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THE CHARACTER VARIETIES OF RATIONAL LINKS C(2n,2m + 1,2)

Bradley D. Meyer, MS
The University of Texas at Dallas, 2019

Supervising Professor: Anh T. Tran, Chair

In this thesis we study the nonabelian SLy(C) character varieties of an infinite family of ra-
tional links. In chapter 1 we provide background information on rational knots and links and
their character varieties. We also provide some properties of Chebyshev polynomials, which
will be used in calculating the character varieties. In chapter 2 we first find a presentation
for the knot group of C'(2n,2m + 1,2). We then calculate the nonabelian character variety
and prove that the character variety of C'(2n,2m + 1,2) is irreducible unless n = 1,—1 or

m = —1.
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CHAPTER 1

INTRODUCTION

1.1 Links

The mathematical study of knots is a precise investigation of how a 1-dimensional loop can
lie in 3-dimensional space. In other words, the main question to be answered is whether any
given knots are equivalent. We follow [3] in our discussion.

Formally, an m component link L is a subset of S? consisting of m disjoint, piecewise
linear, simple closed curves. If L has one component it is called a knot. We say that two
links L, and Ly are equivalent if there exists a homeomorphism from S? to itself that maps
Ly to Ly. Such a homeomorphism is known as an ambient isotopy.

Three types of diagram moves are sufficient in order to describe links up to ambient
isotopy. These diagram moves are known as Reidemeister moves (See figure 1.1). We see
that any two equivalent links have diagrams related by a series of Reidemeister moves and

a homeomorphism of the plane.
—~ 5 g S o H /Y\ \/\
Type | Type ll Type Il

Figure 1.1. Reidemeister moves

Since equivalent links are related by an ambient isotopy, we see that if two links L; and

L, are equivalent their complements in S® are homeomorphic as 3-manifolds.

Definition 1.1. Let £ be a tubular neighborhood of a link L. We define the link complement
X7 to be
X, =8"-L.

Many link invariants are, in fact, invariants of the link complement. For example, the

fundamental group of a link L is defined to be the fundamental group of the link complement.



1.1.1 Rational Links

A rational link, also called a two-bridge link, is a link that admits a projection with two
maxima and two minima. To every rational link we can associate a pair (p, q) of coprime
integers such that —p < ¢ < p. The link associated to the pair (p, ¢) is ambient isotopic to
the link L(p, q) defined as follows. We follow [4].

Choose € € {0,1} such that 0 < ¢/p + € < 1. Then we can write ¢/p + € as a continued

fraction
1
g _'_ € =
P 1
aq +
1
a9 +
1
1
as—1+ —
aS
such that each a; > 1. We use the sequence [a,as, ..., as_1,as] to create the link shown in

figure 1.2 where the number in each block gives the number of half twists. The jth block
between the middle strands contains ag;_; left handed half twists and the jth block between
the bottom two strands contains ay; right hand twists. This is the 4-plat presentation of the
rational link L(p,q). Note that we can always choose a sequence |ay,aq, ..., as_1,as] such
that s is odd. Indeed, if s were even with as; = a we could replace a; by a — 1 and add the

new entry as.q = 1.

4

a, \ A or-1
Figure 1.2. The rational link [aq, as, .. ., as 1]



A rational link can have no more than two components. It is known, see [1], that the
links L(p, q) and L(p',q') are ambient isotopic if and only if p = p’ and ¢ = ¢ or ¢¢’ =
mod p.

Note that a rational link with one component is called a rational knot. In the same way
as above, we can associate a pair (p,q) of coprime integers such that —p < ¢ < p and the

knot associated to the pair (p, ¢) is ambient isotopic to the knot K(p,q).

1.2 Knot Group (Wirtinger Presentation)

We denote by (X, zg) the fundamental group of X at the basepoint xy. If X is path
connected, for two points g, 1 € X we have that m1(X, x¢) >~ m (X, z1). In such a case we

denote the fundamental group of X simply by m; (X).

"
e /[

-1
gn =gj gmgj _gigmgj‘1

n=

Figure 1.3. Relation for the Wirtinger Presentation

Since the knot complement X is path connected, we denote its fundamental group by
m1(Xk). In order to describe m(Xk), we make use of the Wirtinger presentation. The
Wirtinger presentation is defined as follows [3]. Given an oriented diagram of a knot K we
begin by assigning a generator g; to each segment of the knot diagram. Each g; represents
a loop which, starting from a base point above the diagram, encircle the i-th overpassing
segment of the diagram in the positive direction. At each crossing, we then obtain a relation
7). by the following rules (See figure 1.3). At the crossing ¢ suppose the over passing segment

is assigned the generator g; and the under passing segment is assigned g, as it approaches c



and g, as it leaves c¢. Then we obtain the relation r, = g; gmg; tgt if the sign of ¢ is negative

and rp = gj’1 gmg;9,, " if the sign of ¢ is positive. So we obtain the presentation of m (Xx)

T (XK) = (g1 s Gn 71,y 1)

called the Wirtinger presentation.
Note that in the same way we can define the fundamental group of a link L. In the case

of a link L, we still call 71(X) the knot group of L.

1.3 Representations in SLy(C)

An SL,(C) representation of a group G is a homomorphism p : G — SLy(C). Two rep-
resentations p and p’ are said to be equivalent if they differ by an inner automorphism of
SLy(C). A representation p is irreducible if there are no nontrivial subspaces of C? invariant
under the action of p(G). Otherwise, p is said to be reducible. An equivalent definition of
a reducible representation p is that it is conjugate to a representation into upper triangular
matrices. We see that every abelian representation is reducible. However, the inverse is not
true.

We define the character of a representation p as the map x, : G — C, which is defined
by x,(9) = tr(p(g)). Equivalent representations will have the same character since the trace
operation is invariant under inner automorphism. Therefore, irreducible representations are
determined up to conjugation by their character. This is not true for reducible represen-
tations. Note that any reducible representation will share its character with an abelian

representation.

1.4 Character Varieties (Riley Polynomial)

We are interested in studying particular representations of the knot groups of a specific class

of links. Namely, we are interested in the nonabelian representations, up to conjugation,



of rational links. These representations can be described by a single polynomial called the
Riley polynomial. We will follow [2], [7] in defining the Riley polynomial of rational links

and knots.

1.4.1 Rational Knots

Let K(p,q) be a rational knot. The knot group 7 (Xg(p,q)) has a representation

m(Xg) = {(a,b: wa = bw)

where a, b correspond to the meridian of K and w = a“b - - - a-2b%-1 where ¢; = (—1)Li/?]
for 1 <7 < p— 1. The existence of such a representation follows from the algorithm in
section 1.2.

Suppose p : m(Xg) — SLs(C) is a nonabelian representation. Since a and b are con-
jugate in the knot group, p(a) and p(b) must have the same trace. We may assume, up to
conjugation, that

t 1 t O

pla) = p(b) =
0 t! u t71

In the case of the rational knot, the character variety is described by a polynomial in the

two variables x = tr(p(a)) = tr(p(b)) and y = tr(p(ab)).

Theorem 1.2. The SLy(C) character variety of a rational knot is described by the set of

points (z,y) € C* such that
w11 — (t - t_l)wgl =0

w1 Wi2
where p(w) =

Wa1 W22



Proof. We have

wyp wiz| [t 1 t 0 Wi W2
p(wa) — p(bw) = -
Wop wop| |0 7! w t7H |we wa
0 w11 — (t — til)wlg
—UuUwi1 + (t — t_l)’wgl W21 — UW12

By lemma 2.1 in [10], we have wq; = uwqy. Therefore,
0 w11 — (t — t_l)’wlg
p(wa) — p(bw) =

—u(wy — (t =t Hwia) 0

and the matrix equation is only satisfied when

w11 — (t — t_l)wlg =0.

We define the polynomial
Rrpg(T,y) = wn + (t™! — t)wy

to be the Riley polynomial of the rational knot K (p, ¢). In other words, the Riley polynomial

describes each conjugacy class of nonabelian representations of the knot group X, ) into
SLy(C).
1.4.2 Rational Links
Let L(p, q) be a rational link. The knot group (X q) ) has a representation
T1(XLpg) = (a,b: wa = aw)

where a,b correspond to the meridians of L(p,q) and w = b*a---a®-2b%-' where ¢; =
(—1)b/Pl for 1 <4 < p—1. As in the case of the rational knot, such a representation exists

due to the discussion in section 1.2.



Suppose p : T (Xi(pq) — SL2(C) is a nonabelian representation. Note that in the case

of the rational link, @ and b are not conjugate. We assume, up to conjugation, that

S1 1 S9 0
pla) = p(b) =

-1 ~1
0 s u S

Then the character variety is described by the set (x,y, z) € C? such that the matrix equation
p(wa) = p(aw) is satisfied, where x = tr(p(a)),y = tr(p(b)), and z = tr(p(ab)). Note that

the matrix equation p(wa) = p(aw) reduces to the two equations

wep = 0
wiz(s1 — 87') 4 was — wiy.
By lemma 1 in [7], we have
wia(s1 — s71) + wae — wiy = (53 — 85 )way.
Therefore, p(wa) = p(aw) reduces to the single equation wy; = 0. We define the polynomial

Ri(pq) = w2 to be the Riley polynomial of L(p, q).

1.5 Chebyshev Polynomials and Matrix Powers

We will make use of the Chebyshev polynomials of the first kind in our calculation of the
character varieties. In this section we will introduce some properties of Chebyshev polyno-

mials following [8].

Definition 1.3. We define the Chebyshev polynomials by the following recursion relation.

for all n € Z.



Lemma 1.4. Suppose v =a + a~! where a # £1. Then

Gt _ g—(n+)
Sn(v) =
(v) a—a!
Proof. We have that Sp(v) =1 = Z:Z:i

holds for n = k and n = k + 1. The

Sk+2(0) = vSk11(v) — Sk(v)

and S1(v) = v = (a+ a_l)(“—a’l

). Suppose this

a—a~1

aF 2 k2 gkl _ gkl
=(a+at) — —
a—a a—a
Qb3 _ k3
a—a-t!
. . n+l_ ,—(n+1)
Therefore, by induction, we have that S, (v) = *—="=—. O

Lemma 1.5. For any integer n we have

Sn(v) =

S2(v) + 52, (v) — vS,(v)Sp_1(v) = 1.

Proof. By lemma 1.4 we have

a2n+2 + a—2n—2 _ 2

Sn—i—l (’U)Sn_l (U) =1

an+2 _ a—n—Q a® —q™ "
a—al a—at

a2 2 4 gm—2 _ g2 -2

52(0) = Sua(0)Sua(v) =
a2+ 4 g2 _ 9
B (a—a1)? B
a’+a?—-2

=1

which proves (1.1).

(a —a=1)?



By lemma 1.4 again

Sn(v) + Sp_1(v) = v5,(v) 81 (v)

a2n+2 + a72n72 -9 N a2n + a72n -9 ( N 71) a2n+1 + a72n71 —a— afl
— —(a+a
(@—a 1) (a—a 1) (a—a 1)
a>+a?-2
 (a—a1)?

=1

which proves (1.2).

Lemma 1.6. Suppose A € SLy(C) and v = tr(A). For any integer n we have

A" = S, (v)I — S, (v)A™!
where I 1s the 2 X 2 identity matrix.
Proof. By the Cayley-Hamilton Theorem we have

A2 —vA+T=0.

)

This implies that A" —vA"~ !+ A2 = (. By induction we have A" = S,,(v)I — S, _;(v)A™".

Lemma 1.7. Let A, B € SLy(C). Then we have the following identity:
tr(AB™") = tr(A) tr(B) — tr(AB).

Proof. Let

@11 Aa12 bi1 bia

A: B:

Q21 Q22 )

By direct calculation we have
tl“(AB_l) = a11bay — a12b21 + ag2b11 — a21b12
= tr(A) tr(B) — a11b11 — axnbay — a12by — azbis

=tr(A) tr(B) — tr(AB).

O



CHAPTER 2

RATIONAL LINKS C(2n,2m + 1,2)

In this chapter we calculate the character varieties of the rational links C'(2n,2m + 1, 2) and

analyze the reducibility of the varieties. We follow methods presented in [5] and [6].

2.1 Group Presentation of the Rational Links C(2n,2m + 1,2)

Let L denote the rational link C'(2n,2m + 1,2) (see figure 2.1) and I'(L) = m (X.). We
begin by determining a presentation for I'(L) by following the discussion in section 1.2. We
begin by giving L an orientation and considering the three sections of the link separately.

When finding the presentation, we start from the right side of the link and move left.

N \
2n Crossings / / A /\

2m + 1 Crossings

Figure 2.1. The rational link C(2n,2m + 1,2)

The first section of the link consists of two crossings. We denote the loops in this section

by a and b. We have the following two relations:

a1 = b2a2b2_1

-1
bl = albgal .

10



The second section contains 2m + 1 crossings. We denote the loops in this section by ¢

and d. The first two crossings of this section give the relations

C1 = dlcgdfl

dy = codycy L
Combining these relations we obtain
dy = (¢t dy) i (cytdy).
Then by induction we obtain the following

Cm+1 — (Cfldl)imcl(Cfldl)m
gy = (c1 ' dy) " dy (e Hdy)™
The final section of L contains 2n crossings. We denote the loops in this section by e and

f. Similar to the above, we consider the first two crossings of the section and by inductions

we obtain the following:

ent1 = (f1 Te)) "er(fi ter)”

fovr = (file)) " filfi te)™

In considering figure 2.2, we have the following identifications:

C1 = bg

dl - b1

€1 = Qo
fl = dm+1
En+1 = Q1

fn+1 = Cm+2-

11



2n Crossings / -
N /
V4

2m + 1 Crossings

Figure 2.2. Fundamental group

Let a; = a and b; = b. Using the identity e,,; = a and the relations above, we see that

a=(d,\e)) "a b aba(d;} 1er)".

Which implies

wa = aw

where w = bav™ and v = d;llﬂel. Writing d;irlﬁ in terms of @ and b we see that
v=(a"'b"tab) " (a b ab)" M a.
Hence, we have the following.
Lemma 2.1. Let L denote the rational link C(2n,2m +1,2) and I'(L) = m(X). We have
['(L) = {(a,b: wa = aw)

where w = bav™ and v = (a1~ tab) ™™o~ (a0 ab) " a.

2.2 Calculating Character Variety

We will use the presentation above to calculate the character variety of L = C(2n,2m+1, 2).

Since L is a rational link, the character variety will be a polynomial in the three variables

z = tr(p(a)), y = tr(p(b)), and z = tr(p(ad)).

12



Let p : I'(L) — SLy(C) be a nonabelian representation. Then we may assume, up to

conjugation, that

0 st U Sy
The character variety is the polynomial determined by the matrix equation p(w)p(a) =

p(a)p(w). From now on, by abuse of notation, we will identify g € I'(L) with its image
p(g) € SLy(C).

Proposition 2.2. The character variety of L is given by the points (z,y,z) € C3 such that

Ry m(x,y,2) =0 where

Ry (,,2) = Sn(B) = Su-1(8)(Sm(@) = Sm-1(a))[25m(a) = (zy — 2) S (e)].
Where B = tr(v) and o = tr(a='b~1ab).

Proof. We begin by finding the matrix w = ba((a=*b" ab)™™b" (a7 b~ ab)™ a).
Let 8 = tr((a™'b~tab)™™b Y (a b~ tab)™a) and a = tr(a~'b~tab).

By lemma 1.6 we have
w = ba [Sy(B)T — Sp1(B)a” (a7 b ab) " Hb(a b ab)™]

= Sp(B)ba — Sp_1(B) [b(Sm(a) b~ a™ba — Sp_1 () 1)b(Sp ()] — Sy () b a" " ba)]

= Sp(B)ba — S,—1(8) [SE (a)a bab + Sz, _ i (a)ba™ ba — Sy () Sy (@) (@™ bPa + b)) .

S1 1
The character variety is given by the matrix equation wa — aw = 0 where a =
0 st
and w is as above. Using Mathematica, we see that
sy uQ(s1, s9,1) (572852 + syt sy tu — s72) Q(s1, 89, 1)

wa — aw =
(s7's3' — 5185 )uQ(s1, s2,u) —s3 uQ(s1, 82, 1)

13



where

Qnm (51, 52,4) = Sp-1(B)51(Sim () Spa1 (@) (1 + 53) — S5y () — S (a)s))
+ Sn-1(8) (S () Sm—1 (@) (1 + 53) — Sy 1 ()53 — Sy (a))

+s152(X + (S5, (@) = S, (@) uS1(8))-

It remains to write Q,, (51, S2, u) in terms of x, 7y, and z. Note that r = tr(a) = s;+s;"', y =
tr(b) = so + 55", and z = tr(ab) = sy sy + 5185 + w.

Multiplying Q. (51, 2, u) by s7's;"' we get

Sn(B) 4 Sp-1(B) [Sim (@) Sm—1() (5182 + s155 " + 57" s2 + s7's57)

— 82 _(@)(s182+ s155 " + 87 sa + 878y ) + (92, (@) — Sh(a))z].
Since (s + 81851 + 87 '8y + 5785 1) = xy, we have

Rom(@,y,2) = Su(B) + Su-1(B) [Sm(@)Sm-1(a)zy + 2(Sp_1(a) — S5 (@) — 57,1 ()]

= Sn(B) = Sn-1(B) (Sm(a) = Sm-1()) [2Sm(a) — (zy — 2)Spm-1(a)] .-

2.3 Observations on the Reducibility of the Character Variety

Our goal is to determine the reducibility of R, ., € Clz,y, z]. The polynomial R, , contains
Chebyshev polynomials in « and [, which are then polynomials in  and y. This makes
it difficult to determine the reducibility of R, ,, directly. In order to achieve our goal we
will perform a birational transformation to obtain the polynomial R, ,, € Cla, S, z], which
is easier to work with.

We first note that the cases n = +1 give the twisted Whitehead link. It is known that
the character variety of the twisted Whitehead link is reducible [9]. We also note that the

case m = —1 is ambient isotopic to C'(2(n — 1)), which is a torus link. It is also known that

14



the character variety of torus links is reducible. Therefore, in the following discussion, we
will not consider the cases n =1,—1 or m = —1.

We begin by writing o and  in terms of x and y.

Lemma 2.3. Let a = tr(a ‘b tab) and § = tr(v) = tr((a 0" 1ab) ™0 (a0~ ab)" a).

Then

a=a"+y*+ 2% —ayzr —2

B = (zy — 2)(Sm(@) = Sm-1())* — z(a — 2)S;, ().
Proof. By lemma 1.7 we have

tr(a 07 'ab) = tr(a” o7 tr(b'a™) —tr(a” "0 %0
= tr(a'07)® — tr(a"b72) tr(a) + tr(b72)
= tr(a o) = [tr(a™7") tr(b) — tr(a V)] tr(a) + tr(b72)
=22~ [zy — 2]z +y* -2

=2+ + 2% —ayzr — 2.

In order to calculate (3, we first determine the matrix v = (a~'b=tab) ™0~ (a*b" ab)™ a.

By lemma 1.6 we have,

v=(a"'b"tab)""b (a"tb " ab)" e
= (Sp(a)] — Sp_1(a)a™ b tab)b™ (Sp(a)a o ab — S,,_1(a)])a

= S2 ()b ta" b aba + S2,_ (@)a” b a® — Sy (@) Sp_1 () [b'a + a7 b abal .

15



We find the trace

tr(v) = S () tr(b'a b aba) + Sz, (a) tr(b"a) — 28, (@) Sp_1 () tr(b~a)
= Sy (a) [tr(aba) tr(bab) — tr((ab)?)] + (zy — 2)(S},_1 (@) = 25,(a) S (@)
= Sp(@) [(zz = y)(zy — 2) = 2 + 32] + (29 — 2)(Sy, 1 (@) = 25 (@) Sn1(a))
= Sm(@) [(zy — 2) = 2(a = 2)] + (zy — 2)(S7_1(@) = 28(@) Siu—r(@))

= (29 — 2)(Sm(a) = Sm-1(a))® = 2(a — 2)5;, ().
[l

Let x = u+ v and y = v — v. Then we have a birational equivalence between «, f and

u?,v? given by

a=2u*+v?) + 22— (v —v?)z -2

B = (u?—v* = 2)(Spmla) = Spm_1(a))* — z(a — 2)S2 ().
Writing R,, ,,, in terms of v and v we have

Rym = Sn(B) = Sn-1(8)(Sm(a) = Sp1())[2Sm () — (u2 — v — 2)Sm-1(a)].

Solving 3 for (u? — v?) we get
_ B+ 2[(Sm(@) = Sma(e))® + (o = 2) 57, ()]
(Sm(a) = Sm-1(a))? '

(w? - 0?)

Putting this into R, ,,, we get the polynomial R, ,, € Cla, 8, 2] defined by

Rym = Sn(B)(Sm(a) = Spm-1(@)) + BSn-1(8) Sm-1(a)
— 2 [(Sm(@) = Simn-1(a))” = (@ = 2) S (@) Spn-1(@)] Su-1(8)Sm(e)

= 5n(B)(Sm(@) = Sm-1(@)) + BSn-1(8)Sm-1(a) — 255-1(8) Sm ()

Note that since we do not consider the case n = —1, this is a valid transformation.

16



Lemma 2.4. Suppose |n| > 1 and m # —1. Then the polynomial R,,, € Clo,,2] is

rreducible.

Proof. We have

Rpm = Sn(B)(Sm(a) = Sm-1(a)) + BSn-1(8)Sm-1(a) — 25,-1(8) S ().

Let
P = Sn(B)(Sm(a) = Sm-1()) + BSn-1(8)Sm-1(c)
and

Qnm = Sn-1(8)Sm ().

Since R, , € Cla, f, 2] is linear in z we only need to check that ged (P, m, Qnm) = 1.

Suppose ged (P m, @nm) # 1. Then there exists an F' such that F' divides P, () and either
F | S,-1(B) or F | Sp(a).

Suppose F' | S,-1(B8). Note that ged(S,(5), Sn-1(8)) = 1. Then F { P, which is a
contradiction. So we must have F' | S, (a). But, then F'{ P for the same reason. Therefore,
ged(P,Q) =1 and R, ,,, € Cla, S, 2] is irreducible.

O

Since we have a birational equivalence between «, 3 and u?,v?, the above lemma is
equivalent to R, ,, € Clu?, v?, z] being irreducible unless n = 1,—1 or m = —1. Next we
show that R, ,, € Clu,v,z] is irreducible under the same conditions. In order to achieve

this, we will make use of the following lemma.

Lemma 2.5. Let f(u,v,z) € Clu?,v?, 2] be irreducible. If f(0,0,z) # g(z)* € C[z] then

f(u,v, 2) € Clu,v, 2] is irreducible.

Proof. Suppose that f(u,v,z) € Clu,v? 2] is reducible. Then there exists h(u,v,z) €

Clu,v?, 2] such that h(u,v,z) is prime and h(u,v,z) | f(u,v,z). Since f is even in u,
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this also implies that h(—u, v, 2) | f(u,v, z). If h(u,v,z) # Ah(—u,v, z), where X\ € C, then
h(ua v, Z)h(_u7 v, Z) | f(ua v, Z)

Since h(u,v,z)h(—u,v,z) € Clu?v? 2] and f(u,v, z) is irreducible in C[u?, v?, 2] we must
have h(u,v, 2)h(—u,v,z) = A\f(u,v,2). Taking u = v = 0 we get h(0,0,2)* = Af(0,0, 2),
which is a contradiction. Therefore, f(u,v,z) € Clu,v?, 2] is irreducible.

Suppose that f(u,v,z) € Clu,v,z] is reducible then there exists g(u,v,z) € Clu,v, 2]
such that g(u, v, z) is prime and g(u, v, z) | f(u,v, z). If g(u, v, z) # Ag(u, —v, z) then

g(u,v,2)g(u, —v, z) | flu,v,z).

Since g(u, v, 2)g(u, —v, 2) € Clu,v?, 2] and f(u,v, 2) is irreducible in Clu, v?, 2] we must have
that g(u,v, 2)g(u, —v,z) = Af(u,v,z). Taking u = v = 0 we get ¢(0,0,2)* = \f(0,0, 2),

which is a contradiction. O
Lemma 2.6. Suppose |n| > 1 and m # —1. Then R, ,, € Clu,v, 2] is irreducible.

Proof. By the above lemma, we need to show that R, ,,(u,v,z) € Clu,v,z] is such that

R,m(0,0,2) # F(2)?* for some F € C[z]. Recall that

a=2u’+v*)+ 22— (u? —v*)z -2

B = (u* —v* = 2)(Si(a) = Sm-1(a))* — 2(a = 2) 57, ()

and R, ,, € Clu?,v?, 2] is

Let w =0 and v = 0. Then we have

a=2z>-2

B =—2(Sm(@) = Sm-1(a))® = 2(2* = 4) S5, ()

m
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and R, ,, becomes

Rym = Sn(B) — ZSn—l(ﬁ)(Si(a) - S?n—l(a))
We can write z = a + a~'. Then by lemma 1.4 we have

a:a2+a_2

—(4m+3) )

5:_a4m+3_a

Then by lemma 1.4 again R, ,, becomes

—1)" an(4m+3)+1 _ a—(n(4m+3)+1) .
- ) (1) S 2).

a—al

This has no repeated factors. So by lemma 2.5, R,, ,,, € C|x,y, 2] is irreducible. n

Since we have the birational equivalence between x,y and u, v given by

r=u-+v
Yy=u-—"uv
the above lemma shows that R, ,, € Clz,y, 2| is irreducible unless n = 1, —1 or m = —1.

Therefore, we have proven the following theorem.

Theorem 2.7. Suppose |n| > 1 and m # —1. Then the nonabelian character variety of the

rational link C(2n,2m + 1,2) is irreducible.
As a corollary we have the following.

Corollary 2.8. Suppose |n'| > 1 and m’' # 0. Then the nonabelian character variety of the

rational link C(2n',2m’, —2) is irreducible.
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Proof. Consider the links C(2n,2m + 1,2). To these links we can associate the continued

fraction
1
1
2n +
1
2m+1)+ =
This is equivalent to
1
1
2n +
1
(2m + 2) + _—2

Therefore, the links C(2n,2m + 1,2) and C(2n,2(m + 1), —2) are ambient isotopic. Then

let n=n"and m+1=m. O
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