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Optimal Control Problems with Symmetry Breaking Cost Functions*
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Abstract. We investigate symmetry reduction of optimal control problems for left-invariant control affine sys-
tems on Lie groups, with partial symmetry breaking cost functions. Our approach emphasizes the
role of variational principles and considers a discrete-time setting as well as the standard continuous-
time formulation. Specifically, we recast the optimal control problem as a constrained variational
problem with a partial symmetry breaking Lagrangian and obtain the Euler—Poincaré equations
from a variational principle. By using a Legendre transformation, we recover the Lie-Poisson equa-
tions obtained by Borum and Bretl [I[EEE Trans. Automat. Control, 62 (2017), pp. 3209-3224] in
the same context. We also discretize the variational principle in time and obtain the discrete-time
Lie—Poisson equations. We illustrate the theory with some practical examples including a motion
planning problem in the presence of an obstacle.
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1. Introduction. Symmetry reduction of optimal control problems (OCPs) for left-invar-
iant control systems on Lie groups has been studied extensively over the past couple of decades.
Such symmetries are usually described as an invariance under an action of a Lie group, and the
system can be reduced to a lower-dimensional one or decoupled into subsystems by exploiting
the symmetry (see, e.g., [1, 3, 14, 16, 25, 26, 31, 33, 34]). Symmetry reduction of OCPs is
also desirable from a computational point of view. Given that solving OCPs usually involves
iterative/numerical methods such as the shooting method (as opposed to solving a single
initial value problem), reducing the system to a lower-dimensional one results in a considerable
reduction of the computational cost as well.

The goal of this work is to study symmetry reduction of OCPs for left-invariant control
affine systems on Lie groups with partially broken symmetries, more specifically, cost functions
that break some, but not all, of the symmetries. Symmetry breaking is common in several
physical contexts, from classical mechanics to particle physics. The simplest example is the
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OCPs WITH SYMMETRY BREAKING COST FUNCTIONS 627

heavy top dynamics (the motion of a rigid body with a fixed point in a gravitational field),
where due to the presence of gravity, we get a Lagrangian that is SO(2)-invariant but not
SO(3)-invariant, contrary to what happens for the free rigid body. Reduction theory for
Lagrangian/Hamiltonian systems on Lie groups with symmetry breaking was developed in
[19, 29, 30]. In the context of motion planning, the symmetry breaking appears naturally in
the form of a barrier function, as we shall see in section 4.2.

The results in this paper are the Lagrangian/variational counterpart of those in [7, 8, 9];
we also develop a discrete-time version of the results. From the Lagrangian point of view, we
obtain the Euler—Poincaré equations from a variational principle, and by using a Legendre
transformation, we obtain the Lie-Poisson equations. By discretizing the variational principle
in time, we obtain the discrete-time Lie—Poisson equations. We only study the reduction of
necessary conditions for optimality for OCPs, which are obtained from a variational perspec-
tive. Reduction of necessary and sufficient conditions for optimality has been recently studied
in [9] from the Hamiltonian point of view using Pontryagin’s maximum principle, and the
connection between both formalisms could be stated using a Legendre transformation.

We also work out some practical examples to illustrate the theory, including an optimal
control description of the heavy rigid top equations as well as a motion planning problem with
an obstacle; the latter provides an example of the symmetry breaking by a barrier function
mentioned above.

1.1. Qutline. The paper is organized as follows. In section 2, we introduce some prelim-
inaries about geometric mechanics on Lie groups. In section 3, we study the Euler—Poincaré
reduction of OCPs for left-invariant control affine systems on Lie groups, with partial symme-
try breaking cost functions, and we also obtain the Lie—Poisson equations by using a Legendre
transformation. Furthermore, we consider the discrete-time case and obtain the discrete-time
Lie—Poisson equations. In section 4, some practical examples are considered to illustrate the
theory. Finally, in section 5, we make some concluding remarks.

2. Preliminaries. Let Q be an n-dimensional differentiable manifold with local coordinates
(¢',...,q"), the configuration space of a mechanical system. Denote by T'Q its tangent bundle
with induced local coordinates (¢',...,q" ¢',...,d"). Given a Lagrangian L: TQ — R, the
corresponding Euler—Lagrange equations are

(oL —a—L—O t=1 n
dt \ 0¢* Y

which determine a system of implicit second-order differential equations.

An indispensable tool in the study of mechanical systems is symmetry reduction. In
particular, when the configuration space is a Lie group, one can reduce the Euler—Lagrange
equations, which generally give a system of second-order equations, to a system of first-order
equations on its Lie algebra.

Let G be a Lie group, and let g be its Lie algebra. Let L, : G — G be the left translation by
an element g € G; i.e., Ly(h) = gh for any h € G. Note that the map L, is a diffeomorphism
on G and is also a left action of G on itself. The tangent map of L, at h € G is denoted by
ThLg: T,G — Ty G. Similarly, the cotangent map of Ly at h € G is denoted by T Ly T;‘hG —
TyG. A vector field X € X(G) is called left-invariant if X(Ly(h)) = T}, Ly(X (h)) for any g,
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he€G. Let : G x Q — Q be a left action of G on Q. A function f: @ — R is said to be
G-invariant if fo ®, = f for any g € G.

If we assume that the Lagrangian L: TG — R is G-invariant under the left action of G
on TG, then we can obtain a reduced Lagrangian £: g — R, where £(¢) = L(g™'g, TyLy-1(9))
= L(e,&). We can now obtain the reduced Euler-Lagrange equations, commonly known as
the Euler—Poincaré equations (see, e.g., [2, 20, 28]), which are given by

d ot . O
(1) — - =ad; —.

dt 0 0&
The Euler-Poincaré equations together with the reconstruction equation { = TgL,-1(g) are
equivalent to the Euler—Lagrange equations on G. If we assume that the reduced Lagrangian ¢

is hyperregular, then we can obtain the reduced Hamiltonian h: g* — R (by using a Legendre
transformation) given by

h(p) = (1, &) —£(),

where y = g—é € g*. The Euler—Poincaré equations (1) can now be written as the Lie-Poisson
equations (see, e.g., [2, 20, 28]), which are given by
(2) fr = adn p-
o
3. Optimal control problems on Lie groups. We will first define a left-invariant control
affine system on G, which is assumed to be n-dimensional.

Definition 1. A left-invariant control affine system on G is given by

g="T.Ly(u),
where g(-) € CY([0,T],G) and u is a curve in the vector space g. More precisely, if g =
span{ei,...,em, emt1,---,€n}, then u is given by
m .
u(t) = eo + »_u'(t)e;,
i=1

where eq € g and the m-tuple of control inputs [u' ... u™T takes values in R™.

Remark 2. If m < n, then the left-invariant control affine system is underactuated; oth-
erwise it is fully actuated.

In what follows, we will fix ¢ = span{ey,...,en}, p = span{e41,...,en}, with eg € p
and F := G x £. Consider the OCP

T
min 7 = min [ C(o(0), (1) = eo) + V{g(0)a

subject to (P1)

9(t) = TeLgy(u(t), 9(0) = go, 9(T) = gr,

where the following assumptions hold:
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(i) C: E — R is a G-invariant function (under a suitable left action of G on E, which will
be defined shortly) and is also sufficiently regular.

(i) V : G — R (potential function) is not a G-invariant function and is also sufficiently
regular.

(iii) The potential function also depends on a parameter ag that may be considered to be an
element of the dual space X* of a finite-dimensional vector space X. Hence, we define
the extended potential function as Vey : G X X* — R, with Ve (-, c0) = V.

(iv) There is a left representation p of G on X; i.e., p. : G — GL(X) is a homomorphism.
Hence, there is a left representation p*: G — GL(X™) defined as the adjoint of p: for
any g € G, we define p;,l € GL(X™) as the adjoint of p,-1 € GL(X); i.e., for any z € X
and a € X*,

<p;*1 (Oé), ‘T> = <a7 pg*1 (‘T)>
As a result, there is a left action of G on G x X™* defined as
P:Gx(GxX")— GxX*,
(3) (97 (h7 Of)) — (Lg(h)7p;*1 (a))

(v) The extended potential function is G-invariant under (3); i.e., Vext 0 @4 = Vit for any
g € G or, more concretely, VCXt(Lg(h),p;,l(oz)) = Vext(h, @) for any h € G and a € X*.

Remark 3. Under assumptions (iii)—(v), the potential function is invariant under the left
action of the isotropy group

Gay :=1{g € G| pylan) = ao}-.

Remark 4. Note that E is a trivial vector bundle over GG, and define the left action of G
on E as follows:

U:GxE— E,
(4) (9: (hyu)) = (Lg(h), w).

Throughout the paper, we assume that C': E — R is G-invariant under (4); i.e., Co V¥, =C
for any g € G.

3.1. Euler—Poincaré reduction. We can solve (P1) as a constrained variational problem
using the method of Lagrange multipliers (see, e.g, [2, 25]). Define the augmented Lagrangian
Ly : Exp* x X* — R as follows:

La(gaua )\,Oé) = C(g,u - 60) + ‘/Oxt(ga Oé) + <)\7u - 60>7
where \(-) € C1([0,T],p*). Define the left action of G on E x p* x X* as follows:

T:GXx(Exp"xX*) — Exp"x X",
(5) (97 (h,u,)\,a)) — (Lg(h)7u7)\7p;*1(a))‘
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Under assumption (v), it follows that L, : E x p* x X* — R is G-invariant under (5); i.e.,
L,oY, =L, for any g € G. In particular, under assumptions (iii)—(v), it follows that the
augmented Lagrangian L, (-,-,-,a0) =: Lga, : £ X p* = R is Gy, -invariant under (5); i.e.,
Loy oYy = Lo, for any g € Go,. We can now obtain the reduced augmented Lagrangian
Ly 8 X p* x X* — R, which is given by

Ea(u7 >\7 a) = La(e’ u’ )\7 a)
= C(u—eg) + Vext (o) + (A, u — eg),
where o = pj(ap) and with a slight abuse of notation, we write C(e,u — ep) = C(u — eo)

and Voyt(a) = Vexe(e, ). A normal extremal for (P1) satisfies the following Euler—Poincaré
equations (see Theorem 5 below for a proof):

d [0C e, OVext
(6) £<%+)\>—adu<%+)\>+-]x<aa ,a),
(7) & = piy (@), a(0) = p; (a0),

where Jx : T*X =2 X x X* — g* is the momentum map corresponding to the left action of
G on X defined using the left representation p of G on X. That is, for any x, £ € X and
a e X*,

(8) <Jx(.’1',04),€> = <a7€X(x)>7

with £x being the infinitesimal generator of the left action of G on X, and p’* : g — gl(X*) is
defined as the adjoint of p’, which is the representation induced by the left representation p of
G on X. Note that the solution to (7) is given by «a(-) = p;(')(ao). Also, note that using the
notation of [19], we have Jx(x,«) = z ¢ a. For more details, see [12, 19, 20]. To summarize,
we have the following theorem.

Theorem 5. A normal extremal for (P1), under assumptions (1)—(v), satisfies the following
Euler—Poincaré equations:

d [0C e, OVext
(9) £<%+)\>—adu<%+)\>+-]x<aa ,a>,
(10) & = piy (@), a(0) = p; (o).

Proof. The proof follows arguments similar to those given in [19, 25]. Consider the fol-
lowing variational principles:
(a) The variational principle

T
5 /0 Lo (9(8), u(t), A(H))dt = 0

holds for all variations of g (vanishing at the endpoints) and w.
(b) The constrained variational principle

T
5 /0 Ca(u(), A(®), a(t))dt = 0
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holds using variations of u and « of the form

ou =1+ adyn,
da = py (@),

where 7(-) € C1([0,T], g) vanishes at the endpoints.

We will first show that the variational principle (a) implies the constrained variational
principle (b). We begin by noting that L, : E x p* x X* — R is G-invariant under (5), i.e.,
LooYy = L, for any g € G and a = py(ap), so the integrand in the variational principle (a) is
equal to the integrand in the constrained variational principle (b). However, all variations of g
vanishing at the endpoints induce and are induced by variations of u of the form du = n+ad, 7,
with 7(0) = n(T) = 0. The relation between dg and 7 is given by n = T,L,-1(dg) (see
Proposition 5.1 in [4], which is Lemma 3.2 in [19]). Thus, if the variational principle (a) holds
and if we define n = TyL,-1(dg) and du = TyL,-1(g), then by Proposition 5.1 in [4], we have
ou = n+ad, n. In addition, we have da = pjv* (). Hence, the variational principle (a) implies
the constrained variational principle (b).

A normal extremal for (P1) satisfies the variational principle (a) and hence, the con-
strained variational principle (b), by the above discussion. So, we have

T
0= / Ca(u(®), M(8), at))dt
0
Tr 60 a%xt
/0 _<%,5u> + (X, 0u) + <5a, e >} dt
rr 60 8‘/0)(1:
/ _<% " A,5u> n <5a, W >] at
T
/ <@ + A\, 7+ ad,, n> + <5a, OVext >] dt
o |\Ou O
Tr/ a (oc . [0C 1 OWoext
/0 _<—£ (a + )\) +adu (% + )\) ,77> + <p7] (Oé), Do >:| dt
Tr/ a (oc . [0C OWext
/0 -<—£ <%+)\>+adu <%+)\>+JX <—804 ,Oé>,?’]>:| dt,
where we have used integration by parts along with the fact that 7(0) = n(T") = 0, and so we
have
d [(0C L [(oC OWext
% <%+>\> —adu <%+>\> —l—JX( e ,Oé> .

Finally, by taking the time derivative of o, we have

&= (), a(0) = g}, (00). 0

There are two special cases of Theorem 5 that are of particular interest, and we state them
as corollaries.
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Corollary 6. Let X = g, and let p be the adjoint representation of G on X, i.e., p, = Ad,
for any g € G. Then, the Euler—Poincaré equations (9)—(10) give the following equations:

d (0C . [0C

E <au + )\> = adu <8_ + )\> adav?;t s
& =ad, a, a(0) =Ady ao

Proof. We first begin by noting that a € X* = g* and p* is the coadjoint representation

of G on X*, ie., py = Ad; for any g € G. We also have ,o’£ = ad¢ for any £ € g, and it follows
that {x(z) = ad¢ « for any € X. From (8), we have

<JX($aO‘)’£> = <O‘aad$$>
= <O‘a_adx£>
= <_ ad; Oé,§>,

which gives Jx(z, ) = —ad a. [ ]

Corollary 7. Let X = g*, and let p be the coadjoint representation of G on X, i.e.,
Py = Ad;,l for any g € G. Then, the Euler—Poincaré equations (9)—(10) give the follow-

mg equations:
a‘/ext
— 4+ A ady,
it (5 o) = (o o) =i 5

& = —ady a, a(O):Adgq Q.

Proof. We begin by noting that a € X* = g** = g and p is the adjoint representation
of G on X*, ie., py = Adg-1 for any g € G. We also have pg = —adg for any § € g, and it
follows that {x(z) = —adg¢ z for any x € X. From (8), we have

which gives Jx (z,«) = ad}, x. [ |

The Euler—Poincaré equation (9) is not particularly feasible for describing the time evolu-
tion of u and A because the equations for them are combined into a single equation. However,
assuming an additional structure on the Lie algebra g, we may decouple the equations for u
and A (see [3] for a similar approach applied to the standard Euler—Poincaré equation).

Proposition 8. Assume that g = €@ p such that
[€,€ Cp, [0 ] CE [p.p] Cp;

then the time evolution of u and X\ in (9) is given by the following equations:

doc ., oC Wi
a% deo 8 —i—adu eo)\+JX< 80[ ,Oé)

)

4
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OCPs WITH SYMMETRY BREAKING COST FUNCTIONS 633

Q—ad* A+ ad; 8C+JX <aVeXt,a>

)

dt Um0 Ay O

p

where u — ey € t.
Proof. 1t is easy to verify that g* = €* @ p* such that
(11) adg & C p*, ad, € C €, ad,p* Cp*, adgp” C "

It is also easy to verify that %—S € * and by definition A € p*. We now have a splitting of the
left-hand side of (9) in ¢ and p*. We have

L0C Z?C . Z?C
ad), " =ad;, —— 50 +ady,_, B
ady, A = ad;, A +ady_, A,
where u —eg € €. By using (11), we have ady, g_(} €t ad,_,, g—g € p*, ad;, A € p*, and
ady,_., A € &. We can also split JX(HVext a) € g* in € and p*. We now have a splitting of

the right-hand side of (9) in €¢* and p*. So, (9) splits into the following equations:

49C _ 60+ad* A+JX<6VM,@>

@t ou %0 gy T A% 9o )|,
i oc OVt
ad?, A+ ad’ J . 5
@ i G X< o ’a> ;

Remark 9. Note that semisimple Lie algebras admit a Cartan decomposition; i.e., if g is
semisimple, then g = £ ® p such that

&€ Cp, [p, e CE [p,p] Cp,

where ¢ = {z € g | 6(z) = —a} is the —1 eigenspace of the Cartan involution 6 and p =
{z € g | 0(x) = x} is the +1 eigenspace of the Cartan involution 6. In addition, the Killing
form is positive definite on ¢ and negative definite on p. So, connected semisimple Lie groups
are potential candidates that satisfy the assumption of Proposition 8. Conversely, a Cartan
decomposition determines a Cartan involution 6 (see, e.g., [21]). For more details, see [13, 18,
21]. Also, note that the roles of £ and p can be reversed in Proposition 8.

3.2. Legendre transformation. If we assume that the reduced Lagrangian £, is hyperreg-
ular, then we can obtain the reduced Hamiltonian h, : g* x p* x X* — R (by using a Legendre
transformation) given by

ha(:uv A, Oé) = <:u’ u> - Ea(”) A Oé),

where p = %i; = (%2 + \), with u(-) € C'([0,T],g*). The Euler-Poincaré equations (9)—(10)
can now be written as the Lie—Poisson equations (see, e.g., [15, 19]), which are given by

. * a‘/ext
(12) u—aduu—i-.]x<aa ,a>,
(13) & = py(a), a(0) = pj,(ao).
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Remark 10. The Lie-Poisson equations (12)—(13) are also obtained in [7, 8, 9] using Pon-
tryagin’s maximum principle. For more details, see [7, 8, 9].
3.3. Discrete Lagrange—Pontryagin principle. Consider the discrete-time version of
(P1) given by
N-1
min Jg:= min Z [Calgr, ur — €o) + Valgr)]
k=0

{ur}p g {ur}i o
subject to (P2)

gk+1 = gr7(hug), with given boundary conditions gy and gy,

where h € Ry is the time step, 7 : g — G is the retraction map (see, e.g., [10, 11, 22, 23, 24]),
and the functions Cy and Vj satisfy assumptions (i)—(v).

We can solve (P2) using a discrete analogue of the Lagrange-Pontryagin variational prin-
ciple. Define the augmented cost function as

N-1

Jaa =Y Laa(Gk: Ger1, s pix, @),
k=0

where the augmented Lagrangian Lg, : G x E x g* x X* — R is defined as
(14) La oGk, Grt1, Uk, pties &) = Ca(grs ur — €0) + Vigext (gr» @)
e ) — (= ) ).
Define the left action of G on G x E x g* x X* as follows:
IN'Gx(GxEXxgxX")—GxExgxX"
(15) (9, (h1; ho, u, p, @) = (Lg(hn), Ly (ha), u, p, pg-1 (@)

Under assumption (v), it follows that Lg, : G X E x g* x X* — R is G-invariant under (15);
ie., Lggol'y= Ly, for any g € G. In particular, under assumptions (iii)—(v), it follows that
the augmented Lagrangian Lgq(-,-, -, -, @) = Lgaa, : G X E x g* — R is Gy, -invariant under
(15); ie., Lggay ©L'g = Lgg,a, for any g € Go,. We can now obtain the reduced augmented
Lagrangian {4, : ' x g* x X* — R, which is given by

Caa(T(Gks Ght1)s Uk, ks Q) = Lo, T(gks Ght1), Uk Mk, Ok;)
= Cy(ur — €0) + Vi ext ()

+h <,Uka %T_I(W(gk,gk-i-l)) — (ug — ‘30)> ;

where 7m(gk, gk+1) = gk_lgkﬂ € G, oy = py, (ap), and with a slight abuse of notation, we
write Cy(e, uy, — eg) = Cq(ur —€g) and Vg ext () = Vaext (€, @x). A normal extremal for (P2)
satisfies the following discrete-time Lie—Poisson equations (see Theorem 12 below for a proof):

av,
—1 \% o —1 * dext _
(16) (dThuk) Hi = (dT—hukfl) He—1 ‘|‘JX <T._ék,ak> y
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OCPs WITH SYMMETRY BREAKING COST FUNCTIONS 635

(17) Qg1 = p:(huk)(ak)’ Qg = p;o (Oéo),
where pi = %g—(;: € g*. To summarize, we have the following theorem, but before proceeding
further, we recall a lemma which will be used in its proof.

Lemma 11 ([10, 11, 24]). The following properties hold:

1. 4, _ 1. _ 1.
(18) 70T Yox k) = 70T N (g grr1)) = EdThulk(—le + Ady (huy) Me+1),

where ny, = TgkLgI;l(égk) €g, and

(19) (A ) e = AdE gy () iy

where py, € g* and dr—! is the inverse right trivialized tangent of T.

Theorem 12. A normal extremal for (P2), under assumptions (i)—(v), satisfies the follow-
ing discrete-time Lie—Poisson equations:

(20) ik Y e = (A, Vs +3x <

(21) Okl = Pr(huy) (k) o = py, (o),

an,oxt a
85&]6 y X |

where pg = %g—(il‘: €gr.

Proof. Consider the following variational principles:

(a) The variational principle

N-1

8> Laaao (ks Ger1, wrs i) =0
k=0

holds for all variations of g (vanishing at the endpoints), 7'_1(91;1 gk+1) (induced by the
variations of g), and wuy.
(b) The variational principle

N-1
8> laa(m(grs Gr1)s ks 1k, G) = 0
k=0

holds for all variations of 7=(7(gx, gr+1)) (induced by the variations of g; vanishing at
the endpoints), ug, and ay of the form

where 7, € g vanishes at the endpoints.
We will first show that the variational principle (a) implies the variational principle (b). We
begin by noting that Lq, : G x E'x g* x X* — R is G-invariant under (15), i.e., Lgq0l'y = Lqq
for any g € G and &, = p;, (29), so the summand in the variational principle (a) is equal to

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



636 A. M. BLOCH, L. J. COLOMBO, R. GUPTA, AND T. OHSAWA

the summand in the variational principle (b). In addition, we have day = p%*k (a). Hence,
the variational principle (a) implies the variational principle (b).

A normal extremal for (P2), satisfies the variational principle (a) and hence, the varia-
tional principle (b). So, we have

0=0 Z Ca,a(T (G Ght1), ks Hoks Olk)

N-1
o 86’d _ an,oxt
= [<8uk 5Uk> h{pr, dug) + <504k, T._%>

k=0
1 _
+h <Nk, EdThulk(—le + Ad; (huy) 77k+1)> ]
N—1
= [<8Cd P, 5uk> + <5Otk, 8Vd7m>
=0 8uk aak

1 _
+h <Mk, EdThulk(_nk + Adr () 77k+1)> ]

N-1
80 3V ex
k=

—_

+ <(d7’__}1uk71)*uk—1 - (dT,;ulk)*uk,nk>]
N—1

k=1
OVigext _ 1
<(dT_huk )" b— 1+JX< 82; ak) — (dThulk) Nk777k>]7

where we have used Lemma 11, the analogue of integration by parts in the discrete-time
setting, and the fact that 79 = ny = 0, and so we have

aV,
—1 \* dext _
(o = (s + 3 ()

Finally, after a simple calculation, we have

Q11 = pj—(huk)(dk)a o = Py, (o). n

As in the continuous-time case, there are are two special cases of Theorem 12 that are of
particular interest, and we state them as corollaries.

Corollary 13. Let X = g, and let p be the adjoint representation of G on X, i.e., p, = Ad,
for any g € G. Then, the discrete-time Lie—Poisson equations (20)—(21) give the following
equations:

(dTh_ulk)*Mk = (dT_huk D -1 — adby, ., G,
94,
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— * — — *
Qg1 = AdT(huk) ag, ap = Adgy a,

where py = %g—g]‘f egr.
Proof. See Corollary 6. u

Corollary 14. Let X = g*, and let p be the coadjoint representation of G on X, i.e., pg =
Ad;,l for any g € G. Then, the discrete-time Lie—Poisson equations (20)—(21) give the
following equations:

8Vvd,cxt
Oay,

Y

(A Vo = (723, )V p—1 + ady,

a1 = Adr(huy) -1 Qg a0 = Adg-1ag,

where py = %g—g]‘f egr.
Proof. See Corollary 7. u

Remark 15. Note that the discrete-time Euler—Poincaré equations (and hence, the discrete-
time Lie—Poisson equations) are obtained in [5, 6] in the case when the symmetry group is a
subgroup of a Lie group. In the case when the symmetry group is the Lie group itself, one
recovers the discrete-time Lie-Poisson equations given in [27]. The discrete-time Lie-Poisson
equations obtained in this paper come from a Lagrangian that is defined for a special class of
discrete-time OCPs (which satisfy some additional assumptions) rather than an actual phys-
ical Lagrangian, and so, they can be thought of as the optimal control counterpart of those
in [5, 6].

4. Examples. We will now consider two examples to illustrate the theory developed in
the paper.

4.1. The heavy top as an optimal control problem. We will now show that the heavy
top equations can also be obtained from OCPs for left-invariant control affine systems on Lie
groups, with partial symmetry breaking cost functions.

We now consider (P1), with G = SO(3), eg = 03x3, and with the cost function given by

Clgu— o) = 5w, T,
V(g) = _mgl<e3ugx>7

where (¢,€) = tr(€T€) for any € € g = s0(3); u(-) = S.o_, u/(-)e;, with the elements of the
basis of g (which is semisimple) given by

0 0 O 0 0 1 0 -1 0
er=|0 0 —-1|,e=] 0 0 O|,es=|1 0 0},
0 1 0 -1 0 0 0O 0 O

which satisfy

le1,e2] = e3, [ea,e3] = e1, [e3,e1] = ea;
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I:g — g* = s0(3)* is the inertia tensor of the top;' m is the mass of the body; g is the
acceleration due to gravity; e is the vertical unit vector; x € R3 is the unit vector from the
point of support to the direction of the body’s center of mass (constant) in body coordinates;
and [ is the length of the line segment between these two points.

Under the dual pairing, where (o, &) = tr(af) for any £ € g and o € g*, the elements of
the basis of g* are given by

0 0 0 0 0 —-= 0 % 0
1
el = |0 2 2 e 0 0 0], = 1 0 0
1
0 -5 0 3 00 0 0 0

It is easy to verify that the potential function is SO(2)-invariant but not G-invariant, and
so the potential function breaks the symmetry partially. We will now show how the theory
developed in the paper can be applied to the OCP under consideration.

Let X = g, and let p be the adjoint representation of G on X, i.e., p, = Ad, for any
g € G. So, p* is the coadjoint representation of G on X* = g*, i.e., pj = Ad; for any g € G.
Let the extended potential function Vi : G X X* — R be given as follows:

1

Vext (9, @) = —mgl{g™ o, x),

where o € R? is identified with & € g* (see, e.g., [20, section 5.3]). If we set &p = —2¢3 in
the extended potential function, we recover our original potential function. It is easy to verify
that the extended potential function is G-invariant under (3); i.e., Voxs 0 @4 = Vioy for any
g € G. It is also easy to verify that the potential function is invariant under the left action of
the isotropy group

Gao = {g eG ’ Ad;; o = ao} = SO(Q),

i.e., rotations about the vertical axis e3. We can now see that assumptions (i)—(v) are satisfied.
By Corollary 6, the Euler-Poincaré equations (9)-(10) (under the identifications g = R3 and
g* = R3) give the following equations:

(22) Iu = ad}, Iu — adby,, a,
“Da
(23) & = ad; o, a(0) = Ady ag,
where
ady, Tu = Tu X u, adjy,, o =-mgla x x, ad,a=axu, Ady ay= go_lozo,
Da

and I € R3*3 is the inertia matrix. For more details, see [20, 28]. Thus, (22)-(23) give the
following equations:

In =TIu xu—mglx X a,

Tt is calculated with respect to the pivot, which is not, in general, the center of mass.
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& =axu, a0) =g a.
The Lie-Poisson equations (12)—(13) are given by

p=pxIty—mglx xa,
da=axIu a0)=g;a,

which are the well-known heavy top equations (see, e.g., [20, section 7.4], [28, section 1.4]).

4.2. Motion planning of a unicycle with an obstacle. We study the OCP for the motion
planning of a unicycle with an obstacle. To avoid the obstacle, we use the barrier function
approach (see, e.g, [17, 32]), which plays the role of the potential function in the cost function
of the OCP.

Our model for a unicycle is a homogeneous disk rolling on a horizontal plane maintaining
its vertical position (see, e.g., [2, section 1.4]). The configuration of the unicycle at any given
time is completely determined by the element g € SE(2) & R? x S! 22 R? x SO(2) (as a set)
given by

cosf —sinf T
g = |siné cosf yl|,
0 0 1

where [z y]T € R? represents the point of contact of the wheel with the ground and 6 € S*
represents the angular orientation of the overall system (see Figure 1). For more details,

see [2, 26]. The controlled equations for the unicycle are given by

(24) i = u® cos,
(25) = u?sin,
(26) 0 =ul.

We can view (24)—(26) as a left-invariant control affine system on SE(2) (see [26]). Note that
(24)—(25) are equivalent to the nonholonomic constraint & siné — g cos 6 = 0.

Figure 1. The unicycle.

Let the obstacle be circular in shape and be located in the x-y plane. Without loss of
generality, assume that the obstacle has unit radius, with its center located at the point (0, 0).
Let the potential function V : R? \ S — R be given by

K
Viz,y) = 2t +y? 1)
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where k € R>g. Let us now equip se(2) with the inner product (¢,€) := tr(¢7€) for any
¢ € 5¢(2), and hence, the norm ||&]| := (£,6)1/2 = /tr(€T€) for any & € se(2). Equivalently,
the potential function V' : SE(2) \ S — R is given by

K

([ Ad, 112~ 3)°

Vig) =

where S := {g € SE(2) | |Ad,-1 €1/ = 3} and e; is given below. We now consider (P1),
with G = SE(2), ey = 03«3 and with the cost function given by

1
C(g,u—eg) = §<u,u>,

Vig) = "

2([Ady 1P~ 3)’

where u(-) = S>2_| u(-)e;, with the elements of the basis of g = se(2) (which is not semisimple)
given by

0 -1 0 0 0 1 0 0 O
ege= 1|1 0 0|, e=]|0 0 O0|,e=1]0 0 1],
0 0 O 0O 0 O 0 0 O

which satisfy

le1,e2] = e3, [e2,e3] = 03x3, [e3,e1] = ea.

Under the dual pairing, where (a, &) := tr(af) for any £ € g and « € g* = s¢(2)*, the elements
of the basis of g* are given by

1
0 5 0 0 0 0 0 0 0
ed=|_L ¢ ol.e=lo 0o o],f=]0 0 o0
2 1 0 0 0 1 0
0 0 0

It is easy to verify that the potential function is SO(2)-invariant but not G-invariant, and
so the potential function breaks the symmetry partially. We will now show how the theory
developed in the paper can be applied to the OCP under consideration.

Let X = g*, and let p be the coadjoint representation of G on X, i.e., p, = Adz,l for any
g € G. So, p* is the adjoint representation of G on X* = g™ = g, i.e., p; = Adg-1 for any
g € G. Let the extended potential function Vo : G X X* — R be given as follows

K
2(]| Adg-1 ]2 = 3)°

V:cxt(g7 Oé) =

If we set ag = e; in the extended potential function, we recover our original potential function.
It is easy to verify that the extended potential function is G-invariant under (3); i.e., Vexto®y =
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Vext for any g € G. It is also easy to verify that the potential function is invariant under the
left action of the isotropy group

cos —sinf 0
Gop ={9€G|Adg1ag=0ag} =4 [sinf cosf® 0] |0¢€ St 3 2S0(2).
0 0 1

We can now see that assumptions (i)—(v) are satisfied and we also have g = € @ p such that

€ Cp, [p, €] CE [p,p] Cp.

By Corollary 7 and Proposition 8, the Euler—Poincaré equations (9)—(10) give the following
equations:

OWex
(27) i = ad’ A+ ad, ==L
oa |,
\ 8‘/0)(
(28) A =ady, u + ad}, g
Oa P
(29) &= —adya, af0)= Adgo—l ap,
where
u2)\3
20 E ’ OViext kol 0 0 0
adi A = |u”As 0 ol » adh =% = ——| 0 0 0f,
o do (P37 | % o
ul)s 0 0
0 0 0 0 0 —ulad
ad;, u= |0 0 0|, adya=1{0 0 wla?—u2al],
0 —ulu? 0 0 0 0

and

0 -1 g sin By — yg cos Oy
Adggl ap= 1|1 0 xgcosby+ yosinby
0 0 0

For more details, see [28, section 14.6]. So, (27)—(29) give the following equations:

.1 u2)\3
u = — 2 s
1.3
.2 1 Koo
U =UA\3— —5——
(el = 3)*"
1.2
: RO
Ay = —ulu? 4+ ————
(el = 3)*"

al =0, o' (0) =1,
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a? =uta®, o?(0) = zqsinfy — yo cos fy,

& = —uta?® +ulal, a®(0) = xqcos by + yosin bp.

The Lie-Poisson equations (12)—(13) are given by

M1 = —H243,
. M3 ra'a®
H2 = - )
2 ([lef*=3)?
I[j, 12 /{OélCJZQ
3= = )
2 (laf*=3)?
al =0, ol(0) =1,
3
&2 = /”2& , a2(0) = x¢sin fy — yg cos by,
2
a3 = _,u12a + pgat, a3(0) = xq cos By + 1o sin fy.

Remark 16. Let us consider the case when the OCP under consideration has no potential
function. In this case, the Euler—Poincaré equations (9) give the following equations:

2
.1 _u A3
(30) il =122
(31) 02 = ul s,
(32) Mg = —ulu?.

We will now show that the Euler—Poincaré equations (30)—(32) are exactly the Euler-Lagrange
equations that we have when we view the OCP under consideration as a constrained variational
problem. The OCP under consideration is equivalent to the following constrained variational
problem:

1T :
min J = min —/ 22(t) + 92 (t) + 20°(¢)]dt
([=() y()T,0()) ([=() yOI70()) 2 Jo (0 () ()]

subject to (P3)

@(t) sin O(t) — (t) cos A(t) = 0, with given boundary conditions ([z(0) y(0)]T,6(0))
and ([#(T) y(T)]T,0(T).

The Lagrangian for (P3) is given by
. 1 .
La(0,d,5,0,\) = 5(:'c2 + 42 + 20%) + A(y cos 0 — @sin6),

where A is the Lagrange multiplier. A solution for (P3) must satisfy the following Euler—
Lagrange equations:

(33) i = Asinf + M cos¥,
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(34) = —Acosf + \dsin6,

(35) éz—%(:i:cos@—i-y'sinH).

Using the facts that #sinf — gcosf = 0, u' = 0, and u? = i cos § + §sin 6, after a few simple
calculations, the Euler-Lagrange equations (33)—(35) give the following equations:

1 u?\
U=
u? = ul),

A= —ulu?,

which are exactly the Euler—Poincaré equations (30)—(32).

Remark 17. For the above example, in the discrete-time setting, one would choose

Calgr,ur — eg) = §<Ulmuk>7
hk
V = )
W9 = S(Ad, a9
k
where
cosf;, —sinby Tk
g = | sinfy cos 0}, ye| €G
0 0 1

and up = E?:l uZei € g. Also, in the discrete-time setting, the extended potential function
Viext : G x X* — R can be constructed in exactly the same way as in the above example and
is given by

hk
Vig,ext gk, @) = 2(]] Adg,zl al2-3)°

Again, following the same procedure as described in the above example, it can be verified that
assumptions (i)—(v) are satisfied. By Corollary 14, the discrete-time Lie—Poisson equations
(20)—(21) give the following equations:

8Vvd,cxt
Oay,

Y

(A ) e = (A28 ) ko1 +ady,

Qfy1 = AdT(huk)*l g, O0p = Adgal &0,

where
. WViex hwak 00 0
adéélc = 5 0 0 0
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and pp = ug € g*. For numerical purposes, one first chooses an appropriate retraction map,
such as the Cayley map or the exponential map (see, e.g., [10, 11, 22, 23, 24]), and then
computes the quantities (dT}:ulk)*uk and (dT:éuk,l)*Mk—l‘ As an example, if we choose the
Cayley map cay : se(2) — SE(2) as the retraction map, then we have

h2(u1)2u2 h( 2)2

u
— Z k 2k u,l€ + 4k 0
1 % h 1,,2
[dcathilk] M = —uj — u;uk 0 0
h 1\2
B L oo
and
[ hz(ui_l)%i_l h(ui—ﬂz 1 hz(ui—ﬁg |
_ " hut_ u?
[deay ] ik = —ufy + 0 0
h ul 2
I ( ](;2—1) _’_u%_l 0 0-

Note that for v = Z‘?:l v'e; € g, the matrix representation for dcay, ! is given by

(14 (”;)2 0o o0

1,2 3 1

[deay; '] = [ _ O 1 v
'U14'U3 'U22 Ul 2
rvyr ot

L 4 + 2 2 i

For more details, see [10, 11, 22, 23, 24].

5. Conclusions. We studied symmetry reduction of OCPs for left-invariant control affine
systems on Lie groups, with partial symmetry breaking cost functions, and we obtained the
Fuler—Poincaré equations. Furthermore, by using a Legendre transformation, we obtained
the Lie—Poisson equations, and in the discrete-time setting, we obtained the discrete-time
Lie—Poisson equations. The theory was also illustrated with some practical examples.

Acknowledgment. We would like to thank the anonymous referees for their valuable
comments and suggestions.
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