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FOR PERTURBED SWEEPING PROCESSES
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Supervising Professor: Oleg Makarenkov, Chair

This dissertation is devoted to the development of a qualitative theory of perturbed sweeping
processes, which are a combination of differential equations and a moving constraint. The
differential equations involved are always assumed Lipschitz continuous. As for the moving
constraint, several different situations are addressed: Lipschitz continuous in time, BV-
continuous in time, state-dependent, state-independent, with convex interior, with prox-
regular interior, bounded in time, periodic in time, almost periodic in time. We prove the
existence of local and global solutions as well as boundedness, periodicity, almost periodicity,
and asymptotic stability of solutions. Furthermore, we establish results on the occurrence
of periodic solutions from a switched boundary equilibrium and on bifurcation of cycles
from a regular boundary equilibrium. Concrete examples illustrate the main results of the

dissertation.
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CHAPTER 1

INTRODUCTION
1.1 Motivation and Historical Remarks

A perturbed Moreau sweeping process reads as
— () € Nogy(a(t) + f(t.a(t),  w€E (1.1)

with multivalued function ¢ — C(t) and vector valued funtion f: R x £ — E (see Castaing
and Monteiro Marques [19], Kunze [39], Kamenskiy-Makarenkov [31], Edmond-Thibault
[26]), where Ng(z) is the outward normal cone defined for nonempty closed convex set

CCFEas

R™ : —1x) <0, fi c}, if C
No() = {¢€ € (¢, c—1x) <0, forany c € C}, if x € C, 12)
0, if v ¢C.

Here we consider E to be a finite-dimensional vector space. The unboundedness of the right-
hand-sides in makes the classical theory of differential inclusions (see e.g., Aubin et al
[6], Kamenskii et al [33]) inapplicable.

Numerous applications can found in elastoplasticity (see e.g., Adly et al [3], Bastein et al
[7, 8], Gilles-Ulisse [29], Kunze [39]) as well as in problems of power converters Addi et al
[2] and crowd motion Maury-Venel [48]. In sweeping processes coming from models
of parallel networks of elastoplastic springs (see e.g., Bastein et al [7, 8], Gilles-Ulisse [29],
Kunze [39]), C(t) represents the mechanical loading of the springs and f(¢,z) stands for
those forces which influence the masses of nodes.

Ezxistence and uniqueness: Fundamental results on the existence, uniqueness and dependence
of solutions on the initial data are proposed in Monteiro Marques [47, Ch. 3], Monteiro Mar-
ques [49], Valadier [61), 62], Edmond-Thibault [26], Castaing and Monteiro Marques [19],
Adly-Le [4], Brogliato-Thibault [15], Krejci-Roche [38], Paoli [54]. Dependence of solutions



on parameters is covered in Bernicot-Venel [I0] and Kamenskiy-Makarenkov [31]. Opti-
mal control problems for sweeping process and equivalent differential equations with
hysteresis operator are addressed in Edmond-Thibault [26], Adam-Outrata [I] (which also
discusses applications to game theory), Brokate-Krejci [16]. Numerical schemes to compute
the solutions of are discussed through most of the papers mentioned above.

When t — C(t) is Lipschitz i.e.,
dp(C(t1),C(t2)) < L|ty — tof, for all ¢;,t, € R, and for some L > 0,
where the Hausdorff distance dg(C1, Cy) between two closed sets C, Cy C R" is defined as

dy(Cy,Cy) = max { sup dist(z, C}), sup dist(z, Cg)} (1.3)

zeCs zeCq
with dist(x, C') = inf {|z — ¢| : ¢ € C'}, always leads (see e.g., Edmond-Thibault [26], [27]) to
the existence and uniqueness of an absolutely continuous solution z(t) for any initial condi-
tion (under natural assumptions on f). But in the case where ¢t — C(t) is a convex-valued
function of bounded variation doesn’t ensure solvability of in the class of absolutely
continuous functions (see Adly et al [3] and references therein for application). That is why
an extended concept of the derivative (called Radon-Nikodym concept) is required in
when the map ¢t — C(t) is a function of bounded variation, in which case equation (1.1
is usually formulated in terms of differential measure dz of BV continuous function = and

Lebesgue measure dt as
—dx € New)(z) + f(t,z)dt, =z € E.

Existence and uniqueness of solutions as well as existence of a periodic solution to above
system has been established by Castaing and Monteiro Marques in [I9]. The problem of
existence and uniqueness of solutions in the unperturbed case (f = 0) was addressed in

Moreau [51], Monteiro Marques [49], Valadier [61]. Further state-independent extensions of



the system were considered in Adly et al [3], Edmond-Thibault [27], Colombo and Monteiro
Marques [20].

Existence of a solution to state-dependent sweeping processes with Lipschitz (¢, z) — C(t, )
and f = 0 is proved by Kunze and Monteiro Marques ([40]) by introducing an implicit nu-
merical scheme to .

Due to challenges from crowd motion modeling (Maury-Venel [48]), the existence and unique-
ness of solutions to a sweeping process with a nonconvex set have been studied. The
main problem towards weakening the convexity of the set is the lack of a unique map
x + proj(x,C). Therefore the concept of prox-regularity of sets came to the studies of
the sweeping process. For the space R™, the set C(t) is n-prox-regular, if C'(¢) admits an
external tangent ball with radius smaller than 1 at each point of the boundary of C(t) (see
Maury-Venel [48, p. 150], Colombo and Monteiro Marques [21], p. 48]).

When the set is nonconvex, the monotonicity of  — N (), i.e., the property ((—¢&', x—2') >
0, £ € Ne(z), € € Ne(a'), x,2" € C may not hold. Therefore the proximal normal cone,
which has a relevant property of hypomonotonicity is used in sweeping processes with non-
convex sets (see Edmond-Thibault [26]).

We define the proximal normal cone N(C,z) to a nonempty closed set C' at x as
N(C,z) ={£ € R": x € proj(z + a&, C) for some o > 0}

where proj(z, C) is the set of closest points on C' to the point x. When the set C' is convex,
the proximal normal cone N(C,z) and the outward normal cone N¢(z) coincide (see e.g.,
Maury-Venel [48, Remark 2.9]).

Colombo-Goncharov [20], Benabdellah [9], Colombo and Monteiro Marques [21] and Thibault
[59] studied the existence and uniqueness of solutions to non-perturbed sweeping process (i.e.,
(1.1) with f = 0) with uniform prox-regular sets. And perturbed sweeping process is con-

sidered in Edmond-Thibault [26], [27]. A sweeping process with uniform prox-regular set



values is appear for the crowd motion in Maury-Venel [48] with numerical simulations. Cao-
Mordukhovich [I8] studied optimal control of a nonconvex perturbed sweeping process and
applied to the planar crowd motion model given by Maury-Venel [4§].

In the model of crowd motion which introduced by Maury-Venel [48] using sweeping pro-
cesses, the constrained set C'is a nonconvex constant set and the perturbation vector function
is time independent.

When defining the model, Maury-Venel [48] considered a group of N people whose positions
are given by x = (21, 2o, ..., xx) € RV, where each person is identified as a disk with center
x; € R? and radius r.

Then by avoiding overlapping of people, the set of feasible configuration is defined as
C={zeR*N |z, — x| —2r >0 for all i < j}. (1.4)

And the perturbed function U(z) = (Uy(x),Us(x),---Uy(z)) represents the spontaneous
velocity of each person at the position z, i.e., U;(x) is the velocity that i-th person would
have in the absence of other people.

Stability: Much less is known about the asymptotic behavior of solutions of perturbed sweep-
ing processes as t — 0o. The known results in this direction are due to Leine-Wouw [41], 42],
Brogliato [13], and Brogliato-Heemels [14]. Applied to a time-independent sweeping process
the statements of Leine-Wouw [41l, Theorem 8.7] (or [42, Theorem 2]), Brogliato [13,
Lemma 2|, and Brogliato-Heemels [14, Theorem 4.4] imply the incremental stability and

global exponential stability of an equilibrium, provided that f is strongly monotone, i.e.,

(f(t,x1) = f(t,22), 01 — 22) > ally — 2%,

for some fixed @ > 0 and for all ¢t € R, x;, 25 € R". (1.5)

In particular, the results of Leine-Wouw [41], [42], Brogliato [13], Brogliato-Heemels [14] do

not impose any Lipschitz regularity on x — f(¢, ) and the derivative in ((1.1)) is a differential



measure, which is capable to deal with solutions = of bounded variation.

Periodicity: The papers Kamenskiy-Makarenkov [31], Castaing and Monteiro Marques [19],
Kunze [39] show the existence of T-periodic solutions for T-periodic in time (1.1]). Time-
periodically changing C' and f are most typical in laboratory experiments for models of
parallel networks of elastoplastic springs (see Kamenskii-Makarenkov [30], Al Janaideh-Krejci
[5], Bastein et al [§]). However, the different nature of ¢ — C(t) and t — f(¢,z) makes it
most reasonable to not rely on the existence of a common period when the two functions
receive periodic excitations, but rather to use a theory which is capable to deal with arbitrary
different periods of t — C(t) and t — f(¢,x).

While results on the existence of almost periodic solutions for differential equations are
available (e.g., in Trubnikov-Perov [60] and Zhao [64]) and used in applications, the existence
of almost periodic solutions to sweeping processes is not addressed in the literature. A series
of results on the existence and stability of almost periodic solutions to differential inclusions
is obtained in Kloeden-Kozyakin [34] and Plotnikov [35], but still for the case of bounded

right-hand-sides.

1.2 Outline of the dissertation

The dissertation is organized as follows. Chapter 2 consists of the results which we already
published in Kamenskiy at al [32]. Here we investigate the global existence, periodicity,
almost periodicity, global stability and response to additional perturbations of sweeping pro-
cesses with the monotonicity property . First, we establish the existence of a solutions
to defined on the entire R under the assumption that both ¢t — C(t) and (¢, x) — f(¢, x)
are uniformly Lipschitz functions, but without any use of the monotonicity assumption .
When holds, we have (Theorem the uniqueness and global exponential stability

of a solution defined on the entire R.



Under the assumption that both ¢ — C(t) and ¢t — f(t,z) are almost periodic functions
and = — f(t,x) is monotone in the sense of (L.5), we also show (Theorem that the
unique global solution defined on the entire R is almost periodic. Here we follow Vesely [63]
to introduce the concept of almost periodicity for set-valued functions and for the respective
Bochner’s theorem. The results of Vesely [63] are developed for functions with values in an
arbitrary complete metric space and we take advantage of the completeness of the space of
convex closed non-empty sets equipped with the Hausdorff metric (see e.g., Price [55]) to
apply the concept of almost-periodicity to sweeping processes.

We also consider the sweeping process with a parameter ¢ under the assumption that

the monotonicity condition (|1.5)) and almost periodicity of C' and f only hold for ¢ = &.

The results of (Theorems [2.4.1{and [2.4.2)) prove that the solutions to the perturbed sweeping

process with € # ¢y and with an initial condition z.(0) € C(0) approach any given inflation
of the solution z (as it is termed in Kloeden-Kozyakin [34]) when the values of time become

large and when € approaches ¢y. Instructive examples of Section illustrate the domains

of applications of Theorems [2.4.1| and [2.4.2]

Chapter 3 is devoted to a nonconvex (prox-regular) extension of the stability result that we
obtained in Chapter 2 for convex set-valued functions.

Additionally to the assumptions of Theorem we need that || f(¢,z)|| < My, for some
M;>0andallt e R, z € |J C(t), in order to use the property of hypomonotonicity of the
prox-normal cone. And to toel]ftain contraction of solutions of sweeping process , a lower
bound on the monotonicity constant « in is imposed. Also in this chapter we study the
periodicity of solutions when input functions are periodic in together with prox-regular
set-valued function ¢t — C(¢). This is an analogue of the result of Castaing and Monteiro
Marques [19, Theorem 5.3] that was obtained in [19] for convex sets. Finally, Chapter 3

discusses asymptotic stability of periodic solutions.

Chapter 4 contains the sweeping process part of the results that we published in Makarenkov-



Niwanthi [46]. In this chapter we study bifurcation of limit cycles from a boundary focus

equilibrium for sweeping processes (1.1) in £ = R?, which takes the form

T c _NC(a) (x, y) n f(ar, y) , (x, y) c R2

y 9(z,y)
where the constraint C' is no longer moving in time but it now depends on a parameter €.
First, in Proposition (4.2.1) we derive an equation of sliding along the boundary 9C(e) of
C'(e) for sweeping process and an equation for the stationary point of the equation of sliding.

We use these findings in Theorem (4.2.1)) to establish the bifurcation of finite-time stable

limit cycles of the sweeping process from a focus equilibrium of the reduced system

i fz,y)
y 9(x,y)
when the focus equilibrium collides with the boundary 0C(e) under varying e.
We conclude the chapter by an illustrative example.
Chapter 5 we build upon the knowledge obtained over the previous chapters to advance the
field of sweeping processes with minimal regularity properties.

Here we study the existence of periodic solutions in the following state-dependent version of

sweeping process ((1.1)
— & € Naja(t)yte () + f(t,x), z€E, (1.6)

where a is a BV-continuous function and ¢ : E +— E is a Lipschitz function.

Since solutions of are no longer absolutely continuous when the constraint C(t) =
A+ a(t) + c(t) is only BV-continuous in time, a new concept of derivative (Radon-Nikodym
derivative) is used in Chapter 5 to define solutions to ({1.6]).

We prove the existence of solutions to (1.6) (Theorem [5.3.1)) by introducing a new implicit

catching-up algorithm ({5.15)-(5.18]) which allows to construct a sequence {x,, },en of approx-
imations of the solution z of (1.6). We use the ideas of Kunze and Monteiro Marques [40] to



prove that the implicit scheme admits a solution and the variational criterion by Castaing
and Monteiro Marques [19] to show that the limit of our scheme is indeed a solution.

The existence of T-periodic solutions to ([1.6) if the right-hand-sides of are T-periodic
is proved in Sections [5.4] and [5.5] by establishing that

d(I — P",Q) # 0 (1.7)

for the Poincare maps P" of the n-th approximation of the catching-up scheme and suitable
Q € E. Here d(I — P",Q) is the topological degree of the map P" with respect to an open
bounded set @ (see Krasnoselskii-Zabreiko [30]). After we get the existence of a fixed point
for P" we pass to the limit as n — oo on the respective T-periodic solutions of sweeping
process and get the existence of a T-periodic solution to even though we don’t
know whether lim,,_,,, P"(z) is uniform on @ or not. We offer global and local sufficient
conditions to ensure . The global sufficient condition is based on construction of such a
convex set ) which contains all possible values of the set A 4 a(t) + c¢(x(t)) for all possible
solutions of . In this way, we can show that P"(Q) C Q for sufficiently large n € N,
which ensures . To design sufficient conditions that ensure the validity of in a
desired region @ (local sufficient conditions), we are no longer allowed to enlarge ) as much
as we want, so we have to seek for alternative deformations of that stick to the given
region (). We go here by a continuation approach and replace by a parameter dependent

sweeping process
—dr € Najai)tre@n(@) + f(t,z,N)dt, xe€ E, XeR. (1.8)
Accordingly, the relation gets replaced by
d(I — PM,Q) #0. (1.9)

We, therefore, assume that ((1.7)) corresponds to (1.9)) with some A = A; and prove the validity
of (1.9) for A\ = \; building upon some good properties of P*" for A\ = 0 combined with



nondegenerate homotopy between P**" and P%". As for possible good properties of P%" we
offer both topological (Theorem and algebraic (Theorem conditions.

The topological condition simply assumes that holds for A = 0, that leads us a standard
continuation principle, (Theorem [5.5.1)).

To obtain easily verifiable algebraic conditions that ensure the validity of for A = 0,
we offer sufficient conditions for asymptotic stability of a point xy of the target set ). Such
an approach is based on the fact that the topological degree of a Poincare map in the
neighborhood of an asymptotically stable fixed point equals 1. However, just assuming that
xo is an asymptotically stable equilibrium of with A = 0 is not of interest because it
leads to periodic solutions that don’t interact with the boundary of the constraint of

when A > 0. Such periodic solutions will simply be solutions of the differential equation
—i = f(t,x,\), z€E, NeR.

That is why a non-equilibrium concept of an asymptotically stable point xy is required to
design periodic solutions of which are intrinsically sweeping (i.e., interact with the
boundary of the constraint of . Such a concept (called switched boundary equlibrium)
is introduced in Chapter 4 and the occurrence of periodic solutions near x is established in

Theorem (4.2.1)).



CHAPTER 2
GLOBAL STABILITY OF ALMOST PERIODIC SOLUTIONS
OF MONOTONE SWEEPING PROCESSES
AND THEIR RESPONSE TO

NON-MONOTONE PERTURBATIONS

Authors — Mikhail KamenskiiE], Oleg Makarenkov, Lakmi Niwanthi and
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Department of Mathematical Sciences, FO 35
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PERIODIC SOLUTIONS OF MONOTONE SWEEPING PROCESSES AND THEIR RE-
SPONSE TO NON-MONOTONE PERTURBATIONS, Place: Elsevier,
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'Department of Mathematics, Voronezh State University, Voronezh, Russia
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2.1 Introduction

In this chapter we assume f : R x R" — R" to be globally Lipschitz continuous in the sense

that

1y an) = [l m2)| < Lyllte = tafl + Lgllan — 2],

for all ¢1,t € R, z1,25 € R", and for some Ly > 0. (2.1)
A similar property
dg(C(t1),C(t2)) < Loty — tol, for all ¢;,t, € R, and for some Lo > 0, (2.2)

is assumed for the nonempty closed convex-valued function ¢ — C(t), where dy is the Haus-
dorff distance, see .

In this chapter we prove that any sweeping processes with almost periodic monotone
right-hand-sides i.e., with admits a globally exponentially stable almost periodic solu-
tion. And then we describe the extent to which such a globally stable solution persists under
non-monotone perturbations specifically when the perturbation depend on a parameter con-
tinuously and integrally continuous.

We give the definition of an almost periodic function as follows (see e.g., Vesely [63], Levitan-

Zhikov [43]).

Definition 2.1.1. Let X be a complete metric space equipped with the metric d. A con-
tinuous function ¢ : R — (X, d) is almost periodic, if for any € > 0, there exists a number
p(e) > 0 with the property that any interval of length p(¢) > 0 of the real line contains at

least one point s, such that
d(p(t+s),0(t)) <e forteR.

We will be using the following Bochner’s theorem from Vesely [63] (see also Levitan-Zhikov

[43, p. 4]) when proving the almost periodicity of the unique solution.

11



Theorem 2.1.1. Let X be a complete Banach space and ¢ : R — X be a continuous
function. Then ¢ is almost periodic if and only if from any sequence {¢(t + s,) }nen, where
sn are real numbers, one can extract a subsequence {¢(t + 7,) }nen, satisfying the Cauchy
uniform convergence condition on R; i.e., for any € > 0, there exists [(¢) € N with the

property that

Aot +1),0(t+r;) <e, teR forall i,j>I(e), i, €N

Let ck(R™) be the space of all closed bounded nonempty sets of R™ equipped with the
Hausdorff metric dy. Then the space (ck(R"), dg) is a complete metric space (see e.g., Price
[55]). Therefore the definition and Bochner theorem for closed convex valued
continuous almost periodic function C' also applicable.
Following Krasnoselskii-Krein [37] and Demidovich [23, Ch. V, §3], we say that f(¢,x,¢) is
integrally continuous at € = g, if

t

lim fsxsds—/fsxgo s, forall r,t € R, x € R". (2.3)

E—EQ
T

The following theorem is used when we describe the stability of the attractor in the case of

the perturbation depend on the parameter integrally continuous.

Theorem 2.1.2. (Krasnoselskii-Krein [37]) Assume that F : R x R* x R — R" satisfies
and that t — F(t,u, g9) is continuous for every u € R¥. Consider a family of continuous
functions {u.(t)}.cr defined on an interval [, T'| such that u.(t) — ug(t) as e — &, uniformly
on [r,T]. If F verifies the integral continuity property (2.3), then

t t
lim [ F(s,u.(s),e)ds = /F(s,uo(s),eo)ds, for all ¢t € [7,T.

E—EQ
T T

12



2.2 Existence of an unique globally exponentially stable bounded solution

Under conditions (2.1) and ([2.2)), for any initial condition z(tg) € C(ty), the sweeping pro-
cess (|1.1)) with nonempty, closed and convex C(t), t € R, admits (Edmond-Thibault [26],
Theorem 1]) a unique absolutely continuous forward solution z(¢), in the sense that z(t)

satisfies ((1.1]) for almost all ¢ > ¢.

Remark 2.2.1. If z is a solution to defined on t > ty, then x(t) € C(t), for all t > 1,
because Ney(x(t)) is undefined otherwise (the interested reader can see that Edmond-
Thibault [26, pp. 352-353] obtains the solution z(t) as z(t) = y(t) — ¥(t), where y(t) €
C(t) +1(t)). In particular, if |C(t)|| < M for some M > 0 and all ¢t € R, then

for any solution x of (1.1)) with initial contion z(ty) € C(to), [|z(t)|| < M, for t > ty. (2.4)

Theorem 2.2.1. Let f : R x R” x R — R" satisfy the Lipschitz condition . Assume
that, for any t € R, the set C(t) C R™ is nonempty, closed, convex and the map ¢t — C(t)
satisfies the Lipschitz condition . If C is globally bounded, then the sweeping process
admits at least one absolutely continuous solution xy defined on the entire R. The

solution xq is globally bounded.

Proof. Step 1: Construction of a candidate solution xo defined on the entire R. Let {&,,}7°_,
be an arbitrary sequence of elements of R™ such that &,, € C(—m), m € N. Let x,,,(t) be the
solution to (|1.1)) with the initial condition z,,(—m) = &,,. Extend each x,, from [—-m, c0) to
R by defining z,,(t) = z,,(—m) for all ¢ < —m. By Edmond-Thibault |26, Theorem 1], the
functions of {x,,(t)}>°_, share same Lipschitz constant L, > 0 on each interval [k, k], k € N.
Letting {20 }>°_, = {2,,}%°_,, for each k € N we can extract a subsequence {z¥ (t)}>°_; of
{xm=1(t)}e°_, which converges uniformly on [—k, k]. By using this family of subsequences we
introduce a sequence {z* }5°_, by x7 (t) = z"(t). The sequence {z},}>°_, converges uniformly

on any fixed interval [—k, k], k € N. Define z((t) by xo(t) = lim z} ().
m—r0o0
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Step 2: Proof that xy s indeed a solution. Let 7 € R and let v be a solution to with
v(T) = xo(7). Assume v(ty) # xo(to) for some ty > 7, i.e., nll_{r(l)o x} (to) # v(to). Then there
exists €9 > 0, such that for each m € N, there exists m; > m such that ||z}, (to) —v(to)||> 0.
On the other hand, by continuous dependence of solutions to on the initial condition
(see Edmond-Thibault [26, Proposition 2]), there exists 0 > 0 such that if ||v(7) —z%,(7)[|< 0
then ||v(t) — x7,(t)]|< g for all m € N with —m < 7 (which ensures that z7 (¢) is a solution
of for t > 7) and t € [7, 1], see Fig. . But since v(7) = xo(7) = nlbl—{%o xr (1), there
exists N € N such that ||v(7) — 2%, (7)||< § for each m > N. Then ||v(t) — 2, (t)||< & for all
m > N and t € [r,1y]. This contradicts nh_}r{.lo xk (to) # v(ty). Therefore v(t) = zo(t) for each
t > 7. Hence x( is a solution to .

The solution zy is globally bounded by Remark [2.2.1] [

xn\

Yy ————1

I
X

0 T to

Figure 2.1. TIllustration of the location of curves zy, v, and z;,.

Theorem 2.2.2. Assume that the conditions of Theorem hold. If f satisfies the
monotonicity condition (|1.5)) then (1.1)) admits exactly one absolutely continuous bounded

solution xg defined on the entire R. Moreover, x, is globally exponentially stable.

The following proof is known (see e.g., Leine-Wouw [41, Theorem 8.7] and Leine-Wouw [42],

Lemma 2]), but we add a proof in terms of sweeping process (1.1)) for completeness.

Proof. Step 1: Let x1 and x5 be solutions to ((1.1]) with the initial conditions x; (o), x2(to) €

C(to). Assuming that t > ¢, is such that both @4 (¢) and @(t) exist and verify (1.1]), one has
(=1 (t) — f(E, 21(2)), 21(t) — @2()) = 0.
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Therefore (—f(t,z1(t)), z1(t) — x2(t)) > (Z1(t), x1(t) — x2(t)).
By analogy, —i2(t) — f(t,22(t)) € New)(z2(t)) implies
(—Zo(t), x1(t) — 2o(t)) < (f(t,22(t)), x1(t) — x2(t)). Therefore,

d 2 . ,
S ll21(t) = 227 = 2021(8) — 22(t), 21(t) — 22(2))

= 2(@1(t), 21(2) — 22(t)) — 2(82(t), 21(2) — 22(1))
< =2(f (8 21(1)), 21 (t) — 2(t)) + 2(f (F, 22(F)), 21(2) — 22(1))
= =2(f(t,21(t)) — f(E, 22(1)), 21 (F) — 22(1))

< =20z (t) — 22(8)]|*
and by Gronwall-Bellman lemma (see Lemma in the Appendix),
|21 (1) — 22(2)]|?< e 220 ||z (1) — xo(to)||%, for a.e. t > tq.
Since both x; and x5 are continuous functions,
l|x1(t) — xg(t)H?g e_QQ(t_tU)Hxl(to) — :vg(to)||2, for all t > t,. (2.5)

Step 2. Uniqueness of the bounded solution xy. Let v be another bounded solution of (|1.1))

defined on the entire R. Then, given any 7 € R, the inequality ({2.5)) yields
zo(t) — v(0)]|2< e 22 ||zo(7) — v(7)||?,  forall t > 7.

Thus ||zo(t) — v(t)||< 2Me=*¢=) for all t > 7, where M is as defined in (2.4). Now we fix
t € R and pass to the limit as 7 — —o0, obtaining ||z(t) — v(¢)||< 0. Thus z(t) = v(t) for all
teR.

Step 3. Global exponential stability of xo. Indeed, (2.5)) implies that
lzo(t) = o(®)[|< e Jlaro(7) — v (7)),

for any solution v of ([I.1)) and for any ¢ > 7. ]
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Remark 2.2.2. The global boundedness of ¢ — C(t) is used in the proof of Theorem [2.2.1]
just to conclude the boundedness of the global solution xy. Accordingly, the assumption of
global boundedness of ¢ — C'(t) and the property of global boundedness of =y can be simul-
taneously dropped in the formulation of Theorem [2.2.1 But assuming global boundedness
of t = C(t) in Theorem cannot be dropped as it is used in the proof in an essential

way (to establish the uniqueness of xg, not to just prove its global boundedness).

2.3 Almost periodicity of the unique bounded solution

Theorem 2.3.1. Let the conditions of Theorem hold and let zy be the unique abso-
lutely continuous bounded solution given by Theorem [2.2.1] If both the function ¢ — f(t, z)

and the set-valued function ¢ — C(t) are almost periodic, then x, is almost periodic.

Proof. Let {h,}>*_; C R. We are going to prove that there exists {k,, ()}, C {h,}>_,

such that the sequence of
Tm(t) = zo(t + k), meN, teR, (2.6)

converges as m — oo uniformly in ¢ € R, which will imply almost periodicity of xy by
Bochner’s theorem 2.1.7]

Step 1. The ezistence of {l;,}°_1 C {hn}5o_, such that f,,(t,x) = f(t + L, x) converges
as m — oo uniformly. Since f(t,x) is almost periodic, then, for each € R™, Bochner’s
theorem (see e.g., Levitan-Zhikov [43] p. 4]) implies the existence of {l,,(z)}>*°_; C {hn}>°_;
such that the sequence of functions {f(- + l,(z),z)}>°_, converges in the sup-norm. The
standard diagonal method allows to construct {l,,(z)}>°_; independent on z. Indeed, consid-
ering {z,,}>°_, = Q", we first construct sequences {l,,(z1)}>_; D {ln(x2)}5°_; D ..., such
that each individual sequence {f(- + ln(x1),21) }oo_, {f (- + ln(za), 22) }05_4, ... converges.
And then define {l,,}°_; C{hn}X_ as by = Ly(zm), m € N. Put

ft,x) = f(t +lp,x), forallteR, z€ Q" meN. (2.7)
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So constructed, {f. (-, x)}°_; converges for each fixed x € Q™. Let

~

ft,z) = lim f,,(¢t,z), forallteR, e Q" (2.8)
—00

m

By both f,, and f are Lipschitz continuous with constant Ly on R x R" and R x Q"
respectively. Now we extend f from R x Q" to R x R™ by taking an arbitrary sequence
Q" > xp, — x9 € R, as k — oo, and defining f(t,xg) = kh_}rgo f(t,xk). The limit exists
because { f (t, ) }52, is a Cauchy sequence for each fixed ¢ € R, which follows from Lipschitz
continuity of f on R x Q™. Lipschitz continuity of f extends from R x Q" to R x R™ by

continuity. The latter property also implies that

ft,w0) = fit,2)|| < Lyllwo = aill, forall k €N,
Finally, to show that
fm(t,z) — f(t, x) as m — oo, uniformly in t € R, z € R", (2.9)

we estimate f,(t, ) — f(t,2) as

| Fntt.2) = ft2)| < Ifnts2) = St + | nlt ) = Fit2)

S ESESC!

Given z € R™ and € > 0, we choose z, € Q" so close to = that || f,,,(t,x) — fi(t,z.)| <e/3
and Hf(t,x*) — f(t,x)H < ¢/3, for all m € N, t € R. By 1) we can now select my € N
such that Hfm(t, z,) — f(t,x,)

‘ < g/3, for all m > mg and ¢ € R. Thus, holds.

Step 2. The existence of {kn}oo_y C {lm}e_y, such that Cy,(t) = C(t + ki) converges
as m — oo uniformly. By Bochner’s theorem for almost periodic functions in pseudo-
metric spaces (see Vesely [63, Theorem 2.4]), there exists {k,,}5°_; C {l,,}5°_, such that
{Cn(t)}2_, is a Cauchy sequence in ck(R™), which is uniform in ¢ € R. The convergence of

{Cn(t)}o°_, for each individual ¢t € R now follows from the completeness of ck(R™) (Price
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[55, the theorem of §3]). The uniformity of the convergence in t € R follows along the
standard lines. Indeed, let

C(t) = lim C,(t).

m—r0o0
Given € > 0, fix my > 0 such that dg(C,,(t), Cp.(t)) < €/2 for all m > mg, m, > myg, and

t € R. For each t € R select m.(t) > mg such that dy <C’m*(t)(t), C’(t)) < ¢/2. Then
it (Cn(®),C(8)) < dit (Cult), Con, (1)) + it (Conn (), C(R)) < /2 + /2 =,

for all m > my, t € R.
Note that 1) implies that C is globally Lipschitz continuous with constant L¢.
Step 3: The uniform convergence of {,,(t)}>>_,. The function z,,, see (2.6, is a solution

to the sweeping process
—i(t) € New(@(t) + fu(t, z(1)). (2.10)

Along with (2.10) let us consider

~

— i(t) € Negy(a(t) + Ft,2(t). (2.11)

Both €' and f are globally bounded and globally Lipschitz continuous. Moreover, by using

1' and 1) one concludes that f satisfies the monotonicity property 1) Therefore,
by Theorem the sweeping process ([2.11]) has a unique bounded absolutely continuous

solution Z defined on the entire R. Let t € R be such that both d,,(t) and z(t) exist and

satisfy the respective relations (2.10)) and (2.11)). Define

U = () + fn(t 2 (1)), 0 = 2(8) + f(2,2(2)),

so that v, € —Ng,, () (Tm(1)), 0 € =N,y (2(2)).

Furthermore, introducing A,,(t) = dg (C’m(t), C’(t)) one has

— A —

U (t) € Co(t) C C(t) + Ba,)(0), a(t) € C(t) C Conlt) + Ba, (0

~—

, forallteR.
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Therefore, x,, and & can be decomposed as
T(t) = d(t) + spu(t), @(t) = du(t) + 5(1),

where d(t) € C(t), dpn(t) € Con(t), ||sm®)]|< Am(t), [3E)|< Am(?).
Let

Wi (8) = |2 (t) — 2(2)]|*.

Then,

Sm(t) = (Em(t) = 2(t), 2m(t) — 2(t)

A

By we have (U, (t), 2 (t) — dpn(t)) < 0 and (0(t), 2(t) — d(t)) < 0. Therefore, for a.a.

t e R,

1.
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Given ¢ > 0 we use the conclusions of Steps 1 and 2 to spot an mgy > 0 such that

18I < €0, l[sm ()] < €0,

‘fm(t,ﬁr(t)) - f(t,i«(t))” <o, forallm>mo, t €R™

Almost periodicity in ¢ and the Lipschitz condition (2.1]) imply that the function f(¢,x) is
uniformly bounded when ¢t € R and ||z|| < M, where M is as introduced in Remark [2.2.1]

Therefore, by Edmond-Thibault [26], Theorem 1], there exists L > 0 such that
[om ()] < Lo, [[0()]] < Lo
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and by using (2.4) we can estimate w,,(t) further as
1
§wm(t) <2eLy — (fn(t, 2 () — fin(t, 2(2)), T (t) — () + 2e M,

for all m > mg, a.a. t € R.
By referring to the definition (2.7)) of f,,, one observes that f,, satisfies the monotonicity
estimate ([1.5)), which implies

Siim(t) < 22(Lo + M) — allen(t) — #(OI = 22(Lo + M) — awn (1),

for all m > mgy and a.a. t € R.

Gronwall-Bellman lemma (see Lemma in the Appendix) now allows to conclude that

t
Wn(t) < wp(r)e ) 4+ 2¢(Lg + M) / o—alt=s) g

2(Lo+ M)

- (1 — e_a(t_T)) , t, 7T €R, m > my.

= Wy (T)e ) ¢
By passing to the limit as 7 — —oo one gets

wnlt) < - 2Lo+ M)fa, tER, m=m.

Therefore, ||z, (t) — Z(t)||— 0 as m — oo uniformly in ¢ € R, and so x, is almost periodic

by Bochner’s theorem. O

Remark 2.3.1. To fulfill the assumption of global boundedness of ¢t +— C(t) in Theo-
rem [2.3.1] it is sufficient to assume that C(¢) is bounded for each individual ¢ € R. Indeed,
any almost periodic set-valued map C(t) with closed bounded values is globally bounded on

R, see e.g., Levitan-Zhikov [43, p. 2] or Vesely [63, Lemma 2.2].

2.4 Stability of the attractor to non-monotone perturbations

In this section, we study the sweeping process
— (1) € New(a(t) + [(t,2(t), ), (2.12)
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which satisfies the monotonicity condition (|1.5) only when ¢ = ¢y, i.e.,

(f(t,z1,80) — f(t,2,60), 21 — Ta) > af|z1 — 22|,

for some fixed @ > 0 and for all t € R, x1, x5 € R™. (2.13)

2.4.1 The case where the dependence of the perturbation on the parameter is

continuous
Here we assume that
||f<t1,Ih&?)—f(tg,l’g,é?)n S Lfol—tQH—i‘LfHJIl—]?QH, for all tl,tQ € R, X1, Lo € R™. (214)

Theorem 2.4.1. Let f: R x R” x R — R" satisfy the Lipschitz condition and the
monotonicity condition . Assume that, for any t € R, the set C'(t) C R™ is nonempty,
closed, convex and the uniformly bounded map ¢t — C(t) satisfies the Lipschitz condition
(2-2). Finally, assume that f(¢,z,¢) is continuous at & = o uniformly in ¢ € R, z € R". Let
xp : R — R" be the unique solution to (2.12)) with € = ¢y provided by Theorem m Then,
given any v > 0 there exists £; € R such that for any solution x. of defined on [0, 00),
one has

[2e(t) —zo@)[| <7, T =1, (2.15)
for all e sufficiently close to &g.

We remind the reader that corresponding results for differential inclusions with bounded
right-hand-sides are known examples from Kloeden-Kozyakin [34].

The following lemma will be used iteratively throughout the rest of the chapter.

Lemma 2.4.1. Let z. be a solution of ([2.12)) defined on |1, 00). Let zg = z,. If (2.13) holds,

then, for a.a. t > 7,
lz(t) = 2o ()II* < €72 |z () — wo(7)|?

—2/ e 2= (s, x(s),€) — f(s,3:(5),€0), w(5) — wo(s))ds. (2.16)

21



Proof. For a.a. t > 7 and € € R we have

d 2 . .
g 12e(t) = 2o(O)[” = 2{2=() — Zo(t), 2=(t) — 20(t))

S 2(=f (te(t), €), we(t) — wo(t)) + 2 (f (£, xo(t), €0), 2e(t) — wo (1))
= =2(f(t,2=(t),€) — f(t, 2e(t), €0), 2e(t) — o(t))
— 2(f(t, 2e(t), €0) — f(t, 20(t), €0), we(t) — o (t))
< —2allz(t) — (&) " — 2(f (£ 2=(t), €) — f(t,2:(t), 0), 2e(t) — o(t))

and the conclusion follows by applying the Gronwall-Bellman lemma (see Lemma in
the Appendix). ]

Proof of Theorem (2.4.1. By Lemma and (2.4 one has
lze(t) = zo()II* < e7*[[z=(0) — @o(0)]®

(i ) ) o | (s, 2(s),¢) — f(s.7:(5). 20)]| - M. (2.17)

2a 200 ) sefoyt]

from which the conclusion follows. O]

Remark 2.4.1. The estimate ([2.15)) can be extended to the entire R, if x. is defined on the
entire R (for example if z. is that given by Theorem [2.2.1)). Indeed, in this case (2.17)) can

be strengthened to

lz-(t) = 2o < e |aa(7) — 2o (7)||?

QL — L) maX | f(s,2:(5),€) = f(s,22(5),€0)| - M,

se[rt

which gives

lze(t) = zo(B)[|* < 2i max, Hf(S e(s), ) — f(s,2:(s), €0) || - M,

Q s€(—o0

by passing to the limit as 7 — —o0.
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2.4.2 The case where the dependence of the perturbation on the parameter is

just integrally continuous

In this section we assume that the following version of Lipschitz condition (2.1)) holds:

|f(t1,z,e) — f(ta,x,e)|| < Le||ty — to]|, for all ¢y, € R, z € R", ¢ € R\{ep}, (2.18)

Hf(t,l’l,éf) - f(t,Ig,&)H < LfoI - x?”v for all ¢ € R, T1,T2 € an €€ R?

where L. > 0 may depend on € € R and Ly > 0 is independent of ¢ € R™. The central
role in this section is played by a generalization of the theorem on passage to the limit in

the integral due to Krasnoselskii-Krein [37] (see also Demidovich [23, Ch. V, §3]). In the

statement of (2.1.2]), we take k = n when referring to (2.18]) and (2.3)) in the context of the

function F.

We are now in the position to prove the main result of this section.

Theorem 2.4.2. Let f : R x R® x R — R” satisfy both the Lipschitz condition .
Assume that f satisfies the monotonicity condition . Assume that, for any t € R,
the set C'(t) C R™ is nonempty, closed, convex and the uniformly bounded map t — C(t)
satisfies the Lipschitz condition . Finally, assume that f(¢, z,¢) is integrally continuous
at € = gp. Then, given any v > 0 there exists ¢t; > 0 such that for any solution z. to (2.12))

defined on [0, 00) and for any t5 > ¢, one has
[z:(t) —@o()|| <7,  tE[tr,ta],
for all e sufficiently close to gg.

Proof. Let us fix some closed interval [¢1,t5] and assume that the statement of the theorem

is wrong, i.e., assume that there exists v > 0 such that

max |z, (t) — zo(t)[| = v (2.19)

t€(t1,to]
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for some sequence ¢, — ¢ as m — oco. By (2.4), we can find 7 < 0 such that
2
e~ 20|z, (1) — zo(7)||* < 5 for all m € N, ¢ € [t1, o] (2.20)

In what follows, we show that the integral term of the estimate (2.16) can be made smaller
that v2/2 on the sequence z.,, as well. Since f(t,,¢) is uniformly bounded and C satisfies
the global Lipschitz condition (2.2), by Edmond-Thibault [26] Theorem 1] we have the

existence of Ly > 0 such that
|z, (t)]| < Lo, for all m € N, and a.a. t € [1,T]

where 7" > 0. Since the functions of {x.,, () }men are uniformly bounded according to (2.4)),
the Arzela-Ascoli theorem implies that without loss of generality the sequence {z.,_ (¢)}men

can be assumed convergent uniformly on [, T]. Introduce

F(t, (21,22)",€) = (f(t,21,6) = f(t,21,80),22) ;U () = (20, (), € (22, (1) — 20(t))) ",

so that F': R x R?*" x R — R™. Since f(t,z,¢) is integrally continuous at & = &y, then

t

lim [ F (s, (xl,xg)T,g) ds =0, forall (z1,2,)" € R, t € [r,T].
E—EQ

Furthermore, the function F satisfies the same type of Lipschitz condition (2.18)) as f does.

The Krasnoselskii-Krein theorem (Theorem [2.1.2)), therefore, implies

t
lim [ F(s,un(s),en)ds =0, forallte[r,T]. (2.21)

m—o0
T

The conclusions (2.20) and (2.21)) contradict (2.19) because of (2.16]). The proof follows by
Lemma [2.4.1] O
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2.4.3 A particular case: high-frequency vibrations

In this section we consider a sweeping process

~ (1) € New(olt) + (£.20) (2.22)

where both t — C(t) and t — g(t,x) are almost periodic and we use Theorem in order
to estimate the location of solutions of for large values of time and for small values of
€.

Since ¢ is almost periodic in the first variable, the following property holds uniformly in

a € R (see Bohr [12] p. 44])

T T+a
.1 .1
le) = Jim . [ g(raar = tim o [ gtr.opin (2.23)
0 a
where both limits exist. Therefore,
t T+7T/(t—T1) t
: 5 : 1
ll_I)I(l) g <g, x) ds = Tlgrolo(t - T)T / g(s,x)ds = /go(x)ds.
T TT/(t—T) T

By the other words, the function
t .
(L), oo
f(t @, e) = c
go(x), if e =0,

is integrally continuous at € = 0 in the sense of (2.3).

We arrive to following corollary of Theorems [2.3.1, Remark [2.3.1{ and [2.4.2]

Corollary 2.4.1. Assume that, for each ¢t € R, the set C(t) C R" is nonempty, closed,
convex, and bounded. Let ¢ — C(t) be an almost periodic function that satisfies the global
Lipschitz condition (2.2)). Assume that, for each z € R”, the function t — ¢(¢, z) is almost

periodic and satisfies the global Lipschitz condition
||g(t1,x1) — g(tg,l’g)H < Lg|t1 — t2| + LgHIL‘l — 372”7 for all tl,tg € R, T1,T9 € R™.
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Finally, assume that for some o > 0 the function go given by ([2.23)) satisfies the monotonicity

condition
(go(x1) — go(x2), 21 — 22) > af|w) — 349|)?, for all x1, 2z, € R™.

If x. is any solution of (2.22) defined on [0, c0), then uniformly on any time-interval [tq, to]
with sufficiently large ¢, the family {z.(t)}.cr converges, as ¢ — 0, to the unique globally

exponentially stable almost periodic solution z((t) of the averaged sweeping process
—&(t) € New (x(t)) + go((t)).

2.4.4 Instructive examples

The examples of this section illustrate how the results of this chapter are supposed to be

used in applications.

Example 2.4.1. Consider a one-dimensional sweeping process
— #(t) € Nigingtysin(tys1) (z(t)) + £22(t) + (sin (ﬁ : t) n 2) (1) (2.24)

The sweeping process ([2.24)) satisfies the monotonicity property (|1.5) when e = 0. Theorems

[2.3.1] and [2.4.1] imply that for any v > 0 there exists ¢; > 0 such that any solution x. of

(2.24) with z.(0) € [0, 1] satisfies ||z-(t) — zo(t)|| < v for all ¢ > ¢; and for all || sufficiently

small, where x( is the unique globally exponentially stable almost periodic solution to

— () € Nigintsin(oy (2(£)) + (sin (\/5 : t) + 2) 2(1).

Example 2.4.2. Let us now show that the monotonicity of a sweeping process gets broken

by a high-frequency ingredient as follows

— i(t) € Nigin@sim(er41 ((t)) + sin (3> 22 (t) + (sin (\/é : t) + 2) 2(t). (2.25)

3
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t
The non-monotonic term sin (—) no longer approaches 0 as it took place in Example |2.4.1
€

£
in the sense of (2.3)) on any bounded time interval [t1, t5]. Therefore, Corollary ensures

t
and Theorem [2.4.1|is inapplicable. However, sin (—) approaches 0 as ¢ — 0 integrally (i.e.,

that given any v > 0 there exists ¢; > 0 such that for any ¢5 > ¢; and for any solution x. of
(2.25)) with z.(0) € [0, 1] one has ||z.(t) — zo(t)|| < v on [ty,ts] for all || sufficiently small,
where 1z is the unique globally exponentially stable almost periodic solution to the averaged

sweeping process

—i(t) € Nigm(oysin(oys1 (()) + (sin (\/5 : t) n 2) (1)

To summarize, Examples [2.4.1| and [2.4.2] establish useful qualitative properties of non-

monotone sweeping processes without any need of actual computing of solutions. Numerical

computation of solutions of ([2.24]) and (2.25)) (e.g., using the catch-up algorithm of Edmond-

Thibault [26]) is thus outside the scope of this chapter.

2.5 Appendix

The following version of Gronwall-Bellman lemma and its proof are taken from Trubnikov-

Perov [60, Lemma 1.1.1.5].

Lemma 2.5.1. (Gronwall-Bellman) Let an absolutely continuous function a : [0,7] — R

satisfy

a(t) < ha(t) +b(t), for a.a. t € [0, T, (2.26)

where b : [0,7] — R is an integrable function. Then

t

a(t) < eMa(0) + /e’\(ts)b(s)ds, for all t € [0, T7.

0
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Proof. By introducing
t

Y(t) = eMa(0) + /eA(t_S)b(s)ds,

one has

Y(t)e ™ — /e‘Asb(s)ds = a(0)

and so

SIS
1
<
=
~—

@

:
|
o\“

e)‘sb(s)dsl =0, for a.a. t € [0, 7],

which implies
If now

d
then u(t) < Au(t) and so pr [u(t)e™] = e (i — Au) <0, ie., u(t)e™™ < u(0). Therefore,

u(t) <0 and
t

a(t) < Y(t) = eMa(0) + /e’\(t_s)b(s)ds.

0
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CHAPTER 3
GLOBAL STABILITY OF NON-CONVEX

MONOTONE SWEEPING PROCESSES
3.1 Introduction

Let C': R — R" be a set valued map which take nonempty closed values and f : RxR"” — R".
Now we assume our set C' is nonconvex and the normal cone in sweeping process (|1.1]), No(z)

is given (Edmond-Thibault [26], [27], Thibault [59], Maury-Venel [48]) as

Neo(z) ={£ € R" : z € proj(x + &, C) for some a > 0}.

=

Figure 3.1. A n-prox-regular set

For the space R™, the set C(t) is n-prox-regular, if C'(t) admits an external tangent ball
with radius smaller than 7 at each x € dC(t) (see Maury-Venel [48, p. 150], Colombo and
Monteiro Marques [21, p. 48]). A characterization of the normal cone for n-prox-regular sets

is hypomonotonicity property (Edmond-Thibault [26], [27], Thibault [59]), which is given as
(€ — &z -2y > —|lz —2||* for £ € N(C,2),& € N(C, ') such that ||£]], |€']| < n. (3.1)
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In this chapter we discuss stability of sweeping processes (|1.1]) with n-prox-regular set-valued

function C' which is Lipschitz continuous i.e.,
du(C(t1),C(te)) < Lty — tof, for all ¢t;,t, € R, and for some Lo > 0, (3.2)

where dy(Cy, Cs) be the Hausdorff distance between two closed sets Cp,Cy C R™ given by

©3).

Also we assumed the Lipschitz continuity of f : R x R" — R" with L; >0
Hf(tl,xl) — f(tz,l’g)” S Lthl — t2|| —+ Lf”ﬂ?l — .CEQH, for all tl,tg S R, T1,T2 € R" (33)

and strong monotonicity of f (1.5)).
Also in this chapter we studied the periodicity of solutions when input functions are periodic
in ([1.1) with prox-regular set-valued function C' and exponential stability of this unique

periodic solution.

3.2 Existence of a unique global solution and it’s stability

Theorem 3.2.1. Let C : R — R? be a Lipschitz continuous function with constant Lo and
C(t) is nonempty, closed and n-prox-regular for each ¢t € R. Let f : R x R" — R” satisfy
Lipschitz condition (3.3). Then the sweeping process ([1.1)) has at least one global solution

defined on the entire R.

Since the proof follows the same steps as in the proof of Theorem we are not giving

the proof in this chapter.

Theorem 3.2.2. Let the conditions of Theorem hold and Lo > 0 is as given by this

theorem. Let ||f(t,2)| < My, for allt € R, z € |J C(t) where My > 0 is a fixed constant.

teRr
Assume (|1.5)) holds with
L M
o> (3.4)
n
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Then the sweeping process ([1.1) has a unique solution xq, defined on R. Furthermore the

global solution z( is exponentially stable.

Proof. We note that by Edmond-Thibault [26] Proposition 1] for a solution z of (1.1)) with

initial condition z(7) = xy,
() + f(tx@l < [If(¢8 2@ + Lo, fort > 7.
Then with the uniform bound M; of f we have
|z(t) + f(t,z(t)|| < My+ Lo, forall t>r. (3.5)

Let x1, 22 be two solutions of with initial conditions 1(7),zo(7) € C(7). Let t > 7
such that @4(t), Z2(t) exist.

Since —a1(t) — f(t,21(t)) € New(i(t)) and —ao(t) — f(t,22(t)) € Newy(z2(t)), by hy-
pomonotonicity of the normal cone and we have

—n ) -n ;
A, 1 Lo )+ fml0) = g (Flf) + (8 ma(6) () = ()
>~z (t) — (1))
Then

21 (t) — 2o (t)]2——— L (f(t, 21 () — f(t, 2a(t)), 21(t) — 22(2))

Mf—I—LC
> S ) = 01 (0) — ()
and by
Ty 7o B0 = B2t a1t) = 2a(0) < len®) = @ -3 a0 — w0
Thus we have
' —x x —x M—a x —x 2
(1) = 20 1) = a(0) < (2 — ) o) — ),
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) = nalP< (2D - a) o) - aalo)

1
Let @ = — (Mf + Lc — na). Then by Gronwall Bellman lemma (see Lemma [2.5.1)) for ¢ > 7
Ui

l1(8) = @2(@)IP< 7|21 (1) — 22 (7).

Thus
|x1(t) — xo(t) ]| < ed(t_T)Hxl(T) —xo(7)|, fort > T. (3.6)

Let z(t) be a global solution of (L.1)) which exists by Theorem [3.2.1] Then (3.4) guarantees
that @ < 0 and that x(t) is exponentially stable. It remains to observe that z(¢) is the only
global solution. Indeed, let Z(t) be another global solution. Then, for each ¢ € R we can

pass to the limit as 7 — oo in (3.6)), obtaining ||z(t) — z(t)|| <0, so = = Z. O

Now we give a theorem about periodicity of the unique global solution established in Theorem
3.2.2] The proof follows the lines of Castaing and Monteiro Marques [19, Theorem 5.3], but

we include such a proof for completeness.

Theorem 3.2.3. The unique global solution xy which comes from Theorem 2 is T-periodic,

if both maps t — C(t) and t — f(¢,x) are T-periodic.

Proof. Note that a — x,(7T) is a contraction mapping from C(0) to C(7') = C(0), where z,
is the solution of on [0, 7] with initial condition z,(0) = a € C(0). Indeed, by (3.6),
for a,b € C(0),
l2a(T) — ap(T)|I< e fla — bl

where a < 0.

Then, since a — z,(T") is continuous on C(0) (see Edmond-Thibault [26, Proposition 2]), by
the contraction mapping principle on C'(0) (see Rudin [57, p.220]), there exists z : [0,T] —
C'(0) such that z(0) = z(T") and satisfies on [0,7T]. Since both t — C(t) and t — f(t,x)
are T-periodic, we can not extend Z to a T-periodic solution defined on R by T-periodicity.

Since the global solution z given by Theorem is unique, we have the result. O
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3.3 Example
Let the vector field f : R x R? — R? be given by
ft,r) :==ax, teR, 2R’ (3.7)

where o > 0 is a fixed constant. We define the moving set C'(¢) using a function b € C*'(R, R)

which is bounded below by § > 1 and admits a global Lipschitz constant L, i.e.,

’b<t1> — b(tg)‘ S Lb|t1 — tz‘, for all tl, t2 € R. (38)
Define
2
P _ 2. .2 Ly
C(t) = B[ S(t), S(t)= {$ eR?: 42 + Ok > 1} . (3.9)

where B; is the closed ball of radius 1 and centered at (—1.5,0).

X2 X2
b(t)

(Po,qo)

—45 —2.0 -15 -1\0

Figure 3.2. Illustrations of the notations of the example. The closed ball centered at (—1.5,0)
is By and the white ellipses are the graphs of S(t) for different values of the argument. The
arrows is the vector field of # = —au.

In order to apply Theorem [3.2.2] we will now analyze: i) strong monotonicity and uniform

boundedness of f(t,x), ) Lipschitz continuity of C(t), iii) prox-regularity of C(t).
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i) The monotonicity and boundedness of f(t,x). Since (f(t,z) — f(t,y),z — y) = (ax —
ay,r —y) = allz —y||?, f is strongly monotone with constant o and bounded on B; D C(t)
by My = 2.5a.

ii) Lipschitz continuity of C(t). The boundary dB; of B; intersects the boundary 9S(t) of

S(t) at a unique points (p(t), ¢(t)) with 5(¢) > 0. Since

du(C(t), C(s)) < [[(p(t), () — (p(s), a(s))l

(see Fig. [3.2), we now aim at computing the Lipschitz constants of functions p and ¢. Since
b e CY(R,[1,00)), the implicit function theorem (see e.g., Zorich [65, Sec. 8.5.4 Theorem 1])
ensures that p and ¢ are differentiable on R. Therefore, by the mean-value theorem (see e.g.,

Rudin [57, Theorem 5.10]),

du(C(t), C(s)) < [|(P'(tp), ¢ ()l - |t = s, (3.10)

where t,,t, are located between ¢ and s. To compute (p'(¢,), ¢ (¢;)), we use the formula for

the derivative of the implicit function (Zorich [65, Sec. 8.5.4 Theorem 1])

(01,0 ()" == (Flo) " (0(1), a(0), ) F/(p(1), (1), 1),

applied with

F(pv q, t) = 2
2 q
1
GE
Since
, p+ 1.5 q / 0
Flp) (s 0:1) =2 . F(pq.t)= ,
d —310 ()2
p b(t)2 —2b(t) 7' (t)q
we get the following formula for the derivatives p’ and ¢
p'(t) 1 q(t) 1




Noticing that the properties 1+ p(t) > 0 and —p(¢)b(¢)* > 0 imply

1 1 1
<

b(t) - (p(t) + 1.5 = p(t)b(1)*) = B (=p(t)b(1)?) = B3%Ipo|’

we conclude
Ly Ly
/ /
p t S a0 q t S )
OIS By 19O G

where py is such that p(t) < po for all ¢ € R. Since b(t) > 1, we can take py as the abscissa

of the intersection of OB, with a unit circle centered at 0, i.e.,
Po = —0.75,
see Fig. . Substituting these achievements to ([3.10]), we conclude

A (C(1), C(s)) < 2L

< 3—5?)“ — s,

ALy,

358

which gives Lo = for the Lipschitz constant of ¢t — C(t).

iii) The constant n in n-proz-reqularity of C(t). We recall that C(t) is n-prox-regular if C(t)
admits an external tangent ball with radius smaller than n at each x € 9C(t) (see Maury
and Venel [48], Colombo and Monteiro Marques [21]). The points of 9C(¢)\0S(t) admit an
external tangent ball of any radius. Therefore, to find 7, which determines n-prox-regularity
of C(t), it is sufficient to focus on the points of 9C(t) N9S(t). That is why, for a fixed t € R,
we can choose 7 as the minimum of the radius of curvature through x € dC(t) N dSy(t), see

e.g., Lockwood [44, p. 193].
Let us fix ¢ € R and use the parameterization P(¢) = (—cos¢,b(t)sing), ¢ € [-2,Z],

for the left-hand side of the ellipse z? + % = 1. Then, the radius of curvature R(¢) of

0C(t) N oS(t) at P(¢) is (see Lockwood [44], p. xi, p. 21])
1

R(6) = ﬁ(sinz 6+ b(t)2 cos?6)} — iy (00 + (1= 00 sn(0)

Njw
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Observe that R decreases when |¢| increases from 0 to g Indeed,

R(6) = g5 (0 + (1= b)) sin*(0)F (1= (1) sin20)
and R'(¢) = 0 only at ¢ = 0 on (—g, g) Then since
/" 13 2
R"(0) = @5(25(15))(1 —b(t)7) <0,

the function ¢ — R(¢) attains the maximum on [—g, g} at ¢ = 0.

X2
------------ N
(j :

~A5 —20 -15 10 /\

po @«

Figure 3.3. The parameters ¢y and ¢,.

Therefore, the minimum curvature of dC(t) N 9S(t) is attained at the point (p(t),¢(t)) as
defined in ii). Let ¢ be such that P(¢g) = (p(t),q(t)) and let ¢, > 0 be such that the
second component P(¢,) of P(¢.) equals 1, which exists because b(t) > 1 (see Fig. |3.3)).

Since ¢(t) < 1, we have ¢y < ¢., and since ¢ — R(¢) decreases as |¢| increases, we have

R(¢o) = R(.).

1
Since Py(¢,) = 1 implies b(t) sin ¢, = 1, we have sin ¢, = — and so

b(t)

SRR % (# +o” (1 - Wlﬂ)) T b(t) OE =

= (s o0t —007F) = (o)t o))"

N
[a—y
—
[u—
S
—~
~
S—
'S
S
—~
~
N—
o
N—
Njw

36



3
2

Noticing that the function b — (b% — b_%> increases on [1,00), we finally conclude

_5—§>g_

3
2

ol

R(¢o) > (5

Therefore, C'(t) is n-prox-regular with n = (B% — B‘§>

Substituting the values of My, L, and 7 into formula (3.4]), we get the following statement.

Proposition 3.3.1. Let @ > 0 be an arbitrary constant and b € C'(R, [3,00)) with some
8 > 1 and Lipschitz condition (3.8)). If

AL, 5
35 2

(=)

o >

Y

then, the global solution
x<t):(_1a0)7 tER,

of the sweeping process (1.1)) with C(¢) and f(¢,x) given by (3.9) and (3.7)), is globally

asymptotically stable.

3

As noticed earlier, b — <b% — b‘§> * increases on [1,00), so that the condition of Proposi-

tion [3.3.1] is a lower bound on f.

3.4 Appendix

Here we explain the inapplicability of Theorem [3.2.2 in the crowd motion model given by
Maury-Venel in [48].

According to the brief introduction about this model which we gave in our Chapter 1,
sweeping process can be written as

—i € N(C,z) —U(x) (311)

z(0) =z € C.
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Let’s consider the situation where there are only two people. Then by Maury-Venel [48],
Proposition 2.15], the set C' in is n-prox regular with n = rv/2. Let’s take U(z) = —z.
Viewing as (L.1)), we get a =1 in (L.5).

Then the condition of Theorem takes the form v/2r > Lo + M 7, where Lo = 0
(because C' in doesn’t depend on t) and M; satisfies || f(t,z)|| = ||z|| < M, for each
x € C. Therefore implies My < V2r.

On the other hand, since ||(0, —r) — (0,r)|| = 27, we have (0, —r,0,7) € C and so My must
verify My > ||(0, —r,0,7)|| = v2r.

Therefore Theorem does not apply.
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4.1 Introduction

In this chapter we consider E' = R? and the perturbed sweeping process ([1.1)) in the form of

e vepwn | TV (4.1)

Y g(x,y)
where

Ce) = {(a:,y) cR*: H(x,y,¢) §0}, HeC",

is a nonempty closed time-independent u-prox-regular set with fixed p > 0, for all € > 0.
Here we establish a theorem on bifurcation of a finite-time stable limit cycle as 9C'(g) collides

with a focus equilibrium of the vector field

v = fz.y) . (4.2)

J 9(w,y)

The only fact about C(¢) that we will effectively use smoothness of H in the neighborhood

of is that 0 € 9C(0), see Fig. 4.1}

Y y Y

&P LT

Figure 4.1. Examples of sets that can be used in sweeping process (4.1)).

We will assume that f and ¢ are C' globally Lipschitz functions, so that for any initial

condition (zg,yy) € C(e), the sweeping process (4.1) admits a unique forward solution

(x(t),y(t)) € C(e) with (x(0),y(0)) = (0, v0)-
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4.2 Existence of finite-time stable limit cycles

We will be using the following proposition in the proof of the existence of finite-time stable

limit cycles.

Proposition 4.2.1. Consider f,g € C? and assume that H is twice continuously differen-
tiable in the neighborhood of the origin. Let the origin be an equilibrium of the subsystem

(4.2) and H(0) = 0. Let the coordinates be rotated so that H,(0) = 0 and H,(0) # 0.

Assume that
f:(0) #0, g,(0) #0. (4.3)

Then, there exist r > 0 and gy > 0 such that for any 0 < ¢ < ¢; there exists a unique point

(A(e), B(g)) € [—r,r] x [—r,r] which satisfies the property

H(x’y) (A(E), B(€), 8) =0, >0. (4.4)

1) The point (A(e), B(e)) satisfies

A'0), B(0)) = 20 (gy—(o) _1>. (4.5)

2) The point (A(e), B(e)) splits
L={(z,y) €eR*: z,y € [-r7], H(z,y,e) =0}
into two parts

leidmg - {(l’,y) € R2 - Iy € [_T7 T]? H(l’,y,é‘) = 0} N
f(z,y)
N (I,y) :H(x,y)(xay75> >0
9(z,y)
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and

Lc1ossin (:l7y) E Eg x7y E T? ? ]i x7y76 : m
g9

NS (x,y) : Hay(z,y,€) <0
9(z,y)

3) a) Any solution (z(t),y(t)) of sweeping process with the initial condition
(2(0),9(0)) € Lgiging can escape from Lg;gin, through the endpoints of Lgging only
(i.e., through the two points of M\leiding).

b) While in Lg;qing, the solution (z(t),y(t)) is governed by the following equation of

sliding motion

0\ _ e [ EONO2 ) o)
y(t) H(x(t),y(t), )
where
(_Hg/;(xuy75)7H;(x7y75)) f(x,y)
9(z,y)

a(z,y,e) =
[ Hz)(x, y, )]
¢) The equation

fla,b) + AH.(a,b,e) =0,

(0.0) + M (a.b.) .
g(a,b) + \H,(a,b,e) =0

for the equilibrium of (4.6) possesses a unique solution (a(e),b(¢), A\(¢)) on L with

(a’(0),'(0), N'(0)) given by

H(0) | £(0) 1 . f2(0) f,(0)
7,0 | 10 M BORO™ | 40 40 e
4) 1f
A(0)
e (0) (A/(0) — (O)X(0) < 0. (49)
B0
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f
then the vector (tangent to L by definition) points outwards

leiding .

5) If condition (4.9)) holds, then any solution (x(t), y(t)) of (4.1) with the initial condition
(2(0),y(0)) from the ((a(e),b(e)), (A(e), B(¢e)))-segment of Lyjiging, escapes from Lg;iqing

in finite time through the point (A(e), B(¢)).

6) The solution (x(t),y(t)) of with the initial condition (x(0),y(0)) = (A(e), B(e))

leaves L towards

L™ ={(z,y) e R*: H(z,y,¢) < 0}

immediately under condition (4.9)), in the sense that there exists At such that ¢ —

(x(t),y(t)) verifies and (z(t),y(t)) € L™, for all ¢ € (0, At].

Proof. The existence, uniqueness, and continuous differentiability of (A(e), B(e)) satisfying
(4.4) follow by applying the Implicit Function Theorem (see e.g., Zorich [65, Sec. 8.5.4

Theorem |) to the function

f(A,B)
H(x,y) (A, B, 6)
F(A,B,e) = g(A, B) ,
H(A, B,¢)

where we use that F(0) = 0 and det (F{4,5)(0)) # 0 by the second of the assumptions of

@3).
1) Formula (4.5)) follows by computing the derivative of F'(A(e), B(g),e) =0 at € = 0.

2) Follows from the uniqueness of (A(e), B(e)).
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3) a) Fix ¢ > 0. Let tescape > 0 be the time when (z(t),y(t)) escapes from Lgiging,

specifically

tescape = max{to>0:x(t) € [-rr], y(t) € [-r,7],

H(x(t)>y(t)>5) = Oa te [0>t0]}
Assuming that neither |z(tescape)| = 7, 0T |Y(tescape)| = 7, Wwe now show that

f(x(tescape) y y(tescape))
H(x,y) (I(tescape)a y(tescape)a 6) S 0, (410)

g(x(tescape)a y(tescape))
which coincides with the Statement 3a.

By the definition of ¢.scqpe, for any 6 > 0 there exist t5 € [tescape, tescape + 0] such that
H(z(t),y(t),e) < 0 for each t € (tescape,ts). Since, the solution (x(t),y(t)) satisfies

(4.2) on (tescapes ts], by Mean-Value Theorem

H(elts) y(ts) ) —H(a(tosone): Yltuseape))s) =
Hoy(@)ee) | T G,
o (t2), y(85)

for some t5 € (fescape; ts)-
This yields (4.10) as § — 0 since H(z(ts),y(ts)),e) < 0 for each § > 0 and

H<x(tescape)7 y(tescape))> 5) = 0.

b) Consider some ty > 0 such that (x(t),y(t)) € Lsiaing for all t € [0,%p]. From the

definition of Lg;qing we conclude that

Hg g (2(1),y(t), €) =0, forae. tel0,t)

where we use that the derivatives of solutions of (4.1]) are defined for a.e. ¢ only.
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. . . —H;(:L’(t),y(t),&)
Equation (4.6) now comes by projecting (4.1) on the vector ,

H ((t), y(t), )

ie.,

= (—H,(x(t),y(t),e), Hy(x(t),y(t), €)) ,

for a.e. t € [0,t0]. Extension of (4.6) from a.e. t € [0,%,] to all ¢t € [0, ] follows from
the smoothness of (4.6)).

c¢) To prove the existence and uniqueness of (a(e), b(¢)), we apply the Implicit Function
Theorem to the function
f(a,b) + AH.(a,b,¢)
Gla,b,Ae)=| g(a,b)+ AH,(a,b,¢)
H(a,b,¢)
The determinant
2O £0 0
det (Gapn(0)) =det [ g2 (0) g (0) H,(0) |=—H0)f(0)
0 H(©0) 0

doesn’t vanish by the first assumption of (4.3) and the formula
(a'(0),0'(0), X(0))" = —Glapn) (0) "' GL(0) (4.11)
for the derivative of the implicit function yields (4.8)).

4) Case I: N(0) < 0, which combined with (4.9)) gives

A'(0)
fiw)(0) (A/(0) = d'(0)) > 0. (4.12)
B'(0)
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Furthermore, X' (0) < 0 implies that (a(e),b(¢)) € Lgjging for all € > 0 sufficiently
small. Sub-case 1: A'(0) < a’(0) (i.e., (A(e), B(e)) is the left endpoint of Lgging). In

. . . f(A(e), B(e)) .
this case (4.12) yields f(A(e), B(e)) < 0, i.e., the vector points to

9(A(e), B(e))

the left.

Sub-case 2: By analogy, when A’(0) > a’(0), the assumption implies

f(A(e), B(e)) > 0.

Case II: N'(0) > 0. Can be considered by analogy taking into account that \'(0) > 0

implies that (a(e),b(c)) € Lerossing for all € > 0 sufficiently small.

5) The dynamics of (z(t),y(t)) is described by one-dimensional smooth equation of sliding
motion as long as (x(t),y(t)) € Lsiding- Part 4) implies that the vector field of the
equation of sliding motion on Lgj;4in, points towards the endpoint (A(e), B(e)) at all
the points of Lgqing close to (A(e), B(e)). Therefore, if we assume, by contradiction,
that the solution (x(t),y(t)) doesn’t reach (A(e), B(g)) in finite-time, then the sliding
vector field must possess an equilibrium on the ((a(e),b(e)), (A(e), B(e)))-segment of

Liiging, which contradicts the uniqueness of equilibrium (a(e), b(e)).

6) Let (z(t),y(t)) be the solution of with the initial condition
(2(0),y(0)) = (A(e), B(e)). By the definition of (A(e), B(e)), there exists At > 0 such
that H(xz(t),y(t),e) < 0 for all ¢t € (0, At]. Therefore, (x(t),y(t)) is the solution of
(4.1) on (0, At]. Therefore, (z(t),y(t)) is the solution of on [0, At], because the
definition of the solution requires the validity of for (z(t),y(t)) in a.e. time
instances ¢ only.

]

Now for € > 0, we consider the following change of variables
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to brings (4.2)) to the form

U 1| fleu,ev
=— ( ) , H(eu,ev,e) <0. (4.13)
€

0 g(eu, ev)

Along with system (4.13]) we consider the following reduced system

@) [ f(0) £,(0) R Y. H,(0)v + H.(0) < 0,. (4.14)

0 9:(0)  94(0) v

and we arrive to the following result about the limit cycles of sweeping process (4.1)).

Theorem 4.2.1. Consider f,g € C? and assume that H is twice continuously differentiable
in the neighborhood of the origin. Let the origin be an equilibrium of the subsystem of
and H(0) = 0. Assume that the coordinates are rotated so that H(0) = 0 and H,(0) # 0.
Let the assumption of Proposition hold with (A’(0), B'(0)) and (a’(0),'(0), N'(0))
given by and respectively. Let the assumption of Proposition holds.
Finally, assume (ug(t), vo(t)) the solution of reduced system (4.14]) with the initial condition
(u0(0),v0(0)) = (A’(0), B'(0)) meets v = B'(0) at time Ty. If

uo(Tp) € (min{a’(0), A'(0)}, max{a’(0), A'(0)}) in the case when X'(0) <0, (4.15)

up(To) # A’(0) in the case when N (0) > 0,

then for all ¢ > 0 sufficiently small, the sweeping process (4.1)) admits a finite-time stable

stick-slip limit cycle (z.(t),y.(t)) — 0 as € — 0.
U(t,u,v,¢)
Proof. Step 1. Lett — be the general solution of system (|4.13f). Introduce
V(t,u,v,e)
B A B
F(T,e) = H U T ,ﬂ,e),df(nﬁ, (5),5>,g).
€ € €

Computing F'(T,0) we get
F(T,0) = H,(0)V(T, A'(0), B'(0)) + H.(0)
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where

(U(T, A'(0), B(0)), V(T A'(0), B'(0)))

(i (49 20.) gy (140,260

and
VT A, 0) =ty (1.2 )
(e) B(e) Ale) Ble)
= ll_r}(l)gg(eU T’T’ 5 ,6),€V<T,T, - ,5))
U(Ty, A(0), B'(0
= (9,(0),4,(0)) o 410, 510
V(To, A'(0), B'(0))
Similarly

U(To, A'(0), B'(0))
V(To, A'(0), B'(0))

Thus (U(T, A’(0), B'(0)), V(T, A'(0), B'(0))) satisfies (4.14). Therefore, F(Tp,0) = 0 and

since

Ft,(TOaO) = H;(O)‘/t/(To,A/(O),B/(O)):

U(Tp, A'(0), B'(0))
= H/(0)(4,(0), g,(0))
V(Ty, A’(0), B'(0))

U(Ty, A(0), B'(0
_ o). 0 | T
B(0)

we have F{(T5,0) # 0 from (4.5)) and (4.15).

Therefore the existence of T, such that F'(T.,e) = 0 follows by applying the Implicit Function
Theorem, which in turn implies that (z.(¢),y:(t)), solution of (4.2) with initial condition

(A(e), B(e)), meets H(x,y,e) at t = T.. i.e., H(z(T:),y-(1:),e) = 0.
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Step 2. Condition (4.15)) implies that (x.(7%.),y-(7:)) belongs to the segment of Lg;ging-
Therefore by Proposition (4.2.1)), (z-(t),y:(t)) reaches (A(e), B(¢)) along Lgiging in a finite
time.

Note that (z.(7%),y-(T%)) € ((a(e),b(e)), (A(e), B(e))) when X (0) < 0 ensures, the solution
(x(t),y-(t)) reaches to (A(e), B(e)).

Step 3. Stability follows from convergence of (A(e), B(g)) and (a(e),b(e)) to the origin as

e — 0. O

4.3 Example

We illustrate the theorem considering the following sweeping process

T ax — by
S _NC(s)('xay) + +M($,y), (416)
] bx + ay
0
where a,b > 0, M is any C?-functions such that M(0) = M’(0) = 0 and C(e) = C—¢
1

with nonempty p-prox-regular set C' satisfying
0C = {(z,y) e R* : H(z,y) = 0}, H e C°,

with such a function H which is continuously differentiable in the neighborhood of the origin,

0
H(O) = (0 and H(x,y)(O, O) =
1

In order to check the assumptions of Theorem [4.2.1} we calculate (A’(0), B'(0)) and
(a’(0),'(0),N(0)) from (4.5) and (4.8). Then we have

(A0).B(0) = (-5.1)
(a/(0), B(0), X(0)) = (—71,—

(4.17)
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This gives
—a2—b2 _a2_b2 —a2—b2
b ' ab . a

for the left-hand-side of (4.9). Therefore, assumption (4.9)) always holds.

To prove the existence of (ug(t),vo(t)), the solution of reduced system (4.14]) with the initial
condition (ug(0),v0(0)) = (A’(0), B'(0)) such that (ug(t),vo(t)) meets v = B’(0) in a finite

time 7p and to check the condition (4.15) we have to compute r = P(A'(0)) = P (—%) where

P is the Poincaré map of linear system (4.14]) induced by the cross-section v = —g;gg; =
B'(0) = 1. The linear system ({4.14)) corresponding to (4.16]) is
U au — bv
= . (4.18)
) bu + av
Using that a solution of (4.18]) is given by
u(t) = e cos(bt), v(t) = e sin(bt), (4.19)

we build the following solution of (4.18))

e?(t=10) cos(bt)
Sin(btg) ’

e?(t=10) gin (bt) a
vo(t) = W, bty = arccot <_E> ,

ug(t) =
which verifies the property (uo(to), vo(to)) = (A’(0), B'(0)).
It is impossible to find the intersection of solution (ug(t),v(t)) with v = 1 explicitly, so

we propose an explicit approach that relies on the observation that an intersection of any

solution of (4.18)) with u = 0 is computable explicitly.

_a

b) € (%,ﬂ'), the first intersection of this solution with © = 0 occurs at

Since arccot (

bt = 5 + m, which gives

—v13—7r——ex alg—ﬂ—t !
Pem08p 2 ) TP I\ T 2 ) ) sin(bt)

Now we assume that the intersection of (ug(t),vo(t)) with v = 1 occurs at some point u = r

and use (4.19) to compute y, in terms of r.
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Specifically, using (4.19)) we build a solution

et=1") cos(bt) et=1") sin(bt)

w(t) = sin(bt9) o(t) = sin(bt0)

, bt? = arccot(r),

which verifies (u°(t°),v°(t%)) = (r,1).
Since arccot(r) € (0,7), the intersection of (u°(¢),v°(¢)) with v = 0, v < 0, must had

occurred earlier at time bt = 7 — m, which gives

(D)D) e

for the respective point of intersection with v = 0. Now equaling y, and y*, observing that
1
sin(arccota)

= +va? + 1, and taking the natural logarithm of both sides of the equality, one

gets the following implicit formula for r :

2

a4 3—7T—9r t(—C—L)—i-lln 1+a— =
7 arcco 2 2 =

b2 2 (4.20)
= 9 (=T) — Larceot(r) + 5 In(1 +12)
b 9 ba CCO 5 .
r
16
14
T2
. . a
0.2 04 b

Figure 4.2. The solution of (4.20)).

The graph of the implicit equation (4.20)) is given in Fig. [1.2] from which we conclude

that the solution (ug(t),vo(t)) returns back to the cross-section v = 1 at the value r (%) =

(u0(T0), vo(Tp)) which increases monotonically with 7.
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Our goal now is to establish (4.15]). Based on (4.17), \'(0) < 0.
In this case assumption (4.15)) takes the form

b
— up(Ty) < 2.
T = up( 0)<a

Since 7 — —%arccot(r) + 3 In(1+47?) is a monotonically increasing function, we can combine

the later inequality with (4.20)) to obtain

_ ¢ t(—a)Jrll 1+a2 <
arcco b 211 b2

<O (D) = Larceot (2) - D (142 i
b 2 barcco a 2H a .

Now we arrive to the following corollary of Theorem |4.2.1}

(4.21)

Corollary 4.3.1. If 7 satisfies

% <4arctan% — 37?) > 2 ln% (which gives approximately % < 0.29),

then for all ¢ > 0 sufficiently small, the sweeping process (4.16)) admits a finite-time stable

stick-slip limit cycle (z.(t), y-(t)) that shrinks to the origin as e — 0.
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CHAPTER 5
A CONTINUATION PRINCIPLE FOR PERIODIC BV-CONTINUOUS

STATE-DEPENDENT SWEEPING PROCESSES
5.1 Introduction

Here we investigates the initial-value and periodic problems to the following state-dependent

version of (|1.1])
—dx € Naja(t)yte) () + f(t,2)dt, x € E, (5.1)

where a is a BV-continuous function and ¢ : £+ E is a Lipschitz function.
In order to prove existence of periodic solutions, we will be also using a continuation approach

and replace (5.1)) by a parameter dependent sweeping process

—dr € NA—i—a(t,)\)—&-c(x,)\)(m) + f(t,l’, )\)dt, reFE, NeR. (52)

5.2 Definition of solution

In what follows, B([0,77]) is the family of Borel subsets of [0,7]. A Borel vector measure
on [0,77 is a map u : B([0,7]) — E such that u (U2, B,) = X2, u(B,) for any sequence
{B,}2, of mutually disjoint elements of B([0,7]), see Recupero [56, §2.4] or Dinculeanu
[25, Definition 1, §I11.14.4, p. 297].

According to Dinculeanu [25, Theorem 1, §I11.17.2, p. 358] (in our case it was according to
Recupero [56] who phrased it clearly), any BV-continuous function z : [0,7] — E admits a
unique vector measure of bounded variation dz : B([0,T]) — E (called Stieltjes measure in

Dinculeanu [25]) such that for every 0 < ¢; <ty < T we have

dr((tr,12)) = x(ty) —x(t]), da([t, ta]) = 2(t5) — 2(ty),

dr([tr,t)) = x(ty) — a(ty), de((t ta]) = 2(t3) — =(t7),

(5.3)
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where

z(t7) = lim z(7), =z(")=lim z(7), 0<t<T.

Tt~ T—tt

A vector Borel measure dy is called continuous with respect to a scalar Borel measure dv
(or simply dv-continuous), if lim,pyo (D) = 0, see Diestel-Uhl [24 p. 11]. If a vector
measure dy is dv-continuous then, according to Radon-Nikodym Theorem [24], p. 59] there

is a dv-integrable function ¢ : [0,7] — E such that
du(D) = / gdv, for all D € B(0,T]).
D

In this case, the function g is called Radon-Nikodym derivative of du with respect to dv

d
(or density) and is denoted by d_u Furthermore, according to Moreau-Valadier [53, Propo-
v

d
sition 1] (see also Valadier [61, Theorem 3]), the Radon-Nikodym derivative d—u can be
v

computed as
dpu([t,t + €])

d
Pipy= tim LTED
e—0,e>0 dV([t, t+ 8])

0 dv — a.e. on [0, 7). (5.4)

We will use the following definition of the solution of (5.1)) (Castaing and Monteiro Marques
19} §1]).

Definition 5.2.1. A BV continuous function z is called a solution of (5.1)), if there exists
a finite measure dr for which both differential measure dxr and Lebesgue measure dt are

dv-continuous, and such that

d d
_d_i(t) € Notvarseteion(@(t)) + F(t, m(t))d—z(t), dv — a.e. on [0,T).

5.3 Existence of solutions

It is customary (see Kunze and Monteiro Marques [40, Theorem 6]) to assume that the initial

condition g of sweeping process (|b.1]) satisfies
g€ A+ a(0)+ c(q). (5.5)
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However, it will be convenient for our analysis to define solutions of (5.1)) for any initial
condition ¢ € F, that we will term a generalized initial condition. We take advantage of the

fact, that for contracting map ¢, the equation
v = proj(q, A + a(0) + c(v))

always has a solution v = V/(g) (see Lemma[5.6.2) and V € C°(E, E).

The main result of this chapter is the following Theorem [5.3.1f on the existence of solutions
to . As itself, the theorem won’t lose anything by dropping the generalized initial
condition concept. However, considering the generalized initial conditions will be convenient
for applications of Theorem to the problem of the occurrence of periodic solutions from

a boundary equilibrium, that we consider in this chapter later (Theorem [5.8.3]).

Theorem 5.3.1. Assume that A C F is a nonempty closed convex bounded set, a : [0, T] —
E is BV-continuous on [0,7], z + c(z) is globally Lipschitz with Lipschitz constant 0 <
Ly < 1, and (t,x) — f(t,z) is Caratheodory in (¢,z) with respect to Lebesgue measure
and globally Lipschitz in z. Then, for any generalized initial condition ¢ € F, the sweeping
process admits a solution, defined on [0, 7], with the initial condition x(0) = V(q).

In particular, sweeping process ({5.1) admits a solution on [0,77], for any initial condition
x(0) = ¢, where ¢ satisfies ([5.5)).

5.4 Global existence of periodic solutions

In this section we offer a result saying that, under the conditions of Theorem [5.3.1] sweeping

process (b.1) always has a periodic solution, if the right-hand-sides are T-periodic.

Theorem 5.4.1. Assume that conditions of theorem hold and let Ly € (0,1) be the
Lipschitz constant of ¢ as introduced in theorem [5.3.1, Denoting by ¢ € E the unique

solution of ¢(§) = &, consider the set

b
o= J % o= {x:||x—§||<%}.

te[0,T] beA(t)
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Then sweeping process ([5.1]) admits a solution ¢ — x(¢) such that
z(T) = z(0) € Q. (5.6)

In particular, ¢ — x(t) is a T-periodic solution of (5.1)), if both ¢t — a(t) and ¢t — f(¢,z) are

T-periodic.

Remark 5.4.1. Throughout this chapter we prefer to work with functions defined on [0, T']
only. When saying ¢ — x(t) is a T-periodic solution of (5.1)), we mean that ¢ — z(t) becomes

a T-periodic solution after all functions are extended to R by T-periodicity.

5.5 Continuation of periodic solutions

This section considers a A-dependent sweeping process for measures dx and dt, and dis-
covers how the existence of periodic solutions for A > 0 can be concluded from an appropriate
knowledge about at A = 0.

We will assume that BV-continuity of a of Theorem holds uniformly with respect to A,

ie.,

var(a(-, A), [s, t]) < var(a,[s,t]), X €][0,1], (57)

where a : [0,7] — R is a BV continuous function.
The map V* for (5.2)) now depends on the parameter X and is defined as the unique solution
(according to Lemma [5.6.2)) of the equation

v = proj(g, A+ a(0, A) + (v, \)).
We will call sweeping process ((5.2) T-periodic, if
a(t+ TN = alt, ), f(t+T,e, ) = f(t2, ).

In what follows, d(I — P, Q) is the topological degree of the vector field I — P on an open
bounded set () C E, see e.g., Krasnoselskii-Zabreiko [36].
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Theorem 5.5.1. Assume that T-periodic sweeping process ([5.2]) possesses the following

regularity:

I) Theset A C E is nonempty, convex, closed, and bounded. The function a satisfies .
The function = — c(z, \) is globally Lipschitz with Lipschitz constant 0 < Ly < 1.
The function (t,z) — f(t,x,\) is Caratheodory in (t,z) with respect to Lebesgue
measure and globally Lipschitz in x, and both the Lipschitz constants are independent
of A € [0,1]. Furthermore, a, ¢, and f are continuous in A € [0, 1] uniformly with

respect to t € [0,7] and = € E.

Assume, that the existence of a T-periodic solution for A = 0 is given in the following

extended way:

IT) There exists an open bounded ) C FE such that, when A = 0, the solution of
is unique for any initial condition x(0) € V°(Q), none of the elements of V°(0Q) are
initial conditions of T-periodic solutions of with A = 0, and for the Poincare map
P of with A = 0 one has

d(I — P°oV°,Q) # 0.

Finally, assume the following homotopy through A € [0, \]:

IIT) There exists A; € (0, 1] such that sweeping process ((5.2)) doesn’t have periodic solutions
x with initial condition z(0) € VA(9Q), A € [0, \{].

Then, for any A € [0, \], sweeping process ([5.2)) admits a T-periodic solution z with the

initial condition z(0) € VA(Q).

Note, for A > 0, we don’t know whether or not the solutions of the sweeping process ([5.2))
are uniquely defined by the initial condition or depend continuously on A. That is why

the statement of the theorem is not a direct consequence of II) as it usually happens in
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topological degree based existence results. In particular, we cannot establish any type of
continuity of solutions as A — 0. That is why the next theorem is not a direct consequence

of Theorem [(B.5.11

Theorem 5.5.2. Assume that sweeping process ((5.2)) is T-periodic. Assume that conditions
I) and II) of Theorem hold. Then, there exists A\; > 0 such that condition III) of
Theorem holds, and, therefore, for any A € [0, \;], sweeping process (5.2]) admits a

T-periodic solution x with the initial condition x(0) € VA(Q).

5.6 The catching-up algorithm and proofs of the abstract existence results

This section contains proofs of Theorems [5.3.145.5.2. The proof of the existence of solu-
tions is based on the implicit catching-up scheme — which newly introduce in
(section [5.6.3)), which in turn relies on the following two ideas: (i) Castaing and Monteiro
Marques change of the variables [19, Theorem 4.1] that converts (Section the perturbed
sweeping process with differential measure dx into a non-perturbed sweeping process
for the derivative @—; with respect to the variation measure |du| of du; (ii) Kunze and
Monteiro Marques lemma ([39, Lemma 7]) to resolve (Lemmal5.6.2)) the implicit catching-up
scheme — with respect to the implicit variable. Furthermore, our Lemma W
extends Kunze and Monteiro Marques [39, Lemma 7] by proving continuous dependence
of scheme — on initial condition, that gave us continuity of Poincare maps P*"
(section [5.6.4). The convergence of the scheme (5.15])-(5.18) is established in section [5.6.5]
where we prove (Lemma convergence of the approximations {u, }nen of solution u of
and then prove (Lemma convergence of the respective approximations {x, }nen
of solution x of sweeping process . In other words, Lemma states that the change
of the variables of Castaing and Monteiro Marques [19, Theorem 4.1] is continuous with

respect to time-discretization. Finally, a result by Monteiro Marques [49, p. 15-16] (which
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is also Proposition 6 in Valadier [61]) is used to prove (Theorem of section [5.6.6)) that
the limit of catching-up scheme ({5.15))-((5.18)) is a solution of (1.8)).

5.6.1 An equivalent non-perturbed formulation of the perturbed sweeping pro-

cess

Recall, that for a BV-continuous function u : [0,7] — E, the variation measure |du| (also
called modulus measure) is defined, for any D € B([0,T]), as (see Diestel-Uhl [24, Defini-

tion 4, p. 2], Recupero [56, §2.4])

|dul(D) =

= sup{i”u(Dn)H D = [OJ D,, D, € B([0,T]), D;ND; =0 if i #j}.

n=1
For a BV-continuous function u : [0,7] — R, the differential measure du is always |dul-
continuous (it follows, for example, from Diestel-Uhl [24, Theorem 1] ), i.e., a |du|-integrable
density % is well defined. Moreover, according to Castaing and Monteiro Marques [19,
Theorem 4.1], if 2 is a solution of the perturbed sweeping process , then the BV con-

tinuous function u defined by

u(t) = x(t) —|—/0 f(r,x(r))dr (5.8)

is a solution to the non-perturbed sweeping process

du
- W(t) € Natan) +e@®) N+ f Firamna (Ud),  |dul —a.e. on [0,T]. (5.9)

Lemma 5.6.1. Assume that (t,z,\) — f(t,z,\) is Caratheodory in (¢,x) with respect
to Lebesgue measure and is globally Lipschitz in x with Lipschitz constant independent of
t € [0,7] and A € [0,1]. Then, for any BV continuous u : [0,7] — E, the equation ([5.8))

admits a unique BV continuous solution z : [0, 7] — E.
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Lemma [5.6.1]is a direct consequence of Lemma that we prove below.
Combining Castaing and Monteiro Marques [19, Theorem 4.1] and Lemma [5.6.1} we can

formulate the following equivalent definition of the solution of (/5.2).

Definition 5.6.1. A BV continuous function z is called a solution of perturbed sweeping

process ([5.2)), if the function u given by (/5.8]) is a solution of the non-perturbed sweeping
process ((5.9)).

5.6.2 An example

To illustrate the concept of sweeping process for measures, we consider a simple example
—dz € N[071]+a(t)(x), t €[0,1], (5.10)

where a(t) is a non-decreasing BV-continuous function.
Since a(t) is BV-continuous on [0, 1], the variation measure |da| is a possible measure on

[0,1], then, by the uniqueness of vector measure (see Section [5.2)),
da = |dal. (5.11)

Case 1: t — af(t) is absolutely continuous. When the function a(t) is absolutely continuous,
the sweeping process (5.10)) admits the solution x(t) = a(t) with respect to Lebesgue measure
dt. Indeed, according to properties (5.3]) and (5.4)) of the differential measure da, the Radon-

d
Nykodim derivative d—j(t) computes as

%(t) = Elir(l]@r % = Elir(r){F alt + 82 —a®) =a(t), dt—a.e. on|0,1], (5.12)

(in other words, Radon-Nikodym derivative of an absolutely continuous function is the reg-
ular derivative). And since a(t) is a non-decreasing function, we conclude that a(t) > 0
dt—a.e. on [0, 1]. To prove that
da
—%(t) € Noj+aw(a(t)), dt —a.e. on [0,1],
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(i.e., to prove that the function a(¢) and the measure dt form a solution of ([5.10) as per
Definition ([5.2.1])), it remains to observe that

Npj+ar(alt)) = (—o0, 0].

Note, when ¢ — a(t) is absolutely continuous, the differential measure da admits a Radon-

d
Nykodim derivative ld—a(t) and, by (5.11)),
a

da - |(t+5’t]) =1, telo,1]. (5.13)

[da] "~ Do+ Ida([[tT,t])
Since —1 € (—o0, 0], the function ¢ — a(t) is a solution of also with respect to the
measure |da.
Case 2: t +— af(t) is not absolutely continuous. An absolutely continuous function ¢ — a(t)
admitted a Radon-Nykodim derivative with respect to dt because, for absolutely continuous
a(t), da is dt-continuous (see Proposition in the end of this example).
When ¢ — a(t) is not absolutely continuous, the differential measure da is not necessary dt-
continuous. Indeed, consider for example the triadic Cantor function a(t) defined over the
triadic Cantor set C' as follows (see e.g., Stein-Shakarchi [58 p. 8, 38]). We remove the open
interval I; = (1/3,2/3) from [0, 1] and then again we remove middle third intervals I5 from
remaining set [1,1/3]U[2/3,1]. By removing middle third from remaining set repeatedly, we
get the Cantor set C'. Then N

=CuU U I..
The Cantor function is defined continuously and ;slit takes a constant value on the interval

I;. By countable additivity of |dal,
1 = |da|([0,1]) = |da|(C) + Z \da) (1),

and, since a is constant on each I, 1 = |da|(C) = da(C), see (5.11]). But, dt(C) = 0 (see e.g.,

Stein-Shakarchi [58, p. 17]), so that da is not dt-continuous (see Diestel-Uhl [24, Theorem 1,

p. 10]).
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At the same time, the differential measure da of the triadic Cantor function ¢ — a(t) is

|da]-continuous by and the respective Radon-Nykodim derivative is given by (5.13),
so that t — a(t) is still a solution of with respect to the variation measure |da| by the
same argument as in case 1.

The next fact is known. It can be obtained from the inverse of the Radon-Nikodym theorem

(see Moreau [52, p. 53]). We, however, include a direct proof for completeness.

Proposition 5.6.1. If a : [0,7] — R is an absolutely continuous function then da is dit-

continuous.
Proof. Fix ¢ > 0. We have to show that there exists § > 0 such that

dt(D) < 0 = |da(D)| < ¢ for each D € B([0,T7]).

By absolute continuity of a, we can choose ¢ > 0 such that for any finite sequence

{(s4,t:)}7-y C [0, 7] of pairwise disjoint sub-intervals, we have

D lti—sil <25 = a(t) — als;)| <e.
=1 i=1

Let now D € B([0,T]) be such that dt(D) < d.
Approximate D by a finite sequence {(s;,¢;)}; C [0,7] of pairwise disjoint intervals, so

that
D C U(Szatz) and dt <U(Sl,tl)> < 20.

Then we have
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5.6.3 The catching-up algorithm

For each fixed n € N, we partition [0, 7| into smaller intervals by the points {to,t1,...,t,} C
[0, 7] defined by

T
tOZO, tn:T, ti+1_ti:_7 iEl,n.
n

In what follows, we fix some initial condition

2(0) = u(0) = ¢,

where ¢ satisfies

g€ A+a(0,\)+c(q,N), (5.14)

and use the ideas of Definition [5.6.1] in order to construct pieceiwise-linear functions u,
and x,, (linear on each [t;,%;;1]) that serve as approximations of the solutions u and x of
Definition [5.6.11 The construction will be implemented iteratively through the intervals
[ti, ti11] starting from ¢ = 0, and moving towards i = n — 1.

Denoting

u,(0) = q, £,(0) = q, ul =uy(t;), i = x,(t;), i €0,n,

we apply the implicit iterative scheme

t;

ut, = proj |ul, A+a(tipi, A) +c u?+1—/f(7',xn(7'),)\)d7',/\

0
t;
+/f(7, Tn(T), N)dT |, (5.15)
0
t;
o = o [ Fraln) Nr (5.16)
0
t—1t;
un(t) = u? + —(u?-&-l - u?)? le [tiv ti-l—l]’ (517)
liv1 — t;
t—1t;
xn(t) = :L‘Zl + —(xf:’l-&-l - [E?), le [tiv ti+1]’ (518)
tiv1 —t;
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successively from ¢ = 0 to ¢ = n — 1. Next lemma uses the idea of the implicit scheme of
Kunze and Monteiro Marques ([40, Lemma 7]) and it proves that for each i € 0,n — 1 we

can extend the definition of u,, and z,, from [0,;] to [0, ;1] according to ([5.15))-(5.18)).

Lemma 5.6.2. Consider a set-valued function
0(81, 52, U,S) = A + CNL(Sl,S) + E(SQa u7€)7 51,52 € [07 T]a u e E> g S VVa

where A C FE is a nonempty closed convex bounded set, a : RxW — E, ¢: RxExW — E,

and W is a finite dimensional Euclidean space. Assume that
var(a(-,§), [s,1]) < var(a, [s,1]), €€ W,
where a : [0,7] — R is a BV continuous function,
and (s,£) — a(s,§) is continuous in £ € W uniformly in s € [0,7]. Assume that (s,u, &) —
¢(s,u, &) is continuous in & € W uniformly in (s,u) € [0,7] x E and satisfies the Lipschitz
condition
16(s, u, &) = &(t, v, )| < Lals — 1] + Lallu — o],
for any s,t € [0,T], u,v € E, £ €W,

with L; > 0 and Ly € (0,1). Then, for any 71,7, 51,52 € [0,T] and any u € F there exists

an unique v = v(7, Ty, $1, S2, u, £) such that
v e C(r,m,v,§) and v = proj(u, C(m,72,v,E)). (5.19)
Moreover, v € C°([0,T] x [0,T] x [0,T] x [0,T] x E x W, E). If, in addition,
u € C(s1,$2,u,§),
then

var(a, [s1, 1)) + Li|T2 — So

— <
o —ull < S

(5.20)
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Lemma 5.6.3. Let C be a convex set of E. Then, for any vectors u,c € E,
[proj(u, C) — proj(u, C' + ¢)|| < [|c]l.

Proof. From the definition of projections v; = proj(u,C') and vy = proj(u,C' + ¢) we have

(see e.g., Kunze and Monteiro Marques [40], §2])
u—1v1 € No(vy) and u— vy € Nogo(va). (5.21)
Since v — ¢ € C' and v + ¢ € C' + ¢, we conclude from that
(u—vy,v9—c—v1) <0 and (u—v9,v; +c—vy) <0,
or, rearranging the terms,
(v —u,v; — ) < (u—wv1,¢) and (U — V9, v1 — V) < (Vg — u, ).
Finally, we add both inequalities together and get
(v1 = vz, 01 —w2) < (v2 =1, ¢) < Jr — e - e,

which implies the statement. O]
Proof of Lemma 5.6.2] Step 1. The existence of v(Ty, Ta, 51, S2, u, ). Define F' € C°(E, E)

as F'(v) = proj(u, C(m, T2, v,§)). Using Lemma [5.6.3, we have

[1F(v1) = F(va)|| =
= ||pr0j(u, A + a’(Th g) + 5(7—27 U1, g)) - proj(u, A + EL<7—17 é) + 6(7—27 V2, 5))“ <

S H6<7_27/U175> - 6(7’2,'[}2,5)” S LQHl)l - U2H7 (522)

so the existence of v = wv(7, 7, s1, So,u, &) with the required property (5.19)) follows by

applying the contraction mapping theorem (see e.g., Rudin [57, Theorem 9.23]).
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Step 2. Continuity of v(71, 7o, S1, S2,u, ).
To prove the continuity of v, let v = v(7, 7o, 51, 82, u, &) and v = v(7y, Ta, 51, 89, U, &) Where
S1,892,51,89 € [O,T], T1,To, T1, T € [O,T], S,EG W and U, U € E.

First observe that

o~ o] =
= [[proj(a, A + a(71, €) + &(7, ,€)) — proj(u, A + a(71,€) + &(12,v,6)) |
< l[proj(a, A+ a(71,€) + &(72, 0, €)) — proj(u, A + a(71, &) + (72, 0, ) )|
+ [[proj(u, A + (71, €) + &7, ,€)) — proj(u, A + a(m,€) + &7, v, €I
Since for any nonempty, closed, convex set C' C F and any vectors @, u € F, we have (see

e.g., Mordukhovich-Nam [50, Proposition 1.79])
lproj(u, €') — proj(u, O)|| < [|u — u, (5.23)
then, using also Lemma [5.6.3 we conclude that

o —v| < |Ja—ul+ ||, &) + &F, 0, €) — (1, £) — &7, 0,)|| <

< |la—u| + ||a(7, &) — a(7, &) || + var(@, [r, 7)) +

+e(T2,0,8) = (72,0, || + L[ — 72| + Laf[v — v, (5.24)

so that the required continuity of v(7y, 7o, $1, $2, 4, &) follows from 0 < Ly < 1.
Step 3. Proof of the estimate .
Assuming that u € C(s1, so,u, &), we have follow the lines of (5.24)) to get

[v—ull = [proj(u,C(m1,7,v,§)) —ull = min [u—7].
veC(11,72,0,§)

But C(s1,89,u,&) = A+ a(s1,&) + &(s2,u, &) and C(71,79,0v,§) = A+ a(n,§) + (72, v,8).

Therefore,

~ minJlu—2[ < |la(s1, ) + E(se,u, §) — a(11,§) — E(ma, v, 8[| <
veC(T1,72,0,€)

< wvar(a, [s1, 7)) + Li|12 — so| + La|lu — v||, (5.25)
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which implies ([5.20]). The proof of the lemma is complete. ]

Remark 5.6.1. On the validity of Lemma when A + ¢(t,€) is replaced by a more

general term A(t,€).

One can observe that estimate (5.22) holds also in the case where A + a(t,&) takes a more
general form A(t, §). Furthermore, if dy (A, Ay) is the Hausdorff distance between nonempty
closed sets Ay, Ay C E and A(t, ) satisfies

du(A(s), At)) < var(a, [s, 1]), (5.26)
then (5.25)) holds as well since

'DEC(I}"HP v,€) ||U - /l_]H S dH(A<Sl7§) + +5(82,U, 5)7 A(Thg) + 6(7—271}75))'

To summarize, the existence of v(1y, T2, 81, $2,u, ) (Step 1) and the estimate (5.20]) (Step 3)
still hold, if A + a(t, &) is replaced by A(t, &) satisfying (5.26)).

On the other hand Monteiro Marques |47, Proposition 4.7, p. 26] implies that

|[proj(u, C') — proj(u, D)|| < v/2(dist(u, C) + dist(u, D)) - v/dg(C, D), (5.27)

which could potentially help to obtain other versions of Lemma that we don’t pursue

here.

Corollary 5.6.1. Assume that condition I) of Theorem holds. Then, for any (g, \)
satisfying ([5.14)) the implicit scheme ([5.15))-(5.18]) is solvable iteratively from i = 0 to 7 = n—1

and the respective iterations z = z?(q,\) and u]" = ul(¢q,\) are continuous in (g, \) on

E x [0,1]. Moreover,

Var(d, [tl, ti+1]) + LlT/TL
1— Lo ’

[ui1 (g, A) — i (g, M| < i€ln—1,
where Ly > 0 and Ly € (0,1).
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Proof. Let £ = ((&1,&2,+ ,&nr1), Enge) € E™ X R be defined as
fi:x?flu (NS 17n+1 ) £7L+2:)\~

Therefore, the rule (5.18)) defines a function ¥ : E"™' x R — C°([0,T], E) that relates
£ € E"™! x R to a piecewise linear function z,(t) defined on [0,7]. The statement of the

Corollary 1 now follows by applying Lemma with

&) = [u— / O U(E)(T)s Ensa)dT, Enss / S W(E) (7). nra)dr
d(‘gaf) - ( 7€n+2)'

The proof of the corollary is complete. O

5.6.4 The Poincare map associated to the catching-up algorithm

Even though we cannot ensure the existence of a Poincare map for sweeping process (/5.2),

we can associate the following Poincare map
P(q) = 2a(T)

to the approximations x,, of the catching-up algorithm ([5.15) - Corollary ‘ 5.6.1| allows

to formulate the following property of the map P*™.

Corollary 5.6.2. Assume that condition I) of Theorem holds. Consider an open
bounded set Q C E. Then, for each fixed A € [0, 1] and n € N, the Poincare map ¢ — P*"(q)

is continuous on Q).

5.6.5 Convergence of the catching-up algorithm

Let (un(t,q, \), x,(t, g, A)) be the solution (u,(t),z,(t)) of the catching-up algorithm (5.15))-
(5.18]) with the parameter A € [0,1] and the initial condition u,(0) = z,(0) = q.
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Lemma 5.6.4. Assume that condition I) of Theorem holds. Consider a sequence
(Any @n) = (Mo, qo) as n — oo of [0,1] x E satisfying (5.14]) for each n € N. Then, there
exists a subsequence {ny}ren such that {u,, (£, ¢n,, A, ) tren converges as k — oo uniformly

in ¢t € [0,77.

Proof. Step 1. Boundedness of {u,(t, ¢n, \n) }nen. Let u?, i € 0,n, be the approximations

given by (5.15)-(5.18) with ¢ = ¢,, and A = \,,. By Corollary [5.6.1]

||un(t7Qn7/\'rL>” < ||qn||+ (Var<a’[07T])+L1T)7

1
(1—Ly)
so the sequence {u,(t, ¢, A\n) }nen is bounded uniformly on [0, T7).

Step 2. FEquicontinuity of {un(t,qn, \n)}nen. Fix € > 0. Since var(a,[s,t]) — 0 as

|s —t] — 0 (see e.g., Lojasiewicz [45, Theorem 1.3.4]), we can choose d; > 0 such that

var(a, [s,t]) + Li(t — s) _€
1— 1L, 3

forall 0 < s <t<T witht— s < 9. (5.28)

Fix some 0 < s < t < T satisfying t — s < 9; and denote by i4,7; € 0,n — 1 such indexes
that

s € [ty tiyr1], tE [t tisa)-

Then we can estimate ||u,(t) — u,(s)|| as follows:

< lun(s) = un(tiga) | + llun(tis 1) = wn(ti) | + lun(ts,) — un()]] <

< var(up, [ti,, ti1]) + var(un, [t 41, t,]) + var(un, [t ti,41])-

The second term is smaller than £/3 by (5.28) right away. Assuming that n > T/d;, the
property ([5.28)) ensures that first and third terms are each smaller than /3 as well. So we

proved that
lun(t) —un(s)|| <e, forall0<s<t<T witht—s <, andn >T/d.
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Since there is only a finite number of n € N with n < T'/4;, we can find d; > 0 such that
lun(t) —un(s)|| <e, forall0<s<t<T witht—s<dy, and n <T/d;.
Letting 6 = min{dy, d2}, we finally obtain
llun(t) —un(s)|| <e, forall0<s<t<T witht—s <4, andn € N.

The conclusion of the Lemma now follows by applying the Arzela-Ascoli theorem (see e.g.,

Rudin [57, Theorem 7.25]). O

Remark 5.6.2. Establishing the existence of a converging subsequence {z,, (t, ¢u,, An, ) tren

needs more work compared to what we did in the proof of Lemma because the direct

corollary of ([5.16))
t;
A T / f(r, xn (1), N)dr
ti—1

i

doesn’t imply uniform boundedness of x, (¢, g,, \), n € N, directly.

To prove the convergence of {z,, (£, ¢n, , An, ) tren We will now extend the discrete map
to such an operator F, : C([0,T],FE) — C([0,T],E) whose fixed point is exactly ¢ —
Zn(t, gn, An). The convergence of x,, will then follow from the continuity of F,, in n at
n = oo.

Let us define P, : C([0,T],E) — E™™, I~ : E"™' — E"" and Q,, : E"™' — C([0,T], E")
as

Pu(z) — (x(O),x (%) o ((n - 1)%) ,a:(T)) Crec(o,T], B),

[l_(y)]l = 0, [l_(y)]i = Y1, 1€2,n+1,ye¢€ EmH ,

t—t 4 t—t o
")) = ———y; <y, yeE"  teltigt), i€l n,
Qn(y)(t) Y T T Vi Y [tio1,ti)

1/

Qn(y)(tn) = Yny1, YE E”H, since t, = T.
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For a fixed A € [0,1] and a continuous function w : [0,7] — E, we introduce a continuous

extension of ([5.17)) as

(Fnz)(t) = (QubPau)(t) —

(@ul™ P J) (1), te[0,T],
where J(t :jf A)dr.
0

(5.29)

Then, for x € C([0,T], F) satisfying © = F,z, one has

#(0) = (QuPou)(0) = (Qul™ P J) (0) = [Pauly — [I” PoJ]y = u(0) =0,
$(t1) == [Pnu]g - [l_PnJ]g == U(tl) - [Pnj]l == U(tl) — J(O) == u(tl),
x(ta) = u(ty) — J(h),

z(t,) = u(t,) — J(th-1).

Therefore, if u,, and x, are given by (5.15))-(5.18)), then, letting u = w, in (5.29)), the fixed
point = of F), verifies x(t;) = x,(t;), i € 0,n. And, since the function ¢ — (F,z)(t) is linear
on [t;, tit1], i € 0,n — 1, we conclude ,, = z. In other words, if u in (5.29) is given by u = u,,

then x,, is the unique fixed point of F,.

Lemma 5.6.5. Assume that the conditions of Lemma hold. Then, there exists a > 0

and L € (0,1) such that
[En(z1) = Fo(a2)|” < Ll — 22", n €N,
for any x1, 2o, u € C([0,T], E), X € [0,1], and
[z]" = max e”*[|=(t)].

t€[0,T]
Moreover, for each x,u € C([0,T], E), and X € [0, 1], one has

lim |F,(z) — F(x)|| =0, where F(z) / f(ra(
n—oo
where || - || is the max-norm on [0,7] and F' is a contraction in the norm || - ||*.
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Proof. Step 1. Using the definition of @),,, [~, and P,, we have
(Qul™ P, J)(tiy) =[I" P"J); = [PuJ]i1 = J(tie), 1€2,n+ 1.

So that

Fix i € 1,n — 1 and choose any t € [t;,t;11]. Then,

[ (1) (8) = Ful22) ()] <

< max {|| Fy( x1 ti) = Fn(za) (), 1 (20) (tia) = Fu(2)(tind) [} =

—max{ fTatl dT—/ f(r,zo(7), N)dT
}s

t;
SL/Hm(%wﬂwméL/ ey — o
0 0

f T, 21(7), \)dT — f(T xo(T), N)dT
0

where L > 0 is the global Lipschitz constant of x + f(¢,7,\) and o > 0 is an arbitrary

constant. Therefore,

il

e Fa(w)(t) — Fa(aa)(0)]] <

(et — o) [|lzy — zo||* < =2y — 22|,
0]

Q

which holds for any ¢ € [0,T]. The case ¢t € [0,¢;] can be considered along the same lines.
This proves the contraction part of the lemma.

Step 2. To prove the convergence part, fix i € 1,n — 1 again and consider ¢ € [t;, ;1]

Since (Q,P,u)(t;) = u(t;), we have

(@nPru)(t) = u(@®)]] < [(@nPou)(t) = (@nPru)(t:)l + [lu(t) — u(ts)]| <

< ultin) = u(@)| + [lut) —u()],

so that the convergence of (@, P,u)(t) to u(t) as n — oo follows from continuity of w.

The convergence of (Q,l~ P,J)(t) follows same lines.
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Indeed, since (Q,l~ P,J)(ti11) = J(t;), one has

(@nl™ P)(t) = J (@) <
< (@nl™ Pod)(t) = (Qul™ PuJ) (i) || + [ () = J ()] <
< T Wia) = T+ () = T (@)l

and the convergence of (Q,l=P,J)(t) to J(t) as n — oo follows from continuity of J(¢).

The proof of the lemma is complete. O

Corollary 5.6.3. Assume that condition I) of Theorem holds. Let {ng}ren be the
subsequence given by Lemma [5.6.4] (which ensures the convergence of {un, (¢, gn,, Ay ) }ren)-

Consider the limit

u(t) = ]}Lr]glo Un, (T, Gy s Any)-
Let x(t) be the solution of the respective equation (which exists according to
Lemma [5.6.1)). Then {z,, (¢, ¢n,, A, ) ren converges uniformly in ¢ € [0, 7], and

z(t) = lim 2, (¢, g, , Any)- (5.30)
k—o00
Proof. The conclusion follows from the inequality

[ —znll® = [[F(2) = Fu(zn) " < |[F(z) = Fa(@)[]" + | Fa(z) = Falzn)[I” <

< |[[F(x) = Fa(@)|" + Lz — 2",

where L € (0,1) is given by Lemma m ]

5.6.6 Verifying that the limit of the catching-up algorithm is indeed a solution

Theorem 5.6.1. Let the conditions of Corollary hold and let u(t) and z(t) be as given

by this corollary. Then, u(t) is a solution of sweeping process (|5.9)) with the parameters z(t),

A = lim )\,,, and the initial condition u(0) = klim n, - Accordingly, by Definition |5.6.1} x(t)
—00

k—o0

is a solution of perturbed sweeping process ([5.2)).
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Proof. Let ¢(t), t € [0,T], be an arbitrary continuous selector of the moving set of (5.9)),
ie.,

b(t) € A+ alt,\) + c(a /fm; . te[0,7)]
According to Monteiro Marques [49, p. 15-16] (see also Valadier [6I], Proposition 6]) it is

sufficient to prove that

(a1 = lu(s)lI?), 0<s<t<T, (5.31)

N —

/<Mﬂﬂwﬂ>z

which we now establish using the ideas of Kunze and Monteiro Marques [40].
Without loss of generality we will assume that {ny}ren = N, and replace ny, k € N, by
n, n € N in the formulation of the theorem. Fix ¢ > 0 and select ¢« € 0,n — 1 such that

€ [ti, ti11]. Introduce ¢é,(t) as

6n(t) = o (600) A+ a1, M) + el /‘ff% i)

Then, by (5.15)) and by convexity of A, we have (see e.g., Kunze and Monteiro Marques [40),
formula (4)])

(Un(tiv1) — un(ti), un(tivs) — Ca(t)) <0, T € [t tin],

from where

(Un(tis1) — un(ti), un(t) — ca(t)) <

< (un(tivn) = un(t), un(t) = un(tivn)) < lJun(tivr) — un ()|,
or
(un(tivr) = unlti), Ca(t)) = —[lun(tivn) = wa(t)I* + (un(tivr) — un(ti), un(t))
for any t € [t;, t;41]. Using the linearity of u,, on [t;,t;+1], we conclude

(Cn(t), un(tiz1) — un(ts)) >

> (un(t), un(tir) = un(ti)) = (un(tipr) — un(ts), (Un(tiva) — un(ts))) ,

74



for any t; < t; <t < t;41 < t;41. Therefore, denoting 7,5, = ¢; + (j + %) % for j €
{0,1,--- ,k — 1}, one has (same approach is used in part (ii) of the proof of Monteiro

Marques [47, Theorem 2.1, p. 12, second formula from below])

/t_ (), duuy (dr) =

i

k-1

T N - : tiv1 —ti Pt
7=0
k—1 t t, L L
_ tiy1 — 1 Py st =l
k—o0 < 0 k g
j:

where the reminder R, is given by

k—1 T
o i 5 o s 0
=0

k—o0

— Uy, (ti +j#) yUn(tip1) — “n(ti)> =
= — (Un(tiv1) = un(li), un(tiyr) — un(ti)) -

Therefore,

(ln @) " = lun(E)I?) + R
This result can now be used to estimate the required integral (5.31]) as follows

(lun @I = lun(s)]*) + R, (5.32)

DN | —

/ (G (T), duy,(dT)) >

where

1l < var(un, [5,1]) - 1max ffun(tia) =t
1€0,n—
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But according to Corollary [5.6.1}

var(a, [s, t]) n Ly|t — s

ny 1S, 1)) < .
var (uy, [s, t]) L L

Therefore, the desired statement (5.31)) follows from (5.32)) by passing to the limit as n —
oo (the passage to the limit is valid e.g., by Monteiro Marques [47, Theorem 2.1(ii)-(iii)]
combined with formula (26) of p. 7 of the same book).

The proof of the theorem is complete. O

5.6.7 Proof of Theorem (sweeping process without a parameter)

Theorem [5.3.1] is a direct consequence of Theorem [5.6.1l Omne just view sweeping process

(5.1]) as sweeping process ((5.2]) with A = 0.

Remark 5.6.3. Using Remark [5.6.1, Theorem [5.3.1| can be directly extended to sweeping

processes of the form
—dx € Nag ey (@) + f(t,x,N)dt, xe€E, AeR, (5.33)

where A is a set-valued function with nonempty closed convex bounded values that satisfies

the property

dir(A(s, ), A(t, \)) < var(a, [s,1]), A€ [0,1], (5.34)

where a : [0,7] — R is a BV continuous function.

5.6.8 Proofs of Theorems |5.5.1 and |5.5.2| (sweeping process with a parameter)

Proof of Theorem [5.5.1. Step 1. First we prove that there exists N > 0 such that
d(I — PM o VA Q) is defined for n > N and A € [0, \;]. Assuming the contrary, we get a

sequence ny — 00, A, — Ag € [0, A1], and a converging sequence {qx }ren C 0Q such that
Pk o VM () = g ke N. (5.35)
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Applying Lemma Corollary [5.6.3] and Theorem [5.6.1] we conclude that ¢y =
limy o g € OQ is the initial condition of the T-periodic solution (5.30)) of sweeping process
(5.2) with A = Ao, which contradicts conditions III) of Theorem m

The conclusion of Step 1, in particular, implies that
d(I — P o VA Q) =d(I —P"" oV Q), n>N, Ac[0,\].
Step 2. Here we use assumption II (uniqueness) of Theorem to conclude that
PY" o Vo (q) = P'oV'(q), asn — oo,

uniformly with respect to ¢ € Q. Thus, we can diminish N > 0 in such a way that d(I —

PYmoVOn Q) =d(I — P°oV® Q), n > N, which gives
d(I — P M oVM Q)#0, n>N, A& [0,\]

Therefore, for each A € [0, ;] there exists ¢, € @ such that the approximations
{0 (", gn, A) }n>n are T-periodic, so this sequence has a convergent subsequence which con-
verges to a T-periodic solution of with initial condition ¢ = lim,, , ¢,, as n — oo
according to Corollary [5.6.3]

The proof of the theorem is complete. ]
The proof of Theorem follows the lines of the proof of Theorem [5.5.1l The only
difference is in the beginning of Step 1, which now proves the existence of both N > 0 and
A1 € (0,1] such that d(I — PN o VA" Q) is defined for n > N and A € [0, \;]. Assuming
the contrary, we get a sequence ny — 00, \y — 0 € [0,1], and a converging sequence
{qk }ren C 0Q) such that holds, that leads to the existence of a T-periodic solution to
sweeping process with A = 0, contradicting condition IT) of Theorem |5.5.1} The rest of
the proof of Theorem follows the proof of Theorem just literally.
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5.7 Proof of the theorem on the global existence of periodic solutions

To prove Theorem we will use the following well-known result (see e.g., Krasnoselskii-
Zabreiko [36, Theorem 6.2]):

Theorem 5.7.1. Let P: E — E be a continuous map and let Q C E be an open bounded

convex set. If P(Q) C @ and if P doesn’t have fixed points on Q, then
d(I — P,Q) = 1.

Proof of Theorem Let € be the 1-neighborhood of €2. Since € is convex, then €4
is convex as well. We will view sweeping process as sweeping process with A = 0.
So we consider the map

PO (x) = PP"(V(2)),
where P%" is as introduced in Section [£.6.4land V is as introduced in Section 5.3 We claim
that

—=0,n

P () CcQ, forallneN. (5.36)

We have V(z) € Q by the definition of the map V. Then, according to the catching-up

scheme ([5.15)-(5.18]), we have that

ri ., € A4 a(tiv,0) +c(x,), ie,xi, € Q. i€0,n—1,

i1
and so z,(T") € Qr, which implies (5.36).
Using the continuity of P%" (Corollary[5.6.2) and V (Lemmal.6.2) along with Theorem[5.7.1]
we get the existence of ¢, € Q such that P*"(g,) = ¢,, which implies

Po’n(Qn) =(n, NE N:

because V(g,) € Q. In other words, we have x, (T, g,,0) = x,(0, g,,0) for all n € N. Now,
Theorem [5.6.1] applied with A, = 0, implies the existence of a convergent subsequence
{2, (t, ¢n,,0)} whose limit x(t) is solution of with the required T-periodicity property
. The proof is complete. O
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5.8 Existence of periodic solutions in the neighborhood of a boundary equilib-

rium (the theorem and its proof)

This section is devoted to establishing conditions for the validity of d(I — P»* Q) # 0 at
A = 0 in a neighborhood @ of a switched boundary equilibrium zy. Specifically, we assume

that, for A = 0 sweeping process ([1.8)) takes the form
— & € Ny(z) + fo(z), r e E, (5.37)

and discover conditions for asymptotic stability of o € 0A. In particular, in section [5.8 we
extend the two-dimensional approach of Chapter 4, Makarenkov and Niwanthi Wadippuli
[46] and derive a differential equation of sliding motion along dA, for which x, is a regular
equilibrium whose stability can be investigated (Theorem over the eigenvalues of the
respective linearization. Assuming that the real parts of these eigenvalues are negative we
conclude that d(I — P o V,Q) = 1 and establish (Theorem the existence of T-
periodic solutions near xy for all BV-continuous state-dependent sweeping processes
that approaches when \ — 0.

This section uses the following extension of Theorem m (see e.g., Krasnoselskii-Zabreiko
[36, Theorem 31.1}):

Theorem 5.8.1. Let P : E — E be a continuous map and let ) C E be an open bounded

set. If (P)™ maps @ strictly into itself for all m € N sufficiently large, then
d(l — P,Q) =1.
The main assumption of this section is that sweeping processes reduces to
— & € Ny(z) + fo(zx), r ek, (5.38)

when A = 0 and that (5.38|) posses a switched equilibrium on the boundary 0A (as was

earlier introduced in Kamenskii-Makarenkov [31] in 2d). To introduce the definition of a
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switched boundary equilibrium zy € JA, we assume that in some neighborhood @ C R" of

xo the boundary 0A is smooth and can be described as
OANQ ={r€Q: H(x) =0}, where H € C'(R"R).

Definition 5.8.1. A point zg € JA is a switched boundary equilibrium of sweeping process

639, if
H(x) >0, forallze Q\A,

and

H'(z¢) = af(z) for some a < 0.

As the definition says, z( is not an equilibrium of f, however the next two lemmas imply
that the solution of (5.38) with the initial condition at zy don’t leave x.

If z( is a switched equilibrium, then () can be considered so small that
(f(z),H'(x)) <0, forallzedANQ. (5.39)
The next lemma claims that 0A N @ is a sliding region for the sweeping process ([5.38]).

Lemma 5.8.1. Let x¢ € 0A be a switched equilibrium of and let ) C F be such a
neighborhood of z that holds. Consider a solution x of with an initial condition
ro € 0AN Q. Let {1 > 0 be such that z(t) € @ for all ¢ € [0,1]. Then z(t) € 0A for all
t €10,4].

Proof. Let us assume, by contradiction, that there exists t.scape € [0,%1] where z(t) escapes

from 0A, i.e.,
tescape = max{to > 0:x(t) € Q,H(z(t)) =0, t € [0,t0]} < t1.

By the definition of teseqpe, for any 6 > 0 there exist t5 € [tescapes tescape + 0] such that
H(z(t)) < 0 for each t € (tescape;ts|- Since, the solution z(t) satisfies ©(t) = —fo(x()) on

(tescape, ts], by the Mean-Value Theorem
H(x(t5)) — H(x(tescape) = —H'(2(t5)) fo(x(t5)) (ts — tescape),
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for some t§ € (tescape, ts). This yields
H/(x(tescape))fO(x(tescape» 2 07

as 0 — 0, contradicting ([5.39)).

The proof of the lemma is complete. O]
As it happens in the theory of Filippov systems (see Filippov [28]), the dynamics of ([5.38))
in the sliding region is described by a smooth differential equation. Indeed, let us introduce

the differential equation

-z = f<$>7

) 1 (5.40)
where f(x) = fo(v) — T @ (fo(z)) and 71(€)

=——(,L)L.
e &Y

Next lemma says that ([5.40)) is the equation of sliding motion for sweeping process (/5.38)) in

the neighborhood of switched equilibrium z¢ € 0A,.

Lemma 5.8.2. Let the conditions of Lemma hold and let z(¢) be the sliding solution
x(t), t € [0,t1], of sweeping process (5.38)) as introduced in Lemma [5.8.1, Then z(¢) is a

solution of (5.40) on [0, #;].

Proof. Fix t € [0, ;] such that @(¢) exists. Then, from ([5.38]),
—z(t) = aH'(z(t)) + fo(x(t)), with some o > 0,
aH'(x(t)) = —Taey (fo(x(t) + [~ fo(z(t) + T (fo(z(t))] — a(t). (5.41)

From the definition of 7, (£) we have

(= fo@(t) + T ey (fo(z (1)), H'(2(t))) = 0.

On the other hand, from Lemma [5.8.1}
(@(t), H'(x(t))) = 0.
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Therefore, taking the scalar product of (5.41) with H'(z(t)), we get

1 /
a:—mggamﬂﬁwwxﬂuwm,

which completes the proof. O]
Lemma [5.8.2/implies that the boundary A is an invariant manifold for the differential equa-
tion . The definition reduces the dimension of the image of fy by 1. Therefore,
the image of the map f acts to a space of dimension dimE — 1, which implies that one
eigenvalue of the Jacobian f’(x) is always zero.

We now offer an asymptotic stability result which can be of independent interest in applica-

tions of perturbed sweeping processes.

Theorem 5.8.2. Let xy € JA be a switched equilibrium of (5.38)). If real parts of dimFE — 1

eigenvalues of the Jacobian f’(xo) are negative, then zg is a uniformly asymptotically stable

point of sweeping process ([5.38)).

Proof. Step 1. Convergence to OA. Let B,(x) be a ball of radius r centered at zq. Let us

show that there exists » > 0 such that for any £ € B,(x¢) N A, the solution ¢t — X (¢,&) of

= —fo(x) (5.42)

with the initial condition X (0,£) = & reaches A at time some time 7(£) > 0. The proof

will be through the Implicit Function Theorem applied to
F(t,x) = H(X(t,x)).

We have F(0,z9) = 0 and Fi(0,20) = —H'(x0)fo(zo) # 0 by the definition of switched
equilibrium. Therefore, Implicit Function Theorem (see e.g., Rudin [57, Theorem 9.28])
ensures the existence of & — 7(£) defined and continuous on a sufficiently small ball B, (z)

and such that 7(zg) = 0.
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It remains to show that 7(£) > 0 for all £ € B,(x¢) N A. Since, according to the definition
of switched equilibrium, H'(zy)? is a normal to A pointing outwards to A, it is sufficient to
prove that 7(§) > 0 for £ = 2o — AH'(x)” with all A > 0 sufficiently small. So we introduce
a scalar function

G(A\) = 1(zo — NH'(20)T)

and want to prove that G'(0) > 0. Using the formula for the derivative of the implicit function

(see Rudin [57, Theorem 9.28])

7'(20) = —(H'(x0) fo(z0)) " H'(w0)

and so
G'(0) = —(H'(x0) fo(wo)) ™ H' (xo) (= H'(0)") = H' (o) fo(xo) [l H' (o) 1%,

which is indeed positive according to Definition [5.8.1]

Finally, let us fix £ € B,.(z9)NA and let z(t) be the solution of with the initial condition
x(0) = &. Since the conclusion of the Implicit Function Theorem comes with uniqueness, we
have that X (t,£) ¢ 0A, t € [0,7(€)). Therefore, X (¢,&) = x(t), for any t € [0,7()), which
implies that limy_. ) X (¢,§) = limy_,,(¢) 2(¢) and so z(7(§)) € 0A.

Step 2. Convergence along OA. Lemmas [5.8.1] and combined with the negativeness
of real parts of dimE — 1 eigenvalues of f’(x) imply that there exists an neighborhood
zo € Q C E such that any solution of with the initial condition z(0) € @ N 0A
converges to xy along 0A as t — oo and the convergence is uniform with respect to the
initial condition.

Making now r > 0 in Step 1 so small that Ueep, 20) X (7(£),&§) € Q (which is possible by
continuity of £ — 7(£)), we combine Step 1 and Step 2 to conclude that any solution of
(5.38]) with z(0) € B,.(zq) approaches zq as t — oc.

The proof of the theorem is complete. O
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We are now in the position to combine theorems [5.5.2] [5.7.1], and [5.8.2] when the following

condition holds for (5.2) at A =0
a(t,0)=0, c(z,0)=0, f(t z,0)= fo(x) with f, € CY(E, E). (5.43)

Theorem 5.8.3. Assume that condition I) of Theorem holds. Assume, that for A =0
sweeping process is smooth autonomous, i.e., satisfies . If real parts of n — 1
eigenvalues of f'(x() are negative for some switched equilibrium x, € 94, then there exists
A1 > 0 such that for all A € (0, \] sweeping process admits a periodic solution z(t) —

To as A — 0.

Proof. Let P(x) = P°(V°(x)). By Theorem [5.8.2 there exists an open bounded set x( €
Q C E such that (P)™ maps @ strictly into itself for all m € N sufficiently large. Therefore,
Theorem ensures that condition II) of Theorem holds, so Theorem applies.

[

Similar to Theorem [5.8.3| results have been obtained for ordinary differential equations by

Berstein-Halanai [11] and Cronin [22].
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CHAPTER 6

CONCLUSION

In this dissertation, we established new results on the existence, periodicity, almost period-
icity, stability, and bifurcations of solutions of the perturbed sweeping process . Our
stability results assume that the right-hand-side of is Lipschitz continuous and the con-
straint is state-independent, while the existence results assume minimum regularity such as
just BV-continuity in time and dependence on the state in the constraint. In what follows
we discuss conclusions for each chapter of the dissertation.

Chapter 2: Here we established the existence and global exponential stability of bounded
and almost periodic solutions to perturbed sweeping process with globally Lipschitz
monotone right-hand-sides.

When the right-hand-sides of are non-monotone, but close to monotone, we discovered
that all the solutions to are close to the unique bounded (or almost periodic) solution
of the respective monotone sweeping process for large values of time. In particular, we
initiated the development of the averaging theory for Moreau sweeping process with

t
high-frequency almost periodic excitation g (—, x), where only monotonicity of the average
€

T
go(z) = lim — [ g(s,z)ds is required. This result can be used for the design of vibrational
0

T—o0
control strategies for Moreau sweeping processes (see e.g., Bullo [I7] for the respective theory
in the case of the differential equation).

Building upon the modeling approach of Bastein et al ([§], [7]) the results of the chapter can
help in predicting the long-term response of elastoplastic materials to combined excitation
of forces of different periods. Further potential applications of the results of this chapter are
in studying the dynamics of a circuit involving devices like diodes, thyristors and diacs (see
Addi et al [2]) when ampere-volt characteristics (for the set function) and voltage supply (for

the perturbation) receive time-periodic excitations of different periods. Such a study will

require extending our theory to sweeping processes with state-dependent convex constraints.
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Chapter 3: In this chapter, we introduced a framework that can be used for extending the
results of Chapter 2 to sweeping processes with non-convex constraints. We further proved
the existence of at least one bounded global solution to perturbed sweeping processes with
so-called prox-regular moving set C'(t).

We then proved that the unique global solution is periodic when ¢ — C(t) and f — F(t,x)
are periodic with the same period. Following the lines of Chapter 2, the ideas of the present
work can be extended to almost periodic solutions and to sweeping processes with small
non-monotone ingredients.

An illustrative example has been also provided. At the same time, we indicated why the
current approach is not capable to deal with the crowd motion model, which can be used for
the development of an alternative approach.

Chapter 4: In Chapter 4 we initiated the development of bifurcation theory for sweeping
process . We established a result on bifurcation of limit cycles in a suitable version of
(1.1)) in R? from a boundary equilibrium of focus type. In particular, we derived an equation
of sliding along the boundary of a unilateral constraint and observed that the action of the
unilateral constraint is equivalent to an action of an orthogonal vector field pointing towards
the unilateral constraint from the outside.

In this way, we linked the development of bifurcation theory for sweeping processes to the
analysis of differential equations with discontinuous right-hand-sides (Filippov system, see
Filippov [2§]).

Chapter 5: In this chapter, we considered sweeping processes , which are just BV-
continuous in time and contain a state-dependent ingredient in the moving constraint. By
extending the implicit catching-up scheme of Kunze and Monteiro Marques [40] to perturbed
sweeping processes, we proved solvability of BV-continuous state-dependent sweeping pro-
cesses with a Lipschitz dependence on the state.

We further used topological degree arguments to establish the existence of periodic solutions
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to sweeping processes of this type. The analysis is carried out for the simplest possible mov-
ing set C(t) = A+ a(t) + ¢(z) throughout the entire chapter, that allowed us to focus on

the development of core mathematical ideas rather than on its possible generalizations. We

explained in Remarks |5.6.1 and [5.6.3 how the existence result (Theorem [5.3.1)) immediately

extends to the moving set of the form C(t) = A(t) 4 ¢(x). We don’t know whether or not an
alternative approach (for example, formula quoted from [47, Proposition 4.7, p. 26])
can deal with any more general state-dependent moving constraints.

The existence of a T-periodic solutions to a sweeping process with T-periodic right-hand-
sides and convex moving set would be an immediate result when uniqueness and continuous
dependence of solutions on initial conditions hold. The difficulty we overcame when proving
the existence of periodic solutions comes from the fact that uniqueness and continuous depen-
dence on initial conditions of solutions of BV-continuous state-dependent sweeping processes
is still an open question even when the dependence on the state is Lipschitz continuous (for
state-independent sweeping processes, the uniqueness and continuous dependence is estab-
lished e.g., in Castaing and Monteiro Marques [19] and Adly et al [3]).

The second part of the chapter concerned sweeping processes with a parameter A, for which
we developed a topological degree based continuation principle. As an application of the
continuation principle, we proved the occurrence of periodic solutions at a specific location
is a neighborhood of a switched boundary equilibrium. Specifically, we assumed that for
A = 0, the sweeping process is autonomous and admits an asymptotically stable switched
boundary equilibrium zy. We then proved the occurrence of T-periodic solutions from xg
when the parameter \ increases and the sweeping process becomes non-autonomous (and
T-periodic).

The condition for asymptotic stability of zy can be replaced by assuming that the topo-
logical index of xy is different from 0. Such a condition can be also expressed in terms
of the eigenvalues of the linearization f(z,) of sliding differential equation , see e.g.,
Krasnoselskii-Zabreiko [36, Theorem 6.1] and [36, Theorem 7.4].
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We anticipate that the results of the dissertation will play a stimulating role in the develop-

ment of a qualitative theory of perturbed sweeping processes.
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