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Thermo-mechanical high-cycle fatigue is a major failure mechanism for many engineering
components in a diverse range of industries such as aerospace, automotive, and nuclear
among others. Engineers trying to determine the fatigue life of a component typically rely on
commercial fatigue analysis software which uses traditional fatigue criteria that are limited in
their applicability. For instance, they are poor at handling multiaxial and variable amplitude
loading. Furthermore, adding variable amplitude thermal loading into the mix makes using

these traditional fatigue criteria even less appealing.

In recent years, there have been attempts to establish methods for simulating high cycle
fatigue based on finite element calculations rather than using it as a post-processing step.
These include cohesive zone and continuum damage mechanics models. However, all of these
methods employ cycle jumping strategies to cut down on the enormous computational time
required. However, cycle jumping is not applicable for a random loading history or with
random or out-of-phase temperature variation. Motivated by these current developments,
this thesis proposes the use of the extended space-time finite element method (XTFEM)
in combination with a two scale progressive fatigue damage model for the direct numerical
simulation of thermo-mechanical high cycle fatigue. Instead of using the conventional explicit

or implicit finite difference time integration methods, temporal approximations are introduced

vi



with FEM mesh and enriched based on the extended finite element method. After outlining
the basic theory for XTFEM with thermo-mechanical coupling, the effectiveness of the
computational framework is demonstrated in numerical examples including a coupled, thermo-

mechanical fatigue simulation of a plate and hat stiffener model representative of a hypersonic

aircraft’s structure.
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CHAPTER 1

INTRODUCTION
1.1 Fatigue: Definition, Mechanisms, and Importance

Fatigue is the dominant failure mechanism for many engineering components. Cyclic loading
of these components causes the nucleation of microcracks in the material. As more and more
cracks form and propagate, they coalesce to form a macrocrack which propagates until the
remaining structure can no longer sustain the load resulting in the fracture of the component.
The “total number of cycles or time to induce fatigue damage and to initiate a dominant
fatigue flaw which is propagated to final failure” is called ‘fatigue life’ (Suresh| (1998)), p.221).

The failure category of fatigue may be further subdivided into different fatigue ranges
with their own specific failure mechanisms. Table [1.1]is based off of the work of Dufailly and
Lemaitre (Dufailly and Lemaitre| (1995])). High and very high cycle fatigue occurs due to
low-amplitude stresses typically below the material’s yield strength causing elastic behavior
globally (Suresh (1998), p.221). While there is some plastic deformation in these two ranges,
the plasticity largely occurs around defects at the microscopic scale. Thus, most of the fatigue
life is spent initiating the macroscopic fatigue crack (Bhamare| (2012), p.3). For low and very
low cycle fatigue, on the other hand, plastic strain occurs at the macroscopic scale with every
cycle (Schijve (2009), p.161). This causes a relatively quick crack initiation, and thus, the
time spent in crack growth is comparable to the time spent initiating the crack (Bhamare
(2012), p.3).

In 1983, the U.S. government estimated that the total economic cost due to fracture was
$119 billion (in 1982 dollars; Reed et al.| (1983)), p.1). It also estimated that 80% of these
costs involved cyclic loading or fatigue as a contributing factor which meant that the annual
cost due to the fatigue of materials accounted for about 3% of the gross national product

(Dowling (2013)), p.399). Similar studies in Europe have also arrived at high economic costs



Table 1.1. Fatigue Ranges

AeP

’ Fatigue Ranges ‘ Cycles to Failure ‘ Typical Stress Level ‘ Strain Ratio:

Ae
Very High Cycle Fatigue > 107 oy ~ 0

High Cycle Fatigue (HCF) 105 to 10° <oy ~ 0

Low Cycle Fatigue (LCF) 107 to 10* oy to oy 1 to 10
Very Low Cycle Fatigue 1 to 20 ~ oy 10 to 100

for fatigue (Milne| (1994), p.173). Additionally, the U.S. Air Force estimated that, between
1982 and 1996, 56% of Class A engine-related failures were due to high cycle fatigue (Bartsch
(2003), p.xi), and in fiscal year 1994, approximately 850,000 maintenance man-hours were
expended inspecting components as part of HCF risk management (Bartsch! (2003), p.xi). In
total, the cost of HCF to the Air Force and Navy is estimated at $400 million per annum
(Bartsch! (2003)), p.xi).

1.2 Thermo-Mechanical Fatigue

1.2.1 Definition and the Effects of Cycling Temperatures

Thermal fatigue is defined as relating to structures which undergo thermal cycling leading
to “the initiation of cracks, their propagation and failure,” whereas thermo-mechanical
fatigue (TMF) involves structures undergoing both mechanical as well as thermal cyclic
loading leading to fatigue failure (Charkaluk and Rémy (2011)), p.271). Reasons to include
temperature and its affects in a fatigue life prediction are many. As a structure undergoes
temperature changes, its mechanical properties change which affects how the structure
responds to mechanical loading. For this reason alone, fatigue life prediction models based
on isothermal data need to be modified before being applied to TMF (Bill| (1986)), p.1).
Things become even more pronounced at higher temperatures. At temperatures in excess
of one half the homologous temperature, strain-rate effects become significant and creep

phenomenon must be taken into account (Suresh! (1998)), p.590). As as result, the amount of



plastic deformation in the plastic zone of a fatigue crack is enhanced leading to higher fatigue
damage accumulation (Schijve| (2009), p.481). Indeed, it is well-known from experiments that
crack-growth is faster at elevated temperatures than at room temperature (Bill (1986), p.2;
Schijve (2009), p.488). Lastly and sometimes more importantly, temperature changes to an
overly constrained structure can translate into mechanical stress, and when the temperature

change is cyclic, these mechanical stresses will result in fatigue damage.

1.2.2 History, Examples and Importance

The study of TMF began with the work of Coffin who was researching the affects of TMF
in the nuclear power industry (Coffin (1954alb)). Around the same time, Manson studied
TMF in application to turbine blades and disks in the aerospace industry (Manson| (1953)).
The nuclear and aerospace industries continue to be concerned with TMF phenomena in the
present (Charkaluk and Rémy (2011), p.272), but the applications have proliferated to other

areas. Examples illustrating the importance of TMF are many, but a few will suffice:

1. Aerospace engine parts: Aerospace engine turbine blades are exposed to enormous
temperatures through the combustion of jet fuel in addition to immense centrifugal
forces and vibration loads (Schijve| (2009), p.482). The thermal and centrifugal loading
correspond to low-cycle fatigue conditions where each start-up and shutdown constitutes
a cycle whereas the blade vibrations yield high cycle fatigue conditions (Schijve, (2009),

p.483).

2. Nuclear pressure vessels: Nuclear fission generates an enormous amount of heat and
pressure. This heat requires the periodic application of coolant to decrease the temper-
ature of the vessels and piping thus creating cyclic temperature variations leading to

low-cycle fatigue (Mohanty et al.| (2012)).



3. The mixing of hot and cold fluids in nuclear plant pipes: In the piping systems of some
nuclear power plants, there exist “mixing tees” where water flows of different temper-
atures turbulently mix and generate seemingly random and fluctuating temperature
fields and corresponding stresses (Desmorat et al.| (2007)), p.923). These stresses do not
typically exceed the yield strength, and so, this example falls into the high-cycle fatigue

category.

4. A brake disk undergoing friction-heating from a brake pad: In this situation, the surface
of the disk is heated to a high temperature over a short period of time creating a
large temperature gradient across just a tiny fraction of the total thickness of the disk
(Charkaluk and Rémy| (2011), p.272). Because this affected thickness is negligible,
we may assume that the deformation of the disk is negligible. This means that any
temperature-induced strain will translate to mechanical strains, and when the gradients
are high enough, the material will undergo plastic deformation. Over many heating and
cooling cycles, this will lead to cyclic plasticity and thus low-cycle fatigue (Charkaluk
and Rémy (2011), p.272).

5. Automotive engine parts: A number of parts in the internal combustion engine such as
pistons, cylinder heads, exhaust manifolds, and turbo-compressors experience very high
temperatures while in use but eventually cool down to ambient temperature when the
vehicle is turned off. This thermal cycling induces repeated mechanical loads leading to

fatigue (Charkaluk and Rémy| (2011)), pp.274-275).

6. Super- and hypersonic aircraft structures: Aircraft traveling at supersonic and hyper-
sonic speeds generate an enormous amount of drag which causes the skin of the aircraft
to heat up while the inner structure trails behind creating large temperature gradients.
The situation is reversed upon landing (Schijve (2009), p.486). Additionally, these
structures experience random acoustic loads during their trajectory. The combined

thermal and acoustic loading yields a high-cycle fatigue condition.



1.3 Traditional Methods of Estimating Fatigue Life

Traditional methods of estimating the fatigue life of a component can be broken into two
categories: the ‘safe-life’ concept and the ‘damage-tolerant’ concept. The safe-life concept
is essentially theoretical in nature, and its goal is the prevention of crack initiation (Suresh
(1998)), pp.14-15). The safe-life concept generally adheres to the following procedure (Suresh
(1998), pp.14-15):

1. The component’s expected service loading is determined.

2. The component is analyzed using hand calculations, simulation software, and/or tested

in a lab under service loading conditions. A fatigue life is estimated for the component.

3. The fatigue life is modified by a safety factor. This modified fatigue life becomes the

component’s ‘safe-life.’

4. After the component in service has reached the end of its safe-life, it is “automatically
retired from service” regardless of whether cracks have formed or not (Suresh) (1998)),

p.14).

The analysis done by hand calculation and/or simulation software mentioned in step 2 above
utilizes one of the ‘total-life’ approaches. These approaches, first begun in the mid-nineteenth
by Wohler (Wohler (1860)), plot the service load stress against the number of cycles to
failure, the classic S-N curve. A problem is presented when the loading is multiaxial since
S-N curves are typically created using uniaxial loading. In this case, the multiaxial loading
needs to be processed so that it can be compared with the uniaxial curve. These approaches
are discussed further in chapter [3]

The damage-tolerant concept, on the other hand, is more empirical, and the goal is the
tolerance of a fatigue crack without it leading to failure. The argument is that if there

exists a structural redundancy, failure of one load path would not compromise the others,



and the component or machine could still be operated safely until the crack is found during
maintenance or inspection (Suresh (1998), p.15). The damage-tolerant concept makes use of
the field of fracture mechanics which was first started by Irwin (Irwin (1957)) who built upon
the work of Griffith (Griftith| (1921)). Irwin showed that the magnitude of the crack-tip stress
field can be represented by a scalar value called the stress-intensity factor, K (Hertzberg
et al. (2013)), p.318). The crack tip advances when the stress-intensity reaches a critical value,
K, (Sun and Jin (2012), p.3). The application of fracture mechanics to fatigue was initiated
by Paris et al. (Paris et al. (1961)) who proposed that the rate of crack growth per cycle,
da/dN, was related to the stress intensity factor range, AK (Suresh (1998)), pp.5, 296):
da m
N C (AK) (1.1)
where C' and m are empirical constants which depend on the material properties, microstruc-
ture, loading conditions, temperature, etc. (Suresh| (1998)), p.297). These constants must
be determined in a lab setting and are applied to the same component in service by the
concept of similitude. That is, a crack in the lab component and a crack in the service
component “subjected to the same range of stress intensity factor” at the same load ratio
should grow at the same rate (Bhamare (2012)), p.6). The fatigue life can then be defined
as “the number of fatigue cycles or time to propagate the dominant crack from its initial
size to some critical dimension” (Suresh! (1998)), p.13). The benefits of the damage-tolerant
approach then are that: a.) the component or machine does not need to be retired from
service after a set number of cycles and b.) even the presence of a crack does not necessarily
require a retirement from service.
There are a number of problems with these traditional approaches. The problems with
the various total-life approaches associated with the safe-life concept are discussed in more
detail in chapter [3] The problems with the damage-tolerant approach of fracture mechanics

are as follows:



1. Determination of a stress-intensity factor for a complex geometry under multiaxial

loading is difficult (Bhamare| (2012), p.6).

2. The extension of equation from constant amplitude cyclic loading to random,
variable amplitude loading is problematic since different loading conditions will change

the empirical constants (Suresh| (1998)), p.333).

3. The damage-tolerant concept is not applicable to all structures. For some components,
regular inspection is either impractical, too expensive relative to the cost of the
component, or both. For other components, undetected cracks can easily grow to failure

in between inspections resulting in catastrophic consequences.

Given the problems with the traditional methods for fatigue life estimation, we seek a
different method of fatigue analysis. This method needs to be able to account for multiaxial,
variable amplitude loading. It should also be able to handle the effects of non-zero mean
stresses and random, thermal variation. Additionally, this method should avoid Miner’s
problem-fraught linear damage law as well as the somewhat arbitrary rainflow cycle counting
methods (Desmorat et al. (2007)), p.910).

Since the late 1950’s, researchers have been developing the field of continuum damage
mechanics wherein “the analysis of the damage development in mesoscopic and macroscopic
fracture processes” is done “in the framework of continuum mechanics” (Murakami (2012)),
p.3). Specifically, the two-scale progressive fatigue damage model first proposed by Lemaitre
(Lemaitre and Doghri| (1994)); Lemaitre et al.| (1999)); Lemaitre and Desmorat| (2005)) and
developed by Desmorat et al. to handle random, thermal variation (Desmorat et al.| (2007))
is specifically designed for high cycle fatigue and can handle all the requirements listed in the
previous paragraph. The two scale model, discussed more fully in chapter [4] separates the
macroscale structure calculation from the microscale damage evaluation. The macroscale

structure calculation is solved with the finite element method or other method using a purely



elastic material model. The strains at this scale are then used to evaluate damage locally at
the microscale where defects such as inclusions exist, plasticity occurs, and microcracks form.

The two scale model has been used to predict service life for both low and high cycle
fatigue and applied to both uniaxial and multiaxial analyses (Lemaitre and Doghri (1994])).
Lemaitre et al. (Lemaitre et al. (1999)) then showed the power of the two scale model for
a non-zero mean stress and non-proportional loading with results comparing well with the
Dang Van criterion. More recently, Latrou et al. (Lautrou et al. (2009))) used the two scale
model to accurately predict the fatigue life of steel welded joints commonly used in naval
structures. Additionally, dos Santos et al. (dos Santos et al.|(2012)) modified Lemaitre et
al.’s model (Lemaitre et al.| (1999)) by means of the Soderberg fatigue relation to account for
high mean stress effects in cardiovascular stents and showed that the modified model has
good agreement with experimental results. Finally, Desmorat et al. (Desmorat et al.| (2007))
added the ability for the two scale model to take into account random temperature changes
and proved its predictive power even in random thermo-mechanical loading by showing good
agreement with a pressure-vessel testing experiment. It is this latter, thermo-mechanical

model which we will use to predict thermo-mechanical fatigue life.

1.4 Simulating Fatigue

1.4.1 Finite Difference Methods: Explicit and Implicit Time Integration

The standard computer-aided means for determining a component’s fatigue life is to simulate
a representative set of loading amplitudes in finite element software and run the results
through a fatigue analysis post-processor (see chapter . However, there have been efforts
in recent years to simulate the fatigue process within the finite element analysis itself. Roe
and Siegmund (Roe and Siegmund, (2003)) and Siegmund (Siegmund, (2004)) employed a

cohesive zone model to simulate the fatigue of a double cantilever beam bonded by an



adhesive. Instead of making crack growth a function of cycle count, their model relies upon an
“incremental solution process to the cyclic load problem” (Siegmund| (2004), p.932). Cedergren
et al. (Cedergren et al.|(2004)) utilized an extended Gurson void growth model, a viscoplastic
formulation, with plasticity to simulate low cycle fatigue in powder manufactured steel bars.
The time integration scheme they used was an explicit Newmark method (Cedergren et al.
(2004), p.902). Oller et al. (Oller et al. (2005)) used a continuum damage mechanics model
combined with elasto-plasticity to simulate low cycle thermo-mechanical fatigue damage
evolution. They utilized an implicit time-integration method to begin tracking the load
history in small steps but then employed a time advancing strategy for load cycles of the
same amplitude as the one previously tracked (Oller et al. (2005), p.185). Pirondi et al.
(Pirondi et al.| (2006)) performed finite element simulations of low cycle fatigue using both
continuum damage mechanics and porous metal plasticity models for comparison. Takagaki
and Nakamura (Takagaki and Nakamura (2007))) also utilized a continuum damage mechanics
model with an anisotropic damage tensor and elasto-plasticity to simulate fatigue crack
propagation for low cycle fatigue. They were able to simulate the simultaneous growth of two
cracks in a plate which showed good agreement with experiments. Lu et al. (Lu et al. (2015))
simulated the low cycle fatigue behavior of 9Cr power plant steel at high temperature using
a continuum damage mechanics approach coupled with the Chaboche elasto-visco-plastic
model and employed an implicit scheme for time integration (Lu et al.| (2015)), p.151). All of
the previously mentioned studies have looked at the simulation of low cycle fatigue which,
given the relatively short time scale, is not computationally prohibitive using standard, finite
difference time integration methods.

However, some researchers have attempted to simulate high cycle fatigue using the
traditional, finite difference time integration schemes. Jiang et al. (Jiang et al.| (2009))
used a cohesive zone model with cyclic plasticity and a damage variable to simulate high
cycle fatigue for a compact-tension-shear specimen. Acknowledging that an implicit time-

integration scheme for the entire life of the component is computationally prohibitive, they



utilized an extrapolation scheme where the damage done over a small number of cycles is
extrapolated over relatively small time spans (Jiang et al. (2009), p.680). Raje et al. (Raje
et al.| (2009)) examined the microstructure of polycrystaline materials under rolling contact
fatigue loading using continuum damage mechanics with lattice springs connecting the grains.
They utilized the explicit central difference scheme for time integration with a ‘jump-in-cycles’
procedure to speed up the simulation (Raje et al.| (2009)), 350). Lestriez et al. (Lestriez et al.
(2007)) presented a continuum damage mechanics model combined with a flow surface of
fatigue using the Sines criterion and element deletion to simulate the fatigue damage of roller
bearings. They employed an explicit time integration scheme in Abaqus/Explicit’s VUMAT,
but in order to reduce CPU time, they used a cycle jump technique which extrapolates the
damage over a given number of cycles (Lestriez et al. (2007), p.391). Kim (Kim/ (2013)) and
Kim and Yoon (Kim and Yoon| (2014))) used a bilinear, cycle-dependent cohesive zone law to
study the high cycle fretting fatigue of 7050-T7451 aluminum alloy. They solved the equations
of motion with an implicit time integration but used a cycle jump strategy to speed-up the
computation (Kim| (2013), p.684; Kim and Yoon| (2014), p.31). Martin and Sun (Martin
and Sun| (2015))) developed a means for assessing fatigue damage in transcatheter aortic
valves using a soft tissue damage model. To hasten the fatigue simulation, they multiplied
the damage per simulated cycle by a factor (Martin and Sun| (2015), p.3029). Barbu et al.
(Barbu et al. (2015))), building off the work of Oller et al. (Oller et al.| (2005))), proposed
a “stepwise load-advancing strategy” for high cycle and very high cycle fatigue combined
with a continuum damage mechanics model to simulate fatigue specimens and showed good
agreement with experiments. Their load-advancing strategy consisted of two phases. The
first, load-tracking phase, used small time increments following the loading path in order
to “save the characteristics of the cyclical load” (Barbu et al. (2015), p.120). The second,
large-increments phase simply multiplied the results of the first phase by however many

cycles were at that load level (Barbu et al.| (2015), p.122). Bak et al. (Bak et al.| (2016]))
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simulated the formation of mixed-mode delamination cracks in laminated structures due to
high cycle fatigue using a cohesive zone model combined with a “Paris law-like model” to
determine crack growth rate. Instead of solving the equations of motion multiple times to
form a loading cycle, they used an “envelope load approach” where Paris’s law and fracture
mechanics were used to determine the crack growth rate at the maximum load during a cycle,
and they simply integrated that rate over time (Bak et al.| (2016), p.164).

The takeaway from the previous high cycle fatigue studies is that they all had to use
a form of cycle jumping extrapolation or a damage multiplier given that the time scale
of high cycle fatigue makes a complete simulation impractical even with high-performance
computers (Bhamare| (2012), p.9). However, such methods cannot be used in cases with
a random mechanical loading history (Bhamare| (2012)), p.10). Additionally, if a cyclic or
random temperature variation that is not in phase with the mechanical loading is present,
then extrapolation simply is not possible. Thus, we seek a time integration method that
can perform a complete thermo-mechanical high cycle fatigue simulation without the high

computational cost.

1.4.2 Extended Space-Time Finite Element Method (XTFEM)

Instead of the methods listed above, we propose the use of an extended space-time finite
element method (XTFEM) formulation to solve thermo-mechanical high cycle fatigue problems.
In contrast to the semi-discrete finite difference methods such as explicit or implicit time
integration, space-time finite element methods discretize not only the spatial object being
analyzed but also the temporal domain as well using finite elements. XTFEM builds off of
the standard space-time finite element method (TFEM) by enriching the temporal shape
functions with harmonic functions such as sine or cosine in order to match the nature of
the loading conditions. By doing so, one can make the time step size equal to the harmonic

loading’s time period, a vast improvement over the finite difference methods or the standard
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TFEM. A history and research developments with TFEM and XTFEM will be discussed in

chapter

1.5 Objective and Outline of the Thesis

The objective of this work is to develop a direct numerical simulation approach to calculating
a component’s life under thermo-mechanical high cycle fatigue loading. Since the two scale
progressive fatigue damage model does not account for creep or other viscosity effects, our
study will be limited to less than one-third of a material’s melting temperature (Desmorat
et al| (2007)), p.911). We will demonstrate through several examples the power of our
thermo-mechanical XTFEM code.

Chapter [2] will begin by explaining and deriving the regular space-time finite element
method for both thermal analysis (section as well as mechanical analysis (section [2.3)).
This will prepare us for the derivation of the thermo-mechanical extended space-time finite
element method in section [2.4] Chapter 3| will give a brief overview of the traditional
approaches to calculating multiaxial high-cycle fatigue damage. Approaches discussed here
include equivalent stress methods (section [3.1.1]), critical plane methods (section [3.1.2), and
Dang Van’s multiscale method (section . The last half of the chapter will examine the
Palmgren-Miner rule (section , the cycle counting methods for random loading (section
3.3)), and finish by summarizing the problems with the traditional approaches (section .
Next, chapter [] will explain the two scale progressive fatigue damage model from continuum
damage mechanics. The chapter will start in section by discussing the research history of
continuum damage mechanics in general and the two scale model in particular and explain
how the two scale model works. It is necessary in section to describe the material
parameters that are utilized in the two scale model since not all of them are familiar to many
readers. The detailed derivation of the two scale formulation is given in section followed

by an outline of the implementation in section [4.4l Chapter [5] will describe three numerical
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examples used to demonstrate the power of the XTFEM code and discuss the results. Lastly,

chapter [6] will then conclude this thesis and give a consideration of future work.
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CHAPTER 2

EXTENDED SPACE-TIME FINITE ELEMENT METHOD (XTFEM)

2.1 Introduction

2.1.1 Chapter Outline

To solve the problem of the time scale associated with high cycle fatigue, this work utilizes a
coupled thermo-mechanical extended space-time finite element method (XTFEM) formulation.
In this chapter, the XTFEM method based on the time-discontinuous Galerkin (TDG)
formulation is derived. First, regular space-time finite element method (TFEM) formulations
for thermal and mechanical analyses are derived in sections and [2.3] respectively. Section
then details the XTFEM formulation for mechanical analysis which is derived by building

off of the previous TFEM mechanical formulation in section 2.3

2.1.2 XTFEM Background

Generally, dynamic FEM problems have been integrated in the time domain using finite
difference methods such as the central difference or Newmark- methods. That is, while
the partial differential equations in the spatial domain are solved using finite elements, the
temporal domain uses finite differences making such methods “semi-discrete.” While these
methods work well in many cases including low-cycle fatigue, the time scale associated
with high-cycle fatigue makes these methods computationally prohibitive (see section .
Furthermore, these methods suffer from either time step size limitations or convergence issues
“due to the oscillatory nature of the fatigue loading condition” (Bhamare et al.| (2014)), p.388).
In contrast to the semi-discrete methods previously mentioned, space-time finite element
methods discretize not only the spatial object being analyzed but also the temporal domain as
well using finite elements. The concept of extending the use of finite element shape functions

to the time domain was first proposed by Argyris and Scharpf (Argyris and Scharpf (1969)),
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Fried (Fried (1969)), Oden (Oden| (1969)), and others. These early pioneers in this area
utilized a formulation with a continuous temporal mesh called the time-continuous Galerkin
(TCG). An alternative to the TCG formulation is to break-up the temporal domain into time
segments and allow jumps in the solution variable between segments. This approach is known
as the time-discontinuous Galerkin (TDG) formulation and was first used by Reed and Hill
(Reed and Hill| (1973))) and Lesaint and Raviart (Lasaint and Raviart| (1974)). Hulbert and
Hughes (Hulbert and Hughes| (1990)), Hughes and Stewart (Hughes and Stewart| (1996))),
and Li and Wiberg (Li and Wiberg (1996, |1998)) extended the TDG formulation to solve
second-order hyperbolic systems such as structural dynamics. Lesaint and Raviart (Lasaint
and Raviart| (1974)) and others (Delfour et al.| (1981)); |Johnson! (1984)) have proven that the

TDG formulation results in systems that are A-stable and higher-order accurate.

2.2 Space-Time Finite Element Method (TFEM) for Thermal Analysis

2.2.1 Governing Equation to Weak Form

We start with the governing equations of initial-boundary-value thermal analysis over a 3D

spatial domain, {2, and temporal domain, I = ]0,7T7:

G=pc,d—V-(kVp) on Q=02xI (2.1)
¢=¢(T,1) on Yp=IpxI (2.2)
g=kVén on YTy=DyxI (2.3)

higa—0)=kVén on Ty=T3xI (2.4)
¢ (@,0)=¢o(x) on xe (2.5)

I =TpUlyUT; (2.6)
IpNTyNTs=0 (2.7)
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where equation [2.1]is the general heat equation, I" is the boundary of {2 and is the combination
of the non-overlapping essential (Dirichlet) temperature boundary I'p, natural (Neumann)
surface heat flux boundary I'y, and convection boundary I's, G is the heat source generation,
¢ is the temperature, k is the conductivity, p is the volumetric mass density, ¢, is the specific
heat, m is the outward normal to I, ¢ is the prescribed temperature on I'p, ¢ is the prescribed
surface heat flux on 'y, A is the prescribed convection coefficient on I's, and ¢ is the initial
temperature. Lastly, the superposed dot in qb denotes a partial derivative with respect to
time.

Since our formulation is the time-discontinuous Galerkin, we discretize the temporal
domain into segments which, combined with the spatial mesh, comprise space-time slabs.
Figure[2.1shows a 1D spatial mesh combined with the discretization in time to form the space-
time slabs. The temporal domain, I = |0, 7T, consists of N segments, I, = |t,,_1,t,[, such
that 0 =ty <t; <...<t, <..<ty=T. The n'* space-time slab is given as Q,, = 2 x I,.
Space-time boundary conditions are defined as (Yp), = I'p x I,,, (Yn), = 'y x I, and

(Ys3),, =T's x I,, for the temperature, surface heat flux, and convection boundary conditions,

respectively, such that (Y), = (Yp), U (Tw), U (YTs),. Each space-time slab is divided into
ne space-time elements where Q¢ is the e™ space-time element and (T¢), is the e™ element’s
boundary. Thus, the interior of the slab is given as:

Nel

Q= (2.8)

e=1

and the inter-element boundary of the slab is given as:
Nel

(r), =J ), - (1), (2.9)

e=1
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Figure 2.1. Space-Time Discretization (Linear Spatial; Quadratic Temporal)

Adding the natural and thermal convection boundary conditions to equation multi-

plying by the variation in temperature, d¢, and integrating over both time and space:

o:/f /Qéd)(pcqu—v-(kw)—a)d(zdt
+/I/F 56 (k Vorn — q)dl dt (2.10)

+/ 56 (kVérmn —h(de — ¢))dl dt
I, JT'3

The essential boundary condition is not added since we make its test function vanish on that
boundary (Krysl (2005), p.40). The middle term on the top line can be expanded by the

product rule (Krysl (2005)), p.39):

_/I /!Z(S(b(V(qub))d(Zdt:—/I /Qv-(awv(p)d(zdt

(2.11)
+/In/95v¢- (k V) dR dt
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Using the divergence theorem, the first term on the RHS of equation [2.11] can be converted

to (Krysl (2005)), p.39):

| [ veorvoyiea~ [ [ spveniaras [ [sowvendaa @)

int

where the [k V- n] is the spatial, inter-element jump term which vanishes due to the inter-
element continuity. Both terms on the RHS of equation have dI" rather than df2 because
“the test function vanishes on the complement of the traction boundaries” (Belytschko et al.
(2014)), p.153). The RHS term of equation cancels with both & V¢-n terms in equation
2.10| since I' in equation [2.12]is the union of all surfaces and would thus include both the
surfaces where surface heat flux (I'y) and convection (I's) boundary conditions are applied

(Krysl (2005)), p.40). This leaves us with:

/[n/gagbpcmdﬁdt

+/In/95v¢- (k V) dQ dt

:/In/gégbGdet (2.13)
+/1/r 56 q dT dt

+/In/F35¢h(¢a—¢)drdt

We now add a new term to allow for discontinuities across time element boundaries.

| d0(ti2) pepLott,1a2 = [ 50(52) ey o(t 1) ae

(2.14)
- / 56(t 1) pey dty) de2
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Note that this term is not integrated over the time step as it only occurs at the boundaries.

Adding the RHS of equation to the LHS of equation and rearranging, we have:

//Mpcpgbd(zdt
I, J

Vo (kVe)ds2d

+/I/Q ¢ (k' Vo) ds2 dt

+/ 0o(ti_1) pep d(ta_1) A2
Q

//5¢Gd9dt (2.15)
/In/FNéqquth

+/I [ G0h(0u—0)ar a
+ /95¢(t;:—1) P Cp ¢(t;—1) df?

2.2.2 Discretization

We use the following definitions for the discretization of the weak form:

N(z,t)=N,® N,

B(x,t) :Nt®Bx

¢ ZVN,M@ ZB,M

I=1
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oV (z,1) ZVNI (2,t) 0y = ZBI (z,t)6¢;

where [ is the node number. Substituting the discretized equations into the weak form of the
general heat equation ([2.15]), moving the variation in the temperature outside the integrals,
breaking up the h (¢, — @) term, and moving the negative portion of the convection term to

the LHS:

5¢/ /NTpcdeth(ﬁn
I, J 2
+5¢/ /BTdeth¢>n
In
+5¢/ NT(tF ) pe N(ti,) d2 ¢,

+6¢ NTh N dU dt ¢,
fn JTs (2.16)

:5¢/ /NTGdet
I, J 2

+0¢ NTqdl dt

In. JTN

+ ¢ NThdT dt ¢,

I, JTI'3

+ 5¢/ NT(ti 1) pey N(t,_y)d2 ¢,
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Since d¢ is arbitrary, we cancel it out. Next, we separate spatial and temporal integrals and

use h(x,t) = h(x) h(t), G(z,t) = G(x) G(t), and ¢ (x,t) = q(x) q(1):

{/NtTNtdt@@/prcpdeQ
I, 0]

—&—/NtTNtdt@/BkamdQ

In (o}

NI NAE) @ [ NTpe, N, ae
2

- / NI h(t)Nydt® [ NI h(z) N, dl“] o,
I, I's

(2.17)

/NT dt®/NT

/N t)ydt® | NT g(z)dl
+/thtdt® NI h(z)dl ¢,
In I's
+ [Nf(ti_l) Nt ) ®/prcp N, d!)] b, 1
2

where ¢,, and ¢,_; are space-time temperature vectors for the current and previous time

steps, respectively. We define the following:
C= / Nlpc, N, dQ2
I7;

K:/Bfk:Bde
9

H= | NIh(z) N,dl

I's

PG:/NfG(x) ds?
(9}

Pq = NT q(x) dl

'y

Ph= | NIh(z)dl¢,

T's

INND = | NTN,dt
I,

INN = [ NI N,dt
I,
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INNh= | NTh(t) N,dt

In

INh= | NIhW(t) dt

In

ING:/ NT G (t) dt
I7L

INg = i N7 q(t) dt
NNP =N/ (t:_l) N(ty1)
NNM = N (t; 1) Ni(t, 1)
Using the above definitions, equation becomes:

INND®C+INN®K+ NNPRC+INNh® H| ¢, =
ING® PG+INgq® Pqg+INh® Ph+[NNM ® C|¢,_,
Gathering like terms:
(INND+ NNP) C+INN®@ K+ INNh® H| ¢, =
ING® PG+INq® Pq+INh® Ph+[NNM & C|¢,,_,
If h(t) = G(t) = q(t) =1, then using IN = [, N7T dt equationmbecomes:
(INND+NNP)®C+INN ® (K + H)| ¢, =
IN ® (PG+Pq+ Ph)+ [ NNM 2 C|¢,_,

Equation [2.19 can be simplified into a space-time linear system:

temp _ temp
K, "¢,=F

stn,

where:

Kiinmp =[(INND+ NNP)C+INN® K +INNh® H|

Fi" =ING® PG +INq® Pq+INh® Ph+[NNM ®C]¢

n—1
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The presence of ¢,_;naturally raises the question of what to do for the case when n=1. For

this case, the last term of equation becomes:

U N pec, N, d()] b = [NtT (0" ® | NIpe,N,dR2| ¢y =[NPo®C|e, (2.24)
.Q() QO

where NPy = N/ (07) and ¢, is the initial temperature vector whose size is the number
of spatial nodes only. That is, ¢, is a spatial temperature vector and not a space-time

temperature vector.

2.2.3 Space-Time Matrix Formulation

The time Lagrangian shape function has the following form (Cook et al.| (2002), p.86):

N, = (tr—t)(ta—1t) ... [ti — t] ... (tx — 1)

i (tl — ti) (tz — ti) [ti — ti] (tk — ti) (2.25)

where the bracketed terms are omitted to obtain the i** shape function. If we want non-
zero accelerations for the mechanical analysis and desire to make the thermal analysis
consistent, then we should choose quadratic (or higher) polynomial order time shape functions.
For these quadratic time shape functions, there are three, equally-spaced nodes at t, 1,
bp—1/2 = th—1 + %At, and t, = t,_1 + At where n is the time-step number:

- 1T
(n 1/2_t t'fl_t)

)¢
(n 1/2—tn 1) tn—tn—1)
N, = (tn—1=8)(tn—1) (2.26)
(n 1=t 1/2)(%—% 1/2)
(tn—1— t)(n 1/2~ t)
(tnfl_tn)<tn—1/2_tn>

Or:
7 (At —t+ 1) (At — 2t + 2t,,_4)
L (At —to1) (At —t+1t,1)) (2.27)

(tnoy —t) (At — 2t + 2t,_y)

2
Il

At2
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The first time derivatives of these shape functions are:

~o (—3AE + 4t — 4t, )
Ni= | L (4At —8t+8t, 1) (2.28)
o7 (—AE+ 4t — 4t, )
Using equations and the definitions used in the previous section become:

1
NP,=N/; (0")=| 0

0
-_l 2 _1
2 3 6
INND = _g 0 %
1 _2 1
G 32
| 2 1 _ 1
5 15 30
INN = At % 18_5 1_15
1 1 2
| 30 15 15
1 00
NNP=|0 0 0
0 00
0 0 1
NNM=10 0 0
0 00
If h(t)=G(t) =q(t) =1, then:
Ithonst:INGconst:Ichonst:IN: NtT dt = At

In

D= WIN O
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2 1 _ 1
15 15 30

INNh s =INN=At| L 8 L
15 15 15

1 1 2

30 15 15

sC+ 3 (K+H)At  3C+ 5 (K+H)At  —5C— 5 (K + H) At
Kg™=| -2C+ & (K + H) At 8 (K + H) At 2C+ L (K + H) At (2.29)
iC— % (K+H)At —3C+ = (K+H)At 1C+ % (K+ H)At

00 C PG + Pq+ Ph
F =100 0 | ¢, + % 4(PG + Pq + Ph) (2.30)
00 0 PG + Pq+ Ph
For n=1:
C PG + Pq+ Ph
Fim =10 | + % 4(PG + Pq + Ph) (2.31)
0 PG + Pq+ Ph

If, on the other hand, ¢ (¢) = sin (wt) in the case of a cyclic heat flux, then I N g becomes:

INqszn =

nglAﬂ {4cos(u [tn,—l + At}) — 4cos(w tn—l) + w3At? cos(w tn,—l) + wAtsin(w [tn—l + At]) + 3wAtsin(w tn—l)] (232)
w371At2 [SCDS(UJ tn—l) - 8cos(w [tn—l + At}) - 4wAtsin(w [tn—l + At]) —4dwAt sin(w tn—l)}
WBIW [4cos(w [tn—l + At}) — 4cos(w tn—l) — w2At? cos(w [tn—l + At}) + 3w At sin(w [tn—l + At}) + w At sin(w tn,l):l

A cyclic heat flux with a non-zero mean flux will be a combination of the previous two I Nq

matrices above:

(INq & Pq) 1= Ichonst ® chonst + INqsm & quzn (233)

tota

where Pgq,,, . is the mean heat flux load and Pgq,,, is the sinusoidal heat flux amplitude.

2.2.4 Thermal TFEM Implemention
The implementation of the thermal TFEM formulation is as follows:

1. Generate a mesh of the spatial domain.
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2. Assemble the global, spatial capacitance, conductance, and convection-stiffness matrices,

C, K, and H, respectively.

3. Assemble the global, spatial heat source, heat flux, and convection-load vectors, PG,

Pq, and Ph, respectively.
4. Initiate the time loop:

(a) Calculate the various time matrices (e.g., INND, INNH, NNP, etc.) for
the given time step’s At.

(b) Assemble the thermal space-time stiffness matrix, K iiTp , using equation m

(c) Calculate the space-time thermal load vector, Fiy™ or F'y™, using equations

or for the first time step or subsequent time steps, respectively.
(d) Apply boundary conditions.
(e) Solve the linear system, equation [2.21], for the space-time temperature vector, ¢,,.

(f) Store the space-time temperature vector for the next space-time time-step, ¢,,_;.

(g) Repeat (a) through (f) for all time intervals.

5. End time loop.

2.3 Space-Time Finite Element Method (TFEM) for Mechanical Analysis

2.3.1 Governing Equation to Weak Form

We start with the governing equations of initial-boundary-value linear elastodynamics over a

3D spatial domain, {2, and temporal domain, I = |0, T7[:
pu=V-oc+pb on Q=0N2xI1 (2.34)
oc=D:(e—eyp) (2.35)
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u=u on T,=T,xI (2.36)

n-o(Vu)=h on Tp,=TyxI (2.37)
u (x,0) = up () on xe€? (2.38)
u (x,0) = vg (x) on x € (2.39)

[=T,Ul, (2.40)
I,NT), =0 (2.41)

where equation is the conservation of linear momentum, I" is the boundary of (2 and
is the combination of the non-overlapping essential (Dirichlet) displacement boundary I,
and natural (Neumann) traction boundary I', p is the volumetric mass density, b is the
body acceleration, u is the displacement vector, n is the outward normal to I', w and h
are the prescribed boundary displacement and traction, respectively, and ug and vq are the
initial displacement and velocity, respectively. Lastly, the superposed dots in w and % denote
partial derivatives with respect to time. The temporal and spatial domains and corresponding
boundary terms are similar to the thermal TFEM and will not be repeated here (see section
2.2.1)).

To get equation in its weak form, we multiply by the virtual velocity, dv, and integrate

over the space-time domain:

/ dvpudQ = v (V-o) dQ+/ dv pbdQ (2.42)
n Qn n
The first term on the RHS can be expanded by the product rule (Belytschko et al.| (2014),
p.153):
/ v (V-0)dQ = V- (0v-o) — Viv-o]|dQ (2.43)
n QTL

The first term on the RHS of equation [2.43] can itself be expanded by Gauss’s Theorem:

V-((S'v'a)d@:// 5v[[n-a]]dfdt+/ dv-h dl' dt (2.44)
I, JT; I, JT'y,

int

Qn
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where h is the traction and [n- o] is the inter-element traction jump term. Both terms on
the RHS of equation have dI' rather than df2 because “the test function vanishes on
the complement of the traction boundaries” (Belytschko et al.| (2014)), p.153). The [n- o]
becomes zero due to the traction continuity. Substituting these results into equation [2.42] we
have:

/ dv-pudQ = / ov-hdl dt — Vov-odQ + ov-pbdQ (2.45)
n In Fh Qn Qn

Substituting equation into equation [2.45] and rearranging, we get:

/ ov-pudQ)
+ Vév- (D :€) dQ:/ / dv-hdl dt
@n [n T (2.46)
+/ dv- pbdQ
+ Vov- (D . 69) d@
Qn
Given that [, [, dl'dt = f(Th)n dY:
ov-pudQ
QTL
+ [ Vov-(D:e)dQ = dv-hdY
+ / dv-pbdQ

+/ Vov- (D : gp) dQ

n

We now introduce two terms to allow for discontinuities across time element boundaries:

/ 50 (£,) - p [t (tar)] d2 = / Sv (£,) - pi (£5,) dO2
« " (2.48)

_/Qav (1) -pa(t,y) A2
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, vou ) lo (il 42 = | Fou (i) 1D (e () e a2 42
_ /Q Véu (/) -D:e(t},) d
B /Q Vou (ti_1) - D e (1) dO2 (249
_ /Q Vou (t;,) D e (t,_,) d
+ [ V() Die i) a0

Adding equations and to the LHS of equation and moving everything to one
side:

0= / ov- pudQ
+ Vov- (D : €) dQ
— Vév- (D : gp) dQ

—/ Véu (t) 1) D :eg () ) d2 (2.50)

sv- pbdQ

| |
S~ §>\

dv (th ) -pu(t,y) d2

Véu (t),)-D:e(t;,_,) df2

S~ S—

+ [ Véu(t) ) D:eg(t, ) df2

The presence of (t;q)a € (tﬁq)a and gy (tﬁq) naturally raises the question of what to do

for the case when n=1. For this case, the last three terms evaluated at (¢, ) in equation
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[2.50 become:

_ / 50 (0%) - pvg d2 — / Vou (01) - ey d2 + / Vou(0t)-D:eld0  (2.51)
2 2 2

where vy is the initial velocity vector, &¢ is the initial total strain tensor, and €) is the initial

thermal strain tensor. Note that vy is a spatial velocity vector and not a space-time velocity

vector.

2.3.2 Discretization

We use the following definitions for the discretization of the weak form:



ou (I,t) = N[ (Ji,t) 5d1
I=1

ov (z,t) = du (z,t) = Y Ny (x,t)dd;

I=1

Véu (1) ZVN[ (2,t) 0d; = ZB, z,t)6d;

I=1 I=1

n

Vo (z,t) = Véu (z,t) = > VN (z,t)6d; = ZBI (2,t) 0d;
I=1
where d; are the nodal displacements. Substituting the above discretized equations into

equation [2.50] and moving the variations in displacement outside the integrals:

0=dd, N pNd,dOQ
(@Qn)”

+od, | B'DedQ
Qn

—4d, | B'DeydQ
Qn

+ d, / N (#) p N (t5,) d A2
2

+ od, / BT (it ) De (i} ) d2

—od, /BT ) Deg (ti_y) d2 (2.52)

—ad, N hdY
(Th)n

—5d, | N'pbdQ
Qn
_ 5dn/ N () pN (t) dpy d2
—od, /BT ) De(t,_y) d2
+5d/BT 1) Deg (t, 1) d2
For the case where n=1, the last three terms of equation become:

—6dn/NT (0%) pwg dQ—ddn/BT (07) Dey d0+5dn/BT (07) Degd2 (2.53)
04 0] 7
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Since the virtual displacements are arbitrary, they may be dropped. Furthermore, the nodal

displacements are independent of the integrals and may be moved outside:

0— N'pNdQd,
(@n)"

+ | B'Dedg
Q’IL

— BTD €y dQ
Qn

+/ N () p N () d2 d,,

/ B" (t)_)) De (ti_,) d2
/BT ) Deg (t)_ ) d2 (2.54)
N'hdy
(Th),
— [ NTpbdo
Qn

- / N () p N () d2d,
/BT ) De (t,_,)d2
/BT ) Deg (t,_y) d©2

Likewise for the case where n=1, the last three terms of equation become:
—/ N (0%) p d2 vy —/ B" (0%)-Deg df2 +/ B" (0%) Dejdf2 (2.55)
I7; I7; I7;

Substituting e = B d and €9 = o AT I where d is the displacement vector, « is the coefficient

of thermal expansion, AT = AT (t) AT (x) =T (x,t)—Tyef, Tyer is the reference temperature,
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and I is the second-order identity tensor into equation [2.54] we have:

0= N'pNdQd,
(Qn)*

+ | B'DBdQd,
Qn

| B'DaATIdO
Qn

+/ N () p N () d2 d,
n

+/ B" (t)_,)D B (t}_,)dd,
9

- / BT (t5)Da[T (t_)) — Touf] 1402 (2.56)
2

= N'hdy
(Th),

— [ NTpbdo
Q’VL

_/ N () pN(t; ) d0d,
2

—/ B" (tf \)D B (t,_,)d2 d,
2

" / BT (t7 ) Da [T (t,,) - Toef] Td22
2
Likewise for the case where n=1, the last three terms of equation become:

—/ NT (0%) p df2 vg

2

— / B" (0") D B, df2 ug (2.57)
n

+/ B" (0") D o (Ty — Tyey) I df2
ip)

where ug is the initial displacement vector and Tj is the initial temperature. Note that ug

is a spatial displacement vector and not a space-time displacement vector. Separating the
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spatial and temporal integrals and combining the thermal jump terms:
0= [ NtTNtdt@@/ NTpN,dQ
In

N, Ntdt®/BTDB dn

In

+ NG () N (6 )®/prde(2
(9]
+ N7 (62 N (t5) ®/ BfDBmdQ} d,
2
N, h(t)dt® [ NTh(z)dr

In I (2.58)
N, b(t dt@/Npr( ) df2

In

N, AT (¢ dt®/BTDaAT( ) Idf

In

- {NtT (t51) Ny (t;_1)®/QprdeQ
+ N[ (th ) Ny (¢, )®/BZDBxd(2] dy1
— N7 (), /BTDa P =T (t, )] IdR
When n=1, the last three terms become:
—NtT(()*)@/QngNxd(zvo
— N/ (0%) ®/QB§DBx df2 ug (2.59)
~ N/ (0+)®/QBZD04[T(O+) —Tp] IdR2

We define the following:
M = / NTpN,d2
2
K = / BT DB, d?
2
H= | NIh(z)dl
Fn

Bf:/ngb(x) df2
9]
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@:/QB;{D@AT(x)IdQ
@J—/Qnga (T (t)_)) =T (t,_,)] I d®
@Joz/QBfDa[T(Oﬂ—TO}IdQ
INN3 = /I N, N, dt

INN1= [ N,N,dt
In,

IN1H = [ N, h(t) dt

In

IN1B —/ N, b(t) dt
I7l

IN1o = | N, AT (t) dt

NN2P =N, (7 )N, (t,)

NN2M = N, (1) N, (t;_,)

NNP =N (t5 ) N (1)

NNM =N (t;1) Ni (t, )
NP =N/ (t;)
N1P, = N, (0%)
NP, =N/ (0%)

Using the above definitions and moving the negative terms to the other side, equation [2.5§]

becomes:
(INN3+ NN2P)® M+
(INN1+ NNP)® K|d,=IN1H ® H+IN1B ® By 260
+IN1ORO + NP 6OJ 200

+[NN2M @M + NNM © K| d,,_,
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For n=1, the last three terms on the RHS of equation become:
[N].P()@M] U0+[NPO®K] UO+NPO®@J0
Equation [2.60] can be simplified into a space-time linear system:

K:Z:Ch dn — Fmech

stn

where:
K" =[(INN3+ NN2P)® M + (INN1+ NNP)® K|
Fl*"=IN1H ® H+ IN1B © By
+IN1O®R O+ NPROJ

+[NN2M @M + NNM © K| d,,_,

Fi*" = IN1H ® H+ IN1B © By

+IN1® 260 + NP, ® ©J,

+[N1P0®M] Uo+[NPO®K] Uo

2.3.3 Space-Time Matrix Formulation

(2.61)

(2.62)

(2.63)

(2.64)

(2.65)

Assuming a quadratic interpolation (see section [2.2.3]), the shape functions and their first

and second derivatives become:

7 (At — T+ t,q) (AL — 2t 4 2t, 1)

2
Il

A (At =t 1) (At =t +1t,1))
o (byy — t) (AL = 2t + 2L, )

T
w7 (—3AE+ 4t — 4t, )

Ny = | L (4At — 8t +8t, 1)
oz (—AE+ 4t — 4t, )
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I
||
oo

N,

The time matrices then become:

1
NP=NPy=N/[(0")=| 0
0
-3
. T 1
N1Py =N, (0%) = —
0 t ( ) At 4
~1
—4 8 —4
1
INN3=-—
Az | 0 0 0
4 -8 4
-1 _2 1
2 3 6
INN1=| 2 (o _2
3 3
1 2 1
6 3 2
9 -12 3
1
NN2P=—_— | — _
Ap | 12 160 —4
3 -4 1
-3 12 -9
NN2M =5 | 4 -16 12
-1 4 -3
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NNP=|0 0

=}

001
NNM =100 0

0 00
Assuming h (t) =b(t) = AT (t) =1, IN1H, IN1B, and IN16 become:

—1
IN]-Hconst - IN]-Bconst - IN]-@const - 0

1

Using the above, the parts of the linear system become:

SM+1IK - 45M-2K — LM+ 1K

AR
h
Ki©=| -22M+iK Ao M —5zM - 2K (2.66)
aeM—GK  —3pM+3K M+ 3K
—arM  apM —xpM 4K ~(By+H+0)+6J
Foeh= | Am —lSM 2Mm d1 + 0 (2.67)
—zgM  zgM M Bi+H+©

—%M’UO—FK’LLQ— (Bf+H+@)+@JO
Fit = A M, (2.68)
—xMuv,+ By + H+ 6O

If, on the other hand, h (t) = sin (wt) in the case of cyclic mechanical fatigue loading, then

IN1H becomes:
IN1H, =

gz [4sin(w [t,—1 + At]) — dsin(wt,—1) — w At cos(w [tn—1 + At]) — 3w At cos(w t—1)] (2.69)
—z [8sin(wty—1) — 8sin(w [th—1 + At]) + dw At cos(w [ty—1 + At]) + 4w At cos(w t,—1)]

gz [4sin(w [th—1 + At]) — dsin(wt,—1) — 3w At cos(w [tn—1 + At]) — w At cos(w tp—1)]
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A cyclic fatigue loading with a non-zero mean stress will be a combination of the previous

two I N H1 matrices above:

(IN]-H®H> :IN]-Hconst®Hconst+IN1Hsin®Hsin:

total

—H const + ﬁ [sin(w [th—1 + At])— 4sin(wtn—1) — w At cos(w [tn—1 + At])— 3w At cos(wtn—1)] Hsin (270)
ﬁ [8sin(wtn—1)— 8sin(w [tn—1 + At])+ 4w Atcos(w [tn—1 + At])+ 4w Atcos(wtn—1)] Hsin
Hconst + ﬁ [4sin(w [th—1 + At])— 4sin(wtp—1)— 3w At cos(w [tn—1 + At])— w At cos(wtn—1)] Hsin

where H ., is the mean traction load and H ;, is the sinusoidal traction amplitude.

2.4 Extended Space-Time Finite Element Method for Mechanical Analysis

2.4.1 Introduction

Given the cyclic character of fatigue loading, it is difficult to accurately capture the structural
response of a component using the standard polynomial shape functions without using small
time steps, somewhere around 100 or more per period. This would nullify much of the
advantage over the finite difference methods mentioned earlier. To be able to use longer time
steps, one method employed has been to enrich the temporal shape functions with harmonic
functions such as sine or cosine in order to match the nature of the loading conditions (see
Figures and 2.3)). By doing so, one can make the time step size equal to (or multiples of)
the harmonic loading’s time period, a vast improvement over the finite difference methods
and the standard TFEM. This translates to much smaller computation times. The process
of including functions matching the problem physics is called enrichment, and the resulting
formulation is commonly known as an extended formulation. In the case of TFEM enrichment,
the result is the extended space-time finite element method (XTFEM).

The idea of enriching TFEM is an outgrowth of the extended finite element method
(XFEM) (Moés et al.| (1999)) which was itself based on the generalized finite element method
(GFEM) and partition of unity method (PUM) (Belytschko et al.| (2014]), p.646; Melenk

and Babuska (1996])). The first researchers to use a space-time enrichment were Chessa and

39



0.5

Shapa Function Value

o 0.4
. .- ’ 0 A :
Epacﬂ 1 0 Tirme

0.5

Figure 2.2. Standard Polynomial (Quadratic) Space-Time Shape Function
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Figure 2.3. Enriched (Harmonic) Space-Time Shape Function
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Belytschko (Chessa and Belytschko (2004))) who used it to solve linear, first-order wave and
non-linear Burgers’ equations. Qian and Chirputkar (Qian and Chirputkar| (2014))) used an
enriched space-time formulation to capture high frequency waves in a coupled molecular-FEM
simulation of dynamic fracture. Using “examples involving wave propagations and dynamic
fracture in harmonic lattice,” Yang et al. (Yang et al.| (2012)) proved the robustness of
XTFEM and its superior convergence properties over the traditional TFEM for problems
involving multiple time scales. The first researchers to use XTFEM to predict component life
for high cycle fatigue problems were Bhamare et al. (Bhamare et al.|(2014)) who performed a
direct numerical simulation of a single-edge notched plate specimen for over 1 million fatigue
cycles with a high degree of accuracy. Zhang et al. (Zhang et al. (2016)) demonstrated
XTFEM’s potential for parallel computing resulting in a drastic reduction in computation
time. This section details the formulation and implementation of XTFEM for mechanical

analysis.

2.4.2 Formulation

The extended finite element method (XFEM) is based on the partition of unity framework
(Belytschko et al.| (2014), p.647, Melenk and Babuska (1996])):

Ny (X,t) =Ny (X, t) (X, 1) (2.71)

where N is the enriched nodal shape function, J is the node number, and ®; is the shifted

enrichment function given by:
O, (X, t)=D(X,t)—P(Xy,ty) (2.72)
Thus, the total displacement approximation is:

uh (X7t) = ZNI (Xut) dl + ZNJ (th) aj

I=1 J=1

41



where ng is the total number of regular nodes, n. is the total number of enriched nodes,
and ay is the additional degrees of freedom due to enrichment. For fatigue applications, we

introduce the enrichment function:
G, (t) =D (t) — P (t;) =sin(wt) —sin (wty) (2.73)

which is only a function of time and so will only be applied to the time shape functions.

Assuming quadratic time shape functions (see section [2.2.3)), the enrichment approximation

is:
h_ Nr X X dy,
W= Nd¥ = {Nt®N4
a,
di 1,
(2.74)
- - - A3,
= Nth;t NtQNa: Nt?)Nz Nthm NtQN:v Nt3N;t
A1,1,
a/TLe3t
3 3 T
where N = [Nt@)NI}, dX = l d, a, ] , and
N to 1 —1) (t, —t ‘ ‘
Ny = (tnory2 = 1) ( ) (sin (wt) —sin (wt,—1))
(ta-1/2 = ta1) (tn —ta1)
< (tnfl - t) (tn - t) . .
Ny = sin (wt) — sin (wt,— 2.75
' (tn—l - tn—1/2) (tn - tn—1/2) ( ( 1/2)) ( )
N to =) (ta1a —1) ‘
Nyz = (tns = 1) (tnorj2 = 1) (sin (wt) —sin (wty))

(tn—l - tn) (tn71/2 - tn)

Moving back to equation [2.56] we now substitute { N N } in place of NV, [ N f\r 1

: . .. d,
in place of N, [ N N } in place of N, [ B B } in place of B, in place of d,,,

an
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{Q\{Q\<?\<Q\o

] - (2.76)
[ B Buy | Dolrei) -t 140
I L
- / [N | mar
(Th)p
. T
[ |5 & | pvaa
Qn
[ . T . dn_1
[ IMe) e | e | M) ey [ae ]
oL Qp—1
[ ~ r ~ dn—l
[ B By | 0| BG) B(m)}dﬂ[ ]
et an—1
r T
Jr/Q B(t) ) B(t:;_l)] DT (t, 1) = Tres] I df2
Likewise for n=1, the last three terms are:
—/ | N(0Y) N(0%) }Tmedn 0
0+ I 0 |
[ . T U (2.77)
—/ B(0*) B(0+) | DB.do
@ 0
- T ) i
+/ B(0%) B(o+)} Do (Ty —Trep) Id2
ol
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where ug, vg, and Ty are the initial, spatial (not space-time) nodal displacements, nodal

velocities, and nodal temperatures, respectively. Separating the spatial and temporal integrals:

S N I d,
oz/ [Nt Nt} [Nt Nt]dt@/prdeQ
In 0 a,
S i . d,
+/[Nt Nt} [Nt Nt]dt@/BxDBde
I, o) a,
[ ~ 171 . S i dn
T Ne(tyy) Ne(ty_y) Ny () Ny (£ ) ®/QN§pNx a0
I 1L ] a
i T ) P
~ ~ T n
| Ne(t_1) Ne(tt,) N (tF) No(t) ®/QB$DBI dn
I 1L ] a,
_ T
—/ N, N,| ht)dt® | NZLh(z)dl (2.78)
I, L | Ty
_ R
_/ Nt Nt b(t) dt®/prb(:c) df?
I, L J 0
_ T
—/ N, N, | AT(t) dt®/B£DaAT(:p)IdQ
I, L | Q
. X 177 . - | dn—1
N R | M) Ry | [ NTenLa
T B ap—1
i 17T ] dnfl
N - T (= T
I N N | N N | e /Q BT D B, d2
] T B anp—1
- 1T
[ N N | @ [ BIDa [T () ~T ()] Tae
For the case when n=1, the last three terms become:
r . B 1T T Vo
| ] o 0
[ < 17 T Ug (2.79)
| ] o 0
r N 1T
— | N.(0") Ny (0%) | ® [ ByDa[T(0%)-T] Id

[0}
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We define the following:
M = / NT p N, dn
2

K:/BfDBde
9]

H=| NIh(z)dl

Iy

sz/Qprb(x) ds?
@:/QBfDaAT(x)IdQ
@J:/QBfDa [T (t)_) =T (t,_,)] I d®
@JOZ/QBfDa[T(W)—TO}IdQ

EINNSZ/

In

] o

EINle/

In

T
{Nt Nt} {Nt Nt}dt
) T
EIN1H = {Nt Nt} h(t) dt

In

T
EIN1B = {Nt Nt} b(t) dt

In

T
EIN1O = { N, Nt] AT (t) dt

In

ENN2P = { N, (t,) Ny (t) r { N (t5,) N, (t) }

T

ENN2M = {Nt () N, (try) { N (t,_y) N, (tno1) ]
ENNP = [ N, (t5) N () ]T { N (t50) Ne(t) }

ENNM:[Nt () N, (t;_l)r{zvt (try) N (t;_l)]
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ax—| &
n =
ay,
dnfl =
A,
Uo
X _
uo —
0
X Yo
UO -
0

Using the above definitions and moving the negative terms to the other side, equation [2.7§|
becomes:
(EINN3+ ENN2P)® M+

(EINN1+ ENNP)® K| dX = EIN1H® H + EIN1B® B,

(2.80)
+FEIN1®O 60 + ENP R OJ
+[ENN2M @ M + ENNM ® K]d.
For n=1, the RHS of equation becomes:
+EIN1H @ H + EIN1B ® By
+EIN1©®6 + ENP, ® OJ, (2.81)

+[EN1P @ M|vy + [ENP ® K| u)
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Equation can be simplified into a space-time linear system:
K d¥ = ! (28)
where:

K" = (EINN3+ ENN2P)® M + (EINN1+ ENNP) ® K] (2.83)

F" = EIN1H ® H + EIN1B ® By
+EIN1®O O+ ENP®OJ (2.84)

+[ENN2M @ M + ENNM ® K|dX |

F" = EIN1H ® H + EIN1B ® By
+EIN1©O®6 + ENP, @ 0J, (2.85)
+[EN1P @ M|v; + [ENP ® K| u)

K %ff can be broken down into its normal, enriched, and coupled parts:

mech Kmech

Kmech — st (2.86)
Xstn, — :
stn Kmech Kmech

ebn een

where K g@‘?h is the normal space-time stiffness matrix, K Z};Ch and K Z,";ffh represent the
coupling between regular and enriched degrees of freedom, and K ;”effh represents the coupling

between enriched degrees of freedom (Bhamare (2012), p.93). Note that K Z;fh (K Z}ji‘:h)T.

2.4.3 Mechanical XTFEM Implementation

The implementation of the mechanical XTFEM formulation is as follows:
1. Generate a mesh of the spatial domain.
2. Assemble the global, spatial mass and stiffness matrices, M and K, respectively.
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3. Assemble the global, spatial external traction and body force vectors, H and By,

respectively.

4. Initiate the time loop:

(a)

(2)

(h)
(i)

Solve the thermal space-time equations for the temperatures (see section [2.2.4)).

Calculate the various time matrices (e.g., EINN3, EINN1, ENN2P, etc.)

for the given time step’s At.
Assemble the space-time stiffness matrix, K ?ifﬁ, using equation m

Calculate the space-time thermal “force” and thermal jump terms, EIN1O@ ® @
and ENP ® ©@J, respectively.

Calculate the space-time force vector, F%fi’ or F?ifﬁ, using equations or
for the first time step or subsequent time steps, respectively.
Apply boundary conditions.

Solve the linear system, equation for the extended space-time displacement

vector, d- .
Store the extended space-time displacement vector for the next time-step, dff_l.

Repeat (a) through (f) for all time intervals.

5. End time loop.
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CHAPTER 3
TRADITIONAL APPROACHES TO CALCULATING MULTITAXIAL

HCF DAMAGE

There are several traditional models employed by modern virtual fatigue analysis software
packages for evaluating HCF for multiaxial problems. This chapter will give a brief overview
of some of these models. Since the goal of this study is HCF life estimation, we will neither
discuss the various low-cycle fatigue (LCF) methods nor the damage-tolerant approach of

fracture mechanics.

3.1 Multiaxial Methods for Complex Loading

3.1.1 Equivalent Stress Methods

Equivalent stress methods calculate an equivalent stress from the stress tensor values. These

methods are easy to implement and computationally very fast.

3.1.1.1 Principal Stress Criterion

Fatigue initiation will occur if:

OpSa = 01,4 2> OB,R=—1 (3.1)

where opg, is the principal stress amplitude, o4, is the maximum principal stress amplitude,
and op p—_; is the fully reversed fatigue limit for normal stress.

One problem with the principal stress criterion is that it assumes that fatigue life is
dependent only on the largest principal stress, o1, and that the other principal stresses play
no role (Safe Technology Ltd.| (2002), p.7-15). To use a circular shaft in pure torsion as
a counter-example, the principal stress criterion would predict that “the fatigue strength

in torsion is the same as the fatigue strength under axial loading,” an assumption that is
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not supported by experimental results (Safe Technology Ltd. (2002), p.7-15). Furthermore,
the principal stress criterion gives very non-conservative fatigue lives for ductile metals and
should only be used (if at all) for brittle metals such as cast irons and very high strength
steels (Safe Technology Ltd.| (2002)), p.7-16). Lastly, this criterion shows poor correlation for
non-proportional loading (Papuga et al|(2012)), p.99).

3.1.1.2 Maximum Shear Stress Criterion

Fatigue initiation will occur if:

TMS,a = O0l,a — 03, > TE,R=—1 (32)

where Tyrs, is the maximum shear stress amplitude, o}, is the maximum principal stress
amplitude, o3, is the minimum principal stress amplitude, and 75 r—_; is the fully reversed
fatigue limit for shear stress. In general, the maximum shear stress criterion gives conservative
fatigue lives for ductile metals but non-conservative (i.e., unsafe) fatigue lives for brittle
metals (Safe Technology Ltd.| (2002), p.7-18). Furthermore, it shows poor correlation for
non-proportional loading (Papuga et al|(2012)), p.99).

3.1.1.3 von Mises Stress Criterion

Fatigue initiation will occur if:

OvM,a + QM OyM,m > OFE,R=-1 (33)

where o,/ 4 is the von Mises stress amplitude, oy, is the mean stress, and a7 is the mean

stress sensitivity factor. oy, and oy, are defined as follows:
_ D . D
OuMa = \| 505 033 (3.4)
OuvMm = O1,m + 02,m + 03,m (35)
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D

;; 1s the deviatoric stress

where 01, 02m, and o3, are the three principal stresses, and o
tensor.

One problem with the von Mises stress criterion is that the von Mises stress is always
positive, and thus, one cannot use cycle counting methods directly (see section . Though
there are methods for assigning a sign to the von Mises stress such as using the sign of the
largest stress tensor component or using the sign of the hydrostatic stress, these different
methods give vastly disparate life estimates (Safe Technology Ltd. (2002), p.7-23). A
second, more important problem is that the von Mises criterion does not correlate well with

experimental results, especially for non-proportional loading (Safe Technology Ltd.| (2002),
p.7-23; Papuga et al. (2012)), p.99).

3.1.1.4 Sines Criterion

The Sines criterion calculates fatigue damage on the basis of the octahedral shear stress

amplitude and the mean hydrostatic stress (Sines (1959)). Fatigue initiation will occur if:
TSines,a = Toct,a + Qoct (3 Ug) > TE (36)

where o, is the hydrostatic stress sensitivity factor, o is the hydrostatic part of the mean
stress, Toetq 1S the octahedral stress amplitude, and 7z is the fatigue limit for shear stress.

ol and T,e, are defined as:

1
Tpy = 3 (O1m + T2m + O3.m) (3.7)
L' b »p
Tota = \| 3 04j © 03 (3.8)

where 01, 02.m, and 03, are the mean principal stresses. According to Lee and Barkey
(Lee and Barkey| (2011a)), p.172), the Sines criterion “shows satisfactory correlation with
experimental investigations.” It also correctly reproduces the independence of the fatigue

life in torsion from a superimposed mean shear stress in the very high cycle fatigue range
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(> 107cycles) as well as a dependence of fatigue life in bending upon a superimposed normal
mean stress (Papadopoulos et al.| (1997), p.227).

However, the Sines criterion requires a torsion test and a repeated bending test to calibrate
parameters (Papadopoulos et al.| (1997)), p.227). Furthermore, the criterion predicts that “the
fatigue limits in torsion and fully reversed bending are in a constant ratio for all metals,”
which does not line up with experimental results (Papadopoulos et al.| (1997), p.227). Lastly,
the Sines criterion can only be applied to components under proportional loading conditions

since it has poor predictive power for components under non-proportional loading (Santos

et al.| (2003), p.470; Tchoupou and Fotsing (2015)), p.2507).

3.1.2 Critical Plane Methods

Critical plane methods are typically used for fatigue analyses involving variable amplitude,
nonproportional, multiaxial loading (Lee and Barkey (2011a), p.186). These approaches are
premised on the fact that, for most ductile materials, fatigue cracks tend to “initiate on the
plane with the maximum shear stress amplitude” (Karpanan| (2016), p.2). Critical plane
methods involve searching for a particular plane in which a fatigue damage parameter for the
entire loading history is maximized. All possible planes must be evaluated at each material

point of interest (Karpanan| (2016), p.2).

3.1.2.1 Critical Plane Search Algorithm

The search is done by transforming the stress tensor through coordinate system rotations:

c"=Q"cQ (3.9)

or in indicial notation:

05 = Qumi Omn Qnj (3.10)
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where Q;; = cos (e;,¢}) is the transformation matrix (Lai et al. (2010), pp.24-25), ¢; are the

J

original coordinate system base vectors, and e} are the new coordinate system base vectors.

The steps are:

1.

First, the original coordinate system is rotated about a single axis by a certain angle, 6.

Then, the new coordinate system is rotated again but about a different axis by a certain

angle, ¢.

The transformed stress tensor’s history is evaluated at this point and the number of
cycles to failure is calculated. The popular damage parameter criteria are discussed in

the subsections below.

. Repeat steps 2 and 3 for all angles 0 < ¢ < 180°.

Repeat steps 1 through 4 for all angles 0 < 6 < 180°.

The plane that has the fewest cycles to failure determines the component’s life.

A common practice is to vary ¢ and ¢ by 10° (Safe Technology Ltd.| (2002), p.7-34; Karpanan

(2016)), p.4) or 5° intervals though even this small of an increment can still lead to discretization

errors (Lee and Barkey| (2011a), p.188).

3.1.2.2 Findley Damage Parameter

Findley’s parameter is premised on the theory that friction between crack faces can provide

resistance to shear forces and thus reduce the force seen at the crack tips which, in turn,

reduces crack growth (see Figure |3.1). When the crack faces separate as in the case of a

tensile load, the shear force is allowed to concentrate at the crack tips (see Figure . The

criterion is thus a combination of the shear stress amplitude and the maximum normal stress

on the plane being investigated. A crack will form on the plane being investigated if:

(TFindey,a)maw =TE (311)

93



Figure 3.2. Effect of Crack Face Opening on Crack Propagation
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TFindey,a = Ta + kF On,mazx (312)

where 7 is the shear fatigue limit, 7, is the shear stress amplitude, 0,, 14, is the maximum
normal stress, and kg is the normal stress sensitivity factor which represents “the influence
of the maximum normal stress on the maximum shear stress amplitude” (Lee and Barkey
(2011al), p.192). One criticism is that the Findley criterion fails to predict that, in the very
high cycle fatigue range (i.e., > 107), fatigue life for cyclic torsion is independent of the

applied mean shear stress (Papadopoulos et al.| (1997)), p.225).

3.1.2.3 McDiarmid Damage Parameter

McDiarmid’s fatigue criterion is based on Findley’s method, but his critical plane definition
is based on the maximum shear stress amplitude only (Papadopoulos et al. (1997), p.226;
Karpanan| (2016), p.3):

T, o
SN 3.13
TE + 2044 ( )

where 7, is the shear stress amplitude, 75 is the shear fatigue limit, o,,; is the ultimate tensile
strength, and 03, ;4. is the maximum normal stress on the critical plane with the maximum
shear stress amplitude. McDiarmid’s criterion correctly captures the fact that the fatigue
limit in bending is highly dependent upon a superimposed mean normal stress and that, in
the very high cycle fatigue range (i.e., > 107), fatigue life for cyclic torsion is independent of
the applied mean shear stress (Papadopoulos et al. (1997), p.226). As a result, McDiarmid’s
criterion has shown good correlation in the very high cycle range (Safe Technology Ltd.
(2002), p.7-19).

However, there are two main drawbacks to McDiarmid’s parameter. In order to calibrate
the shear fatigue limit, 7z, one must have torsion test data (Safe Technology Ltd.| (2002),
p.7-19). Furthermore, it is not as accurate in fatigue life predictions below the very high

cycle range (Safe Technology Ltd. (2002), p.7-50).
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3.1.2.4 Evaluation of Critical Plane Methods

Critical plane methods can be very useful in the case of multiaxial, non-proportional loading.
In addition to the criticisms of the specific criterions, however, they are computationally

expensive especially for long and complex loading histories (Karpanan (2016)), p.4).

3.1.3 Dang Van’s Multiscale Method

Dang Van’s method (Dang Van| (1973); Dang Van et al.| (1989)); Dang Van| (1993))) is a
variation of the Crossland (Crossland (1956])) and Sines (Sines (1959)) criterions, but instead
of calculating fatigue life, the Dang Van criterion asseses whether or not “a component will
have infinite life” (Safe Technology Ltd. (2002), p.7-48). It is a multiscale approach that
calculates mesoscopic stress values based on the macroscopic (i.e., finite element) stress tensor.
Dang Van assumed that for an infinite component life, “crack nucleation in slip bands may
occur in the most unfavorably oriented grains, which are subjected to plastic deformation
even if the macroscopic stress is elastic” (Lee and Barkey (2011a), p.199). These plastic
stresses result in residual stresses “due to the restraining effect of the adjacent grains” (Lee
and Barkey| (2011a)), p.199). A second assumption is that an elastic shakedown occurs in the
macroscale and that plastic strains at the mesoscale reach constant values after a number of
iterations (Lee and Barkey| (2011a)), p.200). The last assumption in this criterion is that the
mesoscopic shear stress, Tieso, (Which acts on the plane of maximum shear stress) “on a grain
is responsible for crack nucleation in slip bands within a grain and the mesoscopic hydrostatic

stress,” ol “will influence the opening of these cracks” (Lee and Barkey (2011al)), p.202).

meso’

Dang Van assumed that for an infinite component life, the macroscopic elastic strain

tensor is equal to the sum of the mesoscopic elastic and plastic strain tensors:

et = g° + &P

macron meson, meson

(3.14)
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where the subscript, n, is the nth stress value from the loading history. Dang Van defines the

following;:
1
e - g 3.15
Emeson Emeso o n ( )
1
¢ - macro 3.16
€macron Emacro o n ( )

where Fes0 and Fiqero are the elastic moduli at mesoscale and macroscale, respectively.

Substituting equations and into equation |3.14], we have:

1 1

E O macro, = E O meso, T efneson (317)
macro meso
Rearranging equation |3.1
Emeso
O meson, — E O macro, — Emeso€$neson (318)
macro
Assuming that 5’”4 = 1, we have:
O meson, — O macro, — Emesogﬁleson (319>
Defining the backstress tensor as o, = FEies0€h,.,, and substituting this definition into
equation [3.19
*
O meson, — Omacro, — &y, (320)
Because of the elastic shakedown assumption, oy, and €F ., become constant after a number
of loading cycles:
*
O meson, — Omacro, — X (321)

Because a* is deviatoric, the hydrostatic mesoscopic and macroscopic stresses are equal:

O-geson = Ugacron
(3.22)
S 17 (O meson) = 5 7 (T macro
17 (neson) = 317 (Tacron)
The deviatoric part of equation |3.21] is:
o-r?zeson = Ugacron —a” (323)



Under the assumption that a* is “the center of the smallest von Mises yield surface, o,,/,
that completely encloses the path described by the macroscopic deviatoric stress tensor” (Lee
and Barkey| (2011a), p.201), a* is found by minimizing “the maximum von Mises stresses
calculated from the macro deviatoric stress tensor with respect to the updated yield surface

center” (Lee and Barkey| (2011a), p.201):

o = min {max O’an} (3.24)
3
OvM, = \/5 (agacron - a*) : (o"r%acron - a*) (325)

As an initial guess, one might start with the average of the macro deviatoric stress points as
the yield surface center (Lee and Barkey| (2011a)), p.201). Once a* is found, equation is

calculated. The mesoscopic shear is then given by:

D D
Tmeson, — (Umeso,ln o Umeso,?m)

(3.26)

DO | —

D

meso,ln

where o and 00,4 are the largest and smallest principal stresses of the mesoscopic
deviatoric stress tensor. The Dang Van criterion calculates an equivalent stress from 7,50,
and ol to compare with a shear fatigue limit, 7. No fatigue damage will occur if (Lee

meson

and Barkey| (2011a)), p.202):

max {max ‘Tmegon + bl ‘} <7gp (3.27)

meson

where b is the hydrostatic stress sensitivity. A graphic depiction of the Dang Van criterion is
shown in Figure . As long as the (Uges%, Tmeson) coordinate at each point in the loading
history remains inside the “safe zone” depicted in Figure [3.3], the component will not accrue
fatigue damage.

A safety factor at any point in the loading history can be calculated as:

SF, = o (3.28)

Timeson, + 00

Meson,

o8



- T
'meso el

Safe

z(i]](‘

A

‘\\

<
£ |
™
o~
Q
=
I
[l
1
fou

Figure 3.3. Dang Van Criterion

As a design tool, the Dang Van multiscale method is very effective for components

intended for infinite life (Safe Technology Ltd.| (2002), p.7-51) and is the standard solution

technique implemented in commercial fatigue analysis software (e.g., fe-safe, eFatigue, nCode
DesignlLife, etc.). However, there are some drawbacks. Since it is a design tool for predicting

infinite life, it is unreliable for predicting finite life when the stress sum exceeds the shear

fatigue limit, 7 (Safe Technology Ltd.| (2002), p.7-49) though there have been proposed

modifications to allow for finite life (e.g., Charkaluk et al. (2009)). Second, it requires more

materials data than other criterions such as the shear fatigue limit, 7z, and the hydrostatic

stress sensitivity, b.

3.2 Palmgren-Miner Rule

Real world engineering components are rarely subjected to a single load amplitude. This

brings up the question of how to predict failure for an engineering component that is subject

to several different load amplitudes. According to Palmgren (Palmgren| (1924))) and Miner

(1945))), the total damage is the linear sum of individual damages caused by each set

of cycles at their respective amplitudes. Thus, the Palmgren-Miner rule (or, simply, “Miner’s
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rule”) states that failure occurs when |Miner| (1945))):

kn
n;
1= E Nf‘ (3.29)
i=1 o

where kn are the total number of stress amplitude bins, n; is the number of cycles of the ¢th
amplitude bin, and Ny, is the fatigue life at the ith amplitude. Palmgren and Miner assumed
that the sum of the damages from all amplitudes, the critical damage value, D, would be
equal to one at failure. However, researchers have since determined that D depends on the

material, varying from 0.15 to 1.06 (Lee and Barkey (2011Db), p.150):

(3.30)

Based on experiments, the recommendation for steels, steel casings, and aluminum alloys is
D = 0.6 and D = 1.0 for ductile irons, grey cast irons, and malleable cast irons (Lee and
Barkey| (2011b), p.150).

Over the years, many researchers have pointed out two serious problems with the Palmgren-
Miner rule. First, the Miner rule assumes that stress amplitudes below the fatigue limit will
not cause damage (Schijve (2009), p.299). This is false since “stress cycles with amplitudes
below the fatigue limit could become damaging if some of the subsequent stress amplitudes
exceed the original fatigue limit” because it “is believed that the increase in crack driving
force due to periodic overloads will overcome the original grain barrier strength and help the
crack to propagate until failure” (Lee and Barkey| (2011b), p.119). Another criticism is that
the Miner rule assumes that the sequence of loading amplitudes is irrelevant (Suresh! (1998)),
p.227). However, if a larger amplitude which results in a compressive residual stress precedes
a smaller amplitude stress, this would help lower the stress during the tensile portion of the
low amplitude cycles resulting in a longer fatigue life than Miner’s rule would predict (Schijve
(2009)), p.301). Conversely, if the larger amplitude ended with a tensile residual stress, this

would amplify the tensile peaks of the low amplitude cycles resulting in a shorter fatigue life
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than Miner’s rule would predict (Schijve (2009), p.302). Nevertheless, for many sequences of
loading these criticisms are less problematic, and Miner’s rule can give a rough approximation

of fatigue life (Lemaitre and Desmorat| (2005)), p.280).

3.3 Cycle Counting Methods for Random Loading

For variable amplitude loading, it is difficult to assess when a cycle has occurred and at what
amplitude. The various means for determining cycle count, amplitude, and mean stress are
briefly discussed in this section. These algorithms are then paired with the Palmgren-Miner

rule discussed in the previous section to calculate accumulated damage.

3.3.1 Counting Methods for Uniaxial Loading

It is necessary to discuss cycle counting methods for uniaxial loading because they can be

used in multiaxial cases with some modifications.

3.3.1.1 Rainflow Cycle Counting (Matsuishi-Endo)

Prior to the late 1960’s, there were several counting methods such as the level crossing
analysis, peak and valley counting, and range counting that sought to provide a solution
to the variable amplitude problem, but each of these methods gave less than satisfactory
results (Safe Technology Ltd.| (2002)), pp.4-10 to 4-13). Then in the late 1960’s, Japanese
engineers Matsuishi and Endo (Matsuishi and Endo| (1968)) developed the rainflow algorithm,
the first widely accepted algorithm for extracting cycles from variable amplitude loading (Lee
and Tjhung| (2011)), p.90). The term, ‘rainflow,” comes from the fact that when one turns
the loading history 90° clockwise and starts counting cycles, one is to envision rain flowing
down the roof levels of a Japanese pagoda (Safe Technology Ltd.| (2002), p.4-4). The rainflow
cycle counting algorithm is as follows (Matsuishi and Endo (1968)); Lee and Tjhung| (2011)),
pp.91-92; Suresh (1998), pp.266-267):
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1. Rotate the loading history 90° clockwise so that the time axis points downward.

2. For a periodic loading history, rearrange the loading history so that the peak with the
largest magnitude of stress (positive or negative) comes first. This way, the algorithm
will be able to identify full cycles. For a non-periodic loading history, the algorithm

will have to identify half-cycles in addition to full cycles.

3. The “rain” flows on both “sides” of the plot and starts flowing at the upper part of

each “roof” level.

4. A loading reversal (i.e., a half-cycle) happens by allowing the rain flow to continue

until:
(a) It “drips” down past an upper roof level of greater stress magnitude than the
upper “roof” level from which it came.
(b) It merges with “rain” flowing from a “roof” above.

(c) Tt falls past all subsequent peaks.

5. Identify full cycles by pairing half-cycles of identical magnitude but opposite sense.

3.3.1.2 Three-Point Cycle Counting (Socie-Downing)

Although Matsuishi and Endo’s cycle counting method was a breakthrough at the time,
it has since been replaced by simpler algorithms which are computationally more efficient
(Safe Technology Ltd.| (2002)), p.4-4; Lee and Tjhung (2011)), p.101). The three-point cycle
counting algorithm of Downing and Socie (Downing and Socie (1982)), for instance, is
recommended by the American Society for Testing and Materials (ASTM| (2005)) and is
frequently implemented in commercial fatigue analysis codes (Safe Technology Ltd.| (2002),

p.4-3). As its name suggests, the three-point algorithm simplifies things by considering only
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three points at a time. Once a cycle is found, it will eliminate the first two points of the three
under consideration from the history and re-start the analysis from the beginning. This way,
it can automatically pair-up reversals in the earlier loading history with opposite reversals
that happen only later in the history. The three-point algorithm is as follows (Downing and
Socie| (1982)):

1. Initialize load sequence counter: n = 2.

2.n=n+1

3. Let oy =0(n—2),00=0(n—1), and 03 = o (n).

4. Let X = |o3 — 09| where the two vertical bars denote the absolute value operation.
5. Let Y = |0y — 03.

6. Compare X and Y

(a) If X > Y and oy is the first point in the loading history sequence (i.e., o3 = o (1)),
then:
i. The range is equal to Y.
ii. The mean is 3 (o1 + 02).
iii. A half-cycle is counted, and the above range and mean are recorded.

iv. Remove only oy from the loading history and re-label the data points starting

at 1.

v. Repeat analysis starting with step 1.

(b) If X > Y and oy is not the first point in the loading history sequence (i.e.,
o1 # o (1)), then:

i. The range is equal to Y.
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ii. The mean is 3 (o1 + 02).

iii. A full cycle is counted, and the above range and mean are recorded.

iv. Remove o, and o, from the loading history and re-label the data points

starting at 1.

v. Repeat analysis starting with step 1.
(c) If X <Y, then:

i. No cycle is formed.

ii. Go to step 2.

3.3.2 Counting Methods for Multiaxial Loading

Since most engineered parts experience loading multiaxially, it is necessary to formulate
counting methods that can handle the whole stress tensor rather than a single stress value.
In the case of proportional loading, any uniaxial cycle counting method may be used along
with a signed equivalent stress (Lee and Tjhung (2011)), p.106). For non-proportional loading,
one could use a critical plane approach along with any of the uniaxial cycle counting methods
for each potential failure plane (Lee and Tjhung| (2011)), p.113).

Alternatively, Wang and Brown (Wang and Brown| (1996))) developed a fully multiaxial
cycle counting technique based on Matsuishi and Endo’s rainflow method (see section
to extract reversals from a complex loading history. It uses the maximum von Mises equivalent
stress range, Ao, as the basis for reversal counting. The following description of the algorithm

is based on that found in Lee and Tjhung (Lee and Tjhung (2011), pp.108-109):

1. Calculate the von Mises equivalent stress history:

1

700 ® = [ 2 [(02 0 = 0y 07 4 0 () ~ 02 O + (02 )~ 02 0] #3012, 0 + 72 0 + 72, 0] (331)
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2. Reorder the von Mises equivalent stress history to begin with the maximum von Mises
stress. This point now starts at time %y, and the stress at t; becomes the reference
stress. Any stress points that came before this maximum are moved to the end of the

loading history.

3. Calculate the relative von Mises stress history with respect to the reference point:

Aveq(t) = \/é [(Aca(t) = Aay(1)? + (Aoy(t) — Aoa(t)? + (Aoa(t) — Aoe(t)?] + 3 [Ar2,(H) + Ar2(1) + AT2,(1)] (3.32)
where:

Aoy (t) = 04 (t) — 0z (to) (3.33)

Ao, (1) = 0, (t) — 0, (t) (3.34)

Ao (t) = 0. (t) — 02 (to) (3.35)

ATy (1) = Tay (1) = Tay (to) (3.36)

ATy: (t) = 7y (t) — 732 (o) (3.37)

ATy (t) = Tow (t) — 720 (t0) (3.38)

4. Identify the point at which Ao, is maximized, max (Ao,). This point is at time tp:

max (Ace;) = Aoe, (tg).

5. All the points that cause Ao, (t) to monotonically increase from (tp,0) to (tg,
max(Ao,)) form a reversal. If there are valleys and possibly small peaks in be-
tween (i.e., values of Ao, below where it stopped monotonically increasing), then all

these points are excluded from the reversal. They will be examined in later passes.

6. The remaining points are grouped into segments of continuous points. Each segment is

evaluated individually.
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3.4

For the new segment being evaluated, the first stress point becomes the new reference

stress, and the time at which it occurs becomes the new t.

Repeat steps 3 through 7 until all data segments have been evaluated.

Conclusion to Traditional Approaches

Over the course of this chapter, we’ve seen several problems with the traditional approaches

for calculating fatigue damage.

Equivalent Stress Criterions

. Some of the criterions are too simple. The principal stress criterion only uses the first

principal stress, o1, and ignores the other two. The Sines criterion assumes that the

fatigue limits in torsion and fully-reversed bending are in a constant ratio for all metals.

Some of the criterions are limited to the type of material. Some are limited to brittle

solids only while others are limited to ductile solids.

None of these approaches works well for non-proportional loading.

The von Mises criterion has an issue with assigning a sign to the von Mises stress.

The Sines criterion requires extra test data.

Critical Plane Methods

1. These approaches are limited to ductile solids.

2. These approaches are computationally expensive.

3. Even small angular increments during the plane search can lead to discretization errors.
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4. The Findley approach does not predict that, in the very high cycle fatigue range (i.e.,

> 107), fatigue life in cyclic torsion is independent of a superimposed mean shear stress.

5. The McDiarmid approach requires extra test data and is limited to the very high cycle
fatigue range.
The Dang Van Criterion

1. This approach is limited to infinite life design and cannot be used to calculate a finite

life.

2. This approach also requires extra material data.

The Palmgren-Miner Rule

1. The Miner rule assumes that amplitudes below the fatigue limit cause no fatigue damage

(which is false).

2. It also assumes that the sequence of loading amplitudes doesn’t matter (which is also

false).

Given that fatigue is a complex interaction of grains at the microscopic level, it is difficult
to create an algorithm that will be able to avoid all of the above pitfalls. Creating a
single algorithm that can handle both ductile and brittle solids, for instance, would be very
challenging. Nonetheless, we can avoid some of the above drawbacks by utilizing a continuum

damage mechanics approach which will be detailed in the next chapter.
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CHAPTER 4

THE TWO SCALE PROGRESSIVE FATIGUE DAMAGE MODEL

Having detailed the extended space-time finite element method, we now need a means for
calculating the cumulative fatigue damage from the finite element results. This chapter
briefly lays out the idea behind continuum damage mechanics (CDM) and then details the

formulation of the two scale progressive fatigue damage model and its implementation.

4.1 Introduction

The idea of using a scalar variable, D, to quantify damage started with L.M. Kachanov
(Kachanov| (1958))) who used it to model material deterioration, crack initiation, and fracture
due to brittle creep in metals. Rabotnov (Rabotnov| (1969)) extended Kachanov’s idea “by
allowing for the increase in creep rate £° due to creep damage” (Murakami| (2012)), p.219)
and expressed an equation for damage evolution. Jan Hult (Hult| (1972)) was the first to use
the term, “continuum damage mechanics,” again, in reference to creep damage. Lemaitre
(Lemaitre| (1971)) extended the Kachanov-Rabotnov damage law to low-cycle fatigue by using
the law to derive a damage evolution equation that was a function of energy. This damage
evolution equation was derived from a thermodynamics framework, and this framework
became the standard manner of modeling fatigue damage evolution up to the present since
it “provided the necessary scientific basis to justify continuous damage mechanics as a
theory” (Lemaitre| (1985), p.83). Several high- and low-cycle fatigue models were then
developed by Chaboche (Chaboche (1974, 1981} |1987)) and Lemaitre (Lemaitre| (1985)). Like
Lemaitre’s earlier work (Lemaitre| (1971)), these models used a damage evolution equation
that was a function of “macroscale” (Lemaitre (1985)), p.83) variable amplitudes of the form:
4B = f (Ao, Ae) (Bhamare (2012), p.98).

With a fully coupled analysis like those used in the previous works cited above, strain

and damage affect each other globally (Lemaitre and Doghri (1994), p.199). This sort of
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analysis is necessary for certain types of failures such as creep because “the damage is not
localized but diffused in a large region” (Lemaitre and Doghri (1994), p.199). Given that
the damage in HCF situations is highly localized, however, an opportunity was seen to
simplify the CDM fatigue analysis by separating the macroscale structure calculation from
the microscale damage evaluation. As with the fully coupled models mentioned above, the
microscale evaluation is derived from the thermodynamics framework. In this locally coupled
analysis, the macroscale structure calculation can be solved with the finite element method
or other method using a purely elastic material model. The strains at this scale can then
be used to evaluate damage locally at microscale where defects such as inclusions exist and
where plasticity occurs and microcracks form. This locally coupled method became known as
the two scale progressive fatigue damage model (Lemaitre et al.| (1999)).

The two scale model has been used to predict service life for both low and high cycle
fatigue and applied to both uniaxial and multiaxial analyses (Lemaitre and Doghri (1994])).
Lemaitre et al. (Lemaitre et al. (1999)) then showed the power of the two scale model for
a non-zero mean stress and non-proportional loading comparing well with the Dang Van
criterion. More recently, Latrou et al. (Lautrou et al.| (2009))) used the two scale model to
accurately predict the fatigue life of steel welded joints commonly used in naval structures.
Additionally, dos Santos et al. (dos Santos et al.| (2012))) modified Lemaitre et al.’s model
(Lemaitre et al.| (1999))) by means of the Soderberg fatigue relation to account for high mean
stress effects in cardiovascular stents and showed that the modified model has good agreement
with experimental results. Others (e.g., [Flaceliere et al. (2007alb)) have created two scale
models of their own. Finally, Desmorat et al. (Desmorat et al.| (2007))) added the ability
for the two scale model to take into account random temperature changes and proved its
predictive power even in random thermo-mechanical loading by showing good agreement
with a pressure-vessel testing experiment. It is this model which we will use to predict

thermo-mechanical fatigue life from our XTFEM simulation.
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A few definitions are in order:

e Atomic Scale - “The mechanical properties of materials are determined by the constituent
atoms or molecules, their array, and the kind of interatomic or intermolecular forces
between them,” and, the “damage of materials in the atomic scale is induced by the

separation of these interatomic or intermolecular bonds” (Murakami| (2012), p.4).

e Microscopic Scale - Visually, the material at this scale has a discontinuous structure but
may have some continuous regions. The damage at this scale is found in “microcavities,

microcracks, or in decohesion in microstructures of materials” (Murakami (2012), p.4).

e Mesoscopic Scale - “If the value representing a mechanical property or a mechanical
state of the material averaged over the small region can be expressed as a continuous
function of the position x of the material point P, then the material can be idealized

as a continuum” (Murakami| (2012), p.5)

e Macroscopic Scale - At this scale, “every point in a material can be viewed as a material

point in a continuum” (Murakami| (2012)), p.5).
The thermo-mechanical two scale model works as follows (see Figure {4.1)):

1. The macroscale stucture is broken down into representative volume elements (RVE).
An RVE is the smallest mesoscale region in a macroscopic body in which “the material
with discontinuous structures...can be statistically homogeneous and the mechanical
state of the material...can be represented by the statistical average of the mechanical
variables” (Murakami| (2012)), p.11). When the two scale model is combined with finite

element analysis as in this work, the RVE is equivalent to a finite element.

2. Stress and strain calculations at the RVE level are done using a thermo-elastic material

model in finite element analysis software.
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Figure 4.1. Two Scale Progressive Fatigue Damage Model

3. As a post-processing stage after each time step, these values at mesoscale are applied to

each microscale material point (i.e., integration points when using FEM) through the

modified Eshelby-Kroner localization law (Eshelby| (1957); Kroner| (1961)); |[Desmorat;
(2015])). At this scale, plasticity with kinematic hardening and damage can occur.

The asymptotic fatigue limit, 03°, is used as the yield strength, and damage, D, is a
function of the accumulated plastic strain, p*. Finally, the material parameters such as
the damage strength, S, and the damage exponent, s, are obtained from an isothermal,

uniaxial S-N curve.

4. Once the damage at a microscale material point reaches a critical value, D, a crack
initiates, and crack propagation is modeled using fracture mechanics tools
, p.913). In the XTFEM simulation, we have chosen to model this process
using element deletion, but one could utilize more sophisticated FEM fracture techniques

such as XFEM.

4.2 Material Parameters

There are a number of material parameters utilized in the two scale damage model, and not

all of them are familiar to many readers.
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4.2.1 E,v, a, 04 Cy, cpp

Young’s Modulus, F, Poisson’s Ratio, v, the coefficient of thermal expansion, «, and the
ultimate tensile strength, o,, can all be determined from uniaxial tension tests. The plastic
modulus, (), can be estimated by drawing a straight line on a uniaxial tension curve from
the yield point to the point where the curve reaches the ultimate strength. The slope of
this line is the plastic modulus. The monotonic plastic strain damage threshold, €,p, is the
amount of plastic strain a material undergoes by the time it reaches its ultimate strength. It
can be derived from the uniaxial tension curve by drawing a line of slope E from the point of
ultimate strength to the strain axis. The value of the strain-intercept is €,p. For all of these

parameters, no scale transition needs to be made (see subsection |4.3.2]).

4.2.2 h, D,

From experimental data, the micro-defects closure parameter, h, is typically h =~ 0.2 for
metals (Lemaitre and Desmorat| (2005)), p.16; [Desmorat et al. (2007), p.912). The critical
damage, D., is also derived from experimental data and is between 0.2 and 0.5 for many
materials, especially ductile ones (Lemaitre and Desmorat| (2005), p.65; Murakami (2012),
p.153). The default value for metals is D. = 0.3 (Desmorat et al.| (2007), p.920). For ductile

fracture, the critical damage can be estimated using (Murakami (2012), p.153):

D.=1-7% (4.1)

O,
where o is the stress at final fracture and o, is the ultimate tensile strength.
4.2.3 oy, S, s

The asymptotic fatigue limit, 07, also known as the endurance limit, is the fatigue strength
at which an isothermal, fully-reversed (R = —1) S-N curve plateaus, usually around 10° cycles

(Suresh| (1998)), p.222). If the stress amplitude is below this strength, fatigue failure will,
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theoretically, never occur. For non-ferrous materials which do not exhibit a clear asymptotic
fatigue limit, 07 may be taken as the fatigue strength at 107 cycles or more depending on
the material (Suresh| (1998), p.223). The damage strength, S, and damage exponent, s, are
also derived from a fully-reversed S-N curve. Using a standalone script, the two parameters
are optimized using a non-linear least-squares fit algorithm so as to fit the following equation

to the experimental S-N curve data (Desmorat et al.| (2007)), p.914):

S
2F S D,
(4.2)
28 S S
where:
1 92 O—u_o—;o
Np =~ epp oot (4.3)
170, (% o)
3K 3E
=—(1-0b 1-D)~ ———(1—-b 4.4
2 (4—bv
h=— 4.
15(1—y) (4:5)
9 r 2
a
R = . min 4.6
Ry =5 (L0) 5 (1-20) U;o] (1.6
2 1 [ ’
a.
. =0 S (1 =2y | Dmas 47
Rypee =5 (140 + 5 (1-20) Oio] (4.7

Npg is the number of cycles to rupture, Np is the number of cycles to crack initiation,

R and R are the stress triaxiality ratio during loading at ¢ = 0,,;, and 0 = 0,4z,

Vmin Vmax

respectively, and Ao > 207, Equations and @ assume that the micro-defects closure
parameter has been set equal to h = 1 which is fine if the experimental S-N curve was created
using a zero mean stress (i.e., R = —1). When there is a non-zero mean stress, however,
the fact that the damage evolution in compression is less than that in tension necessitates

the use of the micro-defects closure parameter, h (Lemaitre and Desmorat| (2005), pp.12-13;
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Desmorat et al.| (2007), p.915). For a non-zero mean stress, R,, ., and R,, . in equation

are replaced with R, . and R, ., respectively:

min

2 2 9 )
1 4 , | |
9 o o o =
(4.8)
2 2
_y <"m> Ch <0m>
1 2 2 2 9
Ryhm,” _ +v 2+ Omazx +2 71+ Omax +h _9_ Omazx +2h 1 Omax
- il o o7 oF
(4.9)

2 2
7f 7f
4.2.4 Stored Energy Damage Threshold, wp

While the microscale accumulated plastic strain at damage initiation, p’,, is typically only
0.1 to 0.3 in monotonic tension (for metals), it can be several hundreds of percent in fatigue
depending on the loading condition (Desmorat et al. (2007), p.913). Because it is load
dependent and thus cannot be a material parameter, pf, cannot be used to determine when
the material begins to accumulate damage (Desmorat et al. (2007), p.913). Instead, we
must find a different parameter not dependent upon the load magnitude. The stored energy
density meets this requirement as it is loading independent and thus can serve as a material
property (Desmorat et al|(2007), p.913). For both isotropic and kinematic hardening, we
have (Desmorat et al.| (2007), p.913):

t

0

In fatigue, kinematic hardening is periodic (and will be lost) while isotropic hardening is
monotonic (Desmorat et al.| (2007), p.913). So, only using the isotropic terms and applying
equation to the microscale, we have:

t

wh = / (ob, — o) p* dt (4.11)
0
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This is considered the “envelope of the maxima in stored energy reached during complex
loading” (Desmorat et al.| (2007)), p.913). For monotonic loading with linear hardening and

assuming no scale transition has to be considered, the stored energy damage threshold is:
o (i — e ) — Lo 7 4.12
wp = wl (p = &pp) = 0y+§ yEpD — Oy | EpD (4.12)

Using the approximation o, ~ o, + % Cy epp and the assumption that the microscale yield

stress is equal to the asymptotic fatigue limit, 03° (see subsection below), we have:

wp ~ (0, — 0F) € (4.13)

4.3 Formulation

This section derives the equations used in the two-scale progressive fatigue damage model

subroutine.

4.3.1 Mesoscale

We begin with the laws of linear elasticity at mesoscale. The constitutive law for an isotropic

elastic material is:
Uij = )\ [gkk -3« (T — Tref)] (Sij + [2#8@' — (T — Tref) 51]] (414)

Solving for the strains, we arrive at:

14+v v
i =~ 0 = g ow 0i + (T = Trey) 0y (4.15)

51‘]‘ =&

For cases involving plasticity, the strains can be additively decomposed into elastic and plastic
strains:

gij = €5; + €5 (4.16)

For high-cycle fatigue (HCF) applications, microcracks only form in a small number of

crystal grains (Murakami (2012), p.202). Consequently, we are justified in assuming that, at

mesoscale, }; ~ 0.
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4.3.2 Modified Eshelby-Kroner Localization Law

Applying the Eshelby-Kroner localization law (Eshelby (1957); Kroner| (1961)) to equation

pe L +wv " v

ey = m oy = m Oy 0ij + & (T — Trep) by (4.17)
where ¢} is the microscale elastic strain tensor, oj; is the microscale stress tensor, a/ is the
microscale coefficient of thermal expansion, and D is the damage variable. More generally,
the damage variable is a tensor, but reduces to a scalar for isotropic materials (Lemaitre and
Doghri| (1994)), p.198). It represents “the maximum equivalent area density of microcracks or
microcavities which lies in any cross plane that can be defined in a representative volume
element” (Lemaitre and Doghri (1994), p.198). Applying the localization law to equation
4,10

gH:gH?ﬁ—gup (418)

] ij ij
where &fj is the microscale total strain tensor and &tfjp is the microscale plastic strain tensor.

Assuming that a# = « and that, for HCF applications, 5%. ~ 0, the modified Eshelby-Kroner
localization law is (Eshelby (1957)); Kroner| (1961); Desmorat et al.| (2015))):

1

et — — (" —aDa(T — Tey)) (4.19)
1

&ti‘jD: T 3D [5Z—b(1—D)5é‘ﬂ (4.20)

where e# is the hydrostatic microstrain, 5% is the deviatoric microstrain tensor, and a and

b are the Eshelby parameters for a spherical inclusion (Eshelby| (1957)):

1+v
a:m (4.21)
2 (4—5v
bzﬁ(l—u) (4.22)
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Given equations , , and using 51”]- = hP 4 enH dij, the total microscale strains are

ij

given as:
1 (a—0b)D aD o
5%2—1_1)1) |i€”—|—m€kk(su+b(1—l))€zp — 1_aD(T_Tref)6Z] (423)

Because we assume that plasticity with kinematic hardening can happen at microscale,
5%’ > ().
According to Lemaitre’s damage law, we distinguish between the actual stress at microscale

and the effective stress at microscale. The relationship between the two is given as:

ot
~f %]
ot = —49 4.24
Y (1-D) ( )
where 6% is the effective stress at microscale. For HCF applications, we assume that the

microscale yield strength is the asymptotic fatigue limit, 07°. Hence, the microscale yield
criterion, f*, is given by:

fr=(al = Xt) —of (4.25)

eq

where (+), , denotes the von Mises norm. The plastic strain rate definition applied to microscale

~puD H
g (Ulj—_)jj> W (4.26)
2 (aij — Xij)eq

is:

The anisothermal variation of the Prager linear kinematic hardening law is:

d ‘<i“j 2 up
_ =—c"(1-=D 4.2
dt(Cy) 3€”< ) ( 7)

Lemaitre’s damage evolution law applied to microscale is:

D= (%)Spﬂ (4.28)

Using the consistency condition (f* = 0; fr= 0), the microscale plastic multiplier is:
A=p"(1-D) (4.29)
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4.3.3 Derivation of the Damage Energy Release Rate

The damage energy release rate, Y*, in Lemaitre’s damage evolution law (equation [4.28)) is
the release rate of the elastic strain energy caused by the development of the damage variable,
D (Murakami (2012), p.97). The damage energy release rate thus plays a similar role to the
strain energy release rate in fracture mechanics (Chaboche| (1977))). To derive the expression

for Y* used in the two scale model, we first start with its definition (Murakami| (2012), p.97):

wk
YH = —=° 4.30
=D (4.30)
where w* is the microscale elastic strain energy density given as:
[ — 1 BB ( 4 31)

Note that the strain tensor, €;, in equation does not include any thermal strains.

Combining equation with gives:

1 I+v v
T e N A N R 3
Ye = 5% (E(l—D)U” E(1—D) ”)
l1+v B v T
S A ne 4.32
2E(1—D) “%  2E(1— D) 75 (4.52)
1+v i v

L — A
2E(1—D) “7% 2F(1—D)" *

Splitting the stress tensor, O'Z-, into hydrostatic and deviatoric parts:

1 + 1% D 14 2
p—_ -7 MH(S..> ( pD MH(S..) 7 (3gMH 4.33
e 2E(1—-D) <0” o0 ) (01 T om0y 2E(1—D)( o) (4.33)
Given that JZDU“H b;; = 0, we have:
wh= TV [aH.Do—’.*.D + (o) 5--5-} — 2 (30m)° (434
© 2E(1-D)L" ¥ Yl 2E(1 - D)
Using the definition of the von Mises norm, o4, = %O’,ZDO'%D, then aijaijD =2 (a{jq)2, and
given that d;;9;; = 3, we have:
wh— LTV 2 (0)? +3 (0")?| = ————— (30"H)’ (4.35)
© “9EF(1-D) |3\ 2E(1- D)
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Simplifying equation [4.35] we get:

" (01,)° 1 30— (20) 4.36
ut =g [ e (%) (4.36)

where ";LH is the triaxiality ratio. Combining equation [4.36| with equation 4.30, we have:

2 2
(0f)” |2 ot
Y=~ 1 -(14v)+3 1—2u( ) 4.37
2 E (1 . D)2 3 ( ) ( ) O'gq ( )
Backing up a bit, we next combine equation 4.30| with equation to get:
1

y LA CE— (4.38)

2E(1-D)? " " 2E(1-D)
We need to account for the fact that damage is less in compression than in tension due to
the closure of micro-defects in compression (Desmorat et al. (2007), p.912). We first split up

the stress tensor into tensile and compressive parts. To do this, we introduce the Macauley

bracket:
zr x>0
(x) =2 H(x) = (4.39)
0 <0
where H(x) is the Heaviside function. Thus, the principal stress tensor becomes:
oy 00 (o11) 0 0 (—ot1) 0 0
= 0 e 0 | =1 0 (oh) O | =] 0 (-oh) 0
0 0 of 0 0 (o%) 0 0 (—ols)
m (4.40)
fof)” 00 (of)” 00
- 0 (05" 0 - 0 (052) 0
0 0 (oky)" 0 0 (om)
. + + - - 2 —\2
Using oty = (o) (o) -+ (ot)™ (o)™ and (o)? = ((o£)*)" + (ot} )? (see proots

and in the Appendix), we have:

[

1+v

yh=—— "7
2E (1 - D)?



We now introduce the micro-defects closure parameter, h, to account for the lower damage in
compression. Multiplying the compressive terms and their corresponding damage variable by

the closure parameter gives us:

(o) (ot b {oh)”

(1— D)’ (1—hD)?

v
2K

_1+V

— <ng>2 h <_O-]I:k>2
2K

(1-D)>  (1—hD)?

i

] (4.42)

where i & 0.2 for metals (Lemaitre and Desmorat| (2005)), p.84). Substituting equation [4.24]

into equation [4.42] we have:

(o) (et e n () (o <5§‘j>_} A {@gky n((o2) } (4.43)

4.3.4 Derivation of the Two-Scale Numerical Scheme
4.3.4.1 Elastic Prediction

For the elastic prediction step, we assume constant damage D,,y; = D,,, constant microscale

plastic strain e/} ;| = /7, and constant microscale kinematic hardening backstress X, 11 = X,,.

We start with the microscale total strains (equation {4.23)):

1 (a—b) D,

aDnanJrl
S T A D)

1—aD,

m

e = 1D, (Tnpr = Trep) I

tr(ept1) I +b(1—Dy) s’;‘f] -
(4.44)
By rearranging equation and removing the thermal strains, we get the elastic prediction’s

microscale elastic strains:

ne M
€elp'r - €elpr

— & — iy (Togy — Trep) I (4.45)

We can now calculate the elastic prediction’s microscale effective stress:

&ler = En+1 : Ef:lepr (446)
To determine yielding we discretize equation [4.25]
Mo = (8%, — X1), — 0%, (4.47)
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If f" , <0, then the material does not yield and the variables for the next time step can be

updated using the elastic prediction variables:

En1 5le7~
En1 = Eulpy
Eng1 = Ep
X=X,
o= &ler (4.48)

2 — M
anrl = DPn

APZ-H = APZ
4.3.4.2 Plastic Correction

If .1 >0, then the material yields and the elastic prediction is corrected by ensuring the
consistency condition (Desmorat et al.| (2007)), p.918). This is performed using an implicit
Euler backward scheme. We should also note that in HCF, “the maximum damage increment
per cycle is of the order of magnitude of D./Ngr < 1/Ng” where Ng is the total number of
cycles (Desmorat et al.| (2007)), p.918). Thus, we are justified in making the damage variable,
D, be constant over an increment. This helps us eliminate the need for a computationally
intensive Newton iterative method (Bhamare et al.| (2014)), p.393).

The plasticity with damage equations discretized using the Euler backward scheme are

(Desmorat et al.| (2007), p.918):

€n1 = En1 T & (4.49)
. 1+v v .
€Z+1 = E—H UZ—FI — E—Htr (O'Z+1) I + aﬁ—i—l (Tn+1 - Tref) I (450)
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3 <&Z£1 - XZ—H)

Al = — Apt 4.51
ntl 9 (ah, 1 — XZ+1)eq Pt (451)
Xt Xt 2
_nvl __n_Z Agzp (1 — Dn) (452)
Cy., C, 37"
Y” Sn+1
AD = ("—“> Ap” (4.53)
Sn+1

Writing the variables in equations and in incremental form (again, subtracting the

thermal strains):

B Aghe pp
Ae, iy = Ay +Agyy,y

1 a—0b)D,
“1-uD, {A " 3((1——)D) tr{fen) T+b(1=Du) A (454)
DTL n
— L5 it ATy I — a1 AT T
1—aD,
Multiplying Ae’? | in the first RHS above by tggz, and using the two RHS’s above, we
move everything to one side:
1—-bD b—bD 1
_ pe - Y&n pp 7 TN pp =
0=Acnt 19D, 26~ T yp, 2% ~1-pp, Do (4.55)
(a="b) D tr(Aep) T+ 200 A T o (AT T |
Combining the Ae”? terms and multiplying by the constitutive elasticity tensor, E:
. e 1-b . HP 1 .
0= En+1 : A€n+1 + m En+1 . A€n+1 — m En+1 : A€n+1
(a—0b)D,
— tr (Aepi1) By o I 4.56
SA—aD) A —bD,) " (Bent) Bnia (4.56)
aD, o,
?J AVINIRY JSISIY IS SN MIRVAV IIRY DS |
Noting that £ : I =3 K I:
. pe 1-b . Bp 1 .
0= En+1 : A€n+1 + m En+1 . A€n+1 — m En+1 . A€n+l
—b) D, 3aD, oy,
la—b) Aepi) I+ 2A T Gt ATy Ky I (4.57)

g e 1—aD,

+3 an-i—lATn—i-lKn—i-lI
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Combining the temperature terms:

—-b 1

0= En+1 : Aer—I + m n+1 Aé’ m En+1 . A€n+1 (4 58)
(a - b) -DTL 3 Kn+10én+1 '
- K, tr(Aep 1) I + ———— AT, 11
N0 a Dy (1= 6Dy " Bem) T+ = 5 = Al
We use the following:
E,i1=2pp P+ 3K, P* (4.59)
E, . :Aell, = Aol (4.60)

where P? is the deviatoric projection tensor and P? is the spherical projection tensor. These

tensors have the following properties:

I*=ps 4+ p* (4.61)
Pl pl=pP° (4.62)
P P =P (4.63)

where I is the fourth-order identity tensor (Iw o = % [0ik 051 + 051 0jx]). Substituting equations

and into equation [£.58
1-0b
1-0D,

1 a—0b)D,
En+1 : Asn+1 - Kn+1 ( )

0=A6" , + (2 1 P Al + 3K, P Aelh))

tr (Aep) I (4.64)

1-bD, (1—aD,)(1—bD,)
3Kn+lan+1
—— AT, I
1—aD, +
Since P?: Aet? = 0 and P?: Aet? = AehP:
1-0 1
0=Ad,,, + 2unp1 ety — ————FE, 1 Agpyy
—-bD, 1-0bD,
(a - b) D 3K +10%n+1 (465)
- K, - tr (Aepi) I + —" T AT, I
N T apya—sny " Be) IS0 “
Using Ae, | = 6, — 6k and adding X! | — X! |, we have:
- . 1—-0 1
O:O’Z+1—UZ+XZ+1—Xn+1+1_bD 2/.Ln+1A€ mEn—i—l:AeTH—l
~ K (a="b) Dn tr (Ae )I+MAT I .
"""1-aD,)(1-0D,) n 1-aD, — "
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Rearranging equation

C
Xi, =g 20

Yn+1
Cyn

(1—Dy)Aerl, (4.67)

Substituting s, ,, = &, ,, — X ., and equation into equation [4.66}

., C
0= SZ—}-I - 0'5 + Cy’nﬂ X“ +3 Cyn+1 ( - Dn) Asgg-l
Yn
1-0 1
+ 10D, 2 pin1 Ayl — 10D, E, 1 Aepia (4.68)
(a' - b) Dn 3 Kn-l—lan—i—l
- K, tr (Aepy1) I + ————— AT,
NI TaD) Dy " Bem) I+ 5 nl
Grouping the €/, terms:
C
0=s,,—0on,+——X)
Yn
2 1-0
+ [5C0 (1= Dn) + ———2pnp| Aeil,
3 1-bD, (4.69)
Y B iAe-K @=0Dn  \ ner )T |
1-bD, n+l © B€nt1 n+1 (1—aDy)(l—bD,) r{R&nt1
3Kn n
Using 647, — X", = s/, and ( logontt XZ+1> " (SZH)@Q in conjunction with equation
451k
C
0=sh, —ol+ X
+ Cyn
1-b s
(sn41).q (4.70)
1 (a —b) D,
T 1N En : A n - Kn n
[_pD, i B H(l—aDn)(l—bDn)tr(AE w) I
3K,y
e _*;Ol‘)“ ATyoi I
We define the following:
1-b
I'=Cypiy (1= D) + 775 3bnnt (4.71)
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C
— Ynt1 B i
Q. = X —o

Oyn
1 (a —b) D,

— B, 1 A1 — K1 —————tr (A1) I 4.72
1—-bD, +1 Ent1 +1(1—aD) r(Aeny1) ( )
3 Kn+1an+1
——— AT, I

1—aD, 1
Substituting equations and into equation 4.70, we get:
MD
0=si,, + T At +Q, (4.73)
(Sn“l‘l)eq

Using sh ., = &%, — X!, and substituting it into equation |4.47] the yield function becomes:

f#+1 = (Sg-i-l)eq - O-‘?:_,_l (474>

In order to find the unknowns, s!, , and Apl ., we must solve equations and
simultaneously. First, we multiply equation by the spherical projection tensor, P°, to

get the hydrostatic part:

s u Pszsﬁfl " s
0=P°:s, +——<—Ap,, +P°:Q, (4.75)

(Sz-i‘l)eq

Using P*: s#7, =0, P*: s | = s . I and P*: Q, = Q: I, we have:
ml = (4.76)

8n+1 - s

Multiplying equation by the deviatoric projection tensor, P, to get the deviatoric part:

p?. gHP
0=P% sl + I ———H Aph + P Q, (4.77)
(Sn+1)eq
Using P?¢: +1 = st +1, P sho = stl, and P: Q, = Qf, we have:
,uD
0=s +T ol Aphr +QF (4.78)
(Sn+1)eq

Moving Q7 to the LHS:
A H
— QP = s (1 +T (f—“)l) (4.79)

8n+1 eq
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Taking the von Mises norm of both sides:

3 A 3
5‘%51 ngl <1+F—( Pt > =1/5Q7: Q7

s, 2
wi1) (4.80)
_ (s“ 1) 14T Aanrl ~(Q,)
- n+1/e - s/e
! (Sn+1)eq !
Solving for Apl , we get:
1
At = 1 @y — (sh1).,) (4.81)
Substituting equation [£.74] into equation [4.81}
1 (0.9}
APl = 5 [y = o5 (4.82)
Solving [4.79| for 3#21 and combining with equation m
D
ngl 9 (4.83)
1+ 2Phss
fn+1
Thus s, is:
SZ-H n+1I + Sn+1 (484)
The microscale effective stress is:
Ghi1 =S+ X0 (4.85)
We can calculate the vector normal to the yield surface as:
3 s
mh = 2 St (4.86)
2 Uf n+1
With the yield surface normal, the new microscale plastic strains can be updated:
Eni = €nf +m! Apl (4.87)
Microscale elastic strains and total strains can be calculated using:
Eng1 = E™': Tt (4.88)
eg-i-l = 8%—1 + 8%—1 + Qnt1 (Tn-i-l - Tref) I (4-89)
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4.4 Two-Scale Model Implementation

To summarize, the implementation of the two-scale progressive fatigue damage model is as

follows:

1. Import the mesoscale strains, €,.1, calculated from the finite element analysis into the

damage subroutine.

2. Calculate the elastic prediction microscale total strains, 551;»«7 using equation @, the

elastic prediction microscale elastic strains, egl;, using equation , and then the

elastic prediction microscale effective stress, &ZZW, using equation m

3. Determine if there is microscale plastic yielding or not by calculating f}', ; using equation

.47

(a) If fI',; <0, then the material does not yield and the variables are updated as
follows (equation [4.48)):

K —
Epi1 =€

elpr

sﬁil = 65577“
Eng1 = En
X=X}

&g-ﬁ-l = &glpr

(&Z‘H)eq = (&5lp7")eq

Dn+1 = Dn
pgﬂ = pﬁ

APZH = APZ
(b) If f'\1 > 0, then the material yields at the microscale and the elastic prediction is
corrected by ensuring the consistency condition using an implicit Euler backward

scheme:
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ii.

1il.

1v.

vi.

Vii.

Viil.

1X.

xl.

Calculate Q, using equation , and from @Q,, calculate Qf and Qf )
Calculate (Q,),, using the von Mises norm.

Calculate I' using equation [£.71]

Calculate the new change in accumulated plastic strain, Apl,_,, using equation
482

Update the total accumulated plastic strain using:
Phs1 = P+ Apiy (4.90)

Calculate sﬁfl using equation , sr’ffl using equation , and s, using
equation [1.84]
Calculate the yield surface normal, m*, using equation [4.86| and update the

microscale plastic strains, sgﬂl, using equation m

Update the backstress, X/ ,,, using equation m

Update &% | using equation {4.85(and (6%, ;) using the von Mises norm.

€q

. Update the microscale elastic strains, e, using equation and the

microscale total strains, €l , using equation m
Calculate the stored energy damage threshold, wp, using [4.13] and the stored
energy density, ws, ,,, can be updated using an incremental version of equation

4.11| with a simple numerical integration scheme:

ot = ‘(&gﬂ)eq — 0%, (4.91)
g = |(Gh)ey — O (4.92)
1
w5n+1 = Ws, + 5 (O-Zew Apg—l-l + Uﬁfld APZ) (493)

where the vertical bars in equations and are absolute value operators.

A. If w,,,, <wp, then damage does not accumulate: D1 = D,.
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B. If wy, ., > wp, then damage accumulates:
e Calculate the damage energy release rate, Y,/ ;, using an incremental
version of equation [£.43}
14+ vn N + + 1—Dn \? /. - . -
#H = 2E::11 {<0Z+1> : <0'Z+1> +h (1 — th) <Uﬁ+1> : <o‘ﬁ+1> }
- 4.94)

ey A e

2 En+1

e Update the damage using an incremental version of equation [4.28

YN Sn+1
=) (1.95)

Dyiy =Dy, + [ 2
! +<Sn+1

xii. If D,,1 > D,, then a crack initiates at the mesoscale. In the XTFEM code,

this translates to element deletion should any integration point reach the

critical damage value.
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CHAPTER 5

NUMERICAL EXAMPLES

In order to demonstrate the effectiveness of XTFEM for the direct numerical simulation of
thermo-mechanical high cycle fatigue, we will present three cases of increasing complexity.
First, we will establish the need for XTFEM by contrasting it with a simple case of a single
element under fatigue loading using a finite difference time integration scheme. Next, we will
present an elementary, academic example of a prismatic beam fixed at both ends subjected to
a uniform fluctuating temperature resulting in thermal fatigue. As a capstone illustration of
the XTFEM code’s abilities we will present a coupled, thermo-mechanical fatigue simulation

of a plate and hat stiffener representative of an aircraft’s structure.

5.1 Abaqus UMAT

In order to illustrate the need for XTFEM, it was deemed prudent to simulate the fatigue
of structures using a traditional, finite difference time integration algorithm while using the
two scale progressive fatigue damage model for fatigue damage calculation (Desmorat et al.
(2007)). To do this, an Abaqus’ user-material model subroutine or UMAT was utilized and
coded with the two scale model.

A single, eight-noded, reduced integration brick element (C3D8R in Abaqus) of 1 mm
length on all three sides was used as the model. The material used was AISI 304L stainless
steel, and the material properties and parameters specific to the two scale model were taken
from Zhang et al. (Zhang et al|(2016), p.343; see Table 5.1)). Symmetry boundary conditions
were applied to three sides so that the model would be fully constrained while the Poisson’s
effect would not translate to stress (see Figure . A mechanical force was applied to one of
the other sides in the direction normal to its face with a user-defined amplitude or UAMP.

The UAMP had a sinusoidal character except for the first 10 seconds which served as a
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Table 5.1. Material Parameters for AISI 304L Steel at Room Temperature
| p (kg/m®) | E(GPa) | v | C, (MPa) | o, (MPa) | 0% (MPa) | e,p | h | D. | S (MPa) | s |
| 7860 | 197 o3| 1740 | 577 | 180 |008]02]03] 05 05|

5 try BC at x=0
ymmetry Bt at x Symmetry BC at z=0

Symmetry BC at y=0

Figure 5.1. Single Element Model
load-ramping period to limit artificial oscillations:

e + M sin (wt) t <10 51)

M sin (wt) t>10
where A is the amplitude, ¢ is the time, M is the load magnitude (specified in the Edit Load
dialogue within Abaqus’ GUI), and w is the circular frequency in radians per second. The
frequency of the mechanical force was chosen to be 20 Hz making the circular frequency

approximately 126 radians/sec. It was decided that these simulations would be isothermal so

as to limit the complexity. This simulation was run at different magnitudes and the time to
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Table 5.2. Abaqus UMAT and XTFEM Results

C++ Code XTFEM Abaqus Abaqus XTFEM Abaqus Abaqus
Load 1,000 200 20 64 200 20 64
(MPa) points/cycle | points/cycle | steps/cycle | steps/cycle | points/cycle | steps/cycle | steps/cycle
(cycles) (cycles) (cycles) (cycles) (user time) | (user time) | (user time)
300 9,589 9,600 10,260 N/A 5 sec 1.2 hr N/A
265 18,987 19,000 20,224 N/A 9 sec 7.6 hrs N/A
235 45,080 45,100 47,482 N/A 21 sec 34.6 hrs N/A
57,392 222 hrs
230 54,853 54,900 64,453 (pro- 27 sec 65.0 hrs (pro-
jected) jected)
90,227 416 hrs
220 84,823 84,900 111,284 (pro- 39 sec 197.5 hrs (pro-
jected) jected)

element deletion was recorded. In order to provide a contrast with XTFEM, the same model
was run using the XTFEM code with time steps equal to 100 cycles, and the time to element
deletion was recorded. In addition, a standalone C++ code which takes stress amplitudes
as inputs (i.e., no finite element calculations) and calculates fatigue life using the two scale
model with 1,000 interpolation points per cycle was also run as a control. Both Abaqus and
the XTFEM code were run on a single processor. Table |5.2| provides the results of all codes.
The first observation from examining Table is that the user time to run the XTFEM
code was several orders of magnitude less than the standard, implicit time integration in
Abaqus. The second observation is that the number of interpolation points per cycle is
correlated with accuracy (i.e., similarity to the results of the C++ code). The Abaqus
simulations with 64 implicit time steps per cycle were closer to the C++ code than the ones
with 20 steps per cycle, and the XTFEM simulations with 200 interpolation points per cycle
were even closer to the C++ code. This characteristic of the two scale model with sinusoidal
loading has been studied by Zhang et al. who noted that, as loading amplitudes approach the
asymptotic fatigue limit, more interpolation points are necessary to obtain accuracy (Zhang

et al.| (2016), p.344).
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Figure 5.2. Constrained Prismatic Beam Geometry

5.2 Constrained Prismatic Beam

A simple, academic example was chosen to demonstrate the thermo-mechanical abilities of the
XTFEM code. The example was a beam with a constant, rectangular cross-section prevented
from expanding or contracting along its length and subjected to a spatially uniform but
cyclically, time-varying temperature change (see Figure. The beam was assigned the same
material properties and parameters as the previous example (see Table with a coefficient
of thermal expansion of a« = 1.65E-5/°C. The beam was constrained from deforming along
its length, and symmetry was utilized in the other two directions. The geometry was meshed
with 20-node brick elements with reduced integration (C3D20R in Abaqus) with a total of
300 elements and 1,782 nodes. No mechanical force was used, but a sinusoidal, time-varying
temperature was uniformly assigned to all nodes on the beam. In this case, we used an

extended space-time temperature vector so that we could make the time steps multiples of

93



These ends fixed in
the x-direction
(along the length of
the beam)

Figure 5.3. Beam Mesh

the temperature’s time period:

bx

Trep + Tompsin (wty)
Tref + Tompsin (wts)
Trep + Tompsin (wts)

Tomp

Tomp

Tomp

where ¢; is the spatial nodal temperature DOF at the ith time node, ¢~>Z is the extended spatial

nodal temperature DOF at the ith time node, T,y is the initial or reference temperature, 715,

is the temperature amplitude, and w = 27 f is the circular frequency. A frequency of f =1

Hz was chosen for the temperature, and the model was simulated at various temperature

amplitudes with a mean temperature and an initial temperature of zero. No thermal analysis

was conducted as the temperatures were assigned directly.

94



Table 5.3. Constrained Prismatic Beam Results

Temperature
. Stress CH++ XTFEM Percent
Amplitude .
-C) (MPa) Cycles Cycles Difference
70.8 230 54,853 54,500 -0.6%
69.2 225 67,361 67,500 0.2%
67.7 220 84,823 84,500 -0.4%
66.1 215 111,041 111,800 0.7%
64.6 210 151,797 151,900 0.1%
63.1 205 218,987 217,500 -0.7%
61.5 200 338,378 341,100 0.8%
60.0 195 612,428 610,700 -0.3%
58.5 190 1,357,474 1,332,000 1.9%
4,970,600
56.9 185 4,972,627 . 0.0%
(Projected)

As we recall from section [2.4], the thermal “force” term is given by:
a7
EIN1@®@:/ {Nt Nt} AT (1) dt®/BfDaAT(x)IdQ (5.3)
I Q

Given that the temperature is uniformly distributed spatially and varies only with time, the
above expression can be simplified as:
AT
EIN1O® O = { N, N, } (Trump sin (wt))dt@/ B Dal11dn (5.4)
I Q
The simulations were run on the Texas Advanced Computing Center’s (TACC) Lonestarh
high-performance computer using a single compute node with 24 processors. The results of
the simulations were compared with those from the C++ code mentioned in the previous
example using an equivalent uniaxial stress amplitude given by o4mp = E @ (Tomp — Trer)
where T}..; in this case is zero. The results are displayed in Table . The last simulation at
a temperature amplitude of 56.9°C had to be projected due to Lonestar5’s 48 hour runtime
limitation.
From the results displayed in Table [5.3] it is apparent that the XTFEM formulation can

accurately translate temperature changes into equivalent “forces.” The minor differences in
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cycles to failure between the C++ code and the XTFEM code were most likely due to the

round-off in the calculated temperature values used to create the equivalent stress levels.

5.3 Plate and Hat Stiffener

At hypersonic speeds, aircraft structures experience extreme combined environments over
their trajectory. By traveling at speeds in excess of Mach 5 (Sziroczak and Smith (2016)), p.4),
velocity is converted “into heat by viscous forces within the boundary layer that surrounds
the vehicle” (Ho (2010), p.55). Temperatures on atmospheric, hypersonic flight vehicles can
build up to several thousands of degrees Fahrenheit (Blevins et al.| (1993), p.971). The intense
heat creates large temperature gradients between the aircraft’s skin and its inner structure
causing large stresses. Complicating matters, the structural material is more flexible (i.e.,
lower elastic modulus) at higher temperatures which makes it more susceptible to oscillations
(Ho| (2010), p.54). Repeated stresses from combined (random) acoustic and thermal loads
over the lifetime of the aircraft cause fatigue damage in the material (Ho| (2010), p.55).

A physical experiment was conducted by the Aerospace Systems Directorate of the Air
Force Research Laboratory (AFRL) in which a plate and hat stiffeners made of the titanium
alloy Ti-6242S and representative of an aircraft’s structure were subjected to a combined
thermal and random mechanical loading eventually leading to crack formation (see Figure

. This study, while highly simplified, sought to reproduce the results of the experiment.

5.3.1 The Computer Model

The Abaqus model of the experimental apparatus originally consisted of 4 hat stiffeners
connected to a plate by means of spot welds 5x 107 inch thick (see Figure . Given that
the purpose of this study was a fatigue simulation, a decision was made to further simplify the
model in order to decrease simulation time. So, the model was limited to one-quarter of a hat

stiffener and corresponding plate section with symmetry boundary conditions applied to the
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Figure 5.4. AFRL Experimental Apparatus (Picture from Case #: 88ABW-2018-1008)

Hat Stiffeners

Plate (Aircraft Skin)

Figure 5.5. Original Abaqus Model Created by the AFRL
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Figure 5.6. Quarter Plate and Hat Stiffener

sides where the hat was cut (see Figure . Furthermore, the spot welds were exaggerated
in thickness and given fillets so as to make meshing and post-processing easier (see Figure
. Lastly, it was determined from a preliminary, static analysis in Abaqus that the stress
would concentrate in the first spot weld from the end of the hat (opposite the cut). So, that
area was further partitioned for meshing (see Figure . Since the XTFEM code does not
have the capacity to model components consisting of multiple materials at this time, the

welds were modeled with the same material as the plate and hat stiffener, Ti-6242S.

5.3.2 The Mesh

Due to the highly curved geometry of the weld fillets (see Figure , the component was

meshed with twenty node brick elements with reduced integration (C3D20R in Abaqus).
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1st Spot Weld
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Figure 5.7. Thickened Spot Welds

Hat Stiffener

Figure 5.8. 1st Spot Weld Vicinity
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Hat Stiffener

1st Spot Weld

Figure 5.9. 1st Spot Weld Mesh

Since the XTFEM code can currently handle neither shell elements nor mixed element meshes
of any kind, the entire model had to be meshed using the C3D20R element. This resulted in
large increases in the number of elements every time the number of elements through the
thickness of either the plate or the hat increased. Since the stress was going to concentrate in
the first weld, that area was meshed first. The remaining spot welds were meshed with only
a single element through their thicknesses. The rest of the model was then meshed based on
the first spot weld using a general mesh size of 0.1 inch (see Figure .

A convergence study was performed to find the optimal mesh. The material properties
used were those for Ti-6242S at room temperature since the material properties at higher
temperatures had yet to be determined (see Table . Since a mesh convergence study is

largely independent of the material properties for a linear-elastic material, this was deemed
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Figure 5.10. Quarter Plate and Hat Stiffener Mesh

Table 5.4. Material Properties for Ti-6242S at Room Temperature

P <%Sz> Eksi) | v |a (%) b ('r) | o <1k])3fF:é%?F)
| 4.244E-4 | 16,700 | 0.32 | 4.248E-6 | 9.259E-5 | 42504 |

not to be an issue. The model was loaded with a constant heat flux to the bottom of the
plate of 0.0018 ﬁ%f‘s, the equivalent flux amplitude used in the experiment, for 1,000 seconds
to achieve a large temperature gradient between the plate and the top of the hat. The
nodal temperature data was then used in a subsequent static mechanical simulation in which
the side of the plate opposite the symmetry-cut was loaded with a pressure of 5,120 psi,
the approximate mean stress used in the experiment. Symmetry boundary conditions were
applied to the plate and hat along the sides where the hat was cut (x = 0 and z = 0) while
the bottom of the plate (y = 0) was fixed in the y-direction to prevent mesh distortion from

the plate bowing. As expected, the stress concentrated at the first spot weld (see Figures

101
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(Avg: 75%)
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+4.802e+01

Figure 5.11. Mesh Test Results (1st Weld - Side View)

Table 5.5. Mesh Convergence Study

‘ Mesh # ‘ Elements ‘ Nodes ‘ Max Stress (ksi) ‘

1 27,398 | 131,091 191.8
2 28,353 | 135,536 214.7
3 29,987 | 143,136 227.9
4 35,162 | 165,039 203.0
5 42,578 | 195,275 243.9
6 43,634 | 200,075 240.1
7 45,326 | 207,423 243.3
8 63,455 | 281,803 258.2
9 75,059 | 329,681 274.0
10 107,384 | 461,852 280.1
11 254,763 | 1,063,699 297.1

and [5.12)). After many iterations of remeshing, heat transfer analysis, and static mechanical
analysis, however, the mesh did not reach convergence (see Table [5.5]). Refining the mesh

even further would have been computationally prohibitive even for the XTFEM code. Since
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Figure 5.12. Mesh Test Results (1st Weld - Section Cut)

the objective of this study was to demonstrate the abilities of the XTFEM code and not to
achieve the exact same answer as the AFRL experiment, mesh #7 was chosen for the study
based on a balance of the mesh size and stress results.

5.3.3 Calibrating Material Parameters

The S-N curve chosen to be representative of the high temperature experiment was for

Ti-6242S duplex annealed bar at 900°F (Welsch et al. (1994), p.362). Material properties

at this temperature were then interpolated from ASM’s Material Properties Handbook:

Titanium Alloys (Welsch et al.| (1994)), pp.337-362). However, properties specific to the two

scale damage model needed to be calibrated.
The paper by Desmorat et al. describing the two scale damage model also provides a
means of calculating the damage parameters, S and s, from a uniaxial S-N curve (Desmorat

(2007), pp.914-917, 920). A standalone Fortran code was created to give preliminary
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Figure 5.13. MATLAB Results for Two Scale Parameters (Metric Units): S=1.32 MPa, s=56.9 (left);
S=2.88 MPa, s=6 (right)

values to the damage parameters, and a MATLAB code was used to further refine the values
using a non-linear least squares fit. Using metric units at first, the MATLAB code yielded
values of S = 1.32 MPa and s = 56.9. However, due to the oddity of such a high exponent
value (s = 56.9), other values for the damage parameters were experimented with, and it was
discovered that, since the S-N curve was so flat (dropping less than 10% in fatigue strength
over the course of 10,000,000 cycles), just about any values of the damage parameters would

give a good fit (see Figure|5.13). So, values of S = 2.88 MPa (0.42 ksi) and s = 6 were chosen.

However, the two calibration codes mentioned above assumed two things not applicable
to our case. The first was that the micro-defects closure parameter, h (see section and
equation above), was assumed to be equal to one (i.e., equal damage during compression
and tension). This is not realistic since h &~ 0.2 for metals (Lemaitre and Desmorat| (2005),
p.16; Desmorat et al.| (2007, p.912). The second assumption was that the S-N curve used for
calibration was produced using triangular or “saw-tooth” loading. The curve taken from the
Handbook, however, was created using smooth, rotating beam tests which generate sinusoidal
loading (Welsch et al. (1994), p.362). Thus, when the parameters were run through the

C++ code mentioned in section above (which did use sinusoidal loading), the resulting
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Figure 5.14. S-N Curve with C++ Results Using MATLAB Parameters
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Table 5.6. Material Parameters for Ti-6242S at 900°F

P (“;fl-f?) Es) | v | Cy(ksi) | ou (ksi) | o (ksi) |
| 4.244E-4 | 11,548 | 0353 [ 188.1 [ 108.8 | 63.7 [ 0.125 |
p D] s s | s [o () [ (2) | o ()

102]03]0.0725 | 05 | 5.423E-6 | 1.725E-4 |

6139 |
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number of cycles did not match the MATLAB values (see the orange and grey curves in
Figure . So, the C++ code was used to further correct the parameters. Again, given
the flatness of the Handbook’s S-N curve, changing the parameters proved fruitless until
the value of the plastic strain damage threshold, ¢,p (i.e., the amount of plastic strain a
material undergoes by the time it reaches its ultimate strength in monotonic tension), was
changed. While the new value of ¢,p = 0.125 differs greatly from the value calculated from
the Handbook (g,p = 0.15), it provides a very good fit to the S-N data (see the grey and
blue curves in Figure . Since this variable is only used in the damage subroutine whose
sole purpose is to give an estimation of fatigue failure, €,p = 0.125 was used. See Table |5.6

for the complete listing of the material parameters used in the simulation.



S-N Curve for Ti-6242S
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Figure 5.15. S-N Curve with C++ Results Using Corrected Parameters

5.3.4 Simulation and Results

Using the mesh and the material parameters mentioned above, the plate and hat stiffener
model was simulated in the XTFEM code. The AFRL stated that the peak temperature
during the thermal cycle should be about 1,510 Rankine (1,050°F ) while using a heat flux
amplitude of 0.0018 ji—;us To achieve these parameters, a trial-and-error approach was taken
using Abaqus, and it was determined that the frequency of the cyclic heat flux should be
f = 0.00025 Hz or a period of 4,000 seconds with an initial temperature throughout the
model of T,.; = 765 Rankine (305°F). The mechanical loading to the edge of the plate was
5 Hz as in the experiment. To simplify matters, the pressure amplitude was made to be
5,120 psi with a mean pressure of zero rather than 5,120 psi as the mean pressure and 512
psi as the amplitude as in the experiment. Likewise, the initial temperature for the whole
model was set to zero with any rise or fall in temperature being understood as a change in
temperature, AT, from the initial temperature of 765 Rankine.

A regular space-time temperature vector was used instead of the extended version in

the previous example since we are solving for the nodal temperature values using a TFEM
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formulation instead of applying the temperatures directly. To calculate the extended space-
time thermal “force” term (equation , the spatial thermal “force” as a function of time,
O (z,t), was approximated using a quadratic polynomial. To do this, the spatial thermal
“force,” ©, was calculated at the three time-nodes, and a polynomial was fitted to the three

data points by solving for the three coefficients, ag, a;, and as:

O (z,t;) = / BT Da AT (z,t;) Idf2 (5.5)
02
8<I,t) :a0+a1t+a2t2 (56)
@1 (ZE, tl) 1 tl t% Qo
Oy (z,t2) | = | 1 to 13 ay (5.7)
@3 (.QT, tg) 1 t3 t?;’ (05}
-1
ao 1t t2 O (z,t)
aq = 1 tg t% @2 (I, tQ) (58)
as 1 tg t% @3 (l’, tg)
] T
EIN1O ® O = { N, N, ] (ao +art+axt?) dt (5.9)
ITL

This procedure was done for each mechanical degree of freedom in the model.

The simulation was run on TACC’s Lonestar high-performance computer using 4 compute
nodes and 96 processors. Unfortunately, it became apparent after 24 hours that the simulation
would not finish within Lonestar5’s 48 hour maximum run time. So, the pressure amplitude
was increased to 9,000 psi, and the simulation was re-run. It completed in about 28.8 hours
CPU run time with the first element failing after about 36,600 cycles and completely finishing
the simulation shortly thereafter at about 36,650 cycles.

The first point of interest in the simulation was the nonlinear accumulation of the stored
energy density, w,. As seen in Figure the energy plateaus then rises repeatedly over the

course of the simulation while the sharp rise in energy at the end was due to the accumulation
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Figure 5.16. Maximum Stored Energy Density, wg, vs. Time

of damage (see equation above). In purely mechanical simulations, this value rises
linearly up until damage accumulation begins. By plotting the temperature of a node in the
stress concentration area of the first weld, we can see why the nonlinear accumulation occurs
(see Figure . The energy seems to increase at a greater rate whenever the magnitude of
the slope of the temperature curve is largest. We hypothesize that this is due to the relatively
large temperature gradients present in the model during these times which generate extra
mechanical stresses on top of those created by the pressure load (see Figure .

The second point of interest is the failure of the material at the end of the simulation.
As seen in Figure the stress concentrates at the first spot weld which was known from
our static simulations. Once the damage reached the critical value in these elements, D.,
the elements were deleted. This created stress singularities due to the newly formed sharp,
reentrant corners where the deleted elements used to be, a drawback of the element deletion
method of crack modeling. Thus, the stress contour in Figure |5.20] was capped at 250,000 psi

to show the stress distribution elsewhere. After a few more time steps, the ‘crack’ reached
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Max Stored Energy Density and Temperature Change vs. Time
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Figure 5.17. w, and 1st Weld Nodal Temperature Change, AT, vs
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Figure 5.18. Temperature Distribution in the Model
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Figure 5.19. Stress Concentrated at 1st Spot Weld
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Figure 5.20. First Element Deletion at ~36,600 Cycles Creating Stress Singularities
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Figure 5.21. Fatigue ‘Crack’ Tearing Through the Surface of the Hat

the surface of the hat stiffener causing more stress singularities (see Figure . Figure m
shows what remains of the first spot weld just prior to the end of the simulation. At the
same time, Figure [5.23] shows the large stresses in the remaining spot welds. Within a few
cycles of this frame, the remaining spot welds delete causing the hat stiffener to separate

from the plate. This makes the stiffness matrix singular causing the simulation to stop.
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Figure 5.23. High Stresses on Other Spot Welds Before Failure
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CHAPTER 6

CONCLUSION AND FUTURE WORK

6.1 Conclusion

We have proven the effectiveness of the XTFEM code by simulating three different models of
increasing complexity. In the single element model, we showed that the XTFEM formulation
is superior to the standard, finite-difference time-integration methods by contrasting the user
runtime of both formulations. The XTFEM formulation was several orders of magnitude
faster even while using more interpolation points to give it greater accuracy. In the beam
model, we simulated an academic problem of a beam constrained at both ends subjected to a
cyclical temperature variation. We showed how the XTFEM code could accurately translate
the temperature variation into an equivalent “force” which, due to the constraint, translated
into stress. The minor differences in cycles to failure between the C++ code used as a
control and the XTFEM code were most likely due to the round-off in calculated temperature
values used to create the equivalent stresses. Lastly, we simulated a truly pertinent problem
that is of interest to the Air Force: the thermo-mechanical high cycle fatigue of hypersonic
aircraft structures. After performing a mesh convergence study and calibrating the material
parameters, we simulated the fatigue of the plate and hat stiffener using similar conditions
to the AFRL experiment as best we could. We saw that the relatively high temperature
gradient decreased the fatigue life of the component by creating mechanical stresses on top of
those made by the pressure load. We also saw the failure of the material initiating at the

first spot weld and propagating up to the surface of the hat stiffener.
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6.2 Future Work

While we have demonstrated the XTFEM formulation’s capabilities, there is still more work
to be done in order to simulate the full range of fatigue problems. These are just a few of the

many possible developments that could be made to the code:

1. Plasticity: Currently, the only mesoscale (finite element level) material model the code
is capable of running is for a linear-elastic, isotropic material. However, there are
many high cycle fatigue cases which have a small amount of plasticity at the mesoscale,
and this can make a difference in the fatigue life. In fact, the two scale progressive
fatigue damage model (Desmorat et al.| (2007)) is designed to allow for small amounts

of mesoscale plastic strains.

2. Low Cycle Fatigue: Related to the previous proposal, plasticity would open up the
possibility of simulating low cycle fatigue conditions. This would, of course, necessitate
having another fatigue damage model either alongside the HCF two scale model or as
a separate option in which the two scale model is turned off. This would allow the
XTFEM code to simulate the full range of fatigue loading. This is especially pertinent
for thermo-mechanical fatigue (TMF) since most TMF situations are either LCF or

mixed LCF and HCF (see section [1.2.2] above).

3. Mixed Element Meshes: At this time, the XTFEM code is limited to either eight node
brick elements (C3D8 in Abaqus) or twenty node brick elements (C3D20). However,
many industrial components have a complicated geometry that necessitates a mesh
consisting of several element types such as brick, tetrahedral, wedge, and shell. A mixed
mesh allows one to create quality meshes without greatly multiplying the number of
elements and nodes. The plate and hat stiffener model, for instance, could have been
meshed and simulated much more efficiently if the spot welds were meshed with solid

elements while shell elements were used for the plate and hat stiffener.
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4. Multiple Materials: At present, the XTFEM code can handle only one material in the
entire component. On the other hand, most industrial components are comprised of
multiple materials. This is especially germane for many thermal fatigue situations such
as electronic surface-mount devices where mismatches between coefficients of thermal

expansion create cyclic stresses and, thus, fatigue damage.

5. Thermal Convection and Radiation: Currently, the only types of boundary conditions
available in the code for the thermal TFEM are surface heat flux and fixed temperature
boundary conditions. On the other hand, many cases of thermo-mechanical fatigue
involve convection and thermal radiation. The plate and hat stiffener model in section
above is an excellent example. When the AFRL first simulated the experiment in
Abaqus, they included both convection and thermal radiation since both modes of heat

transfer were significant.

6. No Temperature Boundary Condition: Unlike Abaqus which can simulate a transient,
thermal model without a prescribed temperature boundary condition (i.e., it can assume
all surfaces are insulated), the XTFEM code cannot handle such conditions since it
would make the space-time stiffness matrix singular. Removing this constraint would
allow the modeling of problems for which there is no prescribed temperature surface, a

condition which, at times, can be more realistic.

7. Contact Nonlinearity: Many thermo-mechanical problems involve surfaces which start
out separated from each other but, due to thermal expansion, come into contact and
transmit forces. Again, the case of the plate and hat stiffener comes to mind. The
original spot welds were actually much thinner than they were modeled in section [5.3.1
In reality, the plate and the hat stiffener would have come into contact, transmitted

forces, and conducted heat.
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8. XFEM for Crack Growth: Currently, the XTFEM code implements crack growth
by way of element deletion. This method has the problem of lost energy due to the
disappearance of mass (Belytschko et al.| (2014), p.644). Furthermore, one would have
to know where the crack would initiate and grow beforehand in order to properly
mesh the component for crack growth (Belytschko et al.| (2014)), p.644), but for most
industrial components, one does not know that apart from expensive experimentation
or other fatigue algorithms which the XTFEM code seeks to replace (see chapter [3)).
Lastly, element deletion can generate stress singularities by creating sharp, reentrant
corners where an element used to be (see section above). Therefore, the best way
to implement crack initiation and propagation is the extended finite element method
(XFEM) which was discussed briefly in section 2.4.1 The chief advantage of XFEM is
that the accurate modeling of a crack is independent of the mesh. Furthermore, there
is no loss of mass/energy during crack growth and no stress singularities. XFEM would

thus avoid the major pitfalls of element deletion.

9. Random Loading: Actual components in the field rarely undergo constant amplitude,
constant frequency loading. Rather, the loading history is more often than not random,
and being able to simulate random loading would allow the XTFEM code to tackle the

vast majority of common fatigue problems seen in industry.
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APPENDIX

PROOFS IN THE TWO-SCALE MODEL

This appendix gives proofs for some of the assertions made in chapter [4]

A.1 Proof: ¢lc! = <Ufj>+ <U%>+ + (o) (ofi)

iy T
ofio; = (o) = (=oi5)) (o) = (=oi5))
= (ot = (o)7) (ot = (ot)) (A1)
= (oh)" (oh)" —2(o) " (o) + (ol (oli)”
Since ()" (z)” = 0, the middle term of equation becomes zero leaving us with:

sl = (o) (o) + (ol (oli) (A.2)

A.2 Proof: <tr (Ufj)>+ — <t7“ (OZ-)>_ =1r <<O£Lj>+> —tr (<Ufj>_>

+ p—
oy 0 0 oy, 0 0
<t7” 0 o O > — <t7” 0 o O > =
_ 0 0 ob \ 0 0 oby (A3)
<Uit1> 0 0 <_‘7¥1> 0 0
tr 0 <‘752> 0 —r 0 <_‘7§2> 0
0 0 (o%) 0 0 (—03)

Using forward slashes to indicate either/or with the value to the left of the slash being either
zero or the variable if positive and the value to the right of the slash being either zero or the
variable if negative:

(ofy + oo +U§3) /0—0/ (_”fl — by — 053) = <UT1> - <_Uf1> + <052> - <_052> + <°’§3> - <_U§3>

(‘7?1 + ‘752 + Ugs) / (”1”1 + ‘752 + Ugs) = Uitl/o -0/ (*‘7?1) + ‘752/0 -0/ (*‘752) + ‘753/0 -0/ (*0§3) (A 4)

(oh) + oy +0b3) / (01 + oby +0k3) = (ol + by + a3) / (o) + oby + 0b3)

B\ H
tr (Uij) =tir <0'i]->
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(o)) = G (o) =t ((ot)T) =t (o)) (A.5)

A.3 Proof: (0,’;,6)2 = ((Uzk>+)2 + (<0ﬁk>_)2

Using (tr (UZ)>+ — (tr (o%)) =tr <<afj>+> —tr <<0‘Z->7> (see proof |A.2[ above), we have:

(o) = (ot = (o107’

= (o)) + 2 (o) (o)™~ (o))

Using the fact that ()™ (z)~ = 0, the middle term of equation becomes zero leaving us

(A.6)

with:

() = () )+ (o)) (A7)
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