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Probes of cosmic expansion constitute the main basis for arguments to support or refute a possible
apparent acceleration due to different expansion rates in the Universe as described by inhomogeneous
cosmological models. We present in this Letter a separate argument based on results from an analysis
of the growth rate of large-scale structure in the Universe as modeled by the inhomogeneous cosmological
models of Szekeres. We use the models with no assumptions of spherical or axial symmetries. We find that
while the Szekeres models can fit very well the observed expansion history without a Λ, they fail to produce
the observed late-time suppression in the growth unless Λ is added to the dynamics. A simultaneous fit to
the supernova and growth factor data shows that the cold dark matter model with a cosmological constant
(ΛCDM) provides consistency with the data at a confidence level of 99.65%, while the Szekeres model
without Λ achieves only a 60.46% level. When the data sets are considered separately, the Szekeres with no
Λ fits the supernova data as well as the ΛCDM does, but provides a very poor fit to the growth data with
only 31.31% consistency level compared to 99.99% for the ΛCDM. This absence of late-time growth
suppression in inhomogeneous models without a Λ is consolidated by a physical explanation.

DOI: 10.1103/PhysRevLett.111.251302 PACS numbers: 95.36.+x, 98.65.Dx, 98.80.−k

We are witnessing a flourishing era in cosmology where
complementary observations and data sets are becoming
available at an impressive rate. During the last few decades,
we have learned and confirmed a great deal of knowledge
about our Universe from analyzing these data sets, includ­
ing its age, dynamics, and evolution. However, this
progress has also come with two outstanding conundrums.
One is the problem of the dark matter, which manifests
itself via its gravitational pull, while the second is the cos­
mic acceleration or dark energy problem, which indicates
repulsive gravitational dynamics at large distance scales in
the Universe. We are interested in the latter problem here.
At least three possible causes have been proposed by the

scientific community in order to try to explain the source of
cosmic acceleration. The first is the presence of a prevalent
cosmological constant or dark energy component permeat­
ing the Universe. The second possibility is that cosmic
acceleration is due to an extension or modification to gen­
eral relativity that takes effect at cosmological scales. A
third possibility put forward in the scientific literature is
that we live in a lumpy universe, where observations are
affected by inhomogeneities and require more elaborate
functions to describe them using relativistic inhomo­
geneous models. Such altered observations can lead to
an apparent acceleration due to different Hubble expan­
sions from one region of the Universe to another. For
example, an underdense region will be subject to less gravi­
tational pull from its matter content, and thus it expands
faster than the global average. An observer located in such
a region will observe the surrounding Universe outside that
region to recede faster than his local region. Such an effect

cannot be captured when the Hubble function is only
a function of time, as in the Friedmann-Lemaître­
Robertson-Walker (FLRW) models, where the only pos­
sible interpretation then becomes a true acceleration. In
inhomogeneous cosmological models, the Hubble function
depends on space and time, so a spatial variation is allowed
without necessarily inferring any acceleration. This is the
main idea of apparent acceleration, and there have been
pros and cons for it. See [1] for a review.
Previous analyses with inhomogeneous models have

mainly focused on probes of the expansion history, such
as supernova luminosity distance-redshift relations, angular
distance to the cosmic microwave background last scatter­
ing surface, and angular diameter distance and Hubble
expansion in baryon acoustic oscillations. Also, these stud­
ies mostly used the spherically symmetric Lemaître­
Tolman-Bondi (LTB) models, where observations restrict
the observer to be close to its center and thus violate the
Copernican principle. For example, see [1] and references
therein. The kinetic Sunayev-Zeldovich effect and cosmic
microwave background (CMB) full analysis have also put
some challenging constraints on the LTB models,
e.g., [2,3].
In this Letter, we address the question of apparent accel­

eration using an argument based on the growth rate of
large-scale structure (the formation history of clusters
and superclusters of galaxies) in the Universe. We use
the Szekeres inhomogeneous cosmological models, which
have no artificial symmetry [4,5] and are compatible with
the Copernican principle [6]. These models are exact sol­
utions to Einstein’s equations solved with no symmetries
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for an irrotational dust source. They can represent a lumpy
universe filled with underdense and overdense regions, and
they are regarded as the best known exact solutions one can
use for these types of studies [7].
It is worth noting that independent of distances to super-

novae, strong support for cosmic acceleration and the need
for a cosmological constant came from observations of gal­
axy cluster properties as functions of redshift. These have
been joined by CMB or baryon acoustic oscillation mea­
surements that also independently support an acceleration.
Besides the usual cluster number counts indicating a low
density universe, there is also an argument based on the
time evolution of the size and abundance of clusters, which
is of interest to us here. Indeed, it was shown, e.g., [8,9],
that the growth rate of formation of clusters is suppressed at
late times, and that a cosmological constant is necessary in
order to explain this late-time suppression in FLRW mod­
els. Similarly, other probes of the large-scale growth factor
using redshift space distortions and Lyman-α forest also
show the presence of this late-time suppression [10–13],
thus concurring with cluster observations. As we will show,
the Szekeres inhomogeneous models that are able to fit the
observed expansion history do not exhibit the necessary
late-time suppression of growth if we do not include a
cosmological constant.
Fitting the expansion history to the Szekeres models.—

The study of the expansion history and cosmological
distances in the Szekeres models can be best visualized
by using their LTB-like representation, since it allows
for an easier comparison of their geometry to that of the
well-known LTB and FLRW models. The metric is [14]

2 Φ2ðΦ;r−ΦE;r=EÞds2 ¼−dt2þ dr2þ ðdp2þdq2Þ; (1)
ϵ− k E2

where a comma denotes partial differentiation, Φ ¼ Φðt; rÞ
is analog to an areal radius, k ¼ kðrÞ determines the cur­
vature of the t ¼ const spatial sections, and E ¼
Eðr; p; qÞ determines the mapping of the coordinates
(p, q) onto the two space for each value of r. It is given by

      
2 2SðrÞ p−PðrÞ q−QðrÞ

Eðr;p;qÞ¼ þ þϵ ; (2)
2 SðrÞ SðrÞ

where S, P, andQ are arbitrary functions of r. The constant
ϵ determines whether the (p, q) two surfaces are spherical
(ϵ ¼ þ1), pseudospherical (ϵ ¼ −1), or planar (ϵ ¼ 0)—
that is, it controls how the two surfaces of constant r foliate
the three-dimensional spatial sections of constant t. The
Einstein field equations with a Λ give

ðΦ;tÞ2 ¼ 2M=Φ − k; (3)

2ðM;r − 3ME;r=EÞ
8πρðt; r; p; qÞ ¼ ; (4)

Φ2ðΦ;r − ΦE;r=EÞ

where MðrÞ represents the total active gravitational mass
in the case ϵ ¼ þ1 [14], and we use units where
c ¼ G ¼ 1. The evolution of Φðt; rÞ divides the models
into three subcases: hyperbolic [kðrÞ < 0], parabolic
[kðrÞ ¼ 0], and elliptic [kðrÞ > 0]. The spherically sym­
metric (LTB) subcase results when E;r ¼ 0, and the
dust FLRW arises when Φðt; rÞ ¼ aðtÞr and kðrÞ¼k0r2,
where aðtÞ is the scale factor, and k0 the spatial curvature
index.
Now, in order to calculate distances and redshift in a

cosmological model, one has to solve the null geodesic
equations that govern the propagation of light rays. In inho­
mogeneous models, one has to use numerical integrations,
since these equations are not integrable analytically.
Additionally, one has to solve for the optical scalar equa­
tions [15] or for the partial derivatives of the null vector
components [15,16]. We use the affine null geodesic equa­
tions kα;βkβ ¼ 0 that read

: F 2

kt þH;t ðkrÞ2 þ ;t ½ðkpÞ2 þ ðkqÞ2] ¼ 0; (5)
2 2

: : F 2
r H;r ;rHk þHkr − ðkrÞ2 − ½ðkpÞ2 þ ðkqÞ2] ¼ 0; (6)

2 2

: F 2H;p ;pF 2kp − ðkrÞ2 þ ðF 2Þ·kp − ½ðkpÞ2 þ ðkqÞ2] ¼ 0;
2 2

(7)

: F 2H;q · ;qF 2kq − ðkrÞ2 þ ðF 2Þ kq − ½ðkpÞ2 þ ðkqÞ2] ¼ 0;
2 2

(8)

where s is an affine parameter, kα ¼ dxα=ds is the
null tangent vector, and _¼ d=ds. We have defined

2F ≡ Φ=E and H≡ ðΦ;r − ΦE;r=EÞ =ðϵ − kÞ for simplifi­
cation. As done in our previous work [16], we also use
the 16 equations resulting from the partial derivatives
of the four null geodesic equations to calculate the
derivatives kα;β.
We recall that the area distance DA relates to the surface

area δS of a propagating light front of a bundle of light rays
by δS ¼ DA

2δΩ, where δΩ is the solid angle element. The
surface area is also related to the expansion optical scalar
Θ ¼ 1 kα;α by the relation d ln ðδSÞ ¼ 2Θds. Combining

2
these two equations gives [15]

d ln DA ¼ Θ ds ¼ ð1=2Þ kα;αds. (9)

After some steps, we obtain from Eqs. (1) and (9) the
following expression for the area distance in Szekeres
models:
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F 2 F 21 F 2 F 2
;t ;r ;p ;qd ln DA ¼ kt þ kr þ kp þ kq

2 F 2 F 2 F 2 F 2

1 H;t H;r H;p H;qþ kt þ kr þ kp þ kq
4 H H H H

þ ð1=2Þðkt;t þ kr;r þ kp;p þ kq;qÞ ds: (10)

The luminosity distance follows as DL ¼ ð1þ zÞ2DA, and
we use

μ ¼ mðzÞ −M ¼ 5 logðDL=MpcÞ þ 25 (11)

for the distance modulus to a supernova of apparent and
absolute magnitudesmðzÞ andM, respectively. The redshift
derives from the standard relation [7]

1þ z ¼ ðkαuαÞ =ðkαuαÞ ¼ ðktÞ =ðktÞ ; (12)e o e o

where uα ¼ ð1; 0; 0; 0Þ is the four-velocity vector of the
comoving fluid, and the subscripts e and o stand for emitted
and observed. Once explicit functions for a Szekeres model
are specified, we numerically integrate the null geodesic
equations (5)–(8) along with their partial derivative equa­
tions in order to calculate the components of the null vec­
tors, their partial derivatives, and the area distance. The
distance modulus and the redshift then follow from
Eqs. (11) and (12) to plot Hubble diagrams for the expan­
sion history in the Szekeres models.
We use model functions that are similar to those used in

our previous work [17,18], resulting in an inhomogeneous
region approximately one hundred Mpc across that is

representative of a supercluster of galaxies and a void
surrounded by an almost FLRW model: ϵ ¼ þ1,
MðrÞ¼ð4π=3Þρbr3ð1−exp½−3ðr=σÞ3]Þ, and fS; P;Qg ¼
f140; 10;−113 lnð1þ rÞg, where σ ¼ 30, ρb ¼
ð3=8πÞH0

2Ωm
0 , and kðrÞ is calculated by integrating

Eq. (3) with the coordinate choice Φ ¼ r today. Another
arbitrary function, tBðrÞ, called the bang time arises from
integrating the generalized Friedmann equation and is set
here to be a constant in the almost FLRW region. We
use H0 ¼ 72 km s−1 Mpc−1. The distance modulus­
redshift results are plotted in Fig. 1(a) against the
Union2 SN Ia compilation data [19]. The Szekeres model
has a normalized χ2 ¼ 1.027 and the ΛCDM model has
χ2 ¼ 1.043, showing that the expansions of the two models
are equally competitive. One can see from (10) and (12)
that the distance and redshift have an angular dependence
in general for Szekeres models. The model used here, how­
ever, does not exhibit enough anisotropy to affect the dis­
tance modulus-redshift relation noticeably.
The absence of late-time suppression of the growth rate

of large-scale structure in the Szekeres inhomogeneous
cosmological models.—For the study of the growth rate,
the GW formulation of the models is more convenient
[18,20,21]. We briefly present it here and refer the reader
to [20,21]. The metric is

ds2 ¼ −dt2 þ a2½e2νðdx~2 þ dy~2Þ þH2W2dr2]; (13)

and the space dependence of the functions aðt; rÞ,
νðr; x;~ y~Þ, Hðt; r; x;~ y~Þ, and WðrÞ define two classes for
the models; x~ and y~ are coordinates resulting from stereo-
graphic projections [4,5]. The specific forms of these

(a) (b) (c) 

FIG. 1 (color online). (a) Distance modulus-redshift plots for the Szekeres Class I model with no cosmological constant Λ, and the
FLRW-ΛCDM concordance model, along with supernova Union2 compilation data [19]. The very close normalized χ2 values and the
small difference in magnitude between the two models (i.e., 0.00 ≤ jμ − μ j ≤ 0.073) show that practically the two models fit

ΛCDM Szekeres

equally well the supernova data. (b) Plots of the growth rate of large-scale structure for Szekeres models with and without Λ, and the
ΛCDM. The Szekeres model with aΛ exhibits a late-time suppression of the growth similar to that of ΛCDM. Despite a very competitive
fit to the supernova data, the Szekeres model with no Λ exhibits no such late-time suppression. (c) Plots of the growth factor and redshift
space distortions data (e.g., [10,11]). The Szekeres with Λ and the ΛCDM are consistent with the growth data at 99.96% and 99.99%
level of confidence, respectively. A simultaneous fit to the supernova and growth data gives 99.65% and 60.46% consistency for the
ΛCDM and the Szekeres without Λ, respectively. The Szeskeres with no Λ that is best fit to the growth data provides only 31.31%
consistency level with the growth data.
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dependencies can be found in [20,21], and their illustration
δ00 þ 4þ2ΩΛ−Ωm 3Ωm 2 3Ωmˆ δ̂0− δ̂− δ̂02− δ̂2¼0;is not necessary for our purpose. We will use here Class I, 2a 2 a2 1þ δ̂ 2 a2

which is more general. The models’ time evolution is given (20)
by the generalized Friedmann equation

: ~aðt; rÞ2 2M~ ðrÞ k Λ¼ − þ ; (14)
aðt; rÞ2 aðt; rÞ3 aðt; rÞ2 3

and the following evolution equation

:
:: aðt; rÞ : 3M~ ðrÞ
Fðt; rÞ þ 2 Fðt; rÞ − Fðt; rÞ ¼ 0; (15)

aðt; rÞ aðt; rÞ3

~where now _≡ ∂=∂t. aðt; rÞ and MðrÞ play the role of a
scale factor and an effective gravitational mass, respec­
tively, and F arises from the splitting H ¼ A − F, with
the function Aðr; x;~ y~Þ specified according to class
[20,21]. The matter density is given by

6 ~ 6 ~MA M F
8πρðt; r; x;~ y~Þ ¼ ¼ 1þ : (16)

a3H a3 H

The evolution equation (15) follows from the field equa­
tions, or alternatively from the Raychaudhuri evolution
equation [7,22] for an irrotational dust with a cosmological
constant that is given by

:
Θþ Θ2=3 ¼ −2σ2 − ρ=2þ Λ: (17)

HereΘ is the expansion rate scalar, σ is the shear rate scalar,
and ρ is the matter density. This equation represents gravi­
tational attraction and clustering [1]. As discussed in [18]
and initiated by [20,21], one can identify an exact density

ˆfluctuation δ ¼ F=H, which measures exact deviations
from some background density ρðt; rÞ ¼ 6M~ ðrÞ=a3ðt; rÞ
to write Eq. (16) as

ρðt; r; x;~ y~Þ ¼ ρðt; rÞ½1þ δ̂ðt; r; x;~ y~Þ]. (18)

With these definitions, the time evolution Eq. (15) can be
written as a meaningful growth evolution equation

::: : :aðt; rÞ 3M~ ðrÞ 2 2 3M~ ðrÞˆδ̂þ 2 δ̂ − δ − δ̂ − δ̂2 ¼ 0.
aðt; rÞ a3ðt; rÞ 1þ δ̂ a3ðt; rÞ

(19)

Now, following standard steps used for FLRW and LTB
models, we write this equation in terms of cosmological
parameters as evaluated today. Each surface of constant t
and r in the models evolves independently, so we can
fix r at some rs and use aðt; rsÞ as the time parameter
for that surface. Then, after some steps and using
Eq. (14), we can rewrite the growth equation Eq. (19) as

where

Ω0 ðrÞmða;rÞ¼ ; (21)Ωm Ω0 ðrÞþΩ0
ΛðrÞða=a0Þ3þΩk

0ðrÞða=a0Þm

Ω0
ΛðrÞða=a0Þ3ΩΛða;rÞ ¼ ; (22)

Ω0 ðrÞþΩ0
ΛðrÞða=a0Þ3þΩ0

kðrÞða=a0Þm

Ω0
kðrÞ ¼ 1 − Ω0 ðrÞ − Ω0 and a0 ¼ aðt0; rÞ.m ΛðrÞ, The

superscript naught for cosmological parameters denotes
present day values. Equations (21) and (22) are then to
be evaluated at rs and substituted into Eq. (20). We recall
that the Szekeres models have six arbitrary functions that
represent five physical degrees of freedom, plus a coordi­
nate freedom to rescale r, and we use them as follows: three
degrees of freedom are in Ωm, ΩΛ, and the implicit choice
of a uniform bang time, whereby the scale function a is
determined; two other degrees are in setting the initial con­
ditions of δ̂ and δ̂0 evaluated at a close to zero. The initial
conditions are chosen so that the growth rate starts at the
usual Einstein–de Sitter matter dominated limit. The r-
coordinate freedom is fixed by our normalization of a in
that for the rs used, we have set aðt0; rsÞ ¼ 1.
Our results for numerical integrations of the growth rate

of the Szekeres with and without a Λ, as well as the ΛCDM
model, are plotted in Fig. 1(b). The Szekeres models with­
out a Λ do not show any late-time suppression of the
growth. We explored the parameter space of Ωm (thus also
Ωk) from 0.01 to 1.00 and found that no late-time suppres­
sion is produced. One can also note that the strong growth
in such Szekeres with no Λ should give rise to measurable
effects on CMB anisotropies.
Next, we compare the growth factor, f ¼ d ln δ=d ln a,

in these models to current data from redshift space distor­
tions, e.g., [10,11]. We use our previous framework devel­
oped in [18,23] and late-time growth data bins (a ≥ 0.6,
i.e., the transition redshift). Our results are shown in
Fig. 1(c). We find that the Szekeres model with Λ and
the ΛCDM are consistent with the growth data at
99.96% and 99.99% level of confidence, respectively,
while the Szekeres model without Λ provides a very poor
fit to the growth data with only 31.31% consistency level.
Furthermore, we find that a simultaneous fit to the super­
nova and growth data gives 99.65% level of consistency for
the ΛCDM and 60.46% for the Szekeres without Λ.
It is important to provide a physical explanation to this

incompatibility between the Szekeres models without Λ
and the growth data and its late-time suppression. In fact,
the dynamics of a cosmological model can be fully

251302-4



week endingPRL 111, 251302 (2013) P HY S I CA L R EV I EW LE T T ER S 20 DECEMBER 2013

described in terms of a set of evolution equations [7], and
one of them is the Raychaudhuri equation provided earlier
as Eq. (17). This equation is considered the basic equation
of gravitational attraction and clustering, e.g., [7,22]. Now,
it can be seen from this equation that the shear and gravi­
tational tidal field that are present in general inhomo­
geneous cosmological models act as an effective source
that adds to the matter density, and thus enhances the gravi­
tational attraction and the growth rather than suppressing
them. This is in contrast to the Λ term that enters this equa­
tion with the opposite sign and provides a repulsive effect.

Finally, it is worth discussing possible effects from
model assumptions made by other works for the growth
data reduction. Mainly, two methods have been employed
to measure the growth factor. The first is a direct measure­
ment of peculiar velocities, which are related to the under­
lying galaxy density measured from a redshift survey. The
relation used between the peculiar velocities and the under­
lying galaxy density requires an angular diameter-redshift
relationship, which is dependent on the ΛCDM [10]. The
second method is based on fitting the observed galaxy spec­
trum where the angle-redshift survey cone is mapped into a
cuboid of comoving coordinates using distances from a
fiducial ΛCDM model. The assumption of a ΛCDM model
goes into these two methods via calculations of the angular
distances as function of the redshift. But from the first part
of our analysis, the Szekeres model found has distances as
function of the redshift that are practically indistinguishable
from the ΛCDM one. The same holds for volume averages.
It is therefore expected that the assumed ΛCDM distances
in the growth data reduction would not alter the basic find­
ing of absence of growth suppression in the Szekeres mod­
els without Λ. It is prudent though to mention that it is
possible that other unforeseen systematics or assumptions
have not been considered here.
Conclusion.—We find that an analysis of the growth rate

of large-scale structure in nonspherical and nonaxial inho­
mogeneous models like the Szekeres models uncovers a
serious challenge to the question of apparent acceleration
associated with large-scale inhomogeneities in the
Universe. Szekeres models can fit well the expansion his­
tory, which we have demonstrated with an example model.
However, they are found to fail to produce the observed
late-time suppression of the growth unless a cosmological

constant is added to the field equations. This is shown from
their inconsistency with the growth data and also explained
by a physical argument.

M. I. acknowledges that this material is based upon
work supported in part by NASA under Grant
No. NNX09AJ55G.
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