)
= (1=XN' =MW1 (2,0) + N P" + Vi (LD + Np' + Viya (2,1 = 1)
+CAa(py)[p3y + Vo (1,14 1) = Vi (2,1)],

Vn(17 l) = (1 - )\h - )‘l)vn—l-l(l? l) + )\h[ph + vn+1(07 l)] + )\l[pl + Vn—l—l(lvl - 1)]

> (1= M= X)W (1,0 + N p" 4 Vaya (0,D)] + Np' + Vora (1,1 = 1)
FONE(1,1)
Z (1 - >‘h - )‘l)VnJrl(l? l) + )‘h[ph + Vn+1(07 l)] + )‘l[pl + Vn+1(1>l - 1)]

+C}‘a(p;,l)[p§,l + Vn+1 (07 [+ 1) o Vn+1(17 l)]v
Vo(0,0) = (1=MN = A)V,1(0,1) + NVt (0,1) + N [p' + Vit (0,1 — 1)),

where the first inequality is from 07 (1,7) < 0 and the second is from the non-optimality of

ps, for 6,(p,1,1). Then,

AN < (1= A= N)ALL(2,0) + NALL (L) + NALL (2,0 - 1)
+CAa(p3 ) [V (L, 14+ 1) = Vi1 (0,1 4+ 1) + Viya (1,1) = Vi (2,1)]
= [1 o )‘h o )‘l o C)‘Oé(p;,l)}AZJrl(z l) + )‘hAZJrl(l? l) + AIAZ+1(27Z - 1)

+ONa(pa ) Ay (1,14 1),
ARLD) = [1=M =)~ C/\Oé<p;,l)]AZ+1(17 [+ \p" + AZAZH(LZ - 1)
+Ca(ps,) AL (1,1).

Using submodularity in period n + 1 on the terms multiplied by C)\a(p’il), Lemma [2{ and
submodularity in period n + 1 on the terms multiplied by A\*, and the H-concavity in period

n + 1 on the other terms, we obtain A"(2,1) < A(1,1).
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Case 3: 0 < 0:(1,1) < 6:(2,1).

Vo(2,]) = (1 =X =MWt (2,1) + X" 4 Vit (1, D] + N [p' + Vigr (2,1 — 1)]
+CNGE(2,1)
= (=X =AYV (2,)) + N'[p" + Viua (1, D] + N p! + Vit (2,1 = 1))
+CAa(ps)[pa; + Varr (L 1+ 1) = Vit (2, 1)),
Vo(1,1) = (1=MN =XV (1, 1) 4+ MN[p" + Vit (0, )] + N [p! + Vgt (1,1 — 1)]

FONE(L,1)

v

(1 - )‘h - )‘l)vn—i-l(l? l) + )‘h[ph + Vn+1(07 l)] + )‘l[pl + Vn+1(17l - 1)]
"’O)‘O‘(p;,l)[p;,l + Vay1 (0,0 4+ 1) = Via (1, 1],
Vn(1> l) > (1 - )‘h - )‘l)vn—l-l(l? l) + )‘h[ph + Vn+1(07 l)] + )\l[pl + Vn+1(17l - 1)]7

Vo(0,0) = (=X = 2AYV,00(0,0) + NV, 0(0,1) + N p! + Viia (0,1 — 1))

Note that two lower bounds are given for V,,(1,1); the first is used to find an upper bound
for A(2,1) and the second for a lower bound for A"(1,1). By following the arguments of
Case 2, we can show that the upper bound of A”(2,1) is not more than the lower bound of
AM,D), s0 AR(2,1) < AR(1,1).
Corner (1,0). There are 3 cases and proofs require submodularity, A (1,1) < p" and
H-concavity as in the vertical boundary. We prove Case 1.
Case 1: 67(1,0) <67(2,0) <0.
Va(2,0) = (1= N)Vara(2,0) + X" + Vi (1,0)],
Va(L,0) = (1= XWoia(1,0) + N + Vs (0,0)],

Vo(0,0) = (1= MN)V,p1(0,0) + X*V;41(0,0).

Al2,0) = (1-MMA" (2,0)+\"A" L (1,0),

Al(1,0) = (1= MAA", (1,0) + A",
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H-concavity in period n + 1 and Lemma [2| yield A(2,0) < A(1,0).

Case 2: 67(1,0) <0 < 6%(2,0).

Vi(2,0) = (1= A)V,i1(2,0) + N [p" + V,41(1,0)] + CAS5(2,0)
= (1 - Ah)vn+1(27 0) + )‘h[ph + Vn+1(17 0)]
+C)\Oé(p;0)[p;70 + Vn+1(17 1) - Vn+1<27 O>]7

V(1,00 = (1= AN)Voit(1,0) + N [p" + V;,11(0,0)]

Vv

(1= MV,0(1,0) + AN[p" 4+ V,,11(0,0)] + CAG2 (1, 0)

v

(1= A)Voia (1,0) + N [p" + V,11(0,0)]
+C’)\oz(p§70)[p§’0 + Vay1(0,1) = Vi1 (1,0)],

V,(0,0) = (1—M")V,31(0,0) + A"V,,41(0,0),

where the first inequality is from ¢ (1,0) < 0 and the second is from the non-optimality of

P for 8,(p,1,0). Then,

AN(2,0) = (1=X)AL(2,0) +A"A7L,(1,0)
FOA(P20)[Vata (1,1) = Va1 (0, 1) + Viya (1, 0) = Vg (2, 0))
= =X =)= C'/\a(pgo)]AZH(Z, 0) + /\hAZH(l, 0) + C/\a(p;o)AZH(l, 1),

ANL,0) = [1=N'—Cha(ps )AL (1,0) + A'p" + Cha(ps o) AL (1,0).

Using submodularity in period n + 1 on the terms multiplied by CAa(p; ), Lemma [2] in
period n+1 on the terms multiplied by A", and the H-concavity in period n+ 1 on the other

terms, we obtain A"(2,0) < Al(1,0).
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Case 3: 0 < 97(1,0) < 6:(2,0).

Vo(2,0) = (1= X)V,41(2,0) + N [p" + Vit (1,0)] + CAG(2,0)
= (1 - )‘h>vn+1(2v O) + )‘h[ph + Vn+1(17 O)]
+C}‘O‘(p;,0)[p;,0 + Vn-i-l(lv 1) - Vn+1<27 O)]?

Vo(1,0) = (1= X)V,y1(1,0) + N [p" + V,11(0,0)] + CA67(1,0)

Vv

(1 - )\h)Vn+1(1, 0) + )‘h[ph + Vn—H (07 0)]
+C)\Oé(p§,0)[p;,0 + VnJrl (07 1) - Vn+1<17 O)]:
Vn(l, 0) > (1 - /\h>Vn+1(17 0) + )‘h[ph + Vn+1(07 0)]’

V,(0,0) = (1 —=A"V0p1(0,0) + A"V, 41(0,0).

Note that two lower bounds are given for V,,(1,0); the first is used to find an upper bound
for A”(2,0) and the second for a lower bound for A(1,0). By following the arguments of
Case 2, we can show that the upper bound of A”(2,0) is not more than the lower bound of

AM(1,0), so AP(2,0) < AR(1,0).

Proof of property e): [0: H] x [1 : M] is partitioned into the interior [1 : H] x [2 : M],
the horizontal boundary [1 : H]| x {1}, the vertical boundary {0} x [2 : M] and the corner
(0,1). The V-concavity in period n is V,(h,l) — V,(h,l — 1) > V,(h,l + 1) — V,(h,1) or
Al (h,l) > Al (h,1 + 1). This inequality involves states (h,l — 1), (h,l) and (h,l + 1). Spe-
cializing Inequalities for these states, we have pj, | < pj; < pj,,y and 6;(h, 1 +1) <

5% (h,l) < 6% (h,l — 1), which is used to construct the cases below.

Interior [0 : H] x [1 : M]. There are 4 possible cases.
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Case 1: 0} (h,l+1) <065 (h,1) <65 (h,1—1)<0.

Vi(h,1—1) = (1 =X = X)W (bl = 1) + M[p" + Vi (h — 1,1 — 1)]
AP+ Viga (b, 1= 2)],
Va(h,l) = (1=MN =MW (b 1) + N [p" + Visa (b — 1,0] + A '+ Viga (b, 1 = 1)],
Vi(h,l+1) = (1 =X =XV, (b 1+ 1) + N p" + V(b — 1,14 1)]

+A P+ Vi (B, )]

V-concavity in period n+ 1 and term-by-term comparisons of the value functions above yield
AL (h,l) > AL(h, 1+ 1).
Case 2: 0} (h,l+1) < 0% (h,l) <0<} (h,l—1).

Vi(h,l —1) = U[Voii(h,l—1)]+CA:(h, 1 —1)
= UV (h L = )]+ Cra(@} - ) [Ph i1 + Vaser(h = 1,1) = Vg (hy 1 = 1)),
Va(h, ) = W[V.ia(h,1)]
> U Vg1 (k)] + CX6 (R, 1)
= Vi (b, D] + Cra(phy ) Phg1 + Vo (h = 1,1+ 1) = Viia (b, )],

Va(h,l4+1) = Y[V (h, 1+ 1)),

where the first inequality is from 6} (h,l) < 0 and the second is from the non-optimality of

Phay for On(p, h,1). Then,
Ail(h7 l) > (1 - >‘h o )\Z)A;Jrl(ha l) + AhAﬁl+1(h - 17 l) + AlAiLJrl(ha - 1)
+CA(Ph ) Vapa (h = 1,1+ 1) = Viys (b — 1,1) + Viya (b L = 1) = Vg (b, 1)
= (1-XN=N- C/\a(p?;z_l))ﬁﬁm(h l)+ /\hAf‘L-i—l(h - L)+ )‘ZALHU%Z - 1)

+ON (P ) AL (h = 1,1+ 1),
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AL I4+1) = (1= XN = N)AL (A 1+ 1)+ NAL (h— 1,1+ 1) + XA (b, 1)
= (1-N"=N~ C/\a(p;,lfl))Ainrl(ha [+1)+ )‘hALH(h —1,01+1)

HNAL L (b 1) 4+ Chalph ) A (b T+ 1),

Using submodularity in period n+1 on the terms multiplied by CAa(pj, ;) and V-concavity
in period n + 1 on the other terms, we obtain Al (h,1) > Al (h, 1+ 1).

Case 3: &% (h,1+1) < 0 < 6%(h,1) < 55(h,1 —1).

Valhl=1) = W[Vosa(h,l = 1)) + CNa(Dh ) By + Vira (b = 11) = Vi (1 = 1))
Vo(h 1) = U[V,i(h )]+ CAS: (R, 1)
> UVt (b D]+ CAa(phy ) oy + Vs (h = 11+ 1) = Vi (B, D),
ValhD) > W[V (D),

Va(h,l+1) = UV (h1+1).

Note that two lower bounds are given for V,,(h,[); the first is used to find a lower bound for
Al (h,1) and the second for an upper bound for Al (h,1+ 1). By following the arguments of
Case 2, we can show that the upper bound of Al (h,1+ 1) is not more than the lower bound
of Al (h,1), so Al (h, 1+ 1) < AL(h,1).

Case 4: 0 < 85 (h, 1+ 1) <5 (h, 1) <65 (h,1—1).

Valh, 1 =1) = Y[V (h,l = )] + Cra(ph 1) Phi—1 + Vasr(h = 1,1) = Vo (b 1 = 1)],
Vi, D) = Vst (h, )] + CAS (B, 1)
2 Vi (b D]+ Cra(phy ) Phg1 + Vara(h = 1,1+ 1) = Vi (b, )],

Vi(hl+1) = U[Vi(h 1+ 1)]+CA(h1+1).
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AL, 1)

v

(L=M = XHAL L (D) + NPALL (B —1,0) + NAL L (b 1= 1)
+CA(ph ) Vaia(h = 1,1+ 1) = Viey (h = 1,1) + Viyy (B 1 = 1) = Vgya (b, )]
= (I-X"=-\- C)‘a(pz,l—l))Afm—&-l(h? )+ )\hAiH-l(h - 1,0) + AIA;HU%Z —-1)
+CAa(ph ) A (= 1,1+ 1),
Al (h,141)
= (1-=MN=M)AL (hI+1)+NAL (h=1,1+ 1)+ NAL (b 1)
+CA[6y(h, 1+ 1) — 0, (h, 1)],
< (=N =M)AL (M T+ + NALL (b= 1,1+ 1)+ XNAL (R,])
= (1=XN=X=Cxalp;, )AL (R 1+1)+ NAL ((h—=1,1+ 1)+ NAL, (k1)
O (P A (B L+ 1),
where the last inequality is from 6% (h,l + 1) — &% (h,l) < 0. Then the proof of Al (h,l) >

Al (h,1+ 1) is finished as in Case 2.

Horizontal boundary [1 : H| x {1}. There are 4 cases similar to the interior. Proofs require

submodularity, V-concavity in period n + 1 and V,41(h,1) — V,11(h,0) < p!, which can be
derived from Lemma 2f and the submodularity.
Case 1: 0% (h,2) < 6% (h,1) < §5(h,0) <0.

(1= A =AYV (3, 0) 4 NP+ Vo (= 1,0)] 4+ AV (B, 0),

= (1=XN =AYV, (h, 1) + X' p" + Vit (h = 1, 1)] + A p' + Viyi (B, 0)],

)
)
Vi(h,2) = (1= X' = MYWoi1 (R, 2) + MN[p" + Visr(h — 1,2)] + N [p' + Vigr (B, 1)].
) = (1=MN=XHAL, (B 1)+ MNAL (h—1,1) + N,

)

= (1=N'=XHAL (h,2) + MALL (R —1,2) + NAL L (R, 1).

V-concavity in period n + 1 and p' > Al | (h,1) imply AL(h,1) > AL (h,2).
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Case 2: 0 (h,2) <65 (h,1) <0< 65 (h,0).

Va(h,0)

Va(h, 1)

Va(h,2)

Al(h,1)

Al (h,2)

v

v

(1= A" =AYV (B, 0) + N p" 4+ Viga (B — 1,0)] + A'V,41(h, 0)
+CA(ph0)[Pho + Va1 (h = 1,1) = Viia (b, 0)],

(1 =X = XYV (B, 1) + N " 4 Vi (h = 1, 1)) + N [p! + Vi (b, 0)]
(1 =N = M)W (b, 1) + N p" 4+ Vit (b — 1, 1)) + A [p' + Viga (5, 0)]
+CNE(h, 1)

(1= XN = XYV (b, 1) + N " + Vi (b — 1, 1)) + N [p! + Vi (b, 0)]
+CXa(ph0)[Pho + Vasr(h — 1,2) = Vi (b, 1)),

(1 - )‘h - AZ)VnJrl(ha 2) + )‘h[ph + Vn+l(h - 17 2)] + )‘l[pl + Vn+1(h7 1)]

(T=A=2AHAL L (B, 1) + M AL (h—1,1) + N

FOX (P ) [Var1(h = 1,2) = Vipa (b = 1,1) + Vi1 (h, 0) = Visa (b, 1)]
[1—= A = X = Cha(p), 0)]AL 1 (B, 1) + AAL L (B —1,1) + N
+C)\a(p}"l,0)Afl+l(h - 1,2),

[1— A= N — CM(Z?Z,O)]AZHU% 2) + )\hAil-‘rl(h’ -1,2)+ )\ZAib-‘rl(h’? 1)

+ONa(p; )AL (1, 2).

Using submodularity in period n + 1 on the terms multiplied by CAa(p;, ), p' > AL, (h,1)

on the terms multiplied by A! and V-concavity in period n+ 1 on the other terms, we obtain

AL(h, 1) > AL (h,2).

Case 3: 67 (h,2) <0< 6% (h,1) < 55(h,0).

Via(h,0)

= (1 =X = XYWy1(h,0) + N'[p" + Vi1 (R — 1,0)] + AV, 11 (R, 0)

+CONa(ph0)[Pho + Vara(h = 1,1) = Vi (h, 0)],
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Va(h, 1)

Va(h, 1)

Va(h,2)

Note that two lower bounds are given for V;,(h,1); the first is used to find a lower bound
for Al (h,1) and the second for an upper bound for Al (h,2). By following the arguments of

Case 2, we can show that the upper bound of Al (h,2) is not more than the lower bound of

v

(1 =N = MYWoia (b, 1) + N p" 4+ Vin (h— 1, 1)) + A p" + Viga (b, 0)]
+CAG: (R, 1)

(1= XN =AYV (b, 1) + N " + Vi (b — 1, 1] + N p" + Vi (b, 0)]
+COX(Ph o) [Pho + Vara(h = 1,2) = Via (B, 1)],

(1= XN =AYV (b, 1) + N " + Vi (b — 1, 1)) + N p" + Vi (b, 0)]

(1 - )‘h - /\Z)Vn—I—l(hv 2) + )‘h[ph + Vn-‘rl(h - 17 2)] + )‘l[pl + Vn-i-l(hv 1)]

AL (h, 1), 50 Al (h,2) < A (R, 1).

Case 4: 0 < % (h,2) <65 (h,1) < 55(h,0).

Va(h,0)

Va(h, 1)

Via(h,2)

Al(h,1)

v

(1 =M = XHYV,q(R,0) + N [p" 4+ Vi1 (h — 1,0)] + AV, 11(h, 0)
+CAa(ph0)[Pho + Va1 (h — 1,1) = Visa (R, 0)],

(1= A" = AW (B, 1) + N p" 4 Vi (B — 1, 1)] 4+ N p + Vi1 (h, 0)]
+CAE(h, 1)

(1= A" = MYV (A, 1) + N p" + Vi (h = 1, D)) 4+ N[p' + Vi1 (b, 0)]
+CXa(Ph0)[Pho + Vasr(h = 1,2) = Visa (b, 1)),

(1= A" = MYV (B, 2) + N p" + Vi (h — 1,2)] + N[p' + Vi (b, 1)]
+CNE(h,2).

(1= A= NYAL (B, 1)+ APAL L (h—1,1) + !
+CAa(Ph o) [Vasr(h = 1,2) = Via (b — 1, 1) 4+ Vg1 (R, 0) = Visa (b, 1)]
1= =N - C)\Of(pz,o)]AiLH(h? 1)+ )‘hAlnH(h —1,1) + \pf

+COXa(p) o) ALy (h = 1,2),
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AlL(h,2) = (1=XN'=XHAL, (h,2) + MNALL (h—1,2) + NALL, (k1)
+CA[6;(h,2) — 05 (h,1)]
< (1=MN=2H)ALL (R, 2) + NALL (B —1,2) + MALL (1)
= [1=X' =N =Cxa(p) )AL, (h,2) + N AL (h—1,2) + NAL (k1)
+ OB )AL (h,2),
where the last inequality follows from &% (h,2) — 6% (h,1) < 0. Then the proof of AL (h,1) >

Al (h,?2) is finished as in Case 2.

Vertical boundary 0 x [2 : M]. Without a premium product, no upgrades can be offered.

Vn(o’l - 1) = (]' - /\Z)Vn—i-l(()v l— 1) + Al[pl + Vn+1(oal - 2)]7
Va(0.0) = (1= X)Vara(0,0) + Np' + Vaya (0,1 = 1)),

Vo(0,141) = (1 =AWyt (0,14 1) 4+ N[p" + V,,11(0,1)].

V-concavity in period n + 1 implies V,,(0,1) — V(0,1 — 1) > V(0,1 + 1) — V,,(0,1).

Corner (0,1). No upgrades can be offered as in the vertical boundary.

Vi (0,0) = (1= XYVy1(0,0) + AV, 141(0,0),
Vo(0,1) = (1 =AYVt (0,1) + N [p' 4 Viyt (0, 0],
Vo(0,2) = (1= MA)Voi1(0,2) + N p' + Vi1 (0,1)].
AL0,1) = (1—M)AL(0,1) + Np,

AL0,2) = (1=AN)A4(0,2) + NALL(0,1).
V-concavity in period n+ 1 and p' > Al_,(0,1) together imply Al (0,1) > AL(0,2). O
Proof of Proposition : From property a) of Proposition , we have V,(h+ 1,1+ 1) —
Va(h+1,1) > Vip(h + 2,14+ 1) — V(b + 2,1). From property d) of Proposition [2, we have

143



Vo(h + 1,1) — V(1) > Vie(h + 2,1) — Vi(h + 1,1). Thus, Vu(h + 1,1+ 1) — Vo (h,1) >
Va(h 4+ 2,1+ 1) — V,,(h+ 1,1) and property a) of Proposition [3|is true. From property a) of
Proposition 2 we have V,,(h+1,1) = V,(h,1) > V,(h+ 1,1+ 1) = V,(h,l+1). From property
e) of Proposition 2| we have V,,(h+ 1,14 1) =V, (h+1,1) > V,(h+1,14+2) =V, (h+1,1+1).
Thus, V,(h+1,141) =V, (h,1) > V,(h+1,1+2) =V, (h,l+1) and property b) of Proposition
B is true. O

Proof of Proposition [d: From property b) of Proposition [2 we have A,(h + 1,1) >
A, (h,1). Then Lemma [l| implies that ¢} (h + 1,1) > §5(h,l) and pi(h + 1,1) < pi(h,1).
dx(h+1,1) > &% (h, 1) further leads to uw)(h+1,1) > w’(h,l). From property c) of Proposition
2l we have A, (h,1) > A,(h,l +1). Then Lemma [I| implies that §%(k,1) > 6% (h,l + 1) and
pi(h,l) < pi(h,l+1). §5(h,l) > 0% (h,l + 1) further leads to w}(h,l) > u*(h,l + 1). Thus,
the optimal number of upgrade links is increasing in A and decreasing in [, while the optimal

upgrade fee is decreasing in h and increasing [. 0

Proof of Corollary [1] The proof is identical to those of Lemmal[2] Proposition[I} 2} and[d] O

Proof of Proposition |5 Property c) can be proved individually, and we prove it first.

Proof of property c): The proofis by induction. In period N+1, Vy1(0,1) = V3,,(0,1) =
0forl € [0:L]. Thus Viys1(0,141) = Vi1 (0,1) = Vi, (0,141) =V, (0,1) for I € [0 : L—1].
We assume V,,,1(0,14+1) = V,11(0,1) = V7, (0,1+1) =V, ,(0,1) is true, we want to validate
V(0,0 +1) = V,(0,1) = V(0,0 +1) — V7(0,1). From the dynamic program formulation on

the vertical boundary (0,7) with [ € [1 : L — 1], we have

V(0,0 4+1) = V,(0,1) = (1= N)[Voy1 (0,1 + 1) — Vi1 (0,1)] + N [V;y1(0,1) — Viir (0,1 — 1)),

VIO04+1) = V0.0 = (1= M)V (0,04 1) = Vi (0.0] + N[V, (0,0) = Vit (0,1 1))
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From the dynamic program formulation on the corner point (0,0), we have

Vi(0,1) = V,(0,0) = (1 = A)[Voy1(0,1) = Vit (0, 0)] + A'pl,
VJ<07 1) - Vnr(oﬁ O) = (1 - )‘l)[Vr:—i—l(Q 1) - V;—&-l(O’ O)] + )‘lpl-

So V,(0,1 4+ 1) — V,(0,1) = V(0,1 + 1) — V7(0,0) for € [0 : L — 1], which completes the

induction step.

We prove the other two properties together by induction. They are true in period N + 1,
since Vyii1(h, 1) = Vi, (h,1) = 0. As the induction hypothesis, we assume property a) and
b) are true in period n + 1, and validate them one by one in period n. DP formulations are
different on the corner point (0,0) and the vertical boundary (0,[) for [ > 0. The proof of
each property consists of two parts corresponding to these two regions.

We define the optimal upgrade revenue per customer and optimal upgrade fee in the

restricted fee model as follows:

5:17*(h7 l) = max 5:1(]?, ha l) = max O[(p>[p + V’r:—&—l(h - 17 l + 1) - V7:+1(h7 l)]a

PE([p,P] PE[p,P]

P (h,l) = max{p € [p,p]:0,(p,h,1)=26"(h 1)}

T,%

"*(h, 1) when the time period and the state are clear.

For simplicity, we use p™* to represent p
Since property a) is true in period n + 1 and p = p" — p', 6%(1,1) > 0 implies §7*(1,1) > 0.
If upgrade is offered in the base model in period n at state (1,1), it should also be offered in
the restricted fee model. This argument is used repeatedly to determine if upgrades should
be offered at certain states in two models. Also because of this argument, the proof for each
property in each region contains multiple cases listed in Table [A.3]

Proof of property a): {1} x [0: M] is partitioned into the vertical boundary {1} x [1 : M]
and the corner (1,0). The proof is customized for each region. Property a) in period n can

be expressed as in the statement of a) or alternatively as

Vo(L,0) = VI(L,0) > V(0,14 1) — V7(0,1+1) for L € [0: M].
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Table A.3. Number of cases and the required properties for each property and region pair.

Regions
Property in period n Vertical Boundary  Corner
a) Diagonal difference 3 cases 3 cases
Proof requires from period n + 1 a), ) a), b), ¢)
b) Horizontal difference 3 cases 3 cases
Proof requires from period n + 1 a), b), ) a), b), c)

We focus on the alternative expression for most of the cases for convenience. The inequality
involve states (1,1) and (0,{+1). From property a) in period n+ 1, we know that §7(1,1) > 0
implies 6]"*(1,1) > 0. Cases are constructed by examining whether 6/ (1,1) and 6*(1,1) are
positive or not.

Vertical boundary {1} x [1: M]. There are 3 possible cases.

Case 1: 0:(1,1) <0 and 07%(1,1) <O0.

Vo(0,041) = (1—=N = M)Woi1 (0,1 + 1) + NV, 0 (0,1 + 1) + Np' + V,,41(0,1)],
Vi(0,04+1) = (1=MN' =AW (0,0 4+ 1) + NV (0,04 1) + Np! + Vi, (0,0)],
Vn(17 l) = (1 - )\h o )‘l)VnJrl(l? l) + )\h[ph + Vn+1(07 l)] + )\l[pl + Vn+1(17l - 1)]7

VILD) = (L= X = NV (1,0) + Nt 4+ Vi (0,0] + N+ Vi (1,1 = 1],

Due to property a) and c) in period n+1, we have V,,(1,1)—=V,7(1,1) > V,,(0,{+1)=V7(0,141)
through term-by-term comparisons.

Case 2: 67(1,1) < 0and 0 < 6/*(1,1).

Vn(17 l) = (1 - )\h - )‘l)VnJrl(l? l) + Ah[ph + VnJrl(O? l)] + )\l[pl + VnJrl(lvl - 1)]

> (1= M= X)W (1,0 + X" 4 Vaya (0,D)] + Np' + Vora (1,1 = 1)
+CNZ(1,1)
> (1= A = N)Wara(1,0) + N[ + V(0,0 + NJp! + Vi (1,1 — 1)

+CXa(p" ) [P 4+ Vg1 (0,1 + 1) — Via (1, 1)),
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Vo (L,1)

V,(0,1+1)
V(0,1 +1)

where the first

= (1=A" =MWV (LD + N+ VI 0,0] + MNph+ Ve, (1,1 = 1)
+CN™*(1,1)

= (=X =MW (LD + N+ Vi (0,0 + Np' + Vi, (1,1 = 1)
+Ca(p™)P" + Vi (0,0+1) = Vi, (1, 1),

= (1=X" =AYV, 10,14 1) + NV, 1 (0,1 + 1) + N [p' + Vi1 (0,1)],

= (L= =YW (0,1 4+ 1) + N Ve (0,0 + 1) + X [ph + V7 (0,1)],

inequality is due to 07 (1,l) < 0 and the second inequality follows from the

fact that p™* may not be the optimal fee for 6,(p,1,1). Using the three equalities and one

inequality from above, we have

v

V(0,14 1) = V(0,14 1)

(T =N = XY [Voya (0,1 + 1) = Vir 1 (0,1 + 1)]

AN Vg1 (0,14 1) = VI (0,14 1)] 4+ A [Viga (0,1) — Vi 1(0,1)],

Vo (1,0) = V7 (1,1)

(1 =X = M) Vora (1,0) = Vi (1,0)]

AN Vo1 (0,1) = VI (0,D)] 4+ A [Via (1,1 = 1) = Vi (1,1 = 1))
+CN (P ) Vi1 (0,1 + 1) = VI (0,14 1) + VI (1,1) = Vi (1,1)]
1= X" =N = Cxa(p™)][Vaya (1,1) = Vi1 (1,0)]

AN Vo1 (0,0) = VI (0,D)] 4+ N Vi (1,1 — 1) = Vi (1,1 = 1))

FON(P™) Vs (0,14 1) = V7, (0,14 1))

Application of property ¢) and a) in period n+1 shows \"[V;,11(0,1)=V,7, 1 (0,1)] = N*[V,11(0, 1+
1) = V7 (0,14 1)] and X [V,qq (1,1 = 1) = Vi (1,1 = 1)] > M[V,41(0,1) — VI, 1(0,1)]. Hence,
for V,,(1,1) = V.'(1,1) > V(0,1 + 1) — V7(0,1 + 1), it is sufficient to prove

[1— A\ —

> (1-\'—

N = Cxa(p")]|[Vasa (1,1) = Vi (1,1)]

A Vit (0,14 1) = VI (0,1 + 1)] = CA(p"™) [Vorgr (0,1 + 1) — V7 10,1+ 1)].
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This also follows from property a) in period n + 1: [1 — A" — X — CAa(p™*)][Vos1(1,1) —

Vi (1L,0)] > [1—)\h—/\l—C’)\a(p’”’*)][VnH(O,l+1)—VJ+1(O,l+1)]. Hence, V,,(1,1)=V/(1,1) >

Vn(0,14+1) — V(0,14 1) and the proof for this case is complete.

Case 3: 0 < 95 (h,l) and 0 < 0" (h,1).

V(0,14 1)
Vr(0,l+1)

Va(1,1)

Vi (1,0)

= (1=MN =AYV (0,1 + 1) + NV, 01 (0,14 1) + N [p' + V,11(0,1)],
= (1= = X)W 0,0+ 1) + AV 0,1+ 1) + Np' + Vi (0,0)],
= (I=N" =MW (1,1) + N [p" + Voa (0, )] + Np' + Vi (1,1 = 1))

FONE (1, 1)

v

(1= A" = AWV (L, 1) + X" + Vit (0,D)] + N p + Via (1,1 — 1))

FCAa(P™)[p"" + Vi1 (0,1 + 1) = Vo (1, 1],

= (=N = XNYWr (L0 + X" + Vi (0,0] + Np' + V(0,1 = 1)
+CNT*(1,1)

= (=N =MW (L0 + X" + Vi, (0,0] + Np' + V(1,0 = 1)

+CAa(p™*)[p"" + V, 1 (0,1+1) = V' (1,1)].

We further have

\Y

Vo(1,0) = V' (1,1)

(1 =X = M) Vora (1,1) = Vi, (1,0)]

AN Vi1 (0,0) = Vi (0,0] + N [Voa (1,1 = 1) = Vi (1,1 = 1)
+CNa(p"*) Vg1 (0,0 +1) = V' (0,0 4+ 1) + V' (1,1) — Viya (1, 0)]
[1= X" = X = Cxa(p™)][Vara (1,1) = Vi (1,0)]

AN Vi1 (0,0) = VI (0,D)] 4+ A Via (1,1 = 1) = Vi (1,1 = 1))

+COA(p™) Vo (0,1 4+ 1) = Vi, (0,0 4+ 1)),
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V(0,0 +1) = V(0,14 1)
= (L=MN =AY Vorr (0,1 + 1) = V71 (0,1 + 1)]
AN V1 (0,14 1) = VI (0,1 + 1)) + M [Viga (0,1) = Vir1(0,D)].
Then the proof of V,,(1,1) — V7 (1,1) > V,(0,{+1) — V,7(0,1 + 1) is identical to that of Case
2.

Corner (1,0). Upgrades cannot be offered at state (0,1) due to zero premium capacity.

There are 3 possible cases similar to vertical boundary.

Case 1: 67(1,0) <0 and 9*(1,0) < 0.

Vo(0,1) = (1=MN = X)V,1(0,1) + NV,01(0,1) + N [p' + Viyr(0,0)],
Vi(0,1) = (1=N =NV (0,1) + NV, (0,1) + Np' + Vi, (0,0)],
Vo(1,0) = (1 =M= XYV, 1 (1,0) + N [p" + Vi1 (0,0)] + AV,11(1,0),
VI(1,0) = (1—=MN =AYV (1,0) + Np" + V7,1 (0,0)] + A7, (1,0).

Then we have

Vo(0,1) =V (0,1) = (1 =X = MN)[Voy1(0,1) = V1 (0, D] + A"[Vaya (0, 1) = V71 (0, 1))
AN [V211(0,0) = V71 (0,0)],

Vo(1,0) = Vi (1,0) = (1 =X = MN)[Voya(1,0) = Vi1 (1,0)] + A"[Vay1 (0,0) — V71 (0,0)]
AN Vo1 (1,0) = V4 (1,0)].

1

Y

Due to property a) in period n+ 1, we have V1,
)

(0,1)— Vs
Due to property c) in period n+ 1, we have V,,;1(0,1) — Vnr+1( 1) = Vp41(0,0) = V71 (0,0).
Due to property b) in period n+ 1, we have V,,,1(0,0) — Vs

0)

Thus we have V,,(0,1) — V7 (0,1) < V,,(1,0) — V' (1,

i through term-by-term comparisons.

Case 2: §7(1,0) <0 and 07*(1,0) > 0.

Vo(0,1) = (1 =N = A)Woia(0,1) + NV,p1(0,1) + N[p! + V,41(0,0)],

Vi0,1) = (1=A"=X)WV75(0,1) + NV (0,1) + Mp' + Vi, (0,0)],
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Va(1,0) = (1= X' = N)Voya (1,0) + N [p" + Viya (0,0)] + X'Voi1 (1, 0)

v

v

(1= A" = AYV,1(1,0) + M[p" + V;,101(0,0)] + AV, 1 (1,0) + O (1, 0)

(1 - )‘h - )‘Z)VnJrl(la O) + Ah[ph + VnJrl(Oa O)] + )‘lvn+1(17 0)

+CAa(p"")[p"" + Voy1(0,1) — V,11(1,0)],

V' (1,0)

n

(1= X = XYV (1,0) + N + V7 (0,0)] + XVZ, (1,0) + CAGL™(1,0)

= (1= =2V (1,0) + N [p" + V71 (0,0)] + ANV7 L (1,0)

+CAa(p"™)[p"" + Vi (0,1) = Vi1, (1, 0)],

where the first inequality is due to ¢ (1,0) < 0 and the second inequality follows from the

fact that p™* may not be the optimal fee for d,,(p, 1,0). Using the three equalities and one

inequality from above, we have

Vo(1,0) — V/(1,0) >

Vo(0,1) = Vr(0,1) =

(1= X" = N)[Vasa(1,0) = Vi (1,0)]

A V41(0,0) = V1 (0,0)] + N [Visa (1,0) = V74 (1,0)]
+OX(P"*) Vi1 (0,1) = V7 (0,1) + V71 (1,0) = Viga (1, 0)]

[ = X" =X = Cha(p")][Vasa(1,0) = Vi (1,0)]

A Va1(0,0) = V7 (0, 0)]

N [V (1,0) = Vi (1,0)] + Cha(p™) [Vasr (0,1) = Vi1 (0,1)],
(1= X" = A)[Vis1(0,1) = V7 a (0, )] + N[V (0, 1) = V7, (0, )]

+ N [Vas1(0,0) = V7,41 (0,0)],

Application of property c) and b) in period n + 1 shows A*[V,,41(0,0) — V", ,(0,0)] =
N Va0, 1) = V1 (0, 1)] amd X[V (1,0) = Vi1 (1,0)] 2 N[V (0,0) — V11 0,0)]. Henee,

for V,,(1,0) — V7(1,0) > V,,(0,1) — V7(0,1), it is sufficient to prove

[ =" =X = Cxa(p"™)][Vata(1,0) = V75 (1,0)] + CAe(p"™) [Vasr (0, 1) = V711 (0,1)]

> (1= M=\ [V,1(0,1) = Vir (0, 1)].
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This also follows from property a) in period n + 1: [1 — A — X — CAa(p™*)][Viy1(1,0) —
Vr(1,0)] > [1 =M =X = Cha(p™)][Vas1(0,1) — V71 (0,1)]. Hence, V,(1,0) — V,'(1,0) >
V,(0,1) = V7(0,1) and the proof for this case is complete.

Case 3: 6/(1,0) > 0 and §>*(1,0) > 0.

Vo(0,1) = (1 =N =X)V,1(0,1) + NV,1(0,1) + N [p' 4+ Viy1(0,0)],

Vro,1) = (1-\—

n

AV (0,1) + AV (0,1) + N ph + Vi, (0,0)],
V(1,00 = (1 =M= X)WV, 01(1,0) + N [p" + Vi1 (0,0)] + AV, 1(1,0) + CAGZ(1,0)
> (1= A" =AYV, 00 (1,0) + MN[p" 4+ V,11(0,0)] + A'V,44(1,0)

+CAa(p™")[p"" + Vir1(0,1) = Vit (1, 0)],
Vi(1,0) = (1= =)V (1,0) + X p" + V7 (0,0)] + AV, (1,0)

n

+CAa(p™)[p" + Vi (0,1) = Vi (1,0)].

Then the proof of V,,(1,0) — V;7(1,0) > V,,(0,1) — V;7(0, 1) is identical to that of Case 2.
Proof of property b): 0 x [0 : M] is partitioned into the vertical boundary {0} x [1: M]
and the corner (0,0). The proof is customized for each region. Property b) in period n can be
expressed as in the statement of b) or alternatively as V,,(1,1) — V.7 (1,1) > V,(0,1) — V.(0,1)
for [ € [0 : M]. We focus on the alternative expression for most of the cases, since it is
more convenient to prove. The inequality involve states (1,[) and (0,1). From property a) in
period n+ 1, 6} (1,1) > 0 implies 6/>*(1,7) > 0. Cases are constructed by examining whether
0x(1,1) and d7*(1,1) are positive or not.

Vertical boundary {1} x [1: M]. There are 3 possible cases.

Case 1: 67(1,1) <0 and 07*(1,1) < 0.
Vo(1,0) = (1=X = X)WV (1,0) + N p" 4+ Vi1 (0,0)] + N[p' + Via (1,1 — 1)],
Vi) = (=M= NV (11 + X" + Vi (0,0] + Np' + Vi, (1,1 = 1)),
Vo(0,0) = (1= A" = M)WV (0,0) + NV, 00 (0,1) + N[p' + Va0, 1 — 1)],

Vi0,0) = (== X)V7,(0,0) + A"V (0,0) + Np' + Vi (0,0 = 1)),
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Due to property b) in period n+1, we have V,,(1,1) =V (1,1) > V,(0,1)—V.7(0,1) through
term-by-term comparisons.

Case 2: 67(1,1) < 0and 0 < 6/*(1,1).

Vo(1,D) = (1 =X = XYW (1, D) + MN[p" + V1 (0,D)] + Np' + Vir (1,1 — 1)]

v

(1= X' = XDV (1, 1) + N [p" + Vi1 (0, D] + A p! + Vi (1,1 — 1] 4+ CASE(1, 1)

v

(1= X = M)Wora (1,1) + N [p" + Voyr (0,0)] + N p' + Visa (1,1 = 1)]
+CA(p™)[p"" + Va1 (0,1 + 1) = Vo (L, 1)),

Vi (L,0) (L= A" = XYV (L0 + A" + Vi (0,0)] + Np' + Vi (1,1 = 1))

+CAa(p™)[p" + Vi (0,0 4+ 1) = Vi, (1,1,
Vn<07 l) = (1 - >\h - /\Z)Vn—i-l(OJ l) + Ahvn-&-l(oa l) + /\l[pl + Vn—l—l(O?l - 1)]7

Vi0.0) = (1=A"= X)WV (0,0) + AV (0,0) + Np' + Vi (0,0 = 1)),

where the first inequality is due to 07(1,]) < 0 and the second inequality follows from the
fact that p™* may not be the optimal fee for ¢, (p,1,1). Using the three equalities and one

inequality from above, we have

V(1,0 = Vi (1,1)

v

(1 =X = M) Vo (1,0) = Vi (1,0)

AN Vi1 (0,0) = Vi (0,0] + N [Voa (1,1 = 1) = Vi, (1,1 = 1)

FON(P™) Vi1 (0,1 4+ 1) = VI (0,1 4+1) + VI (1,1) — Vi (1,1)]

= [1=A" =X = Cha@")][Vara(1,1) = Vi (L, D]+ N [Voya (0,0) = Vi, (0, )]
ANV (L= 1) = V7 (1,1 = 1))+ CAa(p"™) [Vaga (0,1 + 1) = V71 (0,1+ 1)],
V,(0,1) — V(0,1

= (1= A" = N)[Vaya(0,0) = Vit (0, )] + N[V (0,1) = Vi (0, )]

AN [Vog1 (0,1 = 1) = V71 (0,1 = 1)).
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Application of property b) in period n + 1 shows A {V,1(1,0 — 1) — V(1,1 — 1)] >
M[Vis1(0,1 = 1) = V7 (0,1 — 1)]. Hence, for V,(1,1) — Vi (1,1) > V,(0,1) — V,7(0,1), it

is sufficient to prove

[ =X =X = Cra (™ )[Vaur (1,1) = Vi (1,0)]

> (1= X' = N)[Vara (0,0) = Vi (0,0)] = Cra(p™ ) [Vasa (0,14 1) = V7, (0,1 + 1))

This also follows from property b) in period n + 1: V,q(1,1) — V7 (1,1) > V,a(0,1) —
V. 1(0,1) and property c¢) in period n+1: V,,41(0,1+1)=V,(0,14+1) = V,,11(0,1) =V, 1 (0,1).
Hence, V,,(1,1) — V/'(1,1) > V,(0,1) — V.(0,) and the proof for this case is complete.

Case 3: 0 < d%(1,1) and 0 < 07%(1,1).

Vn(L l) = (1 - )‘h - )‘l)VnJrl(la l) + )‘h[ph + Vn+1(07 l)] + )‘l[pl + Vn+1(17l - 1)]

+ON*(L,1)

A%

(1= A" =AYV (1L, 1) + N [p" + Vi1 (0, D] + N p! + Via (1,1 = 1))
FCXAa(p™")[P"" + Vi1 (0, 1+ 1) = Voya (1, 1)),
Vi) = (L=X" =2V (LD + N " + Vi, (0,0)] + Nph+ Vi (1,1 = 1)
+CNT*(1,1)
= (1=A"=MYWV7 (L0 + N+ VI (0,0] + MN[pt + Vi, (1,1 — 1))
+Cxa(p™ )" + Vi (0,1+1) = Vi (1, 1),
Vo(0,0) = (1 =X =AYVt (0,0) + X'Vt (0,1) + N p' + Vi (0,1 — 1),

Vi) = (1=X"=XYWVr (0,0) + A"V (0,0) + N p + V71 (0,1 — 1)].

Then the proof of V,,(1,1) — V.'(1,1) > V,(0,1) — V.7(0,1) is identical to that of Case 2.

Corner point {0} x {0}. Upgrades cannot be offered at state (0,1) due to zero premium

capacity. There are 3 possible cases similar to the vertical boundary.
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Case 1: 0;(1,0) <0 and §7*(1,0) < 0.

VH(L 0) - (1 - )‘h - )‘l)VnJrl(l? 0) + )‘h[ph + Vn+1(07 0)] + /\ZVTLJrl(la O)v
VI(1,0) = (1=MN = XM)Vr (1,0) + A p" + VI 1(0,0)] + ANV, (1,0),
Vn(oa 0) = (1 - >\h - )‘l)VnJrl(O? 0) + )‘hvn+1<0a O) + )‘anJrl(()a 0)7

V70,00 = (1-MN =XV (0,0) + A"V ,(0,0) + AV, (0,0).

Due to property b) in period n + 1, we have V,,(1,0) — V.7 (1,0) > V,,(0,0) — V."(0,0) through
term-by-term comparisons.

Case 2: 67(1,0) <0 and §7*(1,0) > 0.

Va(1,0) = (1=XN' = M)V,ya(1,0) + N [p" + V,11(0,0)] + N Vo1 (1,0)

v

(1= A" = AYV,i1(1,0) + M [p" + V,,41(0,0)] + AV, 11(1,0) + CAS(1,0)

v

(1= A" = AYV,a (1,0) + M [p" + V,11(0,0)] + AV, (1, 0)

+CAa(p™*)[p"" + Viy1(0,1) = V1 (1,0)],

Vi(1,0) = (1=X"= M)V (1,0) + X" + V71 (0,0)] + X'V, (1,0)
+CAa(p™ ) [p"* + Vi, 1(0,1) = V7,1 (1,0)],

Vo(0,0) = (1= —A)V,01(0,0) + A'V,11(0,0) + X'V,41(0,0),

Vr0,0) = (1—=A"=X)Vr,(0,0) + A"V, 1(0,0) + AV, (0,0),

where the first inequality is due to 6 (1,0) < 0 and the second inequality follows from the
fact that p™* may not be the optimal fee for d,,(p, 1,0). Using the three equalities and one

inequality from above, we have

Va(0,0) = V,7(0,0) = (1= A" = X)[Vi1(0,0) = V;711(0,0)] + A [V,41(0,0) = V7,4(0,0)]

+ A [Vp41(0,0) = Vi1 (0,0)],
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Va(L,0) = VJ(L0) > (1= X' = N[V (1,0) = V1,4 (1,0)]
FNVi1(0,0) = V73 (0,0)] 4 X[V (1,0) = V7,4 (1,0)]
FOAP ) Viera(0.1) = V73 (0,1) + V1 (1.0) = Vi (1,0))
= L= N = N = OA Vi (1,0) = Vi, (1,0)]
FAVig1(0,0) = V74, (0,0)]

A [Vara(1,0) = Vi (1, 0)] + CAa(p™) [Vaia (0,1) = Vi, (0, 1)].

Application of property b) in period n+ 1 shows X[V, 11(1,0) = V7 ;(1,0)] > X {V,,11(0,0) —

Vr.1(0,0)]. Hence, for V,,(1,0) — V7(1,0) > V,,(0,0) — V,7(0,0), it is sufficient to prove

[1= X" =X = Cxa(p"™))[Vara(1,0) = V71 (1,0)] + CAa(p"™) [Vasa (0,1) = V71 (0,1)]

> (1 - /\h - )‘l)[Vn-l-l(O? 0) - VnT+1(07 O)]

This also follows from property b) in period n 4 1: V,41(1,0) =V, 1(1,0) > V,41(0,0) —
V,7.1(0,0) and property c) in period n + 1: V,41(0,1) =V 1(0,1) = V;,41(0,0) — V7.1 (0,0).
Hence, V,,(1,0) — V' (1,0) > V,(0,0) — V7 (0,0) and the proof for this case is complete.

Case 3: 0:(1,0) > 0 and §7*(1,0) > 0.

V(1,00 = (1 =M = X)V,1(1,0) + N [p" + Vi1 (0,0)] + AV,1(1,0) + CAGZ(1,0)
> (1=MN = XHYVq(1,0) + N [p"* + V,1(0,0)] + AV, 4 (1,0)
+CAa(p™)[p"" + Var1(0,1) = Vira (1,0)],
VI(1,0) = (1—=A"= XYV (1,0) + N p" + V1 (0,0)] + AV, (1,0)
+CAa(p™)[p"" + V;1(0,1) = Vi (1,0)],
Vo(0,0) = (1 =X —A)V,01(0,0) + A'V,11(0,0) + X'V,41(0,0),

V0,00 = (1=MN'=X\)V7,(0,0) + A"V, 1(0,0) + X'V, (0,0),
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Then the proof of V,,(1,0) — V.'(1,0) > V,,(0,0) — V.7(0,0) is identical to that of Case 2. O

Proof of Proposition @: u?(1,1) > 0 implies that an optimal fee p*(1,1) € [0,p" — p']
makes 05(1,1) = a(pl(1,1))[ps(1,1) + A,(1,1)] > 0. From property a) of Proposition |5 we
have A, (1,1) < Ar(1,1). Since 0 < p < p = p" — p!, there must exist a p € [p,p] which
makes a(p)[p + AL(1,1)] > 0. Then, §7*(1,1) = a(pi*(1,0)[ph*(1,1) + A% (1,1)] > 0. Thus,

n

wt(1,1) > 0 implies u*(1,1) > 0. O
Proof of Corollary [2] The proof is identical to that of Proposition [I] O

Proof of Proposition [7}
The comparison of the optimal substitution fee and the optimal upgrade fee requires us

to examine the optimization of the following two revenue functions:
a(f)f* +p' + V(b = 1,0) = Vi (h,0)] and a(p®)[p® + Vi (h — 1,1) = V2 (B, 0)].

From Lemma 2 we know that f3*(h) < p3*(h,0) if p'+ V3, (h—1,0)= V2, (h,0) > V5, (h—
1,1)= V., (h,0). The second inequality is equivalent to V,* ; (h—1,1)= V5, (h—1,0) < p; a
unit of regular capacity cannot bring more revenue than its market price. A formal induction
proof is provided as follows.

Vi (hl+1) = Vi (h,1) < plis true in period N 4 1, since Viy;1(h,1) = 0. As the
induction hypothesis, we assume the inequality is true in period n + 1 and validate it in
period n. DP formulations are different on the corner point (0,0), two boundaries (0,1) for
[ >0 and (h,0) for h > 0, and in the interior region (h,!l) for h,l > 0. The proof consists of
four parts corresponding to these four regions. For brevity, we use p‘;’; to represent p>*(h, 1)
and f;"" to represent f5*(h) when the time period is clear.

Interior [1 : H] x [1 : L]. There are 4 possible cases.
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Case 1: 05*(h,l 4+ 1) <0 and 65*(h,l) <0.

Vih,l+1) = (L=MN=MW2 (h1+1)+ A"+ Ve (h—1,1+1)]
N[+ Vi (D),
Vih,D) = (1= A" =AW (h D) + X [p" + Vi (h = 1,0)]
NP+ V(R L= 1))
Ve (hl+1) = Ve (h,1) <p'and term-by-term comparisons of the value functions above
yield V#(h, 1+ 1) — V(h,1) < pl.
Case 2: 05*(h,l 4+ 1) > 0 and 65*(h,l) < 0.

ViR +1) = (1=N =YW (B I+ 1)+ N p" + Ve (h— 1,14 1)]
AP+ VEL (B D] + CASE* (b, L+ 1)
= (1= =2V (R L+ 1)+ N p" + Ve (h— 1,1+ 1)]
AN+ Vi (B, 1)]
+CONa (P ) P + Vi (h = 1,14 2) = V2, (b L+ 1)),

Vilht) = (L=X' = M)V (b 1)+ N " + Vi (h = LD] + Np' + Vi (b, 1 = 1)

> (=N = AHVE (B D) + N [p" + Vi (b= 1L,D] + N[p' + Ve (hy 1 — 1))
+CNGE* (D, 1)
> (1= N =)WV (1) + A" + Ve (= 1,0 + N+ Vi (A1 = 1)

+C)\a<p2j+1)[p}sz7;+l + V?f+1<h - 17 1 + 1) - V?f+1(h'7 l)]7

where the first inequality is from 65*(h, 1) < 0 and the second inequality is due to the non-
optimality of py7 , for a(p®)[p® + Vi (h — 1,1+ 1) = V2 (R, 1)]. Then, Vi (h, 1+ 1) —
Ve (b 1) < p! and term-by-term comparisons of the value functions above yield V*(h, 1 +

1) = V3(h,D) < p"
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Case 3: 05*(h,l+1) <0 and 63*(h,l) > 0.

Ve(h,l+ 1)

Ve(h,l)

n

(L=MN = 2MWe (h L+ 1)+ N "+ VE (b — 1,1+ 1)]

AN+ Vi (D)

(L=N = XYV (b D) + N " + Ve (b= 1,0 + NP+ Vi (R 1= 1)]
+CN5*(h, 1)

(L= N = XYV (B D)+ N 4 Vi (= 1,0] + N fpt+ V2 (D= 1),

where the inequality is from 05*(h,l) > 0. Then, V5, (h,l +1) — V2, (h,1) < p' and term-

by-term comparisons of the value functions above yield V(h,l 4+ 1) — V*(h,1) < p.

Case 4: 65*(h,l +1) > 0 and 62*(h,1) > 0.

Ve(h 1+ 1)

Vi (hs 1)

Y]

(L=N =AYV (h L+ 1) + N + Ve (h =11+ 1))

SN+ VE (B D]+ CXGE* (R, L+ 1)

(T=N = 2AYWVE L (h L+ 1)+ N + Vo (h— 1,1+ 1)]

AP+ Ve (R D)

+CA(py )R + Vi (b= 1,142) = Vi, (b, 1+ 1)),

(L= N = 2AYWVe (b D) + N p" + V2, (R = 1,1)]

NP+ VE (b D= 1)] + CAGZ* (R,1)

(L=N = XYV (b D) + N " + Ve (b= 1,0 + NP+ Vi (R 1= 1)]

+C>\a(p2’,7+1)[pi’,7+1 + Vrf+1(h -1,14+1)— V7f+1(h> 0],

where the inequality is due to the non-optimality of py7,, for a(p®)[p® + V7 (h— 1,1+ 1) —

Ve (h,1)]. Then, Vi (h,l+1) = V2 (1) < p' and term-by-term comparisons of the value

functions above yield V:(h,l + 1) — V,5(h,1) < p.

Horizontal boundary [1 : H] x {1}. There are 4 cases similar to the interior.
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Case 1: 05*(h,1) <0 and 62*(h,0) < 0.

VE(h, 1) = (1=XA" = XYW (b 1) + N [p" + Ve (R — 1, )]+ N+ V2L (B, 0)],

n

VE(h,0) > (1= A" = MYWVe (h,0) + A'[p" + Vi (b — 1,0)] + AV (h, 0).

The inequality is true because we eliminate the potential nonnegative revenue from substi-
tution. V5, (h,14+1) =V (h,1) < p' and term-by-term comparisons of the value functions
above yield V5(h,1) — V*(h,0) < p".

Case 2: 05*(h,1) > 0 and 62*(h,0) < 0.

n

Vah, 1) = (1 =M= XYV (b, 1) + N " + V2 (h = L]+ N [p' + V3,1 (h, 0)]
+CA65* (R, 1)

= (1=A" =MV (k1) + Np" + Ve (h =1, 1))+ N [p' + V2, (h,0)]
+Cha(py )Py + Vi (h = 1,2) = Vi (B, 1)),

n

VE(h,0) > (1=N'=XYVE (R, 0) + N'p" + VE (b —1,0)] + X'V,2 1 (h,0)

> (1= = M)W (B, 0) + N p" + Vi (h = 1,0)] + NV, (h, 0)
+CNG%* (R, 0)
> (1= N = AYVE (R, 0) + N p" + Vi (b —1,0)] + AX'V,2,(h,0)

+CAa(py )y + Vi (h = 1,1) = V7 (B, 0)],

where the first inequality is because of the potential substitution revenue elimination, and the
second inequality is from §2*(h,0) < 0 and the third inequality is due to the non-optimality
of py} for a(p®)[p® + Vi1 (h — 1,1) = V21 (h,0)]. Then, Vi2 i (k1 +1) = V2 1 (h,1) < p' and

term-by-term comparisons of the value functions above yield V:¥(h, 1) — V.#(h,0) < p’.
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Case 3: 05*(h,1) <0 and 62*(h,0) > 0.

Vrf(ha 1) = (]' - /\h - )‘Z)V;+1(h7 1) + )‘h[ph + V?‘f—l—l(h -1, 1)] + /\l[pl + V’rf—l—l(hu O)]:
Vrf(h’ O) Z (1 - /\h - )‘l)vﬁs—&-l(h? 0) + )‘h[ph + V?f—i—l(h - 17 0)] + /\lvs—i-l(hv 0)
+CN6:*(h, 0)
> (1=MN =AYV (R, 0) + N [p" + V2 (h—1,0)] + NV, (R, 0),
where the first inequality is because of the potential substitution revenue elimination and
the second inequality is from 6:*(h,0) > 0. Then, V7 (h,l+ 1) — Vi (h,1) < p' and
term-by-term comparisons of the value functions above yield V:¥(h, 1) — V.*(h,0) < p’.
Case 4: 65*(h,1) > 0 and 65*(h,0) > 0.
V;(ha 1) - (1 - /\h - )‘l>vvf+1(h’7 1) + )‘h[ph + V;Jrl(h - 17 1)] + /\l[pl + VrLSJrl(h’J O)]
+CN6* (R, 1)
= (1=XN =)W (h 1)+ N+ Vi (h— 1, D]+ XN[p' + V5, (h,0)]
+O/\O‘(p2’:;)[p2ﬁ + vrf+1(h - 17 2) - VTLS+1(h7 1)]7
VE(h,0) > (1=X"—=XYV2 (R, 0) + N p" + Vi (h — 1,0)] + AV, (b, 0)

n

HONE (B, 0)

v

(1 =N = MYV2 (R, 0) + A [p" + Ve (h — 1,0)] + A'VE, (R, 0)

+0Aa(pz’j)[p2ﬁ + V118+1(h - 17 1) - Vns—l—l(hu O)]7

where the first inequality is because of the potential substitution revenue elimination and the
second inequality is from the non-optimality of p;’] for a(p®)[p®+ V7, (h—1,1) = V7, (h, 0)].
Then, V5, (h,l+ 1) — V1 (h, 1) < p' and term-by-term comparisons of the value functions
above yield V5(h,1) — V;5(h,0) < pl.

Vertical boundary 0 x [1: L — 1]. Without a premium product, no upgrades can be offered.

Vo(0,14+1) = (1—=MN)V,p1(0,14 1) + N[p' + V,1(0,1)],

Vo(0,1) = (1= A)W,i1(0,0) + N[p' 4 Vgt (0,1 = 1)].

160



Term-by-term comparisons of the value functions above yield V(0,1 + 1) — V5(0,1) < p'.

Corner (0,1). No upgrades can be offered as in the vertical boundary.
Vo(0,1) = (1= A)Vou1(0,1) + N[p' + V;u34(0,0)]
Vn<07 O) = (1 - Al)VnJrl(O? 0) + )\an+1<0, 0)

Ve 1(0,1) = V5 1(0,0) < p' and term-by-term comparisons of the value functions above yield

A.2 A Counterexample for Failing DV-Modularity in the Substitution Model

Consider a single period problem with N = 1. The substitution reservation price distribution
is assumed to be a single-point distribution; all regular customers are willing to accept the
substitution if the corresponding fee is smaller or equal to 0.5(p"—p'). Hence, the substitution

acceptance probability is given by

1 f*<050" —p)
a’(f*) = ~
0 f°>05(p"—p)
From the definition of the terminal value function, we have Vy(h,l) = 0, V3(h — 1,0) —
V3 (h,0) = 0 and Aj(h,l) = 0. Since the substitution opportunity cost and upgrade oppor-
tunity value are both zero, any substitution fee and any upgrade fee bring in non-negative
revenues. Thus, it is always optimal to offer substitutions and upgrades if possible in period

1. We can also argue that the optimal substitution fee is f;"* = 0.5(p" — p'). The optimal

upgrade fee in period 1 is independent of (h,[) and denoted by p;™. The value of V#(h, 1) is:
Ve(0,0) = 0,
VE0,1) = Npt forle[l:L]
Vi(h,0) = N+ N[p' +0.5(p" — p)] + Cha(pi™)py™  for h € [1: HJ,

VE(h, 1) = Xpt 4+ At + Cha(pi™)pd* forhe[l:H]and e [1: M],
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ViR, ) = MNp 4+ MNpt forhe[l:Hlandl € [M+1: L].
Then the value of A% (h,l) is:

AY(L,0) = Np' = N[p'+0.5p" —p')] = A"p" — CAa(pi")py™,

A1) = =" —Cha(pi*)py* forle[l: M —1],

AS(h,0) = MNp' = MN[p' +0.5(p" —ph)] = =N0.5(p" —p')  for h € [2: H],
Aj(h,l) = 0 forhe[2:H]andl€[1: M —1],

Aj(h, M) = —Cla(py")py" forhe[2: H].

We have Aj(h,0) < Aj(h,1) since N0.5(p" — p') > 0.
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A.3 A Detailed Upgrade Pseudocode

Table A.4. Pseudocode for upgrade implementation algorithm for given H, L, N, M, and C.
The extent of reminding/reloading unresponsive customers is controlled by R.

/* ¢ is the customer index. */
/* r(c) is the most recent period in which customer ¢ receives an upgrade notification (upgrade recency). */
/* H contains customer index ¢, and £ and U contain customer index ¢ and upgrade recency r(c). */
Initialize: n=1, h=H, =L, H=0,L=0,U = {;
While n < N
/* Not in the potential upgrade region. */
Ifh>0and > M
If there is a customer ¢, then
If customer c is for a premium product, then
h=h—-1and H:=HU{c};
Elself customer c is for a regular product, then
l=1-1,7(c)=0and L :=LU{[c,7(c)]}; /* customer ¢ has not received a upgrade notification. */
EndIf
EndIf
/* In the potential upgrade region. */
ElseIf h >0 and | < M
/* Do not upgrade */
If 6 (h,1) <0, then
L=LUU and U = ;
If there is a customer ¢, then
If customer c is for a premium product, then
h=h—-1and H=HU{c};
Elself customer c is for a regular product, then
l=1-1,7(c)=0and £L=LU{[c,r(c)]};
EndIf
EndIf
/* Upgrade */
Elself §%(h,1) > 0, then
/* Moving or reminding unresponsive upgradeable customers in U. */
Forcel
If n —r(c) > R, then
either move customer ¢: U =U \ {[c,r(¢)]} and L = LU {[c,r(c)]}
or remind customer ¢ by a new notification: r(c) = n;
EndIf
EndFor
/* Loading U with new upgradeable customers. */
While [U| < C
Pick a customer ¢ with the smallest r(c) in £ and send her an upgrade notification:
L=L\A{[c,r(c)]}, r(c) =nand U =U U {[c,r(c)]};
EndWhile
If there is a customer ¢, then
If customer c is for a premium product, then
h=h—-1and H=HU{c};
Elself customer c is for a regular product, then
l=1-1,7(c)=0and L= LU{[c,r(c)]};
Elself customer c is for an upgrade, then
If customer ¢ accepts the upgrade, then
h=h—-11=14+1,U=U\{[c,r(c)]} and H =H U{c};
Elself customer c rejects the upgrade, then
U=U\A{[c,r(c)]} and L =L U{[c,r(c)]};
EndIf
EndIf
EndIf
EndIf
EndIf
n=n+1;
EndWhile.
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APPENDIX B

SUPPLEMENTAL MATERIALS FOR CHAPTER 3

B.1 Notations and Proofs

Table B.1. Notations for Chapter

Manufacturer
L : number of periods to produce common intermediate product
[ : number of periods for each customization sequence
J : number of customization sequences
j . customized end product index
Pm : unit shortage cost
By : unit holding cost
y'  system-wide total inventory level after ordering in period ¢
; : total inventory level of end product j in period ¢ after the myopic allocation
d',i‘t.“" : demand from retailer k for product j placed in period t for period t + s;, delivery
of'-]’H" : demand for end product j observed in period ¢ due for ¢t + n
uf-’H" . demand for end product j unobserved in period ¢ due for t +n
Vt: total demand from period ¢ to period ¢t + L — 1
I/VJHL : total demand for end product j from period ¢ + L to period ¢t + L + 1
Gj(y;.”‘) : expected inventory cost for end product j at the end of period ¢ + L + [

yt(L7l7sl7S2) :
GnL(L7l751752) :
Ym(L, 1, 51, 82)

manufacturer’s optimal base-stock level
manufacturer’s optimal expected inventory cost per period
manufacturer’s effective demand standard deviation during production lead time

Retailers
¢, - retailer k’s cost coefficient
cipr :  retailer k’s unit shortage cost
crh, @ retailer k’s unit holding cost
DZ]' retailer k’s end customer demand for product j in period ¢
Yrj(sg) :  retailer k’s optimal base-stock level for product j
Gr(sg) : retailer k’s optimal expected inventory cost per period
Ur(ss) :  retailer k’s effective demand standard deviation during promised lead time

Supply chain

s . retailer k’s promised lead time
Q, :  manufacturer’s cost of demand uncertainty
cra ;- retailer k’s cost of demand uncertainty
s¢(L,1): optimal promised lead time for retailer k in the centralized supply chain
Uy :  retailer k’s maximum acceptable inventory cost per period in the different market setting
sP(L,l): optimal promised lead time for retailer k in the different market setting
7P (L,1) :  optimal payment for retailer k in the different market setting
U : retailers’ maximum acceptable inventory cost per period in the same market setting
S‘f (L,1): optimal promised lead time for retailer &k in the same market setting
7y (L,1) : optimal payment for retailer k in the same market setting
M, M, M : thresholds that determine optimal promised lead times for the centralized supply chain
N, N : thresholds that determine optimal promised lead times for the same market setting
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Proof of Proposition Since retailer £ is operating over infinite-time horizon, he min-
imizes either the discounted cost or the long-run average cost. Veinott (1965) and Iglehart
(1963) show the optimality of the (s, .S) policy under either criterion respectively. Proposition
is a special case of their optimality results.

Because ¢ (s) = (Z}]:1 akj) Vsi + 1, we find its first and second derivatives as follows.

d 1 [ ,
¢C];$(jk> = 5 (Z O'kj) (Sk + 1)75 >0

j=1
i (s1) 1 ( d ) s
— s = - ZO’kj (Sk—f-l) 2 <0
ds;, 4 ‘=
Hence, 1 (sg) is concave increasing in sg. O

Proof of Proposition [9}

The proof of Proposition |§| is similar to the proofs in Eppen and Schrage(1981), Erkip et
al. (1990), and Ozer (2003). In the main body of Chapter , we have made four assumptions:

1. Unit holding cost h,, and penalty cost p,, are the same across J end products.

2. Independent demand dfg’?s’“ follows a normal distribution with mean j;; and variance
op; for ke {1,2} and j € {1,..., J}.

3. Allocation Assumption holds: the manufacturer always receives sufficient intermediate
products in period ¢t + L, so that each customization sequence can be allocated sufficient
intermediate products to ensure the same service level (an equal fractile of the demand
distribution) across all J end products in period t + L + .

4. We restrict the policy space to the class of base-stock policies with myopic allocation.

We will see later, under assumption 1, 2 and 3, the myopic allocation in the optimal
policy insures that an equal fractile of the demand distribution must be restored for each

end product j.
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At the beginning of period ¢, a batch of intermediate product is produced by the man-
ufacturer and brings the total system stock to y'. The system stock 3 includes the on-

hand and in-transit inventory of both the intermediate product and the end products. It

will protect the system from the variation of demand over L + [ + 1 periods. 0§’t+" =

di;f"_sl’H"]I{slM} + dt+n 2 o, <y is the observed demand of product j at period ¢ due
for delivery in period t + n. ut SRS dﬁ"ﬂl”nﬂ{sl@} + dt+n 52’t+"]l{52§n} is the unob-

served demand of product j at period t due for delivery in period ¢ + n. The summation

t,t
of o n

t,t+n

and u; " is the actual demand for product j due for delivery in period ¢ + n.

t.— Zn;o ijl(oé’t”" + uz,tm) represents the total demand over the intermediate product

lead time L. We define
L+l
VVJHL = Z(OE’H" + ué’”") for j € {1,2,..., J},
n=L

which represents the total demand of end product j from periods ¢t + L to t + L + . From

e t,t t,t tt
the definitions of dk,’jJrS’“, 0] " and U * we have

L-1 J J 2
E(VY = ZZO?H” + ZZ — i) g Lse<r)

=0 j—l j=1 k=1
Var(Vt) = Z Z Ukj Tis <y
7=1 k=1
L+1 2 2
E(I/I/JtJrL) = Z tt+n + Z l + 1 /flk]]I{sk<L} + Z L + [ + 1-— Sk),ukjﬂ{L<5k<L+l+1},
n=L k=1 k=1
2 2
Var(Wi™) = Y (14 Dog T any + Y (L4141 = sp)og Lres, <)
k=1 k=1

At the beginning of period t+ L, the amount of end products to be finished by period t+ L+ is
y' — V. We first treat the system base-stock 3 as given and focus on the allocation decisions
yitt ..yt To minimize the cost of myopic allocation under Allocation Assumption, we
solve the problem in (3.2)) while assuming y' is an exogenous constant:

J

t+L t+L _ t st

t+L t+LZG S't'zyj =Y Ve
j=1

Y g
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y§i+L represents the total amount of on-hand and in-transit inventory of end product j.
t+L . t+L t+L\+ t+L t+L\—1 - .

Gi(y; ™ = Elhm(y;™ — W) + p(y;™ — W;T)7] is the expected inventory cost of

product j at the end of period t + L + [. After introducing the Lagrange multiplier X\, we

minimize the Lagrangian function. For each end product, the optimal allocation for each

product is

1, Pm A
Yy (L1 s1,89) = E(WHE) 4 [Var(WiH)® 1(m),

where @ is the cdf of standard normal random variable. We sum yt”’ (L,1, s1,s2) across all
end products, equate it to y* — V' and solve for @ [(p,, + A\)/(pm + hm)]- By substituting

O [(pn + A)/ (Pm + hm)] into yi (L, 1,51, 52), we have

Var(VVjHL )

J
t+L t+L t t t+L
YL sy, 52) = BWIE) 4 [yt = V=Y B(WIH) .
J J ‘= J Z;]:1 Var(vvjt-‘,—L)

Now we focus on end product j. The level of on-hand inventory of product j at the end of

period ¢t + L + [ is given by

y§+L(L7 l,51,582) — W'HL

\/ Var( W”L
_ (Wt+L Z E Wt+L
Z _11/Var( Wt+L

Var(VVjHL )
Z}Izl VGT(W}H_L)

WitE 4 v

_ L t+L
= 5 _gj )

t+L

where the deterministic component s;™ is defined as

J VaT(W;+L)
S = BV = Y BV — ,
i=1 >ty Var(With)




and the stochastic component §§+L is defined as

Var(I/V;JrL)
gt = witt v
J J

S JVar(witE)

The corresponding expected inventory cost is

G (L s1,8)) = By (L1 s1,80) = W 4 oy (L, 1 51, 82) — W)

= Elhan(si™ = )" + p(sit = 6757,
where the second expectation is taken over §t+L Notice that G;(y t+L(L, l,s1,$2)) is a func-

+L contains yt.

tion of y', since st
Now we optimize G, (y t+L(L, [,51,52)) over y' and search for the optimal base stock level
y"(L,1, 51, $2). The optimizer of the function G;(y t+L(L, [, 81, 82)) is achieved by choosing y*

such that P(¢" < s*%) = p /(pm + han). From this, we have

_1( Pm S;'JFL - E(é]tJrL)

Pm + P Var(§t+L) ’

Then the optimal base stock level is

J

Y (Lo, s1,82) = E(VY) + Y E(WIHY) 4o (—2m

p—— | Var(Vt) +

£ o]

We can observe that y*(L, [, s1, s2) is independent of j, which means that it is the optimizer

j=1

of all G;(y t+L(L,l,31,32)) and ZJ GGy t+L(L,l,sl,32)). By plugging E(V?!), Var(V?),
EWTF), and Var(W/*") into y'(L, 1, s1, s2), we have

L+l J J 2

y'(L,1,81,82) = Z Zot-’t+n + Z Z (L+1+1— sk)pk;
n=0 j=1 =1 k=1
+q)_1 ( ) wm L7l781782)7
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where

wm(Lv la S1, 52)

= Var(Vt) 4+

Z Var(I/V]HL)]

Jj=1

/2 T Y+ Do
k=1 kjH{sk<L}
= | 222 C - s)of ey + | X o

\ 7j=1 k=1 j=1 + Zi:l(L + l + 1— Sk)o-]%j]l{LgskgL-i-l—&-l}

Henc, the manufacturer’s minimum expected inventory cost per period is

Gm(Lal"Sl’S?) = ZG(y;H_L(Lvlvsla32))|yt:yt(LJ,S1,82)

Jj=1

(o (2 )) 5
= (hm +pPn)o (‘I)l (p_m)> Um(L,1, 51, 82).

Dm + hm

Proof of Proposition : Here we only prove property a) and c) for s;. By similar
arguments, property b) and d) also hold for ss.

We first prove property a). Since ¢,,(L, 1, s1,89) > 0, %2 (L, 1, s1+1, s9) =02 (L, 1, s1,52) <
0 is sufficient to validate the decreasing property of ¥,,(L,l, s1,s2) in s;. We examine two

cases: s1 < L and L < sy. First, if s < L, then

V2(L, 1,81+ 1,89) — 2 (L1, s1,8) = Zalj <0.
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Second, if L < sy, then

2(L,1, 814 1,89) — 2 (L, 1,51, 59)

(&
7 2
= [Z \/(L +1-— 81)0'%]- + (l + 1>O-%j]1{82<[/} + (L + l + 1-— SQ)USJ']I{L<32}]

j=1

7 2
— [Z \/(L +1 + 1-— 81)0'% + (l + 1)0-%j1[{52<l/} + (L + { + 1-— SQ)O'%J«]I{L<S2}] .
j=1

Since (L +1—s1)ot; < (L4 141—s1)07;, we have 97 (L, 1,51+ 1,55) — 45 (L, 1, 51, 52) < 0.
Thus ¢, (L, [, s1, $2) is decreasing in s;.
Now we prove property c). Because the proof is the same for all (L, 1, s5), we suppress

these variables in the function names that follow. To aid in the proof, we define two new

functions, namely,

7'(81) . (l —+ 1) [O‘%j]I{51<L} + O'gj]I{32<L}] -+ (L +1l+1- SI)U%jI[{Lgsl}
J = )
—|—(L +1+1- 32>U§jH{L§S2}

V(s1) = [Ym(s1)]’

J J
= (L — 31)]1{51<L} Z U%j + (L — 32)H{52<L} Z Ugj

J=1 J=1

+

Z%’(Sl)] :

From now on in this proof, we treat 1,,(s;) as a continuous function. Because property c)

in the continuous setting is equivalent to

dem(31> <0
ds?  —

and because

dipm(s1) %[Qbm(&)]_l (d@(sﬁ) and

dsy ds;
A (s1) 1] 1 s [dU(s))]? L [d2U(sy)
i 22 [ (s1)] s | T [V (s1)] e ;
property c) or the concavity property is proved if we can show
d*U(sy) d¥(sy) 2
2 v < . B.1
l ds? ] (s1) < [ dsq (B-1)
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When s; < L, we have 22 — — 577 2, and 351 = 0, so (B.1) holds. When L < s, <

L+ 1+1, we have

d"}/j<81> 1

ds, —50%]' [v;(s1)]”" and
d*v;(s1) 1 _
# = —Zafj [%‘(51)] ’

We determine the first and second derivatives of W(s;) as follows:
dSl - — Y581 2 — dSl f}/] 1 — v (51)
= = =
B - S| - S i
ds? 2 52 e =1 i (s1))”

Substituting these expressions into (B.1)) yields

J =)
15
=1 5 S
[(L — 82) Z 0-5]']1{52<L}] ’ J’Y ( l) B J 0‘%.
=1 - [Z]‘:l 7]‘('91)} _Zj:l [’Yj(si)]g

;%(S”] [Z meF | (B2)

It is easy to see that the sufficient condition of (B.1)) is

[ZW] [Z ] [Z% 81”;[%(51)]3]‘ )

j=1

To proceed we adopt a term-wise comparison for items ¢ and j. For ¢ = j, we note that

Vu} =) mﬁ)r’“

For i # j, we compare

2 2 2 2
91; 0y j

Yi(s1) vi(s1) — vi(s1) v;(s1)

(B.4)
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and

7]’(51)[’%(81)]3 +%(81)[’Yj(31)]3‘ (B5)

If (B.4) is less than (B.5)) for all 7 and j pairs, then (B.3]) holds. Multiplying both (B.4]) and
(B.5) by 7i(s1)7;(s1) implies that (B.3) holds whenever

952 52 < g Yi(s1) ? 4 'Yj<51> ?
015025 = 0y 7i(51) + 0y v )

Bringing all terms to the right side and factoring shows

o ot (2) ot (2]

which is certainly true. Hence (B.3)) holds and condition (B.2]) is met. We can also show the

left hand derivative of ¢,,(s1) at L is larger than the right hand derivative. Thus, ,,(s1) is

concave in sj. O

Proof of Proposition To analyze the impact of promised lead time on Allocation
Assumption and compare the result with that from Eppen and Schrage (1981), we focus
on a supply chain with only one retailer. The proof can be generalized to the two-retailer
supply chain studied in the main body of Chapter 8] The optimal base stock level is given
by

NLls) = 1 EALNIYG S B o (L) (L1
y( 775 {8>1}ZZ + i+ S ZM]+ p—l—h ¢< 775)7

n=0 j=1 Jj=1
where
U(L,1,s)
J J 2
= (L = s)Moary Z O'JQ» + Z \/ ]I{S<L}a +(L+1+1- S)H{L<S<L+l+1}0 ] )
j=1 j=1
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¥(L,1, s) represents the effective standard deviation of lead time demand for the manufac-
turer. s € {0,1,..., L+ 1+ 1} is the single retailer’s promised lead time. 0§’t+" is the demand
for end product j in period t 4+ n observed in period t.

Allocation Assumption: In each allocation period t + L, the manufacturer receives suf-
ficient intermediate products, which were ordered L periods ago, so that each end product
can be allocated intermediate products in sufficient quantity to ensure that probability of
stock out in period t 4+ L + [ is the same for all end products.

When s = 0, Lemma 1 in Eppen and Schrage (1981) shows a necessary condition of

Allocation Assumption being true

J J ZJ O
Z t—1 } : t+L—1 _ Ly=17 t—L—1
. 4 2 P 4 + (1 o, ) 9 ’

where dg- is the demand for product j in period t. We want to find the necessary condition
of Allocation Assumption being true when the promised lead time s > 0.

When s € {1, ..., L}, the proof is similar to Lemma 1 in Eppen and Schrage (1981), since
the manufacturer at the beginning of period ¢ does not observe demand from period ¢t + L
to t + L + [. The only difference is that when the promised lead time is positive, the base
stock level y*(L, 1, s) is not stationary and depends on 03’””. We assume that the inventory
on hand, plus on order, is equal to the same fractile position for each end product at period

t + L — 1. Then inventory positions can be represented as

TP = (14 Dy + 2V + Loy, for j=1,.., ).

J dt—l—i—s

, receives Y 5, d.

The manufacturer satisfies demand d?L_l

intermediate products pro-

duced in period ¢, and allocates a; units to end product j. Thus,

IP = (L4 Dy + 2Vl + 1oy = d5H T ay, for j =1, .
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An equal fractile position can be achieved if one can find a set of a;’s such that

J J
Zaj = Zdj-_HS and a; > 0
j=1 j=1

for j=1,...J,
and
IPt““ (I+Dpj+ 221+ 1oy, for j=1,...,J.
Thus,
a; = (2o — 20)V1+ lo; + d?“L_l, for j=1,...,J,
and

J J
ZCLJ Zd; 1+s_ 22—2’1 \/l+ Zg]+zdt+L 1

Jj=1 Jj=1

Solving for (22 — 21) and substituting yields

J t—1+s J t+L—1
dt - S dt
a; = (Z] 1% Zj—l J )Uj +d§+L—17 forj=1,...,J.

J
Zj:l 0j

Note that a; > 0 if

J J >

B _ —10j _ '
Do 2 Y - SO or =)
=1 j=1 J

J J I
t—14s t+L—1 . Zj:l J t+L—1
E dj > Iﬁl’llaXJ E dj + (1 —aj dj

j=1 S
i#J

When s € {L +1,...,L + 1+ 1}, the proof is slightly different. Since s > L + 1, the
manufacturer at period ¢ can observe some future demand in and/or after period t + L. We

use 0§ to represent the observed demand in period ¢ for product j. We still assume that the
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inventory on hand, plus on order, is equal to the same fractile position for each end product

at period t + L — 1. Then inventory position can now be represented as

s—L—1
TP = 37 o (L 1 = )y + VI L L soy, for =1, ).

n=0

t—14L

The observed demand 0} then occurs. The order of intermediate products placed at time

: Joogt—lts _ N\~ t—lts s :
t which equals > 5, d; 7" =35 0; arrives and the manufacturer allocates a; unites

to end product j. Thus,

s—L—1
IPFF = Wopiny Y o (Lt I+ 1= s)uj+ 2V L+ 1+ 1— 50 +a;, for j=1,..,.J.

n=1

An equal fractile position can be achieved if one can find a set of a; such that

J J J

t 1 t—1 .
Z Z +S—Zoj toa;>0forj=1,..,J,
=1 =1

and
s—L—1
IP]HL = Z o§+L+”—|— (L+1+1—5s)pj+2VL+Il+1—s0;forj=1,..J
n=0
Then,
s—L—1 s—L—1
a; = (22_21) /L—FZ—SO'] Z 0t+L+n ]I{s>L+1} Z Ot 1+L+n
n=0 n=1
— (22—21)\/L+l—80'j+02 1+S, fOI‘j:]_,...J,
and

J J

Zaj ot s — (ky — ky) \/L+l—SZO'J+Z (=it
=1

J

Thus ke = k; and a; = 02’1“ =d. ' > 0for j =1,...,J. The manufacturer can always

restore the system to an equal fractile position after intermediate product allocation. O
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Proof of Proposition : Since the objective function G,,(L,[, s1, s2) + G1(s1) + Ga(s2)
is concave in s, from Proposition [§ and [10} s{'(L,1) € {0,L + 1+ 1} for k € {1,2}.

We describe the total supply chain expected inventory cost as

(L, 1, 51,82) = am¥m(L, 1, 51, 82) + ar [c191(51) + catha(S2)] -

Using operator ¢ € {<, <, =, >, >}, we discover the following:

I'(L,1,0,0)0T(L,1,0,L +1+1) & ap(r—y)0ad,
I(L,1,0,0)0T(L, I, L+ 1+1,0) & am(x — 2)0aza,
I'(L,1,0,0)0T (L, I, L+1+1,L+1+1) & aprdar(a+b),
(L, L0, L+1+)OT(L, I, L+1+1,L+1+1) S anyara,
(L L+1+1,0000(L, L L+ 1+ 1, L+1+1) &  anzdab.

We assume the manufacturer offers s = L + 1+ 1 when s, = 0 and s = L + 1 + 1 yield the
same minimum inventory cost. We find that (s{(L,1), s (L,1)) = (0,0) when I'(L,,0,0) <

min{I'(L,,0, L+ 1+ 1),T(L,l,L+1+1,0),I'(L,l,L+1+1,L+1+1)}. Tt is equivalent to

2> max { -, =2 20} = V. Similarly, (s{(L,1),s§(L,1)) = (L+1+1,L+1+1) when

a+b’> a

DL, L+1+1,L+14+1) < min{I'(L,,0, L4+1+1),T'(L,l, L+1+4+1,0),I'(L,1,0,0) }, which is

equivalent to = < M = min{ %5, %, 7}. Suppose M < 2= < M. Then (s$(L,1),s§(L,1)) =
{(0,L+1+1),(L+1+1,0)}. We have (s¢'(L,1),sS(L,1)) = (0, L+1+1) when I'(L, 1,0, L +
l+1) <T(L,l,L+141,0), which occurs when a,,(y — z) < a,a — a,b, or equivalently,

o Y—=z

= M.
o, a—0b

Proof of Corollary |3| We can show

(L, L+14+1,00)<T(LL,L+1+1,L+1+1) = T(L,1,0,0)<T(L,{,L+1+1,0),

U(L,0,0,L4+14+1) <T(L,L,L+1+1,L+1+1) = T(L1,0,0) <T(L,1,0,L+1+1).
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Thus, (L+1+1,0) and (0, L 4+ 1+ 1) can never be optimal. O
Proof of Proposition We can tell that two constraints in the problem must
be tight. So problem (3.4)) is equivalent to finding s; and sy to minimize G,,(L,[, s1, $2) +
G1(s1) — Uy + Go(sy) — Us. Then the optimal solutions are s¢'(L, 1) and s§(L,1). O

Before solving problem (3.5)) and proving Proposition , we provide two lemmas to

simplify problem (3.5)).
Lemma 3. For problem , any feasible solution must satisfy s1 < so and m < 7.

Proof of Lemma : For the first result, we add the constraints G1(s;) —m < G1(s2) — 2
and Ga(s2) — m < Gia(s1) — m to obtain Gy(s1) + Ga(s2) < Gi(s2) + Ga(s1). Rearrang-
ing the terms of this inequality yields G1(s1) — G1(s2) < Ga(s1) — Ga(sa), or equivalently
c ijl o1 [\/3_1 — \/5} < o E}]:1 02j [\/5 — \/8_2] Because of ¢; Z}']:1 a1j > ¢ ijl 09
by assumption, the previous inequality implies s; < s, at any feasible solution.

We prove the second result by contradiction. Assuming 7; > 7o, we have Go(sg) — w9 =
Go(s1) — me > Ga(s1) — m because of s; < so. This inequality violates a constraint of .

Thus, m < 7y is true for any feasible solution. O

If we fix s; and sy, problem ({3.5) degenerates into the following linear program over 7

and .

minimize 7w + Ty

T, T2
subject to Gi(s1) —m < U
J 1( 1) 1S (B.6)
GQ(SQ) — Ty S U
Gi(s1) —m < Gi(sg) — mo
Ga(s2) —ma < Ga(s1) —m



To solve the nonlinear program (3.5)), we first solve for the optimal 7P (L,1, s;,s5) and
7P(L,1, 51, s5) for all possible combination of (sy, s9) from problem . Lemmaindicates
that problem (3.5)) is infeasible when s; > s5. Thus, we only need to focus on problem
with s; < so. We then insert 7P (L, 1, s1, s9) and 72 (L, 1, s1, s2) back into the original
objective function in problem and find the optimal s (L,1) and s (L,l) in the set
of {0,...,L + 1+ 1}. The optimal solutions of problem are given by the following

proposition.
Lemma 4. Given (s, s9) with sy < so, the optimal payments in problem are

W?(Lul731,82) = G1<31>_U

7T2D(L, l,Sl, 82) = [01(31) - GQ(S]_)] + GQ(SQ) —U.

Proof of Lemma [4: Problem (3.5]) is a classic linear program, whose optimal solutions can
only happen at (Gi(s1) — U, G1(s1) — Ga(s1)] + Ga(s2) — U) O

Lemma 4| gives the functional form of wP(L, 1, s1, s9) and 72 (L, 1, s1, s2). We can further
analyze their properties with respect to s; and sy. P (L,l,s1,5s5) is concave increasing in
s and unaffected by sy, while 72 (L, 1, s1, s5) is concave increasing in s; and s, respectively.

Plugging 7P (L, 1, s1, s9) and 7 (L, 1, s1, s3) into problem (3.5)), we have

minimize Gm<L, l, S1, 82) + [2G1(81) — GQ(Sl)} + GQ(SQ) —2U

(51,52) (B.7)

subject to s; < $9

S1, 89 € {0,,L—|—l—|—1}

Proof of Proposition We describe the objective function of problem (B.7)) as
(L, 1, s1,52) = Gi(L, 1, 51, 82) + [2G1(51) — Ga(51)] + Ga(s2) — 2U,
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where (s7(L,1),s5(L, 1)) minimizes I'(L, [, s1, s2) for given (L,[). Since the objective function
['(L,1, s1, s2) is concave in both sy and sq, (s{(L,1),s3(L,1)) € {(0,0),(0,L+1+1),(L+
I+ 1,L+1+1)}. We assume the manufacturer offers sy, = L + 1+ 1 when s, = 0
and sy = L + [+ 1 yield the same result. (si(L,1),s3(L,1)) = (0,0) when I'(L,[,0,0) <

min {I'(L,,0,L+1+4+1),I(L,l,L+1+1,L+1+1)}. It is equivalent to

Similarly, (s7(L,1),s5(L,0)) = (L+1+1,L+1+1) when I'(L,l,L+1+1,L+14+1) <

min {I'(L,1,0,L + 1+ 1),T(L,1,0,0)}, which is equivalent to 2= < N = min{Z, L}

When N < 2= < N. Then (s7(L,1),s5(L,1)) = (0, L+ 1+ 1). O

Proof of Proposition To check the property of ¥, (L, [, s1, so) with respect to post-
ponement, we fix the total production time at a constant level TT. From TT = L + I,
U (L, TT — L, s1,89) is a function of L, s;, and s, where L is the postponement vari-
able. For any combination of s; and s, we analyze ,,(L, TT — L, s1,s3)’s counterpart
Ve, (L, TT — L, s1, $2) in the continuous interval of [0, TT]. If ¥, (L, TT — L, sy, $2) is concave
decreasing in L in the continuous interval, ¢,,,(L, TT — L, s1, s2) is also concave decreasing on
the discrete domain {0, 1,...,TT}. Since the actual functional form of ¢ (L, TT — L, s1, S2)
depends on the relationship of L, s;, and s, we prove the concave decreasing property case
by case.

Case 1: s =89, =s
77Z)7(;1(LaTT_L7 81782)

2
\/(TT +1—25) (Z}le (of; + 0'%)) if L <s

\/(L —5) ijl(a%j +03;)+(TT+1-L) (ijl (07, + agj)>2 if L >s
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First of all, ¢ (L, TT — L, s1,s9) is continuous in [0,77]. When L < s, ¥¢ (L, TT —
L, s1,$2) dose not depend on L. Thus manufacturer’s effective standard deviation is unaf-

fected by postponement. When L > s,
e (L, TT — L, s1,82) = Va—0bL,

where

J J

a = (TT+1) (Z \/ (03, + a%)) — SZ(O’%]- +03;) > 0, and

Jj=1 Jj=1

b = (i \/(O—%j—i_o_%j)) -

By Lemma 1, we know ¢¢, (L, TT — L, s1, s9) is concave decreasing in (s, 77T]. Now we check

(afj + Ugj) > 0.

J
—

J

the concavity property around s. From

d*wfn([/) TT — L; S1, 52>

0 = dL =5
d+¢fn([a TT — L, s, 52)|
dL L=s,

e (L, TT — L, s1, s9) is concave decreasing in the whole interval of [0, TT].

Case 2: s1 # 89

Without loss of generality, we assume s; < so. S, (L, TT — L, s1, s2) is also continuous
in [0,77].

When L < 51 < $o,

7 2
W (L, TT — L, 51, 80) = (Z \/(TT +1=s1)o? +(TT+1- 32)a§j>
j=1

is independent of L. Thus manufacturer’s effective standard deviation is unaffected by
postponement when L < s; < ss.

When s; < L < $o,
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J

7 2
Ve (L, TT—L, sy, 55) = J (L—s1)) o%+ (Z \/(TT +1—L)o},+(TT+1— 52)a§j) .
j=1

Jj=1

we define two new functions

J J 2
V(L) = [Y5,(LTT — L,sy, ) = (L—s1) Yo%, + er(L)] ,and  (B.8)
j=1 j=1
ri(L) = \/(TT +1—L)o? + (TT + 1 — s5)0,,
to aid our proof. Since
e (L, TT — L,s1,8) 1 1 0V(L)
5L = ()WL) ? —;— and (B.9)
Y (L, TT — L, s1, 55) 1 1 _s [0W(L)]? _1 §?U(L)
z — ] -glvwr | R ot
concavity is proved if we can show
9*W(L) ow(L)]?
25 W(L) < {8—L] (B.10)
Because
8rj(L) 1 Jl]
or = “arny™d
0%ry(L) 1 oy
aL:  — A4r (L)

o) _ ;Ufﬁz grj@)] [2 a};’f)] (B.11)
_ ;a@_ L; r5(L) Lz:; :(2)_ _and

PUD) 2[Z )] >t T >]
][] s




Substituting (B.8)) and (B.11)) into (B.10)) yields

sl ) Ju-ssle,
-[Shnw] Sl || [Shnw)
< (St [Snw) 2]

7j=1 7j=1

(B.12)

From Lemma 2, the first term of (B.12)) is negative. Thus (B.12) and (B.10) always hold.
From (B.11)) and (B.9), we also know

oy (L,TT — L,sy,s2) 1 _%8\IJ(L)
57 = Q@I 7
= <§>[@<L>ré{za§ [me] Z“(L)”
< 0

Thus ¢¢, (L) is concave decreasing in postponement.

When s1 < 59 < L,
,lvbfn(LaTT_Lv'ShSQ)

— \(L—sl)ZU%jJr(L—sz)Zangr (Z \/(TT+1—L)(ij+a§j)>
— \(L_sl)za§j+(L—52)203j+(TT+1—L) (Z,/(afﬁagj))

j=1
= Va—bL,

where

J J
a = (TT+1) (Zw 01j+02j> 312013 32202j>0 and
J

b = (Z \/ (U%j + 0%)) — Z(ij + agj) > 0.
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By Lemma 1, we know ,,(L, [, s1, s9) is concave decreasing in L.

Now we check the concavity property around s; and ss. From

A5, (L, TT — L, 51, 55) ds oy, (L, TT — L, 51, 52)

dL e > dL =0, and
LU TT — Lsvsy) (LT = Lisisy)
dL L=s2o dL L=s9;

Ve, (L,TT — L, s1, s9) is concave decreasing on [0,77T]. Thus manufacturer’s effective stan-
dard deviation t,,(L,TT — L, s1,s2) is concave decreasing in L on the discrete domain

{0,1,...,TT} for any pair of s; and ss. O

Proof of Proposition (a) From Proposition 3, we know that =, y, and z are concave
decreasing in postponement. Thus M and N are always decreasing in postponement.

(b) From Lemma 3, we know that = — y is decreasing in postponement if

J J
23:1 U%j > Zj:l(afj + U%j)
J 27 J ) 2 2

and that x — z is decreasing in postponement if

J J
Zj:l U%j > Zj:l(o-%j + Ugj)
J 27 J 2 2 2
[23:1 ‘723} |:Zj:l \/ 01 T 03

Thus M is also decreasing in postponement.

(¢) From Lemma 3, we know that = — y is decreasing in postponement if

J J
Zj:l U%j S Zj:l(o-%j + U%j)
J 27 J 2 2 2
[Zj:l ‘713} [Zj:l \/ 01 T 03

Thus N is also decreasing in postponement. O
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Proof of Corollary 4] We fix the total production time at a constant level T7T. In two

product case,

2
z = \/L(a%1+a§1+a%2+a§2)+<TT+1—L) {\/Ufl+0§1+\/0f2+0§2}7

Yy = \/L(U%l—{—O'%Q)+(TT+1—L)(0'11+0‘12)2, and

z = \/L(U%l -+ U§2> -+ (TT +1— L)(O'Ql -+ 0'22)2.

Notice that > 0,y > 0, z > 0, > y and x > z are always true for any L € {0,...,TT}.
We want to show x — y and x — z are always decreasing in postponement.
Without loss of generality, we focus on the proof of x — y.

c—d

(x—y)'<0<:)C_D

<V f(L),

where

(TT 4+ 1)c— (c— d)L
(TT +1)C — (C — D)L’

(011 + 012)27

o
|

d = (O-%l + 0?2)7
2
C = [\/0%1 + 03 + \/0%2 + 052} , and

D

2 2 2 2
(07 + 03, + 07y + 039).

Notice that C' > D, ¢ > d, C' > ¢, and D > d are always true. (¢ —d)/(C — D) < /f(L)
if and only if (¢ — d)/(C — D) is smaller than the minimum value of \/f(L). It is easy to

show that

increasing if dC > Dc
f(L) is constant  if dC' = Dc -

decreasing if dC' < Dc
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When dC' > De, the minimum value of f(L) is achieved at 0.

dC = Dc

& o<l

C—-D
= &5 <VE
= % < /f(0)

So, (c—d)/(C — D) < \/f(L)is true.
When dC' < De, the minimum value of f(L) is achieved at 77"
(&£5)° <5
& FL< \/%
L et o JFETET)
= &5 < VD)

So, (c—d)/(C — D) < \/f(L) is true.

Hence, © — y always decreases in postponement. Thus all four thresholds are always

decreasing in postponement. [

Lemma 5. a > 0 and b > 0, and f(L) = va — bL is defined on an interval where a—bL > 0.

Then, f(L) is concave decreasing in L.

Proof. Since

0 b )
8_]2 = —§(a —bL)"2 <0, and
0% f b? 3
m = —Z(a — bL) 2 << 0,
f(L) is concave decreasing in L. O

Lemma 6. a; > 0,b; >0 for j € {1,2,..., J}, then

EE)E)ED o
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Proof. We expand both sides of the inequality and adopt a term-wise comparison. When

(-
b; v

so (B.13) holds. When i # j, we compare

H6) )

1 = 7, we note that

and

(l2- a?
b (b—g) +b, (g) . (B.15)

Our aim is to show (B.14)) is not greater than (B.15]) for any combination of ¢ # j. Since

b b\ 2 b\ 2 b\ 2
< R ) a < all =2 222
0< (a]bj azbi) & 2a5a; < qj (bj> + a; <bz) ,

dividing the later inequality by b;b; implies that (B.14]) is not greater than (B.15]). Thus,

(B.13) holds. 0

Lemma 7. © — y decreases in postponement if

J J
Zj:l U%j S Zj:l(o-%j + U%j)

J 2= J 2
4 / 2 2
[21:1 ‘713} [Zj:l o1+ 0y

and x — z decreases in postponement if

J J
Zj:l Ugj S Zj:l(afj + U%j)
J 27 J 2 2 2
[23:1 ‘724 |:Zj:1 \/O1; T 03
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Proof. Fixed the total production time at TT. Without loss of generality, we focus on the
proof of the first part. Define

2

)

J
P = [z A

Then,
v = LQ+(TT+1-L)P
= (TT+1)P - L(P-Q),
y = VLg+ (TT+1—L)p
= V(IT+1)p—Lp—q).
Thus,
(z—y)
_ 1 P—q B P-Q
2| /TT+1)p—-Lp—q) /TT+1)P-L(P-Q)
(x —y) <0<:>£_Z2 </
where

(TT +1)p — L(p — q)
(ITT+ )P - L(P—Q)
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It is easy to show that

increasing ifqg-P>Q-p
f(L)is { constant ifg-P=Q-p -

decreasing ifg- P <@ -p

When ¢ - P > @ - p, the minimum value of f(L) is achieved at 0.

qg-P>2Q-p
& t5<p5<1
c—d
> &<V

= &5 <V f(0)
So, (x —y) <0 when ¢- P > @Q - p, which is equivalent to
J J
Zj:l O-%j > Zj=1<5%j + Ugj)

J 27 J 2 2
Thoo] S+
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