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The main aim of this dissertation is to describe topology of isoenergy manifolds of the clas-
sical Kirchhoff case of Kirchhoff equations of rigid body motion in an ideal, incompressible
fluid.

The first chapter introduces the basic notions of rigid body dynamics and integrable Hamilto-
nian systems. To that end it also introduces the concept of symplectic and Poisson manifolds
and the analytical mechanics theorems and definitions that are needed to formulate and un-
derstand the models of rigid body systems characterized by three different systems of six
non-linear differential equations: the Euler-Poisson equations, the Kirchhoff equations, and
the Poincaré-Zhukovsky equations. The role of underlying Lie-Poisson algebras is stressed.
In Chapter 2 we studied the Goryachev-Chaplygin top. This system is completely integrable
if reduced to a level set of one first integral only. The bifurcation diagram of this completely
integrable system is the region of possible motion on the plane of first integrals together with
the image of the critical set.

Chapter 3 gives a complete description of the topology of the iso-energy manifolds of the
Kirchhoff system of the Kirchhoff equations of rigid body motion in an ideal, incompressible
fluid. This is a Hamiltonian system on Lie-Poisson algebra e(3) with a Hamlitonian which is

quadratic in mixed terms as well. For such general quadratic Hamiltonians on e(3) we first

vi



construct so-called reduced potential.

In the special case of the Kirchhoff system we use the reduced potential to construct its Reeb
graphs. Based on a theorem of Smale, we use the combinatorics of the constructed Reeb
graphs to compute the topology of the isoenergy manifolds. The challenge of the presence
of a large number of parameters has been compensated by a relatively simple form of the
reduced potential in this case.

In Chapter 4, we investigate the bifurcations of the momentum mapping for the Poincaré
model of rigid body filled with ideal incompressible vortex fluid. The equations of motion
are the Poincaré-Zhukovky equations. They can be seen as a Hamiltonian system on the
Lie-Poisson algebra so(4) with a quadratic Hamiltonian. For this purpose, we find the criti-
cal points of rank zero and rank one . Finally, the bifurcations are studied for the Kirchhoff

case on the Lie algebra e(3). We find critical points of rank zero and rank one.
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CHAPTER 1

INTRODUCTION

In order to study the bifurcations of systems of rigid body, let us first introduce the class of
manifolds and the type of systems that describe this motion. For this purpose, we will first

start with the notion of a manifold in symplectic geometry.

1.1 Poisson manifolds and symplectic manifolds

Symplectic and Poisson manifolds both arise from classical mechanics. As we will see sym-
plectic manifolds come equipped with a natural vector field called the Hamiltonian vector
field that corresponds to the Hamiltonian equations of a system. Symplectic manifolds are
a special case of Poisson manifolds, as we will state in theorem [I} Indeed, a motivation for
studying Poisson manifolds is that frequently it can be simpler to study a Poisson manifold
that a symplectic manifold is embedded into, than it is to study a symplectic manifold itself.
For example, it is often easier to analyze stability of the dynamics on a Poisson manifold
than on its symplectic leaves.

Let us define a binary operation {-,-} called the Poisson bracket such that this operation

satisfies the following properties:
L A{f97 = —{g, [} (skew — symmetry),
2. {af+bg,h} = a{f, h}+b{g, h}, {h,af+bg} = a{h, f}+b{h, g}, a,b € R (bilinearity),
3. {fg.h} ={f,h}g+ f{g, h}(Leibniz's rule),

4. {f,{g,h}} + {9, {h, f}} +{h,{f, 9}} = 0 (Jacobi identity)

Now, suppose we have a manifold S with the operation defined by Poisson bracket and its

properties defined as in [Ijd, we call S a Poisson manifold. Considering the definition of



a Poisson bracket, the structure can be degenerate and possess Casimir functions fr(x)
that commute with all variables x;. This means Casimir functions would commute with all
functions g(x) on S, i.e., {fr,9} = 0. We will just call Casimir functions, Casimirs from

now on, in this manuscript.

Definition 1. A symplectic manifold S is a differentiable manifold with a global closed 2-

form §Q of maximal rank, meaning d€2 = 0, Q™ # 0.

To include the linear algerba behind this, assuming a vector space V2", if ) € /\2 V
with rk Q = 2n, then there exist 0!, ...,6°" € V*, linearly independent and with labeling
such that

Q=0"AN0" + . 0" NG

The following also called the splitting theorem and demonstrates the relation between

Poisson and symplectic manifolds.

Theorem 1. Let (P, {-,-}) be a Poisson manifold, and let p € P. Then there ezists an open

neighbourhood U C P containing p and a unique diffeomorphic Poisson mapping
OP=0PsgxDy:U—>SxN
where S is a symplectic manifold and N is a Poisson manifold with rank zero at ®y(p).

S in the above theorem is called a symplectic leaf of P. In other words, this theorem
states that every Poisson manifold is naturally partitioned into regularly immersed symplectic
leaves.

Furthermore, the structural group of the tangent bundle of S may be reduced to U(n) with

the use of a Reimannian metric and its orientibility. This means that the symplectic manifold



S carries an almost complex structure, hence leading to the German mathematician H. Weyl
giving it the name symplectic from the Latin com-plex changing to Greek sym-plectic.[1]
In other words, a symplectic manifold is a pair (S,w) where S is a manifold and w is a

non-degenerate closed 2-form on S.[44]

Definition 2. Non-degeneracy: Let V be a vector space. Let
w:VxV—=R

be a skew-symmetric, bilinear 2-form with w € A’V*. The form w is nondegenerate if for
everyv € V,

wv,u)=0, Yu eV =1v=0.
Definition 3. A symplectic vector space is a pair (V,w) where V is a vector space and
w e NV
s a non-degenerate bilinear skew-symmetric form.

A two-form w € Q%(S) is nondegenerate if and only if for any point s € S, the bilinear
form w, on the tangent space T,.S is nondegenerate.
If we consider V' = R? with coordinates  and y and w = dz A dy as a (constant coefficient

)differential form, then it is easy to see that

0 0
ﬁ _ = —_— ==
W) =) A dy) = dy
and that similarly
0
§ —
w (8y) dx.

So w? is bijective. Therefore (R?, dx A dy) is a symplectic manifold.

Let (S,w) be a symplectic manifold. Then for every point s € 5,

(W) : T,S — TrS



is an isomorphism so there is a correspondence between 1-forms and vector fields. In partic-

ular, given a function f € C*°(5), the differential df of f is a one-form

s dfs = Eg—f(dxi)s.

2

This gives us a vector field
Xy(s) = (")~ (df,).
Equivalently, X is defined by «(X)w = df.
The vector field X; defined above is called the Hamiltonian vector field of the function

f on a symplectic manifold (S, w).

1.2 Hamiltonian Systems

In section |[1.1], we defined the Poisson bracket and we will use this bracket to describe the

motion of rigid bodies. First, let us discuss the basics of Hamiltonian dynamics to shed light

on the description of a system defining rigid body motion.

As we know, in Newtonian mechanics motion is described in terms of acceleration, masses,

time and velocities for the sake of tangibility in every day use. Years after Newton, Joseph-

Louise Lagrange came up with a formulation for dynamics of a system with k degrees of
dg;

freedom. Let ¢;, ¢ = 1,...,k define our position coordinates, ¢; = 7 define our generalized

velocity coordinates and let ¢ be the independent time variable. The Lagrangian or Lagrange
function

L(gi, Gi» )
is then a function of 2k 4+ 1 dynamical variables. Lagrangian, L is defined as the difference
between Kinetic energy and potential energy, for a general time dependent system in a

electromagnetic field, is formulated as:

L(Q> q.v t) = T(q7 (L t) - U(qv Qa t)7



where 7' is the kinetic and U is the potential energy.

Hamilton[7] shows in his book, that for a conservative system, the Lagrangian equations of

d (0L 0L
N w

In (1.1, the quantity g—j is the generalized momentum as we know it, in the absence of

motion satisfy:

vector potential, otherwise it is called magnetic momentum. Lagrangian can now be used
to describe the motion of a system. Here, Lagrangian would be a function of 2k dynamical
variables (qi, ..., Gk, G1, .-, Gx) With the dot representing time derivative. The motion of the
system then can be described with k second order differential equations.

The formulation used in Hamiltonian dynamics to describe the motion of a system includes
the Lagrange function. For the system coordinates (qi,...,qx) and generalized momenta

(p1, .-, k), the momenta in ([1.1)) are defined in the following way:

oL
pl - 8%’

Change of basis from (g, ¢,t) to (q,p,t) is performed using a Legendre transformation gives:

H(gq.p1) (sz% (g, cj,t)) , 4 =14q(p;q,t). (1.2)

After finding the differential of the left hand side and right hand side of (1.2) and setting

them equal, we obtain:

dt—l—Z qu+Z Zpldqﬁ—z Gidp; — aLd A g—;dq'i—aa—fdt. (1.3)

Simplifying the expression in (1.3)) and equating the two sides of the equation, results

in
0H oL
E — _57 (1.4)
and for i =1, ..., k:
OH
- 1.
6= 5, (1.5)



_ o0H
0q; .

Taking the assumptions and results above into consideration, the function H(q,p,t) is

pi = (1.6)
called the Hamiltonian and equations ([1.5)) and (1.6 are Hamilton equations of motion. Not
considering the theory of relativity, the Hamiltonian is the sum of the potential and kinetic

energies:

H(q,p) =T+ U.

The Poisson bracket as defined in section for two functions f(g;, p;,t) and g(q;, pi, t)
is defined by

B 0f g 9f 9g

where obviously {f, f} =0 and if we let f = H, we have
dH  OH
dt ot
If H doesn’t depend on time explicitly , it would be a constant of motion. Similarly, any

invariant of the motion that doesn’t depend explicitly on time, would have a vanishing

Poisson bracket with H.

1.3 Integrable Hamiltonian Systems

Differential equations and as a result, Hamiltonian systems are divided into two classes,
non-integrable versus integrable systems. Birkhoff discovered that a differential equations
system is solved when there is some relation between the pattern of the motion and the phase
space and this relation was clear when the system has sufficient number of conservation laws
including first integrals, symmetry fields, or other tensor invariants[5]. In this case, we say
a system is solved by "quadratures” which means the solutions are found by doing a finite
number of algebraic operations and calculations of integrals of known functions, Bour and
Liouville structured these conditions and relationships and later they were shaped into what

we call the Liouville- Arnold theorem.[3].



Theorem 2. Assume that on a symplectic manifold M*" (p, q) = M* (p1, ..., Dns Q1s -y Gn),

n functions in involution are given, i.e.,
Fl, ---:Fn . {E,FJ} = 0, Z,j = 1, o n.

We also assume that on the level manifold My of the integrals {x € M** : F, = ¢;, i =

1,...,n}, where the n functions F; are independent. Then:

1. My is a smooth manifold invariant under the phase flow with the Hamiltonian function

H = F}.

2. If the manifold My is connected and compact, then it is diffeomorphic to the n-dimensional

torus

T, = {(¢1, ., o) mod 27},

with @; being the action angles.

3. Locally there exists a canonical coordinate transformation (p,q) — (¢, E) (called

‘action-angle’ coordinates)
(0, E) = (01, 00y On, B, oy By) € T X R®

such that the angles p;, 1 =1,...,n are coordinates on M., the actions F;, 1 =1,...,n
are first integrals and H(q,p) = H(E). The phase flow with the Hamiltonian func-
tion H = Fy defines on My a conditionally periodic motion, i.e., in some angular

coordinates ¢ = (@1, ..., on), we have the Hamilton equations

d;

D, W= wler, ) = (1,0,
dE
di s ( 15 )



4. The canonical equations with Hamiltonian function H are integrable by quadratures.

The classical proof of the statement of Liouville - Arnold theorem can be found in Whit-
taker’s treatise[6]. A Hamiltonian system satisfying the conditions of the Arnold- Liouville
thereom is called completely integrable.

Assume a dynamical system is given with two degrees of freedom and with the Hamiltonian
H(q,p) as a function of canonical variables q = (q1, ¢2) and p = (p1, p2), in the form:

oH oOH
=3, P~ "% (1.7)
If this system has an additional integral K (q,p) , by Arnold - Liouville theorem, the system
is integrable and can be integrated by quadrature as long as H and K are in involution on

the 4 dimensional symplectic manifold M* defined by the system and the Casimirs[3]. The

examples we will discuss in this dissertation are integrable systems.

1.4 Rigid body dynamics

In this section we will review the physics of moments of inertia, kinetic energy and angular
momentum and angular velocity to arrive at the system of 6 differential equations defining
motion of a rigid body.

Moment of inertia of a rigid body about an axis is the inertia needed to carry it by rotation

about that axis. We define moment of inertia for a 3 dimensional body along x-axis to be

[ @+ #am = a,

the moment of inertia along y-axis to be

J[] @+ im =,

and the one along the z-axis to be

/// (z° + y*)dm = C.



We know from physics that in the absence of applied torques, the angular kinetic energy T’
is conserved so % = 0.

Let us define a few terms here. The angular momentum of a rigid body rotating about an
axis passing through the origin of the local reference frame is in fact the product of the inertia
tensor of the body and the angular velocity. The moment of inertia tensor in 3D Cartesian
coordinates, is a three-by-three matrix I that can be multiplied by angular velocity vector

of the rigid body to produce the corresponding angular momentum vector for the rigid body

at its center of mass.

Definition 4. The diagonal elements in the inertia tensor are called the angular moments
of inertia. There exists an orthogonal basis on which 1 tensor has a diagonal form. Diagonal

elements are the principal moments of inertia. The coordinate axes are principal azes.

Definition 5. A principal axis of rotation is an eigenvector of the mass moment of

wnertia tensor, defined relative to the center of mass of the body.

In the above definition, the corresponding eigenvalues are the principal moments of
inertia. To formulate this, we use the fact that the angular momentum vector is given by
the moment of inertia tensor times the angular velocity vector, i.e., L = I w. If w is an
eigenvector of I, then we have

L=1w=)\w,

where the scalar eigen value A is the principal moment of inertia. There are always three
mutually orthogonal principal axes of rotation and three corresponding principal moments
of inertia in 3D space.
The angular kinetic energy may be expressed in terms of an inertia tensor I and the angular
velocity vector w.

1

1 1 1
Tzéw-l-wzéAwf—FéBw%—i—ang,



where wy are the components of the angular velocity vector w along the principal axes, and
the A, B and C are the principal moments of inertia. Thus, the conservation of kinetic
energy imposes a constraint on the three-dimensional angular velocity vector w that in the
principal axis frame, it must lie on an ellipsoid, called inertia ellipsoid.

If =,y and z axis are oriented along the principal axes of the ellipsoid of inertia, given 7 the

radius vector and v, the linear velocity, for G ,the angular momentum, we get :

@—///Fdem—///Fx(ﬁxf’)dm—///[oﬁ]ﬂQ—F(Fw)]dm,

using the property of cross product that says

=

ax (bx&) =ba-é —aa-b).

Doing the following computations,
ONFf* = (pi+ qj + k) (2* + y* + 2°)

where %,j,l% are the units vectors of the stationary coordinate system where O is the the

origin of both systems(stationary and the one rigidly connected to the body). and

—

G = F(F.&) = ilp(a? + v + 22) — pa® — alay + r2))+

~

Jla@® + v + 2% — @y — ylpa +r2)] + k[r(2® + y* + 2%) —r2° — z(pr +qy).] (1.8)

Applying the triple integrals to the region 7, we get

—

G - %(Ixacp - Iacyq - Ixzr) + j(Iyyq - ]sz - Iyacp) + ]%(Izzr - Iz:vp - IzyQ)7

/// (y* + 2%)dm = A = I, /// zydm = I, = I,
/// (2° + 2%)dm = B = I, /// vzdm = I,. = I,

10

where



/// (2?2 +yH)dm =C = I, /// yzdm = I, = I,

with the remark that if x, y, z axes are oriented along the principal axes of ellipsoid of inertia,

then the coeflicients 1,

zys 1y> and I, become zero.

The angular momentum is defined to be the vector: G = Api + Bqj + Crk where angular
velocity vector is & = pi + qj' + rl%, assuming %,j’,l% are the unit vectors of the coordinate
system connected rigidly to the rigid body and A, B and C are defined as above.

If R is some variable vector originating from the point O and let x,y, z be the coordinates

of its vertex in the moving system of coordinates, rigidly connects with the body, such that:

R=ix+jy+kz,

then:
dR Ada: . ~dy . ]%dz N di . dj . dk
— = — +z— z—.
it = a T a T e T
Since 4 i is the velocity of the vertex of the unit vector i of the moving system and applying

the same thing to j and l%, we have

dz__,XA

ar Y h

dj .

d—i:a_}x]
and

dk .

aZQ_J'Xk

The & is the angular velocity vector of the body. Therefore, we have

dR  dx ~dy -dz L
%—za—l— dt—i—k%—l—wx(azz—l—yj—l—zk).

This means that since

~dx dy ~dz
TR

11



is the relative derivative of the vector R with respect to time, in general we have:

dR SR _ =
E:E_’_MXR' (1.9)

Now fixing z, which is the coordinate of the fixed point of the body in direction of z axis,
k =i+ 2] + 13k,

where 71,72 and 3 are the coordinates of the direction cos vectors with respect to the moving
axes Ox, Oy, Oz.

Since k is fixed,

dk
— =0
dt
and
dk o0k . - Ok L
E_eqkaég——ka.
So,
ik
~dyr | adya 2 dys T
@E+JE+kE:_WXk: T Y2 V3
p q T
This gives:
(dn
dt 2 q7s,
dya
e _ 1.10
o =Pl (1.10)
dys _
\ "t qgv1 — P7e-

The differential equations in ([1.10]), are the first three equations in the system of equations
corresponding to the motion of rigid bodies. Now, let us find the next set of equations for
this motion.

Let us note that we are considering the motion of a heavy rigid body here, given the mass

12



in a gravitational field. In general, I_:(moment of force of gravity) is the cross product of the

position vector 7 of a point and the force applied to that point:

L=ryxF.

Let us suppose F = mg is in direction of negative Zz,

F = mg(mi + 2] + k)

and
i J k
L= = Yo 20 | = img(yoys — z072) + Jmg(zom1 — Toys) + ifmg(xow — Yo71)-
mgyr mgyz2 mgys
(1.11)

= L, since we have

///sz?dm:///FxﬁpdT,
T T
and now deriving this with respect to time, we have

G (2 s )
dt ar VT ) e

and ¥ are in the same direction

Also, we can show that Cg—?

However, since %

JF
d_: X U =0.
Then in
dv
X —pd
///rx " par,
since
dv =
pde—:; =dmd = dF,



we obtain

[[] 7 ar

T

and this is nothing but L.
Using ((1.9) and (1.11f), We can rewrite %3 =L as

G dp. dq. _dr;
E—AaZ—FBEJ-FC%k-F P q r

Ap Bq Cr

This gives the other three differential equations corresponding to motion of the rigid body,

which is: p
(
Ad—f +(C = B)gr = mg(yovs — 2072)
d
B+ (A= O)pr = mg(z0m — 2073) (1.12)
dr
(O T (B = A)pg = mg(wo72 = yom).

The Goryachev Chaplygin system would occur when A = B = 4C in ((1.12).

1.5 The Euler-Poisson equations of rigid body dynamics

The closed form of the system of equations represented by ((1.10) and (1.12]) are called the
Euler-Poisson equations defining the motion of a rigid body about a fixed point in a uniform

gravitational field. The Fuler-Poisson equations are given below:

Tw+ w X Tw=pur x~ ( )
1.13

Y= X w.
In (1.13), w = (p,q,r) is the angular velocity vector, r = (rq,rq,r3) is the position vector
of the center of mass and v = (1, 72,73) is the unit vertical vector, with origin at the fixed
point of the rigid body, u = mg is the body’s weight and I = diag(a,,as,as3) is the inertia

tensor relative to the fixed point in these axes.
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Remark 1. Let us note that I, = a1, I,y = az and I,, = a3 in the above representation of

the system, with I being the inertia tensor.

X

~Y

X ymg
Figure 1.1: A rigid body with a fixed point in a gravitational field

Letting M = Iw be the angular momentum vector, (1.13) can be written in the

following Hamiltonian form:
M; = {M;, H}, 5 ={v,H}, 1=1,2,3.
Let us define the Lie-Poisson bracket on the Lie algebras so(4), e(3) and so(3,1).
{Mi; Mj} = —€ijkMk, {Mi,’Yj} = —€ik Yk, {%,’Yj} = —%EijkMk- (1-14)

Cases s > 0, 5 = 0 and » < 0 in (1.14) correspond to the Lie algebra so(4),e(3) and

so(3,1), respectively.
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The Hamiltonian, representing the total energy of the system is defined as:
1 -1
H=5(M,I""M) — p(r,). (1.15)
The Lie-Poisson bracket in this case being
{M;, Mj} = —€ijuMy, {M;, 5} = =€y, {771 =0, (1.16)
defined on Lie algebra e(3), is degenerate and has two Casimirs
Py =(M,~), FZZ'YQ (1.17)

which commute with any function of (M, ). In (1.17), F} is called the integral of areas and
it’s the projection of angular momentum on a fixed vertical axis. The integral F, = const is

the square of the absolute value of the unit vertical vector and can be normalized to 1.

1.6 Integrable cases of the Euler-Poisson equations: the Euler case, the La-

grange case, the Kowalevski case and the Goryachev — Chaplygin case

The Euler case occurs when there are no fields acting on the body, i.e., » = 0. The Hamil-

tonian and the additional integral in this case are
1 -1 2
H:§<M,I M), F3 = M* = const.

The geometric interpretation of this case was given by L. Poinsot in 1851, stating that the
inertial ellipsoid with the fixed center %(a1p2 + asq® + asr?) = h rolls without slipping on a
plane fixed in the absolute space and perpendicular to the angular momentum vector.

In the Lagrange case, the body possesses dynamical symmetry due to a; = ay and the center
of mass lies on the axis of dynamical symmetry r; = r, = 0 and the additional integral is
F5 = M3 = const.

In Kowalevski case just like Lagrange’s case, the body has a dynamical symmetry with

16



a; = ap and the center of mass lies in the equatorial plane of the ellipsoid of inertia r3 = 0.
In addition Z—; = 2 holds. The Hamiltonian and the additional integral found by Kowalevski
are

1
H= §(M12 + MZ +2M3) — 271,

M? — M}

F3=( 5 Z 4 $’71)2 + (M My + $72>2 = k?Q»

with the coordinates chosen in a way that the position vector of the center of mass has
coordinates r = (z,0,0) and the weight of the body is assumed to equal 1.

The Goryachev —Chaplygin case is an integrable case where the assumption for integrability
is (M,~) = 0 meaning that the angular momentum vector is forced to lie in the horizontal
plane. Also, the ratio of the moments of inertia here is g—; = 4 and we have dynamical

symmetry due to a; = as. The additional integral and the Hamiltonian are given below:
1
H = S (M + Mg +4Mg) — a1,

F3 = M3<M12 + M22) + le")/g;.

1.7 The Zhukovsky — Poincaré equations and the Poincaré case

Fundamental questions of astrophysics and geophysics about the phenomena of precessional
motions of celestial bodies, including the Earth, led to theoretical studies and formulation of
the assumptions that a planet is a body which consists of a hard shell (mantle) surrounding
the liquid core. Modelling these questions further led to the study of rigid bodies with
cavities filled with fluids.

One of the first comprehensive studies of this subject was done by N. Y. Zhukovsky in
1880’s [43]. He studied uniform vortex motion in the case of ellipsoidal cavities and also
potential motion in the case of non-simply connected cavities. Parallel in time to that was

unpublished treatise of another great A. M. Lyapunov [2I]. The celebrated monograph on
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Hydrodynamics by H. Lamb collected a significant amount of material, including important
historic and background results and references. The whole last Chapter XII of that book is
devoted to rotating masses of liquid, [20]. Similar questions were studied by various authors
in the last decade of XIX century like V. A. Steklov [38][40], V. Volterra [42], and others, see
also [I'7, [41]. The geophysical questions of the Earth precession also motivated H. Poincaré
to study the subject in 1910. We are going to follow closely here Poincaré’s work [22].

Let us also mention some more recent works. In [36] the model problem of Mercury’s
librations was considered. In [16] the problem of dynamics of a rigid body with a liquid-filled
cavity was considered in the framework of nonholonomic dynamics. Following Zhukovsky
[43] and Poincaré [22], we consider a rigid body with an ellipsoidal cavity filled with ideal
incompressible fluid. There is a solution to the Euler equations for the ideal fluid, for
which velocities satisfy the hydrodynamics equations. The boundary conditions are linear
in coordinates. Due to the results of Helmholtz [19], it is also known that the vortex flow
being homogeneous initially, remains homogeneous thereafter.

Let us now set the scene for Zhukovsky’s work and his assumptions that helped build the
model for motion of a rigid body with cavity filled with fluid.

Letting O be the origin fixed at the center of the cavity and X be the kinematic moment
matrix of the body with cavity filled with fluid and

1
Mi - §€iijjk7 -Pz - Xoi7 iaja k= ]-7 2737

the equations of motion are represented in the following way:

. 8H1 8H1 . 8H1 a]—Il
— il i = — 1.
M MX8M+PX8P’P PX8M+MX8P’ (1.18)
where:
1 1
le§<M,I_1M)—|—(M,BP>+§(P,CP>, (1.19)

see [5]. The equations (1.18]) are equivalent to the Hamiltonian equations on the Poisson

algebra of so(4), with the Hamiltonian H;. The diagonal matrix [ is the inertia tensor
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that is positive definite and of the form I = diag(ay, as, az) where a; > 0. We will suppose
the matrices B and C are also diagonal and of the form B = diag(by,bs,b3) and C =
diag(cy, ¢, c3). Here ¢; correspond to the coefficients of the relative potential defined below
and b; are the moments of rotation of the relative motion. Poincaré calculated the relative

force of the motion of the ideal fluid in a rigid body with an ellipsoidal cavity defined as
ar? + By + 22 = 1. (1.20)

This calculation was done in terms of the density of the liquid and the principal axes of the

ellipsoidal cavity. The relative potential energy is
1 2 2 2
é(clpl -+ 02P2 -+ Cgpg),

where

_drd 1 (11 _drd 1 (11 Cdmd 11 1Y
Cl_l50¢ﬁ’yﬁ 7’62_15aﬁ704 7’63_15045704 g)

Here d is the density of the fluid and «, (3, v are the coefficients of the ellipsoidal cavity
(1.20)). Poincaré calculated

grd 1 1 grd 1 1 sed 1 1
by = by = by = 1.22
YT Vel VB (1.22)

15 VaByyay' 7 15 VaByvap

The Poisson commutator relations on so(4) have the form

{Mi; Mj} = _Ez’jkMka {Mi, P]} = _Eijkpka {Pi; Pg} = _EijkMk- (123)

The Casimirs of the Poisson algebra so(4) are defined in the standard way [4, [5]:
fi =P+ P§ + P{ + M} + M3 + M, fo =M Py + MyP, + M3 P (1.24)
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1.7.1 The Poincaré case

Poincaré is well-known for his conjecture and his 3-body problem, but in this text we want
to focus more on his accomplishments in celestial and fluid mechanics leading to a simpli-
fied model of the earth motion, considering it as a ellipsoidal rigid body with a symmetric
ellipsoidal cavity filled with liquid. Having seen the equations of motion that was estab-
lished for motion of a rigid body with cavity filled with fluid, here we want to demonstrate
Poincaré main work in defining this system and establishing its integrability after finding
the additional first integral.

The Poincaré case [22] assumes an additional, axial symmetry and can be seen as the
simplest integrable example, where, for each of the diagonal matrices A, B, C' the correspond-

ing pairs of eigen-values coincide:
a =as, bi=by < =c.

Along with these conditions, it is also assumed that the cavity is symmetric, « = . This
symmetry together with ((1.21)) and (1.22)) imply b3 = c¢3. We will refer to the model which

satisfies

ap =az, by =by, c1=cy b3=c3

as the Poincaré model of rigid body on so(4). Along with the Hamiltonian (|1.19)), there is

an additional first integral of motion in the Poincaré model, M3. We will denote it as K
K = M;. (1.25)

Thus in the Poincaré case, there are four conserved quantities, H; and K are two first

integrals and f; and f5 are two Casimirs:
fl(M>P) = 17 f?(Map) =9, Hl(MaP) - hla K(MaP) =k. (126)
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Thus, the Poincaré case is completely integrable, see [22], [5]. Using the Casimirs and the
conditions of axial symmetry, we transform the Hamiltonian (|1.19)) and get the Hamiltonian

for the Poincaré case:

1 1
JJ:§wﬁ+A@+aM@+bMAR+J@3y+?ﬂ?+P@, (1.27)
provided that
—1 o - -
P Cr Rl ) P el ) C el 1 (1.28)
(a1 — ¢3) (a1" —c3) (a1" —c3)

Remark 2. From a = (a3’ — c3)/(ay — c3), we conclude that a < 0 if a3’ > ¢z > a; or

agl < c3 < ay; otherwise a > 0.

Lemma 1. For b and c in the Hamiltonian H , the relations hold:
agl >c3 = c> b
agl <c3=c<h

Proof. With the use of the inequality between the arithmetic and geometric mean and given

that 8 and ~ are positive coefficients in the equation of ellipsoid ((1.20]), we get:

1+1:ﬁ+7>2ﬂﬁ: 2
B~ By T By VBY

This means ¢; > b; based on the relations ((1.21)) and ((1.22). Since b3 = ¢3 and a; > 0, we

get ¢ > 0. O

1.8 Kirchhoff equations on dynamics of a rigid body in an ideal incompressible

fluid

This section is dedicated to the original prototype of a system of rigid body that was invented
by the German mathematician G. Kirchhoff who modeled the dynamics of motion of a rigid

body in an ideal incompressible fluid.
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In effect, the Hamiltonian systems defined on the Lie-Poisson space e(3)* are labeled Kirch-
hoff equations with the Hamiltonian being a quadratic function with respect to the variables
impulsive momentum and implulsive force on e(3)*.
Kirchhoff’s model assumes an ideal fluid which can be described by the type of fluid that is
incompressible, irrotational and at rest at infinity. The velocity potential of this kind of fluid
is single-valued. The equations of motion of the rigid body in an ideal fluid interestingly
decouple from the partial differential equations describing the fluid motion and they result
in a system of six ordinary differential equations.
Following Kirchhoff [14], we consider motion of a rigid body 7 in R? in an ideal incompress-
ible fluid with density p. It is supposed that motion of fluid is potential with ¢ as a potential
function and with the velocity v = %;—’, where € R3. Since the fluid is incompressible, we
have that Ay = 0, since the divergence of v is zero. It is also assumed that v — 0 when
The equations of the rigid body defined by Kirchhoff can be written in Hamiltonian form on
the Lie algebra e(3) = so(3) @, R®.
M=Mx & 1 pxH (1.29)
P=Px 2

The equations are the Kirchhoff equations of motions of rigid body in an ideal fluid
with M and P representing impulsive momentum and impulsive force, respectively. The
system is defined in the reference frame fixed with respect to the body.
The Hamiltonian H; is a quadratic form in the variables M and P and is defining the Kinetic
energy T

H, = %(I‘lM,l\/D +(BMP) + _(CP,P). (1.30)

with I and C' being symmetric matrices and B an arbitrary one. As H is defining the

kinetic energy of the body and the fluid, /, B and C are such that the Hamiltonian would
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be positive-definite.

Equation (1.29) have the following Casimirs:
Fy = (M.P) = ¢, F, = P? = c,, (1.31)

and as usual one of the integrals of the system is H = h. Unlike Euler-Poisson equations
where ¢, in the Casimir is equal to 1, for Kirchhoff’s equations, this is not necessarily the

case.

1.8.1 The Kirchhoff case of Kirchhoff equations on ¢(3)

The Kirchhoff case of Kirchhoff equations on e(3) is an integrable case of Kirchhoff equations
on e(3) and was discovered by G. Kirchhoff for a dynamically symmetric body moving in
an ideal fluid. Kirchhoff managed to integrate the equations of motion in terms of elliptic
functions. This case is analogous to the Lagrange case of the Euler-Poisson equations and

has the Casimirs mentioned in (|1.31]), with the extra integral of the system being
K = M;.
The Kirchhoff case is defined by conditions:
I =diag(ay,a1,a3), B =diag(by,b,bs3), C = diag(cy,cq,cs). (1.32)

The extra integral Mj is related to the existence of a cyclic coordinate which is the angle of

proper rotation.

1.9 Overview of the questions, methods and results that are treated in this

dissertation

In the next chapter, we will delve deeper into the Goryachev- Chaplygin case. The process

to find the first integrals of the system is reviewed and then the solution by quadrature
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is obtained. After that, the critical points of rank zero and rank one and the equilibrium
analysis is performed. We will finally obtain the bifurcations of the Liouville Tori of this
case. The study of bifurcations of Liouville Tori of integrable system is of great importance
in understanding the stability of the system. For instance, these bifurcations have been
studied in Elliptical billiards in [33].

In Chapter 3, we will study topology of the Kirchhoff case of rigid body motion in an ideal
incompressible fluid. We introduce the reduced potential for general Hamiltonian systems
on e(3) with mixed quadratic terms. In application to the Kirchhoff case, we describe the
Reeb graphs of the reduced potential. We provide a complete topological description of the
three-dimensional isoenergy manifolds for that system, based on a combinatorial study of the
Reeb graphs. Studying its momentum map, we describe the points of ranks zero and one[12].
In Chapter 4, we are going to study topology of the Poincaré model of a rigid body with an
ellipsoidal cavity filled with an ideal incompressible liquid. The Poincaré model is integrable
due to certain additional symmetry conditions. We introduce the reduced potential for
general Hamiltonian systems on so(4) with mixed quadratic terms. In application to the
Poincaré case, we describe the Reeb graphs of the reduced potential. We provide a complete
topological description of the three-dimensional isoenergy manifolds for that system, based
on a combinatorial study of the Reeb graphs[12]. Studying its momentum map, we describe
points of ranks zero and one and present corresponding bifurcation diagrams.

In order to facilitate the study of bifurcation diagrams and Reeb graphs, let us define these

concepts here.

Definition 6. Let (M?",w) be a symplectic manifold corresponding to an integrable system
with the Hamiltonian H. Let fi, fo, ..., fn be its independent integrals in involution. Let us

define the smooth mapping
F oM™ 5 R, where F(z) = (fi(2), fo(2), - fal))

The mapping F' is called the momentum mapping.
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Definition 7. A point © € M is called a critical( or singular) point of the momentum

mapping F if rankdF(z) < n. Its image F(z) is called a critical value.
Now, let K C M be the set of all critical points of the momentum mapping F'.

Definition 8. The set F(K) C R™ which is the image of K under the momentum mapping,

1s called the bifurcation diagram.

After drawing the bifurcation diagrams of the integrable system for different values of
parameters of the system, we can then acquire the structure of their Reeb graphs based
on their critical points, Afterwards, these Reeb graphs and bifurcations diagrams are put
together and analyzed based on the regions of the bifurcation diagrams to conclude the
topology of Liouville tori as defined in theorem [2 Reeb graphs are defined in Chapter 3 as

this method of finding topology of Liouville tori of the Poincaré system is implemented there.
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CHAPTER 2

THE GORYACHEV-CHAPLYGIN SYSTEM

2.1 Model of rigid body motion

The Goryachev-Chaplygin case is obtained by letting A = B = 4C in ([1.12)) and it requires
that the center of gravity of the rigid body lies in the equatorial plane of the ellipsoid of

inertia, i.e., yo = 2o = 0. This means that (1.12)) becomes:

( dp
4=

7 3qr

d
4 4d_(i = —3rp—avs (2.1)
dr
— =ua
\ T

with % =aq.

2.2 First Integrals

We know that in general to integrate this system with six differential equations completely,
we need five first integrals. We know that three of these first integrals are easily obtained
from mechanical and geometrical considerations. In our case, since time doesn’t enter in our
equations explicitly, we can replace this system by a system of 5 equations in the symmetrical

form:

dp _da _dr_dn _dyn _ dy

= = = =dt
R I Iy I's ’
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where )

AP = —(C — B)qr + mg(yoys — z072)
BQ = —(A - C)pr +mg(zom1 — To73)

CR = —(B — A)pqg + mg(xov2 — Yo1)

Iy =712 —qs
Ly =py—17
s =qgn —py2.

\

And, since t doesn’t enter the equations for P, @), R,I'1,I'5,I's, we basically only have:

dp _dg _dr _dy _dy _ dy
P Q R P1 F2 F3 .
Another remarkable property here is that since P doesn’t contain p, () doesn’t contain ¢ and

etc., so that
orP 0Q OR 0I'y 0y 0Ol

I I = = =0 2.2
dp dq or on 02 I3 (22)

From (2.2)), we have:

OP , 9Q [ OR 9L, 9Ty 0Ty _
dp O0q Or Oy Ovyva O3 '

By theory of postmultipliers, if we have four first integrals not containing ¢, one more
first integral can be found by means of integration of certain ordinary equations in total
differentials using integrating factors which is carried out by quadratures. This means the
system can be completely integrated as its equivalent to a system of five differential equa-
tions. The theory of postmultiplier states that in the system of n equations:

dry  dry dz,,

St e B
X, X, X,

if we know the postmultiplier of the system and n — 2 first integrals, then the system re-

duces to integrating one equation with a known integrating factor which is always carried
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out by quadrature. This is guaranteed by the Arnold-Liouville theorem. Here, we have a 6
dimensional space, but fixing two of the geometrical Casimirs(two of the first integrals, one
of which is 72 + 3 + 72 = 1), we get a 4 dimensional common symplectic manifold on the
common level set. By Arnold-Liouville theorem, we only need two more first integrals to be

able to completely integrate the system.

Definition 9. Let P be a Poisson manifold. A function j € C*(P) such that {j, f} =0 for

all f € C®(M) is called a Casimir function on P.

Now let’s find the four first integrals in Goryachev-Chaplygin case. We know that
72 + 7% +~2 = 1 is always a Casimir for rigid body motion system. To find the second

integral, just multiply the equations in (2.1) respectively by p, q and r. This will give

d d d
4pd_]t? + 4qd—(i + rd—:; = 3pqr — 3pqr — aqyz + arys.

Integrating the above result, we get

2

T
20" +2¢° + 5= /a(—fm + ryp)dt

and since from ([1.10]), we know that

dy
—qY3 + 1Y = e

we end up getting the Hamiltonian of the system to be
4(p* + ¢*) + 1 = 2ay, + k.

Next, we multiply the equations in ([2.1)) respectively by 1,72 and 3 and add them to the

equations in ((1.10)) respectively multiplied by 4p, 4q and r. This gives

d d
L pay 44y

dg D2y dr s
Tar TP

+4q

4( 20 dt>+(73a+rdt>:
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3qron = 3pryg — av2ys + aveys + 4prye — Apqys + 4pgys — 4qryn + yigr — yepr = 0.
Integrating the above equation we get one of the Casimirs of the system to be
Alpr+av2) +rs=h

where h is the constant of integration.
To get the fourth integral, as denoted by Goryachev, in the case that h = 0 which is when

the principal angular momentum lies in a horizontal plane, we can find the fourth invariant

4(py1 + qv2) +1y3 = 0. (2.3)

Multiplying the first two equations of (2.1)) by p and ¢ respectively, we get :

4p% + 461% = —aqys
and simplifying it, we have
2242 + ) = ~aans, (2.4
Multiply by 2r and we get
47“%(}72 + ¢*) = —2arqys. (2.5)

Then let’s multiply the third equation in (2.1]) by 4(p* + ¢*), and we have

dr

Ap* + @) = 4an(p* + ¢). (2.6)
Adding (2.5 and ({2.6]), the result is
d
4%(7“(]72 +¢%)) = —2aqrys + daye(p® + ¢°). (2.7)

Now, multiplying the third equation of (1.10)) by 4ap and the first equation in (2.1]) by avys

and adding them, we obtain:

d
4“%(]773) = dapqm, — 4ap®y, + 3aqrys. (2.8)
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Sum of (2.7)) and (2.8)), gives:

d

45[7“(192 + %) + apys) = aqrys + dapgys + 4aveq® = aq[rys + 4pyi + 4g7.) (2.9)

and with the assumption that h = 0, we know that
T3 + 4pyr + 4qye = 0. (2.10)

After plugging in (2.10) into (2.9) and integrating (2.9) with respect to ¢, we obtain the

fourth integral:

r(p® +¢*) +apys = g,

where ¢ is the constant of integration. Therefore, we have found two Casimirs

and a Hamiltonian

H = 4p* + 4¢* +r* — 2ary

and the integral

f=r(®+q¢*) +apys.

2.3 Solution

In Lectures on Integration of the Equations of Motion of Rigid Body about a Fized Point
by Golubev, the details of the solution bu quadratures is mentioned [II]. Goryachev uses

a substitution using two new variables u and v, given the role of Kovalevskaya’s variables
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51 and sy. Let u—v = r and uv = 4(p*+¢?) and introducing the following functions of u and v:

.

U

=u® —ku—4g, V =v°—kv+4g,
U} =U — 2au, V2=V —2av, (2.11)
~U3 = U + 2au, —Vy =V + 2av.
\

Now, using the four first integrals we found, and substituting for u and v, we obtain three

new equations for 1, v, and ~s:

2ay2 = —
\

2ay; = uv + (u —v)* — k,

49 — (u — v)uv
2ay3 = ; 2.12
= (2.12)
4g—(u—v)uv(u_v) B uv+(u—v)2—k:p
8pq q

This substitution helps us completely integrate the system. First eliminating p and then g,

using the v and v substitutions, we get

From the first two equations

of the second u,v substitution

the assumption that r = u —

(

8ap = U Vo — V1Us
8aq = U Vi + UsVs
r=u—v
U+V (2.13)
2ary =
U+ v
sy Uiz = ViVs
T T
Uy Vo + V41U,
2ay3 = ——.
\ u+v

in (2.1), we get 8(p% + q%) = —2aq~s and taking derivative

, ‘2—1;21 + u‘fl—;’ = —2agq~ys. From the third equation of (2.1)), with
v, we have:

du  dv

— — — = as.

at a7
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Hence,

du

E(u +v) = auys — 2ays
dv
%(u +v) = —avyy — 2a7s.

From equations ([2.13)), we have:

(U Uy = Vi V3)
u+v

2ay, =

and
(U + UHViVa + (V2 + VUL U,
da(u +v) '

daqyz =

Manipulating these, we get Chaplygin’s remarkable equations that can be solved using hy-

perelliptic integrals in the case of genus 2 which is a problem quite analogous to the case of

Kovalevskaya:
du B dv 0
U0, WiVa
2udu  2vdv (2.14)
+ = dt.
U U, ViV

2.4 Equilibrium Analysis

To find the equilibrium solutions, we set the right hand side of our system of differential
equations equal to zero.

3qr =0, (1)
—3rp —ay; =0, (2')

ayy =0, (3)
4 (2.15)
2 — qv3 = 0, (4)

pys =171 =0,(5)

g1 — py2 = 0.(6)
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From (3'), we have v, = 0.

From (1’), we have either ¢ = 0 or r = 0.

241 ¢g#0butr=20

If ¢ # 0 but r = 0, then we have equilibrium

(p*aqﬁ<7r*77;(7’y§77;) = <p7Q707717070)'

In this case, using the fourth integral we get ¢ = 0 which can simplify the substitution and
consequently the integration.Plugging in to the last equation from (2.1), we get ¢y; = 0
which gives either v; = 0O(the first integral not satisfied) or ¢ = 0 but this is contradicting

the assumption which takes us to the last possible scenario.

242 qgq=r=0

In case ¢ = r = 0, then the equilibrium occurs at

(p*uqﬂ<7r*7fyr77;7fy§) = (P70707’717070)-

Here the fourth integral again gives g=0. From the second integral we have 4p? = 2a~y; + k,

and from the third integral with A = 0, p has to be zero,which leads to the equilibrium

becoming (0, 0, 0, 5—5, 0,0). This together with the second integral give k = +2a which gives
us the final result (0,0,0,+1,0,0) for the equilibrium. Since at this point the determinant

of stability matrix is zero, this is a stable equilibrium.

2.4.3 Conclusion

Putting all stability diagrams together, the conclusion is that in space of real numbers, the

only stable equilibriums of this system are (0,0,0,1,0,0) and (0,0,0,—1,0,0).
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2.4.4 Bifurcation diagram of Goryachev-Chaplygin top

In order to investigate the stability of the equilibrium solutions of the Goryachev- Chaplygin
system, we are following the footsteps of Mamaev, Bolsinov and Borisov in [§]. To con-
struct the bifurcation diagram of Goryachev-Chaplygin top, a representation of the system

in separating variables is used. These canonical variables are defined on the symplectic leaf
Mo = {M,7[y* =1,(M,~) = 0}

with constant zero area, M = (p,q,r) and v = (71,72, 73). The definitions are as follows:

. q1—¢ G —q
PZQmeﬁnl 2,q=2VMmmsl 2 =1 — pa,

2 2
p1Sing; + p2sings P1€OSq1 + P2Ccosge
M= y V2 =
P1+ P2 D1+ P2
and
—2./
g = D1D2 cos q1 + QQ.
p1+ D2 2

Here, q1, g2 € [0, 27) are the angular variables and p;, po > 0 are their momenta, respectively.
Consequently, the variables p; and ¢; are defined on a half-cylinder. The Hamiltonian and

the first integral corresponding to this change of variables are:

2 p
H= 3408 — Ky .
i+ Do (pi + Py 5 (p1sing; + pesings)),
4p1p2 9 9 Mo .
F= — p5 — —(sing; — singy)).
D1+ 1o (p1 Po 2( q1 92))

It’s easy to see that we have a common level set
Mh7f = {M,’)/|H = h,F = f}
of the functions is described by

[ h
@1(91;]91) = pl(pf - §SIHQ1 - 5) -
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. h
©2(q1, ;1) = p2(p5 — Hsqu — =)+ g

=0.
2 2

Since these equations are invariant under the change of variables f to —f and ¢; to ¢y and

2 to 1, we only need to look at the case f > 0, so we have the following level curves:

h

ﬂn@zﬂﬁ—gww—§

which are closed on the cylinder and depending on h being between —u and g or being
greater than p, they have different forms.
Now, we know that degeneration of curves above happens when the rank of the map drops.

Investigating the degeneration of ¢; = 0, and later ¢ = 0 we get two cases, with the first

one being
o1 _ 9o,
o I
1 =0, =0
and the second one being
9 _Opa _
Opa ol ’
Y1 = 0 y P2 = Oa

in both of which, if we let 2p; = A and respectively 2ps = A | we get:

f:ﬁ,h:iu+;v.

Here p corresponds to the constant 4 in the bifurcation diagram. This result leads to the

following figure:
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f=2n= 2a+§ﬂ,2

L L L L |
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s, 1 T T (- __ W - i
B o ’ 3
Rk - f f=13,h=—2{1+§ﬂ,2
F -2a

Figure 2.1: Bifurcation diagram of the Goryachev-Chaplygin case

2.5 Dependence of first integrals

Let us list the first integrals we got as follows:

(

Ap* 4+ ¢*) + 1 = 2am + k, (1)
4(py1 +qr2) +1v3 =0,(2)

i+ +7 =103

| P+ ) Fapys =g.(4)
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To investigate what happens if a pair of first integrals are dependent, we introduce:

(
my = 4(p* + ¢*) +r* — 2ay, — k =0,

my = 4(py1 + q72) + 173 = 0,

ms =7+ +7 —1=0,

| ma=r(’+ @) +apy —g=0.

we know that my, ms, ms, my are functionally independent, if we show that Amq, Ams, Ams,
Amy are linearly independent. This is equivalent to the following determinant becoming zero,
ie.,

8p 8¢ 2r —2a 0 0
4y, vy, 3 dp  4q r
0 0 0 21 272 273

2rp+avys 2rq p*+q¢*> 0 0 ap
Our MATLAB calculations show that this matrix has rank 4 and doesn’t drop rank, affirming

that the integrals are functionally independent.

2.6 When does the hyper-elliptic, genus 2 case convert to elliptic case and drop

genus?

Definition 10. The resultant of two univariate polynomials over a field or over a commuta-
tive ring is commonly defined as the determinant of their Sylvester matrixz. More precisely,

let

A=qozt+ a1z + - Fay

and

B =byzt +bax 4 +b,
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be nonzero polynomials of degrees d and e respectively. Let us denote by P; the vector space
(or free module if the coefficients belong to a commutative ring) of dimension i whose elements

are the polynomials of degree strictly less than i. The map

0 :Pe X Py — Pare

such that

p(P,Q) = AP + BQ

1s a linear map between two spaces of the same dimension. Quver the basis of the powers of x
(listed in descending order), this map is represented by a square matriz of dimension d + e,
which is called the Sylvester matriz of A and B (for many authors and in the article Sylvester
matriz, the Sylvester matrix is defined as the transpose of this matriz; this convention is not
used here, as it breaks the usual convention for writing the matriz of a linear map). [39]

The resultant of A and B is thus the determinant

a O -+ 0 b O - 0
a, ag -+ 0 by by - 0
a, a; . 0O b b . 0

ap - R
ag Qg—1 -+ be bey ,
0 ay 0 b

ag—1 : T ber

0O 0 - a 0 0 - b

which has e columns of a; and d columns of b; (the fact that the first column of a’s and the
first column of b’s have the same length, that is d = e, is here only for simplifying the display

of the determinant).
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In the solution provided by Goryachev and Chaplygin, we have:
U? =4u® — (k+2a)u — g
U2 =4u® — (k —2a)u — g.

mgxo

C

As a reminder, a = , k is the constant of integration in the first integral and ¢ is the
constant of integration in the 4th integral. Now, the genus will drop when U? and U2 have

a common root or when either of U or UZ have a double root. U? and U have a common

root, when their resultant is zero. That is:

4 0 —k—2a —g 0 0

0 4 0 —k —2a —g 0
res(U2,U2) = 00 4 0 —k—2a —g o

4 0 —k+2a —g 0 0

0 4 0 —k+ 2a —g 0

0 0 4 0 —k+2a —g

But, res(UZ,U?) = 1024a%g = 0, which means we need either ¢ = 0 which is when the
constant of integration in the 4th integral is zero or when a = =%% = 0. Since mg represents
the weight of the rigid body and it can never be zero, we conclude xq = 0.

U? has a double root when the resultant (determinant of the 5 x 5 Sylvester matrix) we

. du? . :
obtain from U? and o 18 zero, i.e.,

4 0 12 0 0
0 4 0 12 0
dU?
res(U7, d—l) =|—k—2a 0 —k—2a 0 12 | =0.
U
—qg —k —2a 0 —k —2a 0
0 —q 0 0 -k —2a
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This happens when —512a® — 768a*k — 384ak? + 1728¢% — 64k> = 0.

Similarly U3 has a double root when

4 0 12 0 0

0 4 0 12 0
reS(Ui(Z—lf): —k+22 0 —k+2a 0 12 | =0

—g —k+2a 0 —k+ 2a 0

0 —g 0 0 —k+ 2a

This means U has a double root when 512a® — 768a?k + 384ak® + 1728¢* — 64k* = 0
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CHAPTER 3
TOPOLOGICAL ANALYSIS OF ISOENERGY SURFACES OF THE

KIRCHHOFF CASE ON ¢(3)

The aim of this chapter is to study the topology of the Kirchhoff case of a rigid body in
an ideal incompressible fluid, subject to the additional symmetry conditions as explained
in Chapter 1. A modern account of the rigid body dynamics and various generalizations
can be found in [5, I8 19] and references therein. The topological methods were applied
to rigid body dynamics for example in [23], [34], [4], [30], [15], [13], [24], [26], [27], [9] and
the references therein. In particular, the topological methods were applied to rigid body
dynamics in fluid in [28], [29], [25].

Our approach belongs to the setting proposed and developed by the Moscow State
University topology school, by A. T. Fomenko, A. V. Bolsinov and their students and col-
laborators. It was broadly presented in [4]. From the methodological point of view, the
topological analysis of the Kirchhoff system is interesting because its Hamiltonian has a
nontrivial mixed quadratic term, which set it a bit outside the boundaries of the material
presented in [4]. Nevertheless, by applying a theorem of Smale (see [37] and below), and
slightly generalizing the technique from [4], we reduce the topological study of isoenergy
3-manifolds to a combinatorial analysis of the Reeb graphs of the reduced potential. An-
other challenge is the number of natural parameters present in this system — which is equal
to three. The crux of the matter which allowed us to perform a quite explicit topological
analysis relied on the surprising fact that the study of the so-called reduced potential got
reduced to a study of a fifth degree polynomial which naturally factorizes into a linear term
and a biquadratic function, see (3.35)).

We introduced the Casimirs, the Hamiltonian and extra integral of the Kirchhoff system in
Chapter 1 and defined the parameters of the Hamiltonian (1.27)), precisely in (1.28). Con-

sidering those definition, we can make a couple of conclusions in the following that will be
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useful in investigating the topology of Kirchhoff system, given different relationships between
the parameters a, b and c.
In the following, we are going to study now the topology of the isoenergy manifolds of

the Kirchhoff case, as we studied in [12].

3.1 Topology of isoenergy 3-manifolds

Let us consider a systems with a Hamiltonian of the form with I and C being symmet-
ric matrices and B an arbitrary one. An isoenergy manifold Q? is defined to be a common
level surface of the functions fi, f, and the Hamiltonian H in the Euclidean space R®(M, P).
Since we assume that f; = 1, different manifolds Q? are determined by two parameters g

and h, the values of the functions f; and H:
Sh={(M.P)|fy =1,f, =g, H=h}.

The description of the topological types of Q? is related to the bifurcation diagram for

the Casimir f5 and the Hamiltonian H. Consider the mapping
F=fyx H:S xR —R*g,h).

The critical values of F' form the bifurcation diagram ¥ C R?(g,h). The pre-image of
an arbitrary point (g,h) € ¥ is a non-singular isoenergy manifold Q;h. As a result, the
complement of 3 in the plane R?(g, h) is divided into connected components. For all points
(g, h) from the same region, the topological type of the corresponding isoenergy manifolds
Q3 ;, is the same.

The two-dimensional Poisson sphere is given in R*(P) by the equation P? + P§ + P} =
1. Let 7#(M,P) = P be the projection from Ré(M,P) onto S* C R3(P). Consider the
projection m(Q3) of an isoenergy manifold Q3. Given that 7(Q?) is homeomorphic to the

sphere with m holes, the Smale theorem ([37] and [4]) gives:
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(1) If m = 0, then @Q? is diffeomorphic to RIP?.
(2) If m = 1, then Q? is diffeomorphic to S3.

(3) If m > 1, then Q3 is diffeomorphic to m — 1 copies of (S! x 5?).

3.1.1 Reduced potential for Hamiltonians with quadratic mixed term

In (1.19), the matrices I,B and C' are diagonal, thus the Hamiltonian is of the form:
1
H, = §(a1_1M12 +ay ' M3 + a3 ' M3) + by My Py + byMy Py + bs M3 Py + U(P), (3.1)

where U(P) represents potential energy of the system. For a fixed value of the energy,

H, = h, we have

ay'M? + ay ' M3 + a3t M3 + 2(by My Py + by Mo Py + b3 M3 P3) = 2(h — U(P)). (3.2)
We transform by completing the squares using the change of variables

ay My 4 bin/ai Py = My, \Jag My + byy/agPy = My, £/az'Ms + bg\/azPs = Ms.

We see that a given point in the Poisson sphere, P = (P}, P, P3) € 5% belongs to W(Q%’g) if

and only if there exists a common solution to the equations:
M 4+ ML+ M = 2(h — U(P)) + Bay P? + b2ay P2 + b2as P2
and
3 3
Z M;P\/a; = g+ Z bl-Pfai.
i=1 i=1

Proposition 1. Given a point of the Poisson sphere, P = (P, Py, P3) € S The plane
fo(M, P) = g intersects the ellipsoid in R3(M) if and only if

5 2
(9 + Z bipizai> <
i=1

3
—1

)
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We therefore introduce:

Definition 1. The function

3 2
g + z biPZ-QCLi
1 i=1 Lo 2 2 2 2
pg(P) = B 3 +U(P)—§(b1P1a1+b2P2a2+b3P3a3) (3.3)
> Pa;
i=1

is called the reduced potential of the Hamiltonian (3.1)).

The above definition extends the notion of reduced potential from [4] to the case of
Hamiltonians with quadratic mixed terms. Knowing the reduced potential of the system
and the above mentioned Smale’s theorem, reduce the study of the topology of isoenergy
manifolds to the construction of the Reeb graph of the reduced potential ¢,(P), [4]. The
Reeb graph is a simple combinatorial object which describes the structure of the extremal
points of a given function. The description of the topology of isoenergy manifolds thus
reduces to a simple analysis of extremal points of the reduced potential, construction of its
Reeb graph, and combinatorial analysis of the graph. The set of isoenergy manifolds would
be empty when the Hamiltonian is less than the minimum value of the reduced potential.
Otherwise, the isoenergy manifold will be either RP? or several copies of S x S? or S3. As

in [4], we get:
Theorem 3. Let the reduced potential p,(P) be defined in (3.3). Then:

(1) If h > max ¢, (P), then Q°, ~ RP?,

g;h —

(2) If min ¢, (P) < h < max @,(P) and h is a reqular value of p,(P), then the set
{¢y(P) < h}is a disjoint union of two-dimensional manifolds with boundary B;,, ..., B;,,
embedded into the Poisson sphere, where By is a 2-disk with k holes. In this case, the

1soenergy manifold Qi,g 18 a smooth three-dimensional manifold which is homeomor-

phic to a disjoint union of three dimensional manifolds N;,...,N; , where Ny is the
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three-dimensional sphere, and Ny(k > 1) is the connected sum of k copies of S* x S2.
If one cuts the Reeb graph at a level h, the number of connected components of the
lower part of the graph is equal to the number of connected components of Q;h. If the
connected component of the lower part of the graph has k boundary points (not count-
ing the original vertices of the graph), then the corresponding connected component is
homeomorphic to the connected sum of k — 1 copies of ST x S? for k > 1 and to S* for

k=1.

(3) If h <min @y(P), then Q3 is empty.

3.1.2 Reduced potential for the Kirchhoff case. Bifurcation diagrams

We are going to apply the above considerations to the Kirchhoff case with the Hamiltonian
(1.27)):

1 1
H = S(M; + My + aMg) + b(My Py + My P) + Se( Pl + Py).

Here I = diag(1,1,1), B = diag(b,b,0), C = diag(c, ¢,0) and U(P) = 1c(P? + P3).

We get:
(g+b(PE+P3)? c—1°

2P P) 2(ﬁ+@% (3.4)

‘Pg(P) =

on the Poisson sphere, which is called the reduced potential for the Kirchhoff case. The
reduced potential in this case can be seen as a function of P only, see formula below.
It determines the topology of isoenergy manifolds ?L ; according to theorem .

In order to find the bifurcations of the map fo x H, we need to describe the critical
points of the mapping. The critical points of the mapping fo x H : S? x R? — R? satisfy

the following ([4]):

grad H = pigrad fi + pegrad fo,  f1 =1, (3.5)
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where pyand gy are some real numbers. This leads to the following two equations, first from

the derivatives with respect to M and then to P:

[LQPg = CLMg, (36)

2/11P3 = M2M3. (37)

(1) Assume P3 # 0. We get from the previous two equations:

2apy = — 3. (3.8)
From (3.5)), we get also
My = (p2 = b)P1,  (b— p2)My = Pi(2p1 — ), (3.9)
M2 = (,LLQ — b)PQ, (b - /,LQ)MQ = P2(2/,L1 - C). (310)
Thus
(b - H2)2P1 = —P1(21U1 - C), (311)
(b - ﬂQ)QPQ == —P2(2u1 - C). (312)

(1.1) Assume P, = P, = My = My = 0. Then P; = +1, M3 = +us/a, and

2
T )
2a a

We get 13 = a®g? and substituting in the above formula for h, we get the parabola

Hli
a o
Iy : h(g) = 29 (3.13)
(1.2) Assume P? + P? # 0. From (3.11]) one gets
(b—po)® =c— 2. (3.14)
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Using (3.8)), we get
[y > —ac, (3.15)

and

ps(a —1) — 2abpy + a(b* — ¢) = 0. (3.16)

(1.2.1) Assume a # 1. Then (3.16)) is a quadratic equation with the discriminant
D, = 4a(b* — ¢(1 — a)). For (3.16)) to have real solutions, the condition is

D, >0& b >c(l—a). (3.17)
We get
2 _ 2 2 2 2 2 2
s — b +c H15(1 —a®) +b°a”® — ca
h = P 1
2 M 2a2 ’ (3.18)
9= (s — b) + P2 <%—,u2—|—b). (3.19)
We get
g—p2+0
Py = 3.20
s a,ug(l—a)—i-ba’ (3:20)
with the condition
- b
0<a I 120 o (3.21)

a
~ pe(l—a)+ba
Substituting (3.20)) into (3.18]) we get a line h = h(g), which, together with
the conditions (3.21)) defines a line segment A:

pz —b*+c g—pe+0b pi(l—a?) +b*a® — ca?

A:h=h(g) = . (3.22
(9) 2 12(1— a) + ba 2% (3.22)
The line segment A is defined, according to (3.21)), for g, such that
. S .
Go<9<q, Go=p2—b, ¢ = (3.23)

If D, = 0, which is equivalent to > = ¢(1 — a), then py = ab/(a — 1) and
go = g1 = b/(a —1). Thus, in this case the segment A degenerate to a point

of tangency of parabolas Iy and II;.
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If D, > 0, which is equivalent to b* > ¢(1 — a), then the equation (3.16)) has

two distinct solutions for o, denoted pg), 1 = 1,2. They will lead to two line

segments A®, i = 1,2, defined with equations (3.22)) and (3.23)) with y = ug),
i=1,2.

(1.2.2) Assume a =1 and b # 0. Then

b — ¢
M2 = b
From
b2 + ¢ b2 + ¢ b —c¢
= — P, — P, M. P.
1 2b 1 2 2b 2 3 26 3
one gets
2 p? b— buy —
Aih=hg)=te=tite (gtbombuac g,
2 2b
with the conditions:
c 1
R T AT
(3.25)
b<0- b c - b c
9T SIS Ty Ty

The subcase a = 1,0 = 0 due to (3.16]) leads to ¢ = 0 and gives the parabola
T - B — _9
Ho—H1-h—h<9)—§7
forms the bifurcation diagram.
(2) Assume P3 = Mz = 0. Then P? + P? =1 and:
My = (po — b) P, My = (po — b) P, M3 = Py = 0.
Thus:
c

g =y —b. (3.27)

48



Thus, the bifurcation diagram contains the parabola Ilj:

g’ c
Iy : h = h(g) :§+bg+§. (3.28)

Summarizing the above results, we get:

Proposition 2. The bifurcation diagram of the mapping fo X H consists of the union of
two parabolas Iy : h = $g° + bg + $,and Iy : h = %¢* and in the case b* > c(1 — a) two
line segments AW, i = 1,2, defined for a # 1 with and and for a =1 one line
segment Ay given with and .

Example 1. Let us consider the case a > 1,b < 0,¢ = 0 and study the line segments A®,

i =1,2 with (3.22) and (3.23). We get

L bv/a e bva (3.20)
2 \/a _ 1’ 2 \/E 4+ 1)
(1) b ~(2) b
_ _ : 3.30
gO \/a . 17 gO ( )

(1) b .(2) b
_ S 3.31
gl \/a(\/a . 1) ’ gO ( )

One can easily get:

see Fig. [3.7]

Proposition 3. For various values of the parameters a,b,c, such that a > 0,c > b, the

bifurcation diagrams of the mapping fo X H are presented by the following figures:
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4 11,

Figure 3.1: The case when a = 1,b# 0,¢ >0

Figure 3.2: The case when a = 1,b# 0,¢ <0
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Figure 3.3: The case when a = 1,0 =0,¢c >

0 Figure 3.4: The case when a =1,b=c=0

Figure 3.5: The case whena > 1,b=c=10 Figure 3.6: The case when a < 1,b=c=10
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Figure 3.7: The case when a > 1,0 < 0,c=0

Figure 3.8: The case when a < 1,b < 0,c=0
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g

Figure 3.9: The case when ¢ > 0,a # 1,b* >
bF4/b2—c(1—a)
a—1

c(1 —a) with g; 5 =

23

Figure 3.10: The case when b < ¢ < 0,a #
b2—c(1—a)

1,0% > ¢(1 — a) with g1 o =

bT

a—1



Figure 3.11: The case when ¢ > 0,0 > 0,a <  Figure 3.12: The case when ¢ > 0,0 < 0,a <
1,0* =c(1 —a) 1,0* =c(1 —a)

Figure 3.13: The case when b < ¢ < 0,a >

2 —
Lb=c(l-a) Figure 3.14: The case when ¢ > 0,a <

1,0* < c(1—a)
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Figure 3.15: The case when ¢ < 0,a > 1,0* < ¢(1 — a)

3.1.3 Analysis of the reduced potential and the Reeb graphs

Let us define Reeb graphs officially here. For this purpose, we first need to introduce Morse
functions.

Consider a smooth function f(z) on a smooth manifold X", and let xy, o, ..., x,, be smooth
regular coordinates in a neighborhood of a point p € X™. The Point p is called critical if the
differential

df =) g—idxi

vanishes at the point p. The critical point is called non-degenerate if the second differential

82
E2f =S - drdz;
Z @xﬁx] J

is non-degenerate at this point. This is equivalent to the fact that the determinant of the

second derivative matrix is non-zero.

Definition 11. A smooth function is called a Morse function if all its critical points are

non-degenerate. [4/
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Now, given that f is a Morse function of a compact smooth manifold ™, for any a € R,
consider the level surface f~!(a) and its connected components, which will be called fibers.
As a result, on the manifold there appears the structure of a foliation with singularities. By
declaring each fiber to be a point and introducing the natural quotient topoloy in the space
I' of fibers, we obtain some quotient space that can be considered as the base of the foliation.

For a Morse function I' is a finite graph.

Definition 12. The graph I is called the Reeb graph of the Morse function f on the manifold

X", A vertex of the Reeb graph is the point corresponding to the singular fiber of the function

fo @

To demonstrate this in an example, let us consider the two-dimensional torus, embedded
in R3 as shown in figure and take the natural height function to be a Morse function
on this torus. Then, its Reeb graph has the form shown to the right of the torus. Similarly,

the Reeb graph of the sphere with two handles is shown to the right of it in figure [3.16]

Y 2 A

u’u v
= J

- -
" PLAL? © LAl

""""

Figure 3.16: Reeb graph of a torus and sphere with two handles
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Let us now go back to the concept of reduced potential and plot the different possible

Reeb graphs in case of different values of the parameters a,b and c.

The reduced potential for the Kirchhoff case (3.4)) can be written as a function of Ps

only:

(3.32)

1 ((f—§+c)P§1+(§—%—2c—2bg)P32+g2+bg+c>
. .

P3) = -
et F2) I+ (-7
Let us note that ¢, is an even function and after taking the derivative with respect to P

and simplification, we get:
P3fg(P32)
da(l1+ (2 —1)PF)?

@, (Ps) = (3.33)

where

fo(x) = (b* + (a — 1)0)% —1Da? +2(b* + (a — 1)e)z + (a — 1)g* — 2bg — b* —ac, (3.34)

is a quadratic function. Thus the analysis of extremal points of the reduced potential and

the structure of its Reeb graph is based on the analysis of a polynomial of order five
Py fy(P3), (3.35)

which is a product of a linear factor and a biquadratic. This fact is essential for the effec-
tiveness of the results which we are going to obtain.

In order to investigate the structure of the Reeb graphs corresponding to the reduced
potential, we treat the quartic f,(P7) as a bi-quadratic. We consider the different possible
scenarios depending on parameters a > 0, b and ¢, ¢ > b, according to Remark [2|and Lemma
[l We also assume P; € [—1,1] since P; is the third coordinate of a point on the unit Poisson

sphere.

Lemma 2. The polynomial f, given in (3.34) with a > 0 has at most one root in the interval
(0,1).
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Proof. Suppose that =1,z € (0,1) are solutions of the equation f, = 0. Then a # 1 and

T = (x1 + x4)/2 should satisfy 0 < T' < 1. From (3.34) we have T'=a/(a — 1). From 0 < T

we get a > 1. Then from T" < 1 we get contradiction.

O

From the previous Lemma the options for f, and the Reeb graphs are described by the

following Lemma.

Lemma 3. There are four potential types of the behaviour of the polynomial f, given by
(3-34) on the interval (0,1) with a > 0:

I Type I: f; <0 on (0,1);

II Type II: f; >0 on (0,1);

IIT Type II: f,(0) <0 and f,(1) > 0;

IV Type IV: f,(0) > 0 and f,(1) < 0.

The following Reeb graphs and topologies correspond to each of the types I, II, III, IV:

DU D,

Figure 3.17: The Reeb graph and topology

of type I

Figure 3.19: The Reeb graph and topology

of type Illa

o8

Figure 3.18: The Reeb graph and topology

of type II

Figure 3.20: The Reeb graph and topology

of type IIIb
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Figure 3.21: The Reeb graph and topology  Figure 3.22: The Reeb graph and topology
of type IVa of type IVb

The types I and II correspond to the situations with no solutions of the equation f,(x) =
0 in the interval (0,1), while the types III and IV correspond to the situations with one
solution of the equation f,(z) = 0 in the interval (0, 1). The next Lemma will show that the

type IV is impossible in the Kirchhoff case.
Lemma 4. For a > 0, the condition f,(0) > 0 implies f,(1) > 0.
Proof. The condition f,(0) > 0 is equivalent to
(a — 1)ag® — 2abg — b*a — a*c > 0.
The condition f,(1) < 0 is equivalent to
(a — 1)ag® — 2abg + b*> — ¢ > 0.
The conditions f,(0) > 0 and f,(1) < 0 imply
b’ < c(1—a). (3.36)

The parabolas describing f,(1) and f,(0) as quadratic functions in g are simultaneously
convex and their discriminants are both negative under the condition (3.36)). Thus, under
this condition, they cannot have opposite signs as functions of g. Thus, the statement

follows. O
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Corollary 1. In the Kirchhoff case the Reeb graphs of the type IV (presented at and
are impossible.

Lemma 5. (1) The conditions for type I are:
(a —1)ag® — 2abg + b*> — ¢ < 0, (3.37)
(a — 1)ag® — 2abg — b*a — a*c < 0. (3.38)
(II) The conditions for type II are:
(a —1)ag® — 2abg + b* — ¢ > 0, (3.39)

(a — 1)ag* — 2abg — b*a — a*c > 0. (3.40)

(III) The conditions for type III are:

(a —1)ag® — 2abg + b*> — ¢ > 0, (3.41)
(a — 1)ag® — 2abg — b*a — a’c < 0, (3.42)

which imply
b’ > c(1 - a). (3.43)

By applying theorem [3] and Lemmata [2| [3, [4] and [5, we get the following

Proposition 4. For the Kirchhoff case, possible Reeb graphs with the corresponding topolo-

gies are of types I, II, Illa, and IIIb. They are presented in the figures: |3.17,5.18,(5.19, and
(3.20.

Example 2. Assume a =1 and b > 0. Then as before s = (b* — ¢)/(2b), and

o= b te  (gHb—p)(buz—o)

with:

<
2b°

N
o
I
|
|
|
Q
=
Il
| S



The parabolas Ty and 11y intersect at the pint with its g-coordinate equal to g = —c/(2b).

Thus, we consder the followong zones for g:
9<90, 9<9<9 G<g<g, G <9
By applying the above results, we get the following Reeb graphs in each of the zones:
g<go:I1I, go<g<g:I1IIb, g<g<g:1lla, g1 <g:1I.

Then the connected component of the complement of the bifurcation diagram as numerated

n Fig. have the following corresponding topologies:
1-8%U8% 2-RP% 3-S'xS8% 4-8'xS*US'xS% 5-0.

As one can see at Fig. some connected components of the complement of the
bifurcation diagram belong to more that one zone (compare with Fig. . Their topologies
can be determined using corresponding Reeb graphs in more than one way. But, the result

does not depend on that choice.

1 1 1
1 1 1 h
1 1 1
1 1 1
1 1
_____________ [ i (L Jy e T T S —— -
1 1 1
1 1 1
1 1 1
1 1 < 1 5 3
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1 1 1
1 1 1
1 1 1
1 1 1
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1 I 1
1 1 1
1 1
1 1 1
1 1 1
1 I 1
1 1
1 1 1
1 1 1
1 1 1
1 1
1 1 1 g
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_———— = 2 _ (8" x SH)U (S x §?
2 2b 2b 2 Qb( YU )

Figure 3.23: Zones, Reeb graphs, regions and topologies for a = 1,¢ > b > 0.
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Synthesizing the results from Propositions [3] and [4] as we did in Example [, we finally

get this theorem.

Theorem 4. The topologies of the isoenergy manifolds Q;h are described depending on the
values of the parameters and regions of the corresponding bifurcation diagrams as follows,

with the types of the Reeb graphs listed from the left to the right:

1 Case A, Fig. the Reeb graph types: II, IIIb, I1la, I; topologies per region: 1-S3US3;
2-RP?: 8-St x 8%; /-S* x S2U St x S%; 5-0.

2 Case Ay, Fig. the Reeb graph types: I, Illa, 1IIb, II; topologies per region: 1-
St x S 2-RP?; 3-S% U S3; 4-5 x S2U ST x S2; 5.

3 Case B, Fig. the Reeb graph type: I; topologies per region: 1-S®U S%: 2-RP3; 3-).
4 Case C, Fig. the Reeb graph: a single point; topologies per region: 1-RIP?; 2-().

5 Case Oy, Fig. the Reeb graph type: II; topologies per region: 1- S* x S2%; 2-RP3;
8-St x S2; 4-0.

6 Case C5, Fig. the Reeb graph type: I; topologies per region: 1-S°U S3; 2-RP?;
3-S3U S3; 4-0.

7 Case Cy, Fig. the Reeb graph types: II, IIIb, Illa, I, IIla, IIIb, II; topologies per
region: 1- S x S2; 2-RP?; 3-S3US3; 4-S' x S2; 5-S' x S2US! x §2; 6-S' x S2US! x §2;
7-0.

8 Case Cs, Fig. the Reeb graph types: II, I1Ib, Illa, I; topologies per region: 1-
S3U S 2-RP?: 3-S' x S2; 4-S' x S2U St x S§%; 5-0.

9 Case D, Fig. the Reeb graph types: II, Illa, IIIb, I, Illa, IIIb, II; topologies per
region: 1-S' x S%; 2-RIP?: 3-S' x §2; /-8 x S2US! x §2%; 5-S3US3; 6-S' x S2US! x S2;
7-0.
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10 Case Dy, Fig. the Reeb graph types: II, IIIb, Illa, I; topologies per region: 1-
53 U 53; Q—RPS; 3_51 % 52; 4_51 % 52 USl X 52; 5_9.

11 Case E, Fig. the Reeb graph types: I, I topologies per region: 1-S°U S3; 2-RP?;
3-S3U S3; 4-0.

12 Case E,, Fig. the Reeb graph types: I, I; topologies per region: 1-S°US%; 2-RIP?;
3-S3U S3; 4-0.

18 Case FEy, Fig. the Reeb graph types: II, II; topologies per region: 1-S* x S?;
2-RP?; 3-S' x S%; 4.

14 Case F, Fig. the Reeb graph type: I; topologies per region: 1-S° U S°®; 2-RP3;
3-0.

15 Case Fy, Fig. the Reeb graph type: II; topologies per region: 1-S* x S?%; 2-RP3;
3-0.

63



CHAPTER 4
BIFURCATION ANALYSIS OF THE POINCARE CASE ON so(4) AND THE

KIRCHHOFF CASE ON ¢(3)

The Poincaré model of a rigid body with an ellipsoidal cavity filled with an ideal incompress-
ible liquid has a Hamiltonian of the same form as the Kirchhoff Hamiltonian ({1.29)) with the
additional conditions similar to , and with the underlying Poisson algebra being so(4)
[5]. We have studied the bifurcation analysis of the Poincaré model on the Lie algebra so(4)
in detail with an account of critical points leading to conclusions about the momentum
mapping and the bifurcation diagrams given different conditions on the parameters of the

Poincaré model[12].

4.1 Momentum map for the Poincaré model of rigid body on so(4)

The Poincaré case is integrable. Thus, we are going to study also the bifurcation diagram
of the map ¢, = H x K : M}, — R*(h,k), where the maps H : M}, — R(h) and
K : M}, — R(k) are restrictions of the Hamiltonian H and the first integral K from
respectively. Here Mﬁg is a symplectic manifold, the common level surface of two
Casimirs Mﬁ = fr Y(1)N f;*(g). The corresponding family of momentum mappings has the

form

bg Mﬁg — R*(h, k), zw— (H(z), K(z)).

Thus, the mapping ¢, depends on the parameter g. The rank of a critical point of the
momentum mapping is the rank of the differential of the momentum mapping at this point. It
is clear that for the system under consideration, the ranks of critical points of the momentum

mapping ¢, are zero or one. We consider these two cases separately.
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4.1.1 Ciritical points of rank 0

In order to find the critical points of rank zero, we need to find out when the skew gradients
sgrad H and sgrad K both vanish simultaneously. As a result, let us consider the following

calculations of Poisson bracket:
{Ml,H} = (CL - 1) MgMg - b(PgMg + P3M2) - CP2P3

{My, H} = (1 — a) My M; + b(P,M; + PsM1) + cP, P
{(Ms, HY =0
(P, H} = —PyMy — bPyPs + aPyM; — 5bMyMs — sccPyM;
(Py, HY = PyM, + bP Py — aP, My + 5bM, My + sccP M;
{Ps,H} = PIMy — Py My + »c (M Py — My Py)
Therefore, the field sgrad H is written on so(4) explicitly:

{My,H} = (a — 1)MyM; — b(PoMs + PsMs) — cPyPs.
{Ms,H} = (1 — a)My M3 + b(PyM;s + PsM;) + cP, Ps.
{M3,H} = 0.

(P, H)} = —PyMy — bPy Py + aPyMy — bMyMs — cPy M.

{PQ,H}:P3M1+bP1P3—aP1M3+bM1M3+cP1M3.

{Pg,H}:PlMQ—P2M1+C(M1P2—M2P1).

Similarly, we need to write the field sgrad K. Since F' = M3, we have:

OM, OMs5
M. M;} = M, Ms} = M.
{ 1 3} aMl (9M3 { 1 3} 2
oMy OM.
{M,, M3} 25 UMy, M3} = — M,

= OM, OMs;
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{.2\437 Mg} — O

0P, OM.
{Ph 3} aplaMg{ 17M3}__{M37P1} P2
0P, OM.
{P27 3} 6P28M3{ 27M3}__{M37P2}__ 1
0P3; OM.
[Py, Ma} = o AP My} = 0
The skew gradient of K = M3 is:
{Ml,K} - MQ.
{My, K} = —M,.
{M3,K} =0.
{P,K} = P,.
{P27 K} -
{Pg, K} =0.

Proposition 5. For the Lie algebra so(4), the set of points where both skew gradient vector
fields, sgrad H and sgrad K with Hamiltonians H and K vanish simultaneously, is the family

of points (0,0, M3,0,0, Ps) in the space RS(H, K).

Theorem 5. For the Lie algebra so(4), the image of critical points of rank 0 is:

1+ /1 dg?
h:%(li 1—4¢2) +bg and k:ifg,

1 1
Jor —5 < g <3.
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4.1.2 Critical points of rank one

The bifurcation diagram of an integrable system is defined to be the region of possible motion
depicted on the plane of the first integrals (h, k) where the curves are images of the critical
points of rank one. For the purpose of finding the critical points of rank one, we need to
find out where sgrad H and sgrad K are linearly dependent while at least one of them is not
Zero.

The critical points of rank 1 are found using the minors of the following matrix:

-{Ml, H}y {M, F}-
{My,H} {Ms, F}
{Ms,H} {M;, F}
{P,H} {P,F}
{P,,H} {B,F}

_{P3,H} {Ps, F}

The calculations using
L 2 2 1 2
H = 2(M1 + M5 + M3) 4+ b(My Py + My Py) + 2c(P1 + Py)

and

gives:
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(a — 1)MyM; — b(PyMs + PsMy) — cPaPy My
(1 —a)MiMs + b(PyMs + M Ps) + cP Py —M,;
0 0
—P3(My + bPy) + Ms(aPy — DMy — 32ccPy) Py
Py(M, + bP,) + My(3bM; + sccP, —aP)) —P
(scc — 1) (M Py — M5 Py) 0

In order to find the critical points of rank 1, we need all principal minors of this matrix to
become 0 and in this case the least complicated minor is Ay g = (scc — 1) (M P, — My Py). As

long as s»c — 1 # 0, for this minor to be 0, we have two cases:

1)M2 =0 andM1P2 =0

My Py
M,

2)Msy # 0 and P, =

These are the only cases provided we choose to do the calculations on the standard Lie group
so(4) when » =1 and ¢ # 1.
Let us investigate case 1) in detail with comparison to all other minors. Letting My = 0 = M,

and assume 3 = 1, we have:

[ —bPy M3 — cPyPs 0 ]
bPy M3 + cP, Py 0
0 0
—b0Py Py + aM3Py, — cM3Py, Py
bPsbP, + Ms(cP, —aP)) —P
0 0

And from here, we get the following principal minors needing to be zero:
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Ay = Py(—bM; — cP)
Ay 5 = Pi(bPoMs + cPyPs)
Ags = bP}M;z + cPlPs + Ms(cP, — aP)
Ay gy =bP,P My + cP PPy
Ays = Pi(=bPyPs 4+ aM3Py — cM3Py) + bPo P3Py + M3 Po(cPy — aP))

Letting Ay 5 = 0 looking at all other principal minors , we have two new cases:

1i)P1:P2:0,

This means the first family of solutions would be:
(Mh M27 M37 Pl; P27 P3) = (07 07 M37 07 07 P3)

Or
1ii)bM;3 = —cP; and ¢ = a,

and this results in the second family of points which would be

b
(Mla MQa M37P17P27P3) = (0707 M37P17P27 _EM?))

Now, we need to investigate the case M; = P, = 0 which leads to the following matrix:

(a — 1)MyMs — bPsMy My
bP, Ms + Py Py 0
0 0
—PyMy + MsbM, 0
bPP, + MsPy(c—a) —P

0 0
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Investigating the minors, we have
Ay 9 = MyPy(bMs + cPs)
Ay y = M3(—Ps + bMs3)
A5 =—Pi((a—1)MyMs — bPsMs) — My (bPs Py + M3 Pi(c — a))

A2,5 = —Pl(bleg + Cplpg)

M Py

Similarly, case 2) was investigated in more detail. This is when Ms # 0 and P, = s

Proposition 6. On the Lie algebra so(4), the set of points at which the skew-gradients of the
Hamiltonian (1.27)) and the first integral K = M3 are dependent is the union of the following
family of points in the space R®(M, P):

(I) My = P, = 0 and My(c — 1)PyMy — bP? + bM2 = (cP? — M2)P;.
(II) My = P, = P, =0 and Py = —bMj.

(III) M, =My =P, = P; = 0.

(IV) My = P, =0 and My = —bP, and Py = —bMs;.
(V) My =P, =0 and P; = —bM; where ¢ = 1.

(VI) P, =Py =0 and Py = —bMs.

(VII) MyPy = MyP; and My(c — 1)PyMsy — bP2 + bM2 = (cP2 — M2)P;.

The intersection of each family of critical points from Proposition |§| with Mﬁg gives
a set of critical points of the momentum mapping ®,. The images of these sets in the
plane R?*(h, k) form the bifurcation diagram 3. In order to find the bifurcation curves
corresponding to ®,, to each of the families of equations in Proposition @, the four equations
in are added and then the variables M, My, M3, P, P», P; are eliminated from the

system of equations. The lengthy calculations lead to the following:
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Proposition 7. The critical values the momentum mapping ®, obtained from Proposition

@ are defined by the equations on the plane R?(h, k) as follows:
(I) h=3(1—(a—1)k?).
(IT) h=L(g* +2bg +1) = (g + b)> + 1 — b?).

(1) h=35(5 —1+K(1+a—%5)).

(IV) h =1+ (a+b? — )k? + bg + L2

(V) h=3(1+ (a—1)k?).

(VI) h =

[

(VII) h = 3(1 + cg?).

Remark 3. Without loss of generality, we can assume g > 0 since the coordinate transfor-

mation

(M17 MQ; M37P17P27P3) — (_M17 M27M37P17 _P27 _P3)

preserves the Casimir fi = M* + P? and the integral K, the Hamiltonian H = H(a,b,c)

transforms to H = H(a,—b,c) and changes the sign of the Casimir fo = (M, P).

Theorem 6. The bifurcation diagrams of the map ¢, = H X K : Mﬁg — R2?(h, k) are given

through the following cases:
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Figure 4.1: ¢>0and 0> > 1 —aand b # 0

Figure 4.2: ¢ < 0and b* >1—a and b # 0
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Figure 4.3: ¢ >0and 0> <1 —aand b # 0
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Al

Figure 4.4: ¢ < 0and b> <1 —a and b # 0

4.2 Momentum map for the Kirchhoff case on ¢(3) of rigid body motion in fluid

The Kirchhoff case of Kirchhoff equations was investigated together with Chaplygin case in

[32]. Here we are going to find the critical points of the momentum mapping of Kirchhoff
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case of Kirchhoff equations and explore the the momentum mapping of this case. The
Kirchhoff case is completely integrable with two first integrals, the Hamiltonian H and
K = Mj, see for example [5l, I8, 19]. We are going to study the bifurcation diagram
of the map ¢, = H x K : M}, — R*(h,k), where the maps H : M{, — R(h) and
K : M}, — R(k) are restrictions of the Hamiltonian H and the first integral K from
respectively. Here M147g is a symplectic manifold, the common level surface of two
Casimirs, i.e., Mﬁg = fr51) N f;(g). The corresponding family of momentum mappings
has the form

¢y My, = R*(h,k), xw— (H(z),K(z)).

Thus, the mapping ¢, depends on the parameter g. The rank of a critical point of the
momentum mapping is the rank of the differential of the momentum mapping at this point. It
is clear that for the system under consideration the ranks of critical points of the momentum
mapping ¢, are zero or one. In this section, we have studied the bifurcation analysis of
the Kirchhoff case on the Lie algebra e(3) with the need for a resultant determinant to be

computed using MATLAB and other piece of momentum mapping given as relations on h

and k& [12].
4.2.1 Critical points of rank zero on the Lie algebra e(3)
Let us keep in mind the Hamiltonian and extra integral in Kirchhoft’s case:
1 1
H = §(M12 + ‘]\422 + aM??) + b(M, P, + My Py) + §C(P12 + PQQ)

and

F:Mg.

Since we are working on the Lie algebra e(3) here, we will also be making use of the Casimirs
P?=1 (4.1)
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and

M, Py + MyPy + M3Ps = g. (4.2)

In order to find the critical points of rank zero, we need to find out when the skew gradients
sgrad H and sgrad K both vanish simultaneously. In general, the field sgrad H is written
explicitly in the following:

{Mi,H} = (a — 1) MyM;3 — b(Po Mz + PsMsy) — cPy Py

{My, H} = (1 — a)My M5 + b(Py M3 + PsMy) + cP Py

{M3,H} =0

{P,,H} = —P3My — bPyPs + aPo M3 — 5bMs My — 3¢ Py M3

{Py, H} = P3sM; 4+ 0P, P; — aPy M3 + b M M3 + sccPy M3

{Ps, H} = P\ My — Py My + scc(M1 Py — My P).

Letting s¢ = 0 for the Lie algebra e(3), we have:
(M1, HY = (a — 1)MyMy — b(PyMs + PyMy) — cPy Py
{Msy, H} = (1 — a)M; Ms + b(P,M; + PsM;) + cP, Py
(Ms, H} =0

(Pl HY = —PyMy — bPy Py + aPyMs

{Py, H} = PsM, + bP,Ps — aP, M

{Ps, H} = P My — P, M.

Also, since K = Mj, the skew gradient of K is written explicitly in the follwoing manner:

(M, K} = M,
(My, K} = —M,
{Ms, K} =0

{P,K} = —{Ms, P} = P
{Py, K} = —{M3, P} = —P,
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{P;, K} =0.

Proposition 8. Letting » = 0 considering the Lie algebra e(3), the set of points where
both skew gradient vector fields, sgrad H and sgrad K with Hamiltonians H and K vanish
simultaneously, is the following family of points in the space RS(H, K):

(0,0, Ms3,0,0, Ps3).

Theorem 7. For s =0, the image of critical points of rank 0 is

h = ggQ and k = *+g.

4.3 Critical points of rank one on the Lie algebra e(3)

In order to find the critical points of rank one, we need to find out for what values of the
variables, the skew gradients of the Hamiltonian and the skew gradients of the extra integral
K = Mj are independent. Therefore, the critical points of rank one are found using the

minors of the following matrix:

{M,,H} {MI,K}_
{My,H} {M,, K}
{Ms,H} {M;, K}
{P,H} {P,K}
{P,,H} {P,K}

(P HY {PyK}]

This leads to the following matrix:
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(@ = 1)MyMs — b(PyMs + PsMy) — cPy Py M,
(1 — CL)MlMg + b(PlMg + M1P3> + CP1P3 —M1

0 0
(4.3)
—Pg(Mg—f—ng)—FdMng P2
P3(M1+bP1) —CLM3P1 —P1
— (M1 Py — MyPy) 0

This means the following minors are acquired:
ALQ = bM3(M1P2 — MQPl) -+ CP3(M1P2 — MQPl)

Ay 4= —Py(bM3 + cPs) + My(MyPs — Py M)
A5 = My(PyMs — M, Py) + P, Py(bMs + cPs)
Ay = Mi(PyMs — MyPs) + Py Py(bMs + cPs)
Ags = My(M, Py — M3P,) — PZ(bM3 + cPs)
A1,6 = MQ(M1P2 - M2P1)
Age = —M (M Py — My Py)
Ays = B3(PLMy — My )
Ay = Do(M Py — MyP)
Asg = —Py (M, Py — MyP,).

From the minors above and further calculations we end up with the following proposition.
The set of points of rank 1 is the set of points which are not of rank 0 and at which the

skew-gradients of the Hamiltonian (1.27)) and the first integral K = Mj are dependent, see
4]
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Proposition 9. The set of points of rank 1 is the union of the following families of points

in the space RS(M,P) :
I The generic case
M1P2 = MgPl and A2,4 =0 (44)

with My # 0 or Py # 0 and P3 # +1. The points satisfy the relation:

(P? —1)My (P§ —1)M,
kPg—g ’ ]{}Pg—g

(MT7M;7M§7PT7P;7P§) = (M17M27k> 7P3> (45)

11 Singular case Py = P, =0 and P3; = +1 with M, # 0:

(M}, M3, M3, P}, Py, Py) = (My,0,k,0,0,£1).
1T Singular case P, = My = 0:

— kP
(M, Mg, M, P Py P = (o,i\il:;,k,o,im — P2, Py).
- 43

IV Singular case P, = M, = P; = 0:

(M}, M3, M3, P}, Py, Py) = (0, M, k,0,%£1,0).

V' Singular case My = My =0, Py # 0:
Va If P, =0 then

2
(M, MG, M, P Pr PE) = (0,0, k, 441 — %,o, %).

Vb If P, # 0 then

k
(M}, M35, M3, Py, Py, Py) = (0,0,k, Py, Po, —b—).
c
VI Singular case Py = My = 0:

— kP
(M7, Mg, M, PE Py P = (22253 0k, +4/1— P2,0, Py).

J1- P2
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Proof. We are going to focus on the generic case. Assuming
Aoy =0, PLMy = M P, (4.6)
we have:
Ml(PQMg — M2P3> + P1P2<bM3 + CP3) = 0.

One checks

P M,

1

Ay 4 = My(MyP3— PyM3)— P (bMs+cP3) = Mo(MoPs — Py Ms)+ (PyMs— My P3) = 0.
This means Ay = 0 if P; # 0. The other minors also vanish under the assumptions :

Ay g = bM5(M Py — MyPy) + cPs(My Py — MyPy) = (bM; + cPs) (M, Py, — MyPy) = 0.
Similarly

Ay 5 = My(PyMs — My P3) + Py Pa(bMs + cPs) = M3(MyP, — M, Py) = 0.

Also,

PiM Py
2

= MyMy (M Py — M3Py) + MZ(PyMs — MyPs) = My Ms(M, P, — MyPy) = 0,

A2’5 — Ml(M1P3 - Mgpl) - Pf(ng + CPs) — Ml(Mlpg - Mgpl) —

(ng —|— Cpg)

provided Mj # 0. It is straightforward that under the assumptions ,
Aig=0D06=20s5=~2046=2~0"056=0.
We conclude that, when
PiMy = PoM,,Ayq =0 and Py, My # 0,
the matrix (4.3]) is of rank 1. Then, the singular cases follow directly. O
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Assuming

A2,4 = 07 P1M2 = M1P27 (47)

we have:

Ml(P2M3 — M2P3> + P1P2<bM3 + Cpg) = 0,

and now:
A1’4 = MQ(MQP:J, — P2M3) — P22<bM3 + CP3)
Py M,

1

= M,y [(MyP3s — PyMs) + (Po M3 — My Ps)] = 0.

= My(MyPs — PyM3) +

(P2Ms — My Ps)

This means Ay, = 0 if P, # 0.

Let us now investigate the other minors under the assumptions (4.7)).

ALQ = ng(Ml.PQ — MQPl) + CP3(M1P2 — MQPl)

= (bM3 + CP3)(M1P2 — MQPl) = 0.

And
Ay 5 = My(Py1Ms — My Ps) + Py Py (bMs + cPs)
= My(PyM3 — My Ps) — My(PyMs — MyPs) =
= My(MyP; — My P5) = 0.
Also,
Ags = My(MPy — MyP,) — P2(bM; + cP)
= My (M, P — M3P,) — PIM;P2 (bMs + cPs).
This gives

Mo M, (M, Py — MsPy) + MZ(PyMs — My Ps)

= My (M1 PyMs — My Py Ms)
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MlMg(Mlpg - MQPl) = O, pTOUid@d M2 7é 0.

It is easy to see that under the assumptions ,
Ay =A0g6=2,5=~216=~256=0.
We conclude that, when
Py My = PyM, Ay y =0 and Py, My # 0,

the matrix (4.3) is of rank 1.
In order to find the curves corresponding to ®4, to each of the families of equations in
proposition [9) the Hamiltonian, extra integral and the Casimirs are added and then the

variables My, My, M3, Py, P,, P3 are eliminated from the system of equations.

Lemma 6. If polynomials Fy and F5 both have a common zero at x,then their resultant is

ZEero:

res(Fy, Fy) = 0.

Proposition 10. The images under the momentum mapping ®, of families of critical points
from proposition [ are respectively contained in the curves defined by the equations on the

plane R*(h, k)as follows:

1. Under the conditions (4.4)), the relation between h, k is given as R(h, k) = res(Fy, Fy) =

0 which depends on the parameters a,b,c, g,

2 h=1g

3. The values for Ps are given by F3(Ps) = 0 with the condition that —1 < Py < 1, when

F3(Ps) i= cP)+bkPy+P; (k*—2c—k)+ P (—kg—2bk+2gk)+Ps(c—k*—g*)+k(b—g) = 0.
4. Fork =0, we have h = §+bg+9 and for k # 0, we haveb = —g and h = _792—1—%162—1—%.

27
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5. If My = My =P, =0, P, #0, thenwehaveh:%akQ—ch-I—g and if My = My =

2k2
0,Py #0,Py#0, then h =%(a— %) + £ and g = =2,
6. If My = P, =0, P, #0,P, # 0, we have F3(P3) = cPy + bkPy + Pj(k* —2c — k) +
Pi(—kg — 2bk +2gk) + Ps(c — k* — ¢*) + k(b —g) =0, with —1 < Py < 1.

Proof. In order to prove the case [l we proceed in the following way:

From (4.4)), we have
M1<M2P3 — P2M3) = Plpg(bM3 + CPg)

and with the extra integral k£ = M3, we obtain
PZ(bk + cP3) = M; P (4.8)

and then with reference to (4.5)) and under the condition that P;, M, My # 0. we have:

(P —1)M,
k’Pg—g '

Now, combining equations (4.8]) and (4.9), we obtain:

P = (4.9)

(P} — 12 M7 (bk + cPs) — M{Py(kPs — g)* + (Py — 1)M7k(kPs — g) = 0,
which results in

Fy(Ps) = cPy + bk P+ (k — k* —2¢) Py + (2kg — 2bk — g) P + (c — g* — k*) Py + (bk + gk) = 0.
(4.10)
Let us keep(|4.10]) in mind for the time being and work with the Hamiltonian and rewrite it

using our Casimirs, so that we have

1 M? P2
h:_MZ 1-2
2( it P?

1
+ ak?) 4+ b(g — kPs) + el = P2). (4.11)

Multiplying ([4.11]) by 2P?, we obtain:

2hP? = M P + ME(1 — P? — P?) + ak*P} + 20P? (g — kPs) + cP?(1 — P})
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2hP? = M?(1 — P§) + ak*P} + 2bgP} — 2bkP}Ps + cP? — cPlP;

[2h — ak® — 2bg + 2bkPs — c+ cP;] P} = M7 (1 — P3).

Finally we arrive at:

_ MP(1 - Py)
"~ 2h — ak? — 2bg + 2bkP; — ¢+ cP}’

P? (4.12)
Let us combine equations (4.9) and (4.12)) now and therefore, we have:

(P§ —1)°M7 Mi(1—P3)
(kPs —g)2  2h — ak? — 2bg + 2bkP3 — ¢+ cP}’

Under the condition M; # 0 and P? # 1, we obtain:

(P2 —1)(2h — ak® — 2bg + 20kPs — ¢ + c¢P}) = k*P2 — 2kgPs + ¢°,

which results in:

Fy(Ps) i= cP§ +20k P} +(2h— (a+1)k* —2bg — 2¢) P + (2kg — 2bk) P — 2h+-ak® +2bg+c = 0.

(4.13)

The polynomials F; and F, from and both have a common zero at Pj.

This means we can apply lemma[6] This means that the determinant of the 9 x 9 Sylvester
matrix found from the coefficients of polynomials and is ZEro.

In our case, having polynomials of degrees 5 and 4 with

Fl(P3>:a,opi)?+CL1P§+CL2P§+(Z3P32+CL4P3+CL5

and

Fy(Ps) = by Py + b1 P} + by PZ + b3 Ps + by,
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for the resultant of F} and F3, we get a Sylvester determinant of the form:

a 0 0 0 b 0 0 0 O
ai ag 0 0 b bgp 0O 0 O
ay a; ag 0 by by by 0 O
as az a; ayg bz by by by O
R(h, k) =res(F1, Fy) = |ay a3 as a; by by by by byl =0. (4.14)
as as az as 0 by by by by
0 a5 a4 az 0 0O by by by
0 0 as a4 0 O O by by
0 0 0 az 0 0 O 0O by

This equation is of the form
R(h,k) =) apnh"k™,
with n <5, m < 14 and n +m < 14. The full equation that was obtained using the MAT-

LAB software is included in the Appendix.

In order to prove case , let P, = P, =0 and P; = +1, while M; # 0. In order for
Ay 4 =0, we need

M3P; =0,

which gives

My =0and £k=g.

The Hamiltonian relation in this case becomes h = %(M 2 + ag?) which results in
M, = £+/2h — ag?.
In order for Ay 5 to vanish, we need M;P; = 0 which leads to M; = 0. This means we have
(M}, My, M3, P}, Py, Py)=(0,0,k,0,0,%1),
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and as a result

ho %
2

Now, let us prove the case 3| Assuming Py = M; = 0, and requiring A, 4 = 0, we get
Pg(bk + CP3) = Mg(MQPg — ]{IPQ)

(1= P§)(bk + cP3) = MyP3 — k(g — kP3),

resulting in

(1 — P§)(bk + cP3) + k(g — kP3)

M2 = , where Py # 0. (4.15)
Py
Taking the (4.2) into account, we have:
MyPy = g — kP,
leading to
MyPy = (g9 — kPy)?,
which leads to
— kP;)?
M2 = u, where Py # 0. (4.16)

From and , we get
(1= P5)*(0k + cP3) + k(1 — P§)(g — kP3) = P3(g — kP3)?,
resulting in
Fy(Ps) i= cP} +bkPy + P3(k* —2c— k) + P}(—kg — 2bk +2gk) + P3(c—k* — g*) + k(b—g) = 0

with —1 < P3 < 1. Let us now look at case [4] and apply the conditions of the case as in

P, = My = P3 =0, this means that from Casimirs (4.1))and (4.2)), we conclude:
M2P2:ga P2:j:1a
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which results in My = £¢. Now, in order for A, 4 to vanish, we have
bk = —kg,

leading to

k=0orb=—g.

This results in

1
h==(g*+ak?) + bg + =,

2 2
leading to
kzo,h:%2+bg+§,
and
-9> a c
k #0, b:—gandh:7+§k2+§.

For case [} there are two scenarios to look at. For both cases, the assumption is that

M, = My =0, P, # 0. Applying this assumption to Ag 4 = 0, we get

k
PQZOOTP3:—b—.
C

In subcategory of case [5 when P, = 0, from Casimirs (4.1) and (4.2]) we have :

kPS =9,
which gives
P = %7
and therefore
g2
Finally,
k2 ¢
o T e Ty
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For subcategory of case |5 when P, # 0, Py = —b%, we have

b2k? g k
PPy Pil=1——Py=2=—b—.
R 2Tk c
As a result we have
cg = —bk?,
leading to
g
k2 = —c2
cb,
and finally
_ o C b2 k>
and
bk?
g=———
c

And finally to prove |§|, the conditions My = P, = 0 and M, P, = M, P, already guarantee

Ay 4 =0, too. We therefore have
h= (M} +ak?) +blg — kP + S(1— F}).
Now to satisfy Ags = 0, we need
M?ZP; — kM, P, = PE(bk + cPs)
giving
M{P; — k(g — kPs) = (1 — P})(bk + cPy),

which leads to
M2 = (1 — PE)(bk + cP3) + k(g — kP3)
Py '

We then have

M{P; = (g — kPs)*
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which gives
(9 — kPy)?

M? =
1 1_P32 9

and finally
F3(Ps) i= cP) +bk P} + P} (k* —2c— k) + Py (—kg — 2bk +2gk) + P3(c— k* — g*) + k(b—g) = 0

with —1 < P3 < 1. O
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APPENDIX

THE FULL EQUATION OF RESULTANT MATRIX R(h, k)

The equation we obtain from the resultant as stated in Chapter 4 in is given here:
R(h, k) = —c(—c'g* +2c*¢® —c'g® —166°K® +6b kM +64b°k? — 30 k" — 64b°k™0 — ' k* +4ct k5 +
263kT — 6¢M kS — 4BKS + 4T — AR + 23K — kB — 4bcP g + 6bc g — 2bc3 g%+
320°cg” — 32b°cqg® — 4ab*k* — 2ab%k" + ab’k' + 16ab*k? — 3acPkC+
12ac®k” + 4ac®k® — 14ac®k® — 8ac*k™ + 4ac’k® + ac®k™ + 2a’ck! —
a®ck' — 4ack'® + 4adck' — 2a%ck™ — 2atck™ — 8ack'® + 8a'ck'?—
adck™ — 6atck'® — aPck'? — datck™ + 4aPck® — 4aPck — 8btck T+
3b%ck'® + 24b*ck® — 20%ck' — 8bck® + b2k — 16b*ck'® — 32¢¢*h°+
4 g h + 32¢g*h® — 6¢3¢°h + 2¢®gBh + 160° gk® — 320° gk® 4 240° gk'® + 23 g%k +
4eg? k" — ek — 2¢g kD + SHARE® + 402 hEM — 202hE? — 3264 KK + 8ch3 Kt —
32ch*k* + 32ch°k? + 6° hk* — 32ch®k® + 128¢h* k" — 128¢h°k* — 24¢°hk® 4 8ch®k™ — 96¢ch 'k +
128¢h’k* — 8c*hk™ + 28¢*hk® — 16¢hk® + 64ch®k™ — 64ch*k® 4+ 16¢°hk® — 8°hk™ — 8ch®k™+
8ch®k® — 2¢°hk® — 4b*cPg® — 8B2 30 + 4b*c?g® — 16b°c*g" + 16b*c? g% + 8P ¢°+
16b%c? g% — 16b*c?¢® + 4a*b’k"? + 8a?b*k'° — 2a3b*kM — 10620k — 3240 kM +
9a°b°k"? + 3”0’k + 32a°b"k"? — 10a°b°k"? — "0’k + 4 v’k — 4a"D7KM -
3a%c?k® — 2a2AkT + 12422k + 8a*APk® — 8a*c*k™ — 10a*APk® — 4a>Pk® — 8a* Pk +
402350 1 16a3¢2K1 + 0262k — 16032k — a*c2k10 1 4tk — 4atc2ki2—
8b°Pk° — 207k + 320° P k® + 8b*c*k® — 4067 kT — 160 *k® — 100°Pk° + 16b° P k° + 64b" Pk +
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120%¢?k10 — 646 2E® + 162 g°h* — 4c2g*h? + 16c2g*h® — 8c®g*h? — 16¢%g* h* + 4¢?¢Oh?—
16c%g%h +8¢3g°h? — 8b* g k° + 8b? ¢ k® + 8b> ¢° kO — 8b? g2 k® + 28 ¢ kO + 16° g°k°® — 32b° "k +-
48b° g2 kO — 4800 gkt +16b° gOk? — 202 2 kM —8b? g k7 — 83 P k° + 3203 ¢° kT — 3201 g2k 4200 g1 kT +
240 g°K® — 1360° g% k" + 1526°g°k® — 16b°g k> — 1920°¢% k" + 1920°g k5 — 640°¢Ok3+
b2 g2k 24207 g k10— 180 P kB +-30b% g? k10 — 366" g kB 4-36Db" gC kO +960° g2 k® —64b° g° K°+-400° ¢k +
208b° g%k — 24009 KO + 1120°g%k* — 160°¢%k? + 2c* g k? — Ag?k? — 4ct g* K>+
16b%R3E° — 166 kY +2¢3 g% k° — 2c3 g k® — 720° 3K + 640° R E° + 62 g% k™ — 62 g kP 4 4c? ¢k —
62 g%kS — 8 gkt + 11c*¢k? + 4c* ¢ K° + 4c* g k3 + 166*h2 kP + 80023 k™ — 64b°h*EC+
320* 2k — 4c?g?k® —10¢% g kS + 142 g%k + 63 g%k + 163 gk + 43 g%k — 2¢* g? kO — 3¢t gk —
2¢Ok — 40022k — 128b*h°kT + 22 6°k° + 62 g kT + 4P g%k — B gPk® — 4P g kO —
5c3 g0k — 2¢% gk + 12022k + 1280 h%E® — 12¢2h%Ek* + 32203k — 16¢°h*E? — 8c3h2 k3 +
48P h*k® — 128¢°h°k* 4 64¢*h'k® + 32¢°h*k* — 32¢°h*K° + 128¢°h*k° — 64¢°h*' k' — 40¢°h2k° —
32¢2h2 kT + 16 R K0 + 4?2 ES — ack® 4 2chk'™ —8ab* k™ 4 32ab*ck® — 56ab*c*k? — 2a*b*ck®+
48ab*c* kY 4 10a?b*ck™® — 34a*V?ck™ + 8a’b?ck'® + 44a*b*ck'® — 32a3b* kM +
32a3b%ck — 64bc®g>h® — 48bc*g°h? — 320b%cg*h® + 64bc?g°h® + 48b*cg®h + 3200%cg®h? —
64b3c2g°h + 48bc2 g™ h* + 320b%cg®h® — 48b*c?g®h — 320b%cg” h? 4 64b°c*g"h — Sab® g3 k" —
8ab*g* k" + 8ab'¢*k® + 12ab%¢*k'° — 4ab®¢*k® + 40ab®g®k® — 8ab®g°k® + 52ab? ¢?k®—
64ab*g*k® —64ab’ g> kS +32ab° g° k* —8ab? gk? —16ab ¢ kM +12ab* g k° —14ab® > kO +12ab> g° k" —
104ab*¢*k® + 184ab?g*k™ — 32ab*¢°k® + 256ab° g3 k" — 128ab°¢°k® + 36a>b3gk'° + 4ab* ¢’k —
5ab? g k'Y — 14ab® 2 k10 + 16ab® g7 k® + 16ab* ¢* k' — 68ab* g k® + 36ab* ¢k’ — 288ab® > KB+

192ab® g°k® — 32ab° ¢ k* — 40a*b3 gk — 8a’b3gk'® — 2020 gk'? + 320303 gkt —
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32a°63gk"? + bac®g*k* — 2ac®g*k? — 2ac®g* kS — 14ac®¢*k® — 24ab*h* k" + 32ab*h>k°+
6ac’g*k" — dac’g*k’ + 2ac? ¢ k> + 4ac®*k® + 8ac’ ¢ k* + 3ac¢®k*+
108ab’h*k® — 128ab?h°k™ + 2ac?g*k® — 2ac*g*k® + 9ac?¢®k* + 6ac®¢?k™ — Sacd g k> +
8ac® ¢k — a’cg?k® — 120ab*h?k° 4+ 128ab*h3k® + 4ac? ¢*k° — 14ac¢* k" + 18ac?¢°k® — ac® > KB+
6ac®g kS + ac® g%kt — actg®k* + 4a’cg®k® — 2a%cg kT + 12a*0*hE° + aPcg® kP + 2ac gk +
6ac?g kS +4ac’g®k® +13a%cg’ k" — 4a’cg® k® —54a*b* hk' —6a3cg®k® — 10acg? k' +10a’cg K+
60a*b*hk' + 13a®cg?k'® — 5a3cg®k® + 8a’b?*hk'® + 2a’cg®k® — a’cg®k?—
2a2cg k48 cg? k' —2a3cg? k® —32a3V? hkM —9at cg? k' —5alcg® k2 +3a3 g k1043203 > hk 2+
lateg?kM — dateg K + aPcg®k + aleg?k' — 4d5cg?k" + 5aPcg? k' — aPeg k10 + 8beP g k2 —
48ac*h? kP +32ac?h3k* —4bc? g* k* —18bc® ¢ k3 —8b* 3 g k+192ac? h? k® —128ac? h3 k5 +18bc? g* k° —
8bc? g k> — 34bc gkt + 28bc3 P k? — AbP gkt — 4b*c2gCk — 16632 gk® — 16632 gk —

192ac?h*k"+128ac?h3 k8 —42bc? gk +18bc? P k* +18bc? g™ k*+42bc® g3 k5 +2bc3 ¢° k* —48a? ch? kT +

80a’ch®k® 4 24a*c2hk™ — 4b%cg®k™ + 120%cg*k® + 400%c g%k — 24b3cg® k> + 723 * gk®+
16b%cg?k® — 8btcg?k® + 120¢? g3 k" — 6bc? g k® + 40bc* g™ k> + 2bc3 P k® + 8bc3 Pkt + 8bcdg"k* +

192a2ch?k® — 320ach®k™ — 96a*c*hk® — 6b%cg?k® + 4b%cg kS + 28b%cg®k* + 36b%c* Pk —
320%cg®k® 48003 cg®k* — 8003 gk 464632 ¢ k4 8b cg®k® 4+ 40b* cg k* — T2b% cg®k? — 64b 2 g°k+
96b°cg®k* —96b° cg® k?+-8bc? ¢ kB +26bc% g° k®4-200c ¢ k* — 1440’ ch?k°+320a*ch® k2 4+96a> 2 hk® —
40a3ch?k® +8a3c?hk® —8b%cg®k® — 36b% cg k™ +88b%cg®k® — 1420 cg k" +88b3cg® k> +64b% g™ k> +
24032 gk® — 112b%cg®k"™ — 288b%cg*k® + 344b Pk — 384b°cg®k® + 384b°cg® k> — 96a*ch?k' O+
160a’ch?k®—32a3?hk2+120%cg? k' +15b% cg* k5 —28b%cg® k®+15003cg® k® — 9003 cg® kO +92b3cq K +
128b%cg?k® + 192b%cg* kS — 104b%cg®k* 4 88 cg®k? + 4160°cg®k® — 4800°cg®k* + 224b°cg k> —
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160a°ch’k™ + 32a°c®hk' — 8b°ch’k” — 64b*ch’k* + 16b°chk® + 400 ch K0+
256b°ch’k® — 64b°c*hk® — 136b°ch®k” — 256b*ch®k® + 1126°c*hk” + 176b°ch®k® — 96b°c*hk®—
3203 gh?k® + 64b3ghk* + 144b3gh*kS — 2563 gh3k® + 166> hEk® + 16b* g*hk® — 16b*¢* hk>—
2402 % hk® + 8b?g*hk® — 1600 gh’k™ + 2560 gh>k® — 800> g3 hk® + 160 g°hk* — 104b* > hk®+
128b*g*hk* + 1280°g*hk* — 64b° g°hk? + 320%g*hk® — 24b%g*hk™ — 8b3gh?k® + 280 hk™—
2403 g° hk® + 208b* g?hk™ — 368b*g*hk® + 64b*¢Ohk® — 5120° g3 hk® 4 256b°g° k> — 8b?g*hk'+
10b%g*hE® + 28b% > hE® — 3263 kS — 320*g*hk® 4 136b* g * kS — T20*¢Chk*+
576b° g hk® — 384b° g°hk* + 64b°g"hk* — 8cg*h3k? — 32¢%g*h3k — 103 g*hk>+
8¢ g2 h?k—4cg*h?k* +48cg? WP k® — 144cg® W kK> +4c > hk* — 642 g* W k+28¢3 > hk® +-16cg* h2 kP —
104cg?h3k* + 224cg*h*k® — 160cg*h°k? — 8cg*h*k® + 40cg® h3k? — 12¢2¢*hk+
8c?g hk® — 162 g * WPk —8c2 g? hk* —16¢3 g* hk*4-24¢ g* h2 k+52¢g* h2k® —64cg*h3 k5 +16cg* W k* —
16cg*h%E* + 16cg 3k — 4c? *hk® + 42 g*hEk* — 18c2¢°hk? + 32¢2¢°h2k — 12¢% > hkP+
162 g hk® —40cg® B2 k" +40cg? K2k +40cg* h?k° —24cg* h3 k* —8c? g hk T +28¢? g* hk® —36¢? O hk> +
2632 hk® — 123 g hE* — 2¢3g°hk? — 4cg®hPE® — 8cg*h?kS — 42 g?hk® — 12¢2¢" hkb—
8c?gOhk* — 8achk® + 16achk™® + S8achk' + 8a*b*c*k® — 32a%V**k° + 32a*b* k0 +
96b%c2g*h? — 96622 g°h? — 2a*b*g*k° + 8a*V?¢* k" + 9a*b* ¢k — 4a*V? g kP —
44003 P kS — 32a%b1 g KB+
24a%b* gk + 2a30% ?k° + 4a*V? * kM + 9000 3k — 200203 P kT + 128a2b* ¢k — 96a%b* gt kT —
100302 g2k + 8aH3 3k — 64202 g2k'2 + 3a2b%¢ k"0 — 2642310 + 10a20° g7 kS —
136426 g%k + 128a2b ¢ k® — 24a%b* ¢%k® + 18430 %k — 4a3b* ¢ k° — 32433 P KO+
A D22k — 40302 g2k + aPB2g k1 + 40a°D3 K10 — 8aPhP kS — 4t Pk + 5ath g2k 12—
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a0 k0 + 4022 g2k — a2k + 20232k — 16022 g%k — 6623 g2k — 2023 gk —
24a*b* RS + 20a% A g? kB + g%kt 4 2a°AP Pk + 66 gk + 4aPP Pk + 96a*b*hP K —
2622k — 2622 k" + 8a*P¢Pk® + 2a*Pg*k® — 2a*P g kS + 2¢Okt — 15432 gP kB —
2632 k® — 96a*b* Rk 4 8a*?¢* k0 — 3a’ g kP + 6a%c? g0 kS + 16032 g%k + 2aP g kT +
a1k + 3032k — 2632 g kS + 20320k — 4a*Pg*k® + Bal2 gk
a*cgtk® — 4b? gkt + 8V gtk + 16023 g%k + 3407 P g kS — 3602 g kP — 40023 gP kA
16b°c? g k? + 32032 g°k® — 24a*Ph?E® — 5002 g% kS — 6% gtk + 44b* 2 ¢C k> +
16b%c® g2k — 48b*c3 g k> — 48B3 2Pkt — 8b3c2gPk? + 48b*c? ¢ k* — 48b* g k* + 964’ P hP kT —
14b%c?g? k" — 46b°c2g* k® + 76622 g%k + 8b*P g2 kS + 48023 gkt + 1667 g0k —
1680°c2g° k> + 88b3c? gk — 1920 2 g*k® + 192b*c?¢* k* — 964> h2k® + 20° 2 ¢* KB+
1220%c2g* kS + 2667 g%k + 36b°c?¢5k? + 184b%c? g2 kS — 16b°c*¢°k* + 80b3c? g k* +
208b*c? g2 kb — 2400 gkt + 1120*c?¢°k? + 3202 R2E* — 128b%C*h%E° + 128b°*h?k° —
16b%g*h3K® + 16b° g2 h k?* — 8b2g°h%k° + 80b*g?h3k* — 64b%¢°h K + 320° > K2 K> —
6403 h3k? + 36b%¢*h2kS — 14462 ¢° 3K + 802 g?hE* — 1667 g h2E* + 3207 ¢ K3k —
16b%g*hk* — 1760 g3 h2k* 4 25663 ° 3 K3 — 1280 ¢?h2E* + 960 g K2k + 16b° > h2 k" +
3202 °R3ES — 8b? g h3k* + 36063 > h2E> — 3200° > K3kt — 802 gPh?k> + 640 P h3 k> +
5126 g?h%k> — 384b% g h2 k3 — 240% g2 W2 kB + 1207 g h2 kS — 104633 h2 kS + 4063 ° Rk —
544b* g?h2E°® + 5120* g h2k* — 96b*¢Oh2k? 4 16¢?¢*h2k? — 64c?¢>h2 k> 4+ 1202 g*h3k* —
24¢3 > W2k + 80c2 g% h2k* — 128¢2¢° 3k 4 802 g* h* k? 4 8¢ ¢ h2 k3 — 8¢? ¢*h2k® — 242 g* Pk —
8c?g 2k + 162 g h3k? + 82 ¢*h?k* — 83 g h2k? + 322 g7 h2k°® — 122 2K +

242 ¢Sh? k% — 2ab’ck® + Tab?ck'® — 16ab*ck® — 8ab’ck'! + 64ab'ck® + 15ab’ck'*—
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64ab*ck'® 4 160bcg®h* + 8bc*g°h 4 16bc®g°h — 160beg®h* — 8bc*g"h — 16bc®g™h — 160b*cg®h+
160b%cg®h + 32ab gk® — 4ab®gk™ — 128ab gk® — 2ab?®gk'? + 128ab° gk'® + 6acg®k®—
2acg*k” — 5acg®k'® + 11lacg®k® — 16ab*hk'® — 32ab*hk® — 2acg®k' — dacg*k®+
40ab*hk™ + 128ab*hk® — 12ab*hk"? — 128ab*hk'® — 4bc3gk* — 12ach?k%+
64ach®k® — 80ach*k* + 12ac*hk® + S8ac®hk® + 20bc3gk® — 2bc®¢°k + 48ach®k™ — 256ach®k°+
320ach*k® — 48ac’hk™ — 32achk® 4 4bc®g"k — 200 gk® + 192ach®k™—
320ach*k’ + 32ac*hk® + 40ac®hk™ + 4bcg®k® + 4bc? gk® — 4bcPgk™ + 18bc® g k+
6achk® + 8b3cgk™ — 96ach?k® + 128ach®k® + 32ac®hk® — 16ac3hk® — 4bcg®k® + 26bcg®k° —
4bc? gk® + 8bcAgk® — 24a*chk® — 120%cgk® — 320°cgk® — 12ach?k™ — dac®hk'® — 4bcg®k®—
8bcg® k™ 4 16a3chk® + 20b%cgk® — 32b%cg®k + 128b°cgk” — 128b°cq"k + 48a*chk! —
64a’chk' — 8b%cgk'® — 1280°cgk® + 6a*chk'® + 48a>chk™ + 10a*chk'+
32a3chk'? — 40a*chk' + 40a*chk' + 4b*chk™ — 14b%chk® + 32b*chk®+
16b%chk® — 128b*chk™ — 30b°chk™® 4 128b*chk® — 64b° ghk® + 8b3ghk® + 256b° ghk™+
403 ghk'® — 2560°ghk® 4 32cg*hk + 128¢cg*h°k — 64cg® 'k — 4c®g%hk — 12cg*hk™+
deg?hk® — 16c3g°hk 4+ 10cg?hk® — 22¢g* kS + 4cg?hk® + 8cg®hk™ — Sabc® gk®—
4abeg®k® + 36abc? gk + 8abc® gk® + 18abcg®k” — 4abeg®k® — 38abc? gk® — 16abc® gk —
4abegk® + 14abeg®k® 4 6abeg® kS + 8abc® gk® + 32ab® cgk® 4+ 16a%begk® — 28abeg®k® + 56abeg® k' +
2abc? gk'® — 112ab’cgk® — 8a’begk'™ — 12a3beghk® — 6abeg®k'® — 12abeg® KB+
128ab3cgkt® — 20a’begkt + 48a3begk'® — 6a’beghk!® — 36a3begk't — 10a*begk™ —
26a3bcgk'? + 40a*begk™ — 40a*begk!? + 8ab*chk” — 40ab®chk® + 136ab*chk®—

176ab’chk'® + 32ab3ghk™ — 144ab®ghk® + 160ab ghk® + 8ab® ghk® + 4acg®hk® — 16acq®hk™+
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8acg*hk® — 52acg®hk® + 16acg®hk® + 40acg*hk® — 40acg*hk™ + 4acg*hk'® + Sacg® hk®—
16bcgh®k* + 96bcghk® — 160bcgh*k? — 96bcg®hPk + 16bc2ghk® + 64bcgh®k® — 384bcgh®k* +
640bcgh*k® 4 8bcg®hk* — 640bcg®h*k — T2bc?ghk® + 4bc*g°hk — 16bc® ghk* — 32bcgh®kS+
288bcgh’k® — 640bcgh*k* — 36bcg®hk® + 8bcg®hk® 4 224bcg® h3k 4 T6bc? ghk® + 32bc® ghk® —
64bc®g°hk — 32b%cg®hk — 80bcgh®k™ + 208bcgh®k® — 28bcg®hkS — 12bcg®hk* — 68bc* g hk—
16bc® ghk® — 64b3cghk® — 24begh®k® + 56bcg®hk” — 112bcg® hk® — 4bc*ghk® + 224b%cghk” +
160b%cg” hk + 640b*cg®hk + 12bcg®hk® + 24bcg®hk® — 256b%cghk® — 32a%b*c? g* kS +
240’0 gk +128a%b** ¢ k" — 96a*b* 2 ¢ k® — 13600 ¢?k® 4+ 128a°b* c? ¢* k® — 24ab*c* ¢°k* +
240’6 g*h2k® — 96a°b? > h2 k" + 120a%b? > h2k® — 24026 g* h2E® + 240 ? > h2k* — 960> g* h2k° +
120a%c?g*h2kS — 2402 g Rk — 12802 ¢? A2k + 5120°c2 g h2 k3 — 544b* 2 ¢° 2k +
51262 g*h?k?* 4+ 12abc ¢°k* — dabc®g°k?* — 46abc?g*k® — 2abc?g°k® — Sabc® g k? — 4ab*cg®kC+
4ab?cg*k* + 40abc gPk® + 22abc? Pkt + dabc® g k? — 32abc® g3 k® + 32abcd P kP +
20ab’cg®k” — 44ab’cg’k® — 16ab®cg®k® + 16ab>cg®k® + 32ab3c?gk® + 4a’beg®k® —
12a%bc® gk™ — 38abc®¢* k" + 30abc?g°k® + 3dabc®g k> + 32abc® g3 kS + 8abc® gk —
32ab*cg®k® + 128ab?cgk® — 20ab*cg®k* + 96abicg®k® — 160ab®cg®k* — 128ab3c?gk™+
112ab*cg?kS — 176ab* cg?k* + 80ab* cg®k? — 28a>beg® k™ + 58abc? gk® + 48abc? g° k® + dabc® g° kO +
30abc?g k* — 68ab’cg®k® + 46ab’cg*k” + 48ab*cg®k® — 280abPcg®k” + 520ab3cg®k° —
80abicq k® + 128ab®c?gk® — 448ab*cg®k™ + 704ab’cg®k® — 320ab*cg®k® 4+ 72a*beg® kS —
20a’bcg®k® — 68a%bc? gk® + 48ab3cgk® + 12a°beg®k™ — 8a’bc?gk® + 36ab’cg® k' —
87ab?cg kB +90ab?cg® kP +48ab3cg® kB —144ab3cg® kS +112ab3cq” k*+464ab cg*k® —816ab cg kS +

496ab*cg®k* — 80ab*cg®k? + 20abcg®k® + 4abeg’k” + 6a*bc* gkt — 192a%b3cgk® —
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58a°beg®k® + 32a3bc? gk? — 34abeg’ k' + 28abeg’k® + 192a%bPcgk'® + 102abegk”? —
28a°bcg® k" — 32a°bc? gk + 10a*beg®k® — 4aPbeg®k' + 6abeg®k® — 40a*beg® KO+
50a*beg® k™ — 10a*beg®k® + 96ab*ch?kS — 32ab*c2hk® — 384ab*ch?k™ + 128ab*c*hk™+
384ab*ch?k® — 128ab*c*hk® — 48a*b*chk® + 192a*b*chk® — 192a*b*chk™ + 8ab*g*hk™—
96ab>gh?kS—32ab® g hk® —36ab*g* hkS+16ab® g* hk®+384ab’ gh* k" +176ab® g> hk®+128ab* g* h kb —
96ab*g*hk*—16ab*g*hk® —384ab® gh*k® —360ab> > hk"+80ab®g° hk® —512ab* g hk ™ +384ab* ¢* hk° +
48a2b3ghk® 4 24ab*¢*hk'® — 12ab*¢*hEk® + 104ab®g>hk® — 40ab®¢°hE® + 544ab® g* hk® —
512ab*g*hk® + 96ab* g°hk* — 192a*0> ghk® + 192a?b>ghk'® + 12acg®h*k* — 64acg*h3k>+
80acg*h*k? —16ac? > hk* +4ac® g*hk* —8ac® g* hk® — T2acqg*h?k° +288acg®h3k* —320acg® h* k3 +
64ac?g>hk® + 24ac® > hk* 4 Sac®g*hk?* + 156acg*h?k® — 448acg*h*k® + 400acq®h*k*—
60acg*h?k* +128acg*h®k® — 80acg*h*k* — 80ac? > hk® — 4ac? ¢°hk* — 8ac® g* hk® — 24ac® g* hk> —
6a?cg*hk® + 96acg®h’k™ — 32acg®h*k® — 24acg®h*k® + 8ac?g*hk” + Sac®g*hk® —
32ac¢°hk® — 8acdg®hk® + 8ac®g*hk* — 8ac®¢®hk? + 36a*cg®hk™ — 60acg*h*k® + 36acg*h?k°®—
32ac? g hk® +12ac?g* hk® —24ac? ¢°hk* —78a?cg* hk® +30a’cg* hk® — 16a>cg®hk™ — 48a*cg® hk®+
12a%cg*hk™ + 7203 cg?hk® + 30a*cg?hk™ — 18a’cg*hk® — 112a3cg*hk® + 32a3cg*hk™—
10a*cg?hk® — 8alcg®hk'® + 40a*cg?hk® — 50a*cg?hk™ 4 10a’cg hk® 4 16bcg®h?k* —
48bc? gh? k3 4-64bc? gh>k? —24bc? g3 hk? +48bc* g h* k—112bcg® h2 k3 +464bcg> h2 k*4-232bc gh* k* —
256bc2gh’k® + 92bc2 P hk® + 256bc2 PR3k + 8b*cg*hk* — 8b%cg*hk? + 96b%cg WP k+
288bcg®h2k* — 816bcg®h3 k3 + 800bcg®h*k* — 80bcg®h*k? — 272bcgh*k® + 256bc*gh’k* —
80bc? g hk* — 44b® P hk?* + 96bc? P W2k + 64b > hk® — 40b%cq®hk®+

88b%cgthk® + 1280b%cq  h3k + 192b3cghkt + 32b3cg®hk® — 64632 ghk® + 80bcg>h? K>+
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32bcg>h3k* 4 16bcg® h? k> — 48bcg® hPk? + 24bc® gh* kS + 76bc? g hk® — 60bc? g° hk® — 64bc® > hk* +
64b%cg?hkS — 256b%cgthk* + 4007 cg®hk? — 288b%cg®h%k — 1440 ¢S hk — T68b%cgh®k®—
1926%cg®hk* + 3206°cg®hk? — 1280b°cg®hk + 256b°c* ghk® + 256b°c*g°hk — 224b*cg*hk*+
352b*cg* hk*—136bcg® h2k°+112bcg® h?k*—96bc? g3 hk®—8bc? g° hk* —60bc® " hk*+136b*cg®hk” —
92b%cq* hk® — 96b%cgShk® + 768b%cgh?k® 4+ 560b3cg®hk® — 1040b%cg®hk® — 256b%c* ghkS+
896b*cg®hk® — 1408b*cg*hk® — 72b%cg®hk® + 174b%cg*hk® — 180b%cg®hk* — 96b3cg® RS+

288b3cg® hk* —224b%cg” hk? —928b* cg? hk® +1632b* cg* hk* —992b* cg® hk? —2abcghk'® — 4abegk' +

64ab’cg*k* + 32ab>c?¢°k? + 12a*b* P k® — 120ab*c? g% k™ + 88ab*c?g*k® + T2ab*c¢° K3+
256ab>c2 g3 k5 — 128ab®? ¢k — 54a*b2 g3 kS — 12a°b? Pkt — 22a°b2cg®k” + 24’V eg? P+
36ab*c2g*k® + 28ab*c? g kS + 56ab*cg°k* + 24ab’c? g k* — 288ab’c?g*k® 4 192ab3 P gkt —
32ab3c2g"k* + 54a’bc? g3 k" + 24a*bP Pk + 100a*bcg’k® — 142a%b?cg* kS — 128a*bPcg® Ko+
80a’b3cg®kt + 8aPbc? P k® + 20a2bc? g3 kS + 4a*bP Pk + 124°bc? ¢kt — 110a%b%cg® ko +
3220202 cg k™ — 72062 cg®kd + 512263 cg® kT — 320a°b3cg®k® — 32a3bP Pk — 48aPb g kS +
40a3b%cgk® — 64a*b?cg?k'® — 56a%b?cgtk® + 46a*b*cg®k® — 560a%b3cg’k® + 448a%b gtk —
80a’bPcg kt + 40a>bc? g3 kS — 8abc?g°k® + 192ab*cg®k® — 160a®b?cgtk”—
200a*b?cg? k' + 208a°bcg*k® — 40aPb?cg®k® 4 24ab*g*h*k° — 32ab*g*h3k* — 120ab*g* 2 kS +
128ab*¢*h3k5 + 96ab’ g h2k* + 216ab’g?h*k™ — 160ab®¢>h3k® — 48ab?¢*h?k® + 32ab*¢* h3k*—
384ab®g*h2k® — 12a*b*g*hk" — 48ab*g*h?k® + 12ab*g*h? kS + 480ab® > h*k°® — 96ab® g° h*k* +-
60a’b?g*hk® — 48a%b* > hk® — 108a*b*g*hk® + 24a*b*g*hk™ + 1924°b° g°hk” — 8a*b* g* hk®+-
24a*b* > hk'® — 6a*b*g*hk® — 240a2b° > hk® 4 48a%b® g° hk® + 32a°V? > hk® — 40a®V? > hk' O+
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8a*b*g* hk® + 48ac?¢*h*k> — 32ac?¢*h3k? — 180ac’g*h*k* + 128ac®¢*h3 k> — 24ac®g*h?k*+
192ac?¢*h?k° — 160ac?g*h3k* + 24ac’g* R k® + 32ac?g* hPk? + 48a°cg®h* k> —
80a’cg®hik* — 240> g*hk® + 36acg* kS — 24ac’g* R E* + 24ac?¢®hPk? — 2164 cg®h? kS +
320a%cg®hPk® + 90a*c? g*hk® + 12a*c?g*hk* + 336a%cg®h* k"™ — 400a’cg®hPk® — 96a’cg* R k°+
80a’cgh3k* — 96a*cg*hk"™ — 12a*cg*hk® + 40a3cg®h*kS — 8ac?¢*hk® 4 24a*cg*h kB —
18a*c?g*hk® + 12a*c?g*hk® — 12a*c?¢Ohk* — 160acg*h?k™ + 32a°c*g*hk” 4 200a3cg®h* kS —
40a3cg*h?kS — 40a3c2g*hk® + 8ac?g* hk® — 216bc?g>h*k? — 88b%cg*h?k® + 384b%cg®h3k*—
16b%c* g2 hk® + 216bcg® 2 k> — 3200c? g>h3k? + 400b%cg? h*k* — 1536b%cg® hP k> — 568b%cg* h?k?* —
56022 g?hEk* + 104b°? g hk* — 384b°c*g* hk — 5120%cg®hk? + 128b3c* > hk*+
80bc? g3 h2k* + 16bc% g° h2k? — 440b%cgh?k° 4+ 1600b%cg® h3k* 4 1288b% cg* h?k® — 1664b%cg* Rk +
240b%c* g?hk® — 176b*c* g* hk® + 20480 cg® h? k> — 512632 g> hk® — 256b% cg* h?k® — 224b%cg* B2 k* +
184b%cgh2k? — 720°c*g*hk® — 56b°c?g*hk* — 1120%c*¢°hk? — 2240b%cg® 2k +
17926%cg®h2k? + 576b°c* > hk* — 384b%c?¢°hk?* + 16abcghk® — 64abcghk™ + 32abeghk®+
80abcghk® 4 24abcghk'® + 96abc? > h?k? — 384abc® g>h?k® — 576ab*cg®h*k* + 480ab’cg® Rk +
128ab*c?g*hk* — 96ab*c?g* hk? 4 480abc®g®h*k* — 96abc?g® R k? + 2304ab*cg*h?k°—
1920ab?cg®h*k> — 512ab*c?g?hk® + 384ab*c*¢* hk® 4 240a*beg®h*k* — 48a*bc* P hk* —
2400ab’cg®h?k® + 2496ab’cg® h2k* — 480ab*cg®h’k* + 544ab*c?g*hk® — 512ab*cPg*hk* +
96ab*c?g°hk? — 960a’beg®h2k® + 192abc? g3 hk® + 288a*b*cg®hk® — 240a%b?cg* hk* +
1200a%beg®h?kS — 240a%beg® h2Ek* — 240abc? 3 hk® + 48abc?g° hk* — 1152a%b?cg? hk™+
960a’b*cg*hk® + 1200abcg®hk® — 1248a*b?cg*hk® + 240a*b*cg®hk* — 144abcgh?k>+

320abcgh®k* — 16abcg®hk* + 48abc*ghk® + 576abcgh?k® — 1280abegh’k® + 112abcg®hk® —
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232abc’ghk® — 432abcgh?k” 4 1280abegh®k® — 288abcg®hk® + 80abeg®hk* + 272abc? ghk™ —

192ab®cghk®+72a2beghk” —312abegh® k8 —80abeg® hk™ —16abeg® hk® —24abc? ghkS+768abcghk™ —

288a’beghk® + 136abcg®hk® — 112abcg® hk® — 768abcghk® 4 216a*beghk® + 80a*beghk®+

156a%beghk'® — 320a3beghk® + 320a3beghk® 4+ 144abegh?k® — 320abeg®h®k* — 96abc? gh*kt—

48abc*g° hk?® — 696abcg®h*k* +1280abcg® h*k? + 384abc gh*k® + 216abc g° hk* + 48abc? g° hk?+

88ab’cg®hk® — 96ab*cg*hk® + 1224abcg®h*k® — 1600abeg®h®k* — 336abeg® h? k>4

320abcg® WP k? — 384abc® gh* kS — 216abc? g® hk® — 96abc? ¢° hk® — 400ab?cg? hkS + 568ab®cg* hk*+

512abPcg®hk* — 320abPcg®hk? — 240a%begh®k® — T2a*beg®hk® + 48a*bcghk® — 48abeg®h? ko4

72abcg® 2 k* — 80abc® g>hkS — 16abc®g®hk* — 48abc? g™ hk?* + 440ab*cg®hk™ — 1288ab’cq* hkS+

288ab?cg®hk? — 2048ab’cg®hk® + 1280ab’cg®hk® + 960a’begh®k” + 348a%beg® hk® —

192a2bc? ghk™4+256ab*cg® hkS+224ab’cg* hk® —184ab?cg® hk* +2240ab cg® hk® —1792ab® cg® hk* +

320ab3cg” hk? —960a?bcgh®k® —612a%beg®hk™ + 168a*beg® hk® +192a%bc* ghk® — 80abeg® hkS+

24a*beg®hk® — 36a*beg® hk® 4 320a*beg®hk™ — 400a®beg®hk® + 80a®beg® hk®).

Tables and show the coefficients of the terms solely the in the variables k and h
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respectively.

Table A.1: The coefficients of terms in the resultant polynomial that are solely terms in k

’ Terms ‘ Coefficients ‘
k —c(2c2g® — 8b2c3gt — 4b*ctg® — 16b3c2g° + 4007 g8 + 64b3c? g™ + 36b%c2g® + ...)
k? —c(166°¢° — 160°g° + 2c'g® + 11c3¢° — 2¢g® — 2¢%g® — 2acg* + 3ac®g® + ...)
k3 —c(=16b°g"T — 640°¢° — 160°g° — 4ctg? — 2c3g* + 4c?g° + 4t gt + 43¢0 + ...)
k4 —c(® + 320°g° — 481°g* + 40b°g" — Pg? + 14c*g® — 528 + 32ab°g® + ...)
k® —c(4ct — 8b?c? — 8bg* + 24b*g® + 1520°g° + 1920°¢" + 2% g* — 32abg® + ...)

KO —c(—6c*3ac® + 320°c® — 1662 + 8b%g° + +28b1g* + 16b°g> + 48b°¢° + ...)

k7 —c(c? + 4ct + 12ac® — 8b'c + 4eg? — 2a°c® — 2b%c® — 40b°cP + 64b*c? + 3203¢° + ...)
k® —c(=160° — 4¢% — ¢t — 14ac® + 24b%c + 160°g — 2cg® — 3a*c? + 8a*c® + 8b*c* + ...)
kY —64b°c — 2¢* — 4ac® — dact + 8b*c? — 12a%c + 10a’c* + 4a3c + 10b°¢ + ...
k10 640°c + ¢ + dab’c

T Sy

k12 3btc — 16ab’c

k13 2ab’c

k14 —ab’c

Table A.2: The coefficients of terms in the resultant polynomial that are solely terms in h

’ Terms \ Coeflicients
h —c(4c?gt — 6c3¢° + 2¢%g® + 48b% P g® — 64b3c*g° + 8bc?g® — 160b%cg® + 160b% cg®)
h? —c(—4c2g* — 8c3g* + 4c2g® + 82 g% — 48bc?g° + 320b3cg® + 48bc*g” — 320b%cg” + ...)
h? —c(16c¢?g* — 16¢%g° — 64bc? g3 — 3200%cg® + 64bcg® + 320b%cg®)
h* —c(—16c¢%g* + 160bcg® — 160bcg® + 16c2g?)
h® —32c¢%g* + 32c%¢?
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